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1. Introduction and main results

Adaptive finite element methods based on a posteriori error estimates have become an
undispensable tool in large scale scientific computing. Most known a posteriori error
estimates yield two-sided bounds on the error which contain multiplicative constants.
An explicit knowledge of these constants is mandatory for a correct calibration of the
a posteriori error estimates. The constants usually depend in a multiplicative way on
the norm of the differential operator and of its inverse, on the norm of suitable
quasi-interpolation operators, and on constants in certain inverse inequalities for
finite element functions. The norms of the quasi-interpolation operators have recently
been estimated explicitely [4]. It is the aim of the present analysis to determine the

constants in the inverse inequalties.

In order to describe our results, consider a d-dimensional simplex K and a
(d — 1)—dimensional face E thereof. Denote by hx and hg the diameters of K and
of E, respectively. Number the vertices of K from 0 to d such that the vertices of
are numbered first. Denote by Ak o,..., Ak 4 the barycentric co-ordinates of K. L.e.,
Ak i is the affine function that takes the value 1 at the i-th vertex and that vanishes
at the other vertices. Set

d
Vi = (d+ 1) [ Ares
i—0
. (1.1)
Vg = d? H AK,i-
=0



The functions ¥ i and g attain their maximal value 1 at the barycentres of K and
of E, respectively.

There are constants =1, ...,75 such that the following inverse inequalities hold
for all polynomials v and ¢ of degree at most k in d resp. d — 1 variables defined on
K resp. E [3; Lemma 3.3]:

ol 22y < 1R 20l ey,
IV (W) |2y < Y2 hie V]l L2(x),s
loll 2y < 73 10 oll2(m), (1.2)
IV(0E0)l| 20y < 71 b llollz2(m),
Ieollzy < 75 b lollr2(m)-

From the proof of (1.2) it follows that 71,...,75 depend on the polynomial degree
k and that 72, 74, and 75 in addition depend on the shape parameter hy /pg of K.
Here, as usual, px denotes the diameter of the largest ball which may be inscribed
into K.

It is our aim to derive sharp bounds on the constants v,...,75 and to make
explicit their dependence on the parameters K, E, k, and d. To this end denote by K
the d—dimensional reference simplex, which has the origin and the end-points of the
unit vectors as its vertices, and by E the (d — 1)—dimensional face of K which is in
the d-th co-ordinate plane {x4 = 0}. With these notations we can prove the following

result:

1.1 Proposition. Denote by hy the height of K above E. The constants 1, .. .,7s
in inequalities (1.2) can be bounded by

71:’3/17

hi .
o < —R A,

PK
Y3 =43,

1/2

{Qthé} Yoo ifd=2, (1.3)
Y4 < P 1/2 ‘

Jahers Vs s g

L ko T4 WA=

( (hiy1/2

{12174 ifa=2,
V5 = hi1/2 .

\{ zﬁ} 4 ifd> 3.

Here, 41,...,795 are the corresponding constants for the reference simplex K and its
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face E. They can be estimated by

g\ 4 1/2
_— d!
(d+1) ] ’

weavad (T o L),

1/2

< 20k +2)

d
s < [2(k +2))" [(‘%1) (-1

1/2
e {82+ 3h(k + 1)} ifd=2,
4 >

2d 2d 1/2 .
pafodt R0 skt )} A>3,

245 . _
Ui ifd=2,

Vs S o-1/4 3 (_2d 1
2 2d+1 V2d+1

ifd> 3.

We will prove the first part of Proposition 1.1 in Section 2. In Section 3 we
establish a one-dimensional analogue of the first two inequalties in (1.2). Combining
this result with a dimension-reduction argument, we will prove the second part of
Proposition 1.1. in Section 4.

2. Transformation to the reference simplex

Given a d-dimensional simplex K and a (d — 1)-dimensional face E, there is an
orientation preserving affine transformation Fx : £ — bx + B which maps K onto
K and its face F onto E. The transformations v — 9 := voFyg ando — 6 := ool'k
yield a one-to-one correspondence between polynomials v and o of degree k in d resp.
d — 1 variables defined on K resp. F and polynomials ¢ and & of degree k in d resp.
d — 1 variables defined on K resp. E. Denote by meas, the d—dimensional Lebesgue
measure. Since ¢z = Y oFk and ¢ = Y poFk, the transformation rule for integrals

1/2
lollgoiey = { RS2,
A0 measq(K) L2(x)

1/2
.| measy(K) /2.
< _— () .

%{measd(fd} R

yields

~ 1/2
= x>l L2 (k)
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and

1/2
measy_1(F) .
lollzey =y ———— = ¢ 9lc2s
me

asq_1(E)
(®) 1/2
N measq—1 1/2 ~
< - _~_ A g [
= {measd—1(E> } Ve llias)

= 33w 2o |3 (E).

This establishes the results of Proposition 1.1 concerning ~; and ~s3.

Denote by || Bx' ||| the spectral norm of By'. The transformation rule for integrals
and the chain rule for differentiation yield

IV(rv)llLzx) = 1Bk Va(@r o) 29

BRIV (50l 2 )
1/2

< 4 {%CZ(K;} B At 19 2 k)

= %lIBi Il hig" l1vllz2x).

Since [1; Theorem 3.1.3]

_ h g
1Bl < =
PK

this etablishes the estimate for v, given in Proposition 1.1.

With the same arguments we conclude that

1/2
measy(K) _ .
IV@eo)llz) < § ——= ¢ BRI IVa(@d)l L2
measg(K)
measg(K) 2
~ d 1 —1/2 |4
< ~ B h . o :
< {m Sd(K)} BRI 7 1615z
() measa 1 (B) |
.| measy measg_1 1y g —1/2
= - B h . o
4{mea8d(mmea8d_ (E)} 1B 3572 e e)
L 1/2
. ) measy(K) meas;_1(F) h_Kh_E —1/2
< Y4 - > hg '~ ol e
measy(K) measq—1(E) pi hg
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Since
dmeasy(K) = hpmeasq_1 (E),

dmeasd(k) = measq_1 (E)a
hf( \/57 (2.1)

>

1 ifd=2,
ET V2 ifd>3,
this proves the estimate for 4 of Proposition 1.1.
The transformation rule for integrals finally yields

1/2
meas,(K) .
VB0l L2k = {me—} 195612 )

asq(K)
1 2
} W26 e

<4 {measd(K)
(K)
(K) CINE
N meas meas
g%{ d() a1 —} hil? ol L2 (e)-

measg (K
measy(K) measq—1(F) hg
Together with (2.1) this establishes the estimate of ~5 given in Proposition 1.1.

3. Some inverse inequalities for univariate polynomials

Denote by Lj the k-th Legendre polynomial with leading coefficient 1. Consider two
integers 0 < ¢ < k. Since (1 — x?)L}(z) vanishes at x = +1, integration by parts
yields

/1 (1 — 2L} (x)L)(x)dr = — /1 Ly (x) [(1 — x2)L2(m)]/dx_

—1 -1

Since [(1 —2?)L} (m)}/ is a polynomial of degree ¢ with leading coefficient —¢(¢ + 1),
the orthogonality of the Legendre polynomials implies that

/1 (1 — 2?) Ly (2)Ly(z)da = { ’5‘( DILNTe (1,1, liﬁ =k, (3.1)

1 < k.

Now consider a polynomial p of degree k. It may be written in the form

k
p= Z aply.
£=0

The orthogonality of the Legendre polynomials and equation (3.1) imply that

k

IplZ211y) = D o7 1Lell 21y
=0
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and
1

11 =22 G20y = 1(1 —a?)p/(z)*dx

I
e

af L0+ 1) || Lell 7211
—o

J4
< k(k+1) [Ipl72((—1,1)-

This establishes:

3.1 Proposition. The following inverse inequality holds for all univariate polyno-
mials p of degree k and all integers k

1 =) 2P |2y < VEE+D) [pllza-1)-

Since any open, non-void interval (a,b) may be transformed affinely to (—1,1)
r—a

b—a

viar — —142 , we obtain from Proposition 3.1:

3.2 Corollary. The following inverse inequality holds for all intervals (a,b), all

univariate polynomials p of degree k, and all integers k
|(z — a)*?(b— :E)l/zp/Hm((a,b)) < VE(E+1) [[pllz2(ap)-

Denote by 1 > 21 > ... > xp¢ > —1 the zeros of L, and by w; 4,...,ws s the
weights of the corresponding Gaussian quadrature formula. Consider a non-negative
polynomial ¢ of degree k. Denote by

- [t

the smallest integer greater than or equal to % Since 2¢(k) — 1 > k + 2, we have

1 4(k)

/ q(z)dr = Zwi,é(k) Q(%‘,z(k)),

-1 i=1
. (k)
/ (1 —2?)q(x)dr = Zwi,é(k) (1-— x?,z(k)) Q(;00))-

-1 i=1

Since the weights wy ¢,...,we ¢ and the polynomial ¢ are non-negative, we conclude

that
£(k)

1
/1(1 —aM)q(@)de > (1= ) D wietn) A(i00)
— i=1

1
= (1 -2 ) / (o)
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or — equivalently —

1 1
1
/ q(z)dxr < 1—2 / (1 —2*)q(x)dz.
-1 T1ek) /-1

Since [2; Theorem VI1.6.21.3]

T
T1,p(k) S COS (2£(k)>

and since

: s
sin z > — % on [0, 5],

this establishes:

3.3 Proposition. The following inverse inequality holds for all univariate non-

negative polynomials q of degree k and all integers k

/1 q(r)dz < [#T /1 (1 — 22)q(x)d.

—1 —1

Invoking the affine transformation of a given interval (a, b) to (—1, 1), Proposition
3.3 leads to:

3.4 Corollary. The following inverse inequality holds for all intervals (a,b), all

univariate non-negative polynomials q of degree k, and all integers k

/abq(a:)dars [#T (bfa)Q /ab(x—a)(b—a;)q(g;)dx_

Since the square of a polynomial of degree k is a non-negative polynomial of

degree 2k and since

2k + 3
2

=k

Corollary 3.4 finally implies:

3.5 Corollary. The following inverse inequality holds for all intervals (a,b), all

uniwariate polynomials p of degree k, and all integers k

2
1Pl 2y < 3= (b +2) [z = a)"/?(b = 2)"2pll 2 ((a.t))-



4. Inverse inequalities on the reference simplex

In this section we want to establish the second part of Proposition 1.1. Since our main
tool is a dimension-reduction argument, we will sometimes label quantities with an
index d in order to stress their dependence on the space dimension. Throughout this
section v and o denote generic polynomials of degree k£ in d resp. d — 1 variables
defined on K resp. E. We decompose vectors 2 € R? in the form z = (2/,z4) with
e RO

In order to estimate 47, we first observe that the interval [0, 1] is the 1-dimen-
sional reference simplex K; and that the function 4z(1 — ) is the corresponding
function ¢ of (1.1). Corollary 3.5 therefore yields

Y1 < k+2. (4.1)

Now, fix a d > 2. For any point z € K, we have
1<i<d

d
1> le > d min x;.
i=1

This implies that
d

Kqc | Kai (4.2)

.

1/2
“UHLZ(Kd’d) < 5d”¢f(deL2(Kd) (4.3)

where

SHN

IA(d’i ::}A(dﬂ{:z:E]Rd:xiS

Assume that we dispose of a constant §; such that

holds for all polynomials v. Since the right-hand side of (4.3) is invariant under
permutations of the co-ordinates, Equations (4.2) and (4.3) imply that

d 1/2
HUHLQ(R'd) < {Z HUHZLz(f(d’i)}
=1
d 1/2
1/2
{Z 03 ngdv|r;(m}
=1

1/2
= Vd 5 [0 *0ll 2

IN

holds for all polynomials v. This yields
1,4 < Vd 8. (4.4)
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In order to determine d; we invoke Fubini’s theorem:

1/d
; vix 2d£lj‘ dt
H HLQ(Kd d) /(; {/f{dﬂ{det} ( )

Fixat e [ 1]. Since KgN{xq =t} is the image of the (d— 1)-dimensional reference
simplex Ky_; under the transformation R 5 2/ — ((1 — t)2/,t) € R?, we have

/ o(z)2dz = (1 —t)d—l/ (1= 82 4)2da.
Rdﬂ{md:t} Rd—l

Since w(2’) := v((1 — t)2’,t) is a polynomial of degree k in d — 1 variables on Kq_1,
we may apply Proposition 1.1 in dimension d — 1 and obtain

[owa-vaierar it [ v ) o= 0P
Kg_1

Kg 1

Since
d—1
wkdfl(xl) =d’ H )\Rdflvi(x/)
1=0
d—1

~a [T P-4

i=0
we arrive at

1/d d—1
v S‘y _dd/ / 1—t)" % o(x)? A (x)dx » dt.
[IFAPES T AR T SNNCEDRECR | BV
Since

p(t) = / 1—1t)"
( ) Kdﬂ{md:t}( H Kd,

is a positive univariate polynomial of degree 2k, we obtaln from Corollary 3.4
1/d 2k +37°% U/ 1
[ wtnar< |22 [T ear e -0 o
0 2 0 d

< (k+2)% (2d)? E /Ud t p(t)dt.
0

d
Since t = )\f(ded:t}, this leads to

o2z,

1/d d—1
<Staad (k270 [ { / { t}(l—trdv(w)?tHm,xx)dx}dt
dMN{xTg=

i=0
4\ d
<At gor d? (k+2)° 4d (ﬁ) /K v(x)? Hkkd,i(x)dx
a i=0

d \* 1
) d 2 2
=Na-1d* (k+2)°4d (d 1) 7 0 /f(d v(z) @bkd(x)da:.




Hence, we have shown that

dd+1 dd 1/2
o

6a < 2(k +2) 41,41 [(d—l)d dt1

Together with (4.4) this yields the recursion

J2d+2 1/2
=

. .
A,a < 2(k+2) A1,d-1 {(d—l)d d+1

From estimates (4.1) and (4.5) we conclude by induction that

d d+1
— d!
()

This establishes the first inequality in (1.4)

; 1/2
Aq < [2<k: + 2)]

Since E4 ~ K;_1 and since ¢Ed|Ed =Yg, ,» We have

d—
Y3,d = Y1,d—1-
This establishes the third inequality in (1.4).
We now turn to the constant 4. From the triangle inequality we have
||8d(¢j<dv)||L2(f(d) < ||¢Kd 8dU||L2(f<d) + v ad@bf(dnm(f(dy

Here, 0; denotes the partial derivative w.r.t. the i-th variable.
Consider first the first term on the right-hand side of (4.6). The function

d d—1
o(x) = (1 — Zmz) Ty 1_[:312

(4.6)

is non-negative on K, and vanishes on the boundary OK,. Hence it attains its max-

imum at an interior point of K,. The partial derivatives of ¢ are

d d—1
Oip = 2—3%’—22% T Tq Hx? 1<i<d-1,
Jj=1 j=1

J#i J#i

d—1 d—1
Oqip = I—ij—Qxd Hw?
j=1 j=1
By symmetry all critical point of ¢ are therefore of the form (a,...,a,b) and must

satisfy
0=2-2b—(2d—1)a

0=1-2b—(d—1)a.
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This yields

1 1
= — b _ —
=977 24
and therefore
()] = —
max = —.
a:ER'd 4 4d2d

Since

d 2
V% = (d+ 12D <1 - Zx)

this estimate implies that

g, adv||L2(K) (d+1 )2(d+1) / o(x

Kgq

d
) T4 (1 — Zx2> |0gv|?dx
i=1
d
<d+ 1)2(d—|—1) / 9
< — Td 1-— ZT; |(9d’U dzx.
4(2d K, ; |

Denote by |.|; the ¢*-norm on IR?. From Fubini’s theorem and Corollary 3.2 we

d
/ g | 1— sz |0gv|?da
Ka i=1
1—|x’|1
= / / zq (1 —|2'|1 — zq) |Oqu(a’, 24)|*dxy p da’
Kaq—1 |0
1—|:E/|1
/ kE(k+1) / v(2', zq)dry p do’
Ka—1 0

< k(k+ 1)/1% o(z)2da.

conclude that

IN

Combining the last two estimates, we obtain

@+ s
||¢Kd 8dU||L2(Kd) T ogd k(k+1) ||U||L2(K ) (4.7)

Now we turn to the second term on the right-hand side of (4.6). Consider the function

d—1 d—1
o(z) = (1 — 224 — le> H Ti.
i=1 i=1
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Since
d—1
Oap = =2 [ [ s,
=1

the function ¢ attains its extrema on 8Kd. Obviously it vanishes on the faces K’d N
{z; = 0} with 1 < i < d— 1. On the face E; = K4 N {xg = 0} it obviously
coincides with d=%) 5, and is therefore bounded in absolute value by d=?. On the
face K4 N {|z|; = 1} we finally have ¢ = —d_dszd. Therefore, |¢| does not exceed
d~—% on this face, too. In conclusion we have

max [p(x)] = d ™.
CEEKd

Since
Oapi, = (d+ 1),

this proves that

(d—l— 1)d+1
v ad@bf(d”m(f(d) = T gd ||U||L2(f(d)~ (4.8)

From (4.6) — (4.8) we obtain

(d+ 1)d+1 1
||ad(¢f(dv)”L2(f(d) < gl I+ 5V k(k+1) HU”L2(Rd)'

Since the ratio [|V(¢Yg )l p2(z,) /vl 12k, s invariant under permutations of the

co-ordinates and since hy = V2, this proves that

d+1
A9 < V2d % {1 + %\/k(m 1)}

and thus establishes the second inequality of (1.4).

Next we estimate the constant 4. Here, we must treat the derivative 94 and the
remaining derivatives seperately.

Since o and the barycentric co-ordinates A Kyl s A Kyd1 do not depend on x4, we
obtain
d—1
d
0a(vp,0) =d* (Badg, o) [[ Ak,
i=1

d—1

_ gl )

= —d' [[ 2,0
i=1

Together with Fubini’s theorem this yields

1—|z’|, d—1
2 __ j2d 2 2
1046, i,y = [, { / H)\kd,iadxd}dx’
d |

=1
d—1

= ¢ 1— 2|1 A2 oPd.
L Kg,i
Ey ’

i=1
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Consider the function
d—1 d—1
_ 22 2
e(x") = (1 —12"|1) H Rad = (1—le> sz

on Ed ~ Kd_l. It is non-negative and vanishes on the boundary 8Kd_1. Hence it
attains its maximum at an interior point of Ky_;. The derivatives of @ are

dip=[2-2) a;—3x; | x; [[27 ,1<i<d-1
7 ];7,

i
By symmetry, any critical point of ¢ therefore is of the form (a,...,a) and satisfies
—(2d—1)a =0.
This yields
2
2d-1
and therefore 0
max |o(z) 2d — 1 ( 2 )
X = .
mlekd,1 (10 4 2d - 1
Hence, we obtain
2d—1 ( 2d \*
1008, ey < 5 (grg)  Iolagey (19)

For the estimation of the remaining derivatives it suffices to consider the derivative
w.r.t. 71 since the ratio |V (¢ 5, 0)l| 2%, /ol 2z, is invariant under permutations
of the first d — 1 co-ordinates.

From the triangle inequality we have

||81(¢Ed )||L2(Kd) ||¢Ed810||L2(Kd) + ||081¢Ed||L2(Kd) (4.10)

For the first term on the right-hand side of (4.10) we obtain from Fubini’s theorem

1—|JJ/|1
HwEdalUHiz(f(d) = d* /E {/0 (I —|2'|y — za) H z; |Oro(x')] dmd} dx’
d
:lde/ Hx |00 (x | dx’.
3 oy

Since F; ~ K41 and since

d—1

d* (1 - [2'1)? [[a? <oy, (=) onEy

i=1
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we may apply estimate (4.7) in dimension d — 1 and get

V3 ad
||1/}Ed810'||L2(Kd) < ? m \/ k(k—f— 1) “U”LQ(Ed)‘ (411)

Since

d—1
311/}Ed = d“ (1 - |95/|1 — X1 — xd) H T
i=2

we obtain by Fubini’s theorem for the second term on the right-hand side of (4.10)

E

1—|.T/‘1 d—1
||0311/)Ed||332(kd) = d* / {/ (1— 2]y — 21 — z4)? H 7 cr(a:’)2dmd} da’
0 i=2
] d—1
= §dzd / [(1 — 2|y —x1)® + xi’] H x? o(x")da’.
Eaq i=2

Define the function ¢ on [0, 1] by
o(t) = (1 —2t)> + 3.
An elementary calculation yields
0<p(t)<1l Vtelo,1].
If d = 2, we therefore have
(1—|2'y —21)3+ 23 =p(x1) <1 on Es.

If d > 3, we set for abreviation

T
)

X1
1—2z

z = r; and t:=

I
N

For any interior (w.r.t. R*™") point of E4, we then conclude that
L —]2'ly —z1)* +af = (1= 2)7 p(t) < (1 - 2)°.
By continuity this also holds on the boundary of E,. Hence, we arrive at

3 g—1

d—1
1
||081¢Ed||iz(f<d) = ngd [E (1 - sz) H z? o(x')?dx’. (4.12)
a =2 =2
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If d = 2, we obviously have

d—1 341
<1—in) Hx?zl.
i=2 i=2

If d > 3, we must consider the function

3 4—2

d—2
oly) = (1 —~ Zy> H y?

on Kd_Q. Since ¢ vanishes on the boundary 8Kd_2, it attains its maximum at an

interior point. Since its derivatives are
d—2 -2 \ 2
0jp = (2—22%—3%) (1—2%-) v [[vi 1<i<d-2
i=1 i=1 i=1
all critical points are of the form (a,...,a) and satisfy
0=2—(2d - 1)a.

Hence, we obtain

27 2 \*
max = — 2d —1). 4.13
max o) = 35 (g70g) @4 (1.13)

Obviously, this estimate also holds for d = 2.
Combining this with inequality (4.12), we obtain

3 ( 24 \°
oo g, 2, < (2d——1) V2d =1 |loll 25, (4.14)

From estimates (4.9) — (4.11) and (4.14) and the inequality (a + b)? < 2a? + 2b* we
finally conclude that

2 — 1 2d 2d
IV@Wg,0)l L2z, < { 4 <2d— 1)

d
+(d_1)[%§(d—dT Kb+ 1)
d 1/2
3 2d 2
+Z(2d—1) '2d_1}} Il e

9d — 7 20 \ ¢
< 2d — 1
—{ 8 (2d )(Zd—1>
1/2

(d—12 [ d \*
g 1) ke llolle,.
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Since

hoo_J1 if d =2,
Ea = 1 /2 ifd>3.

This proves the estimate of 44 of Proposition 1.1.

Finally, we turn to the constant 45. From Funbini’s theorem we have

1—|z' |y
H@DEdUHQLg(kd) = % /E {/0 (1 —|2'|1 — zq)? Ha; ol d:cd}da:
d
L oq
d

From estimate (4.13) we conclude that

o 2d+2
max (1 — |2/|1) Haz _16 <2d+1> (2d +1).

x EEd

This implies that

_3 2d \* 1
1a,oliein =5 \3g77 2d + 1 o2

Recalling the size of hy ~this proves the last estimate of Proposition 1.1.
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