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1 Intr oduction

Minds have the capacityto composecontents.Otherwise,they would
not shawv a systematiccorrelationbetweenrepresentationatapacities:
If amind is capableof certainintentionalstatesin a certainintentional
mode, it mostprobablyis also capableof otherintentionalstateswith
relatedcontentsin the samemode.The capacityto seesomethingasa
redsquaren agreencircle, e.g., is statisticallyhighly correlatedwith the
capacityto seesomethingasaredcircle in agreensquare The capacity
to understandhe EnglishsentencéJohnlovesMary” is correlatedwith
the capacityto understandMary lovesJohn”. To explain this correla-
tion, compositionabperationsare postulated Throughouthe text oper
ationsare conceved of asfunctions).They enablethe systemto build
comple representationfom primitive onesso thatthe semanticvalue
of the comple representatioms determinedoy its structureandby the
semantiovaluesof its componentsSeveral cognitive theorieshave been
developedto meetthe requirementof compositionality The proposed
theoriesthough,suffer from severedeficits.

FodorandPylyshyn[FodPyI8§ for onetake recourseo alanguage
of thought,which they link to the claim thatthe brain canbe modelled
by a Turing-stylecomputerA subjects having anintentionalstate they
believe, consistsin the subjects bearinga computationakelationto a
mentalsentenceit is a relationanalogoudo the relationa Turing ma-
chine’s control headbearsto the tape.A subjects belief thatthereis a
redsquaren agreenrcircle, thus,is concevedof asacomputationatela-
tion betweerthesubjeciandthementalsentenceTheris aredsquaein
a greencircle. Likewise,whena subjectunderstandghe utterance“John
lovesMary”, this utterancereliably causeghe subjectto beara compu-
tationalrelationto the mentalsentenceJohn lovesMary. Accordingto
this paradigm the mind composesomple representationsom primi-
tive onesjusttheway a computercombinegphrasegrom words:by con-
catenationThe mentalsentence-or thought—-JohnlovesMary is hence
nothingbut a concatenatiomf the mentalwords— or concepts- Mary,
John andloves Givena certainsyntacticstructure the semantiqroper
tiesof thethoughtarecompletelydeterminedy the semantiqroperties
of theconcepts.

Thetroublewith classicacomputemodelss well known andreaches
from the frame problem,the problemof gracefuldegradation,andthe
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problemof learningfrom examples(cf. [Hor,Tie;96]) to problemsthat
arisefrom the contentsensitvity of logical reasonindcf. [GigHug,92]).
To avoid the pitfalls of classicismconnectionisimodelshave beende-
veloped.In Smolensk’s integratedconnectionist/symboliarchitecture
[Smo91l]the termsandthe syntaxof a languageare mappedchomomor
phically onto an algebraof vectorsandtensoroperations. Eachprimi-
tive term of the languages assignedo a vector Every vectorrenders
a certaindistribution of actvity within the connectionisinetwork. The
syntacticoperationsof the languagehave tensoroperationsas counter
parts.As far assyntaxis concernedlanguagesvith rich combinatorial
potentialcan,indeed beimplementedy a connectionishetwork.

Thekind of combinatiorthatis necessarfor systematicityhowever,
focusesnot only on syntactic,but alsoon semantideaturesThe capac-
ity to think thata child with ared coatis distractedby anold herringis
not correlatedwith the capacityto think thata child with anold coatis
distractedby ared herring. The thoughtsoughtto be correlatedthough,
if the factthat oneis a syntacticre-combinationof the otherwas suf-
ficient for systematiccorrelation.Notice that both thoughtsare syntac-
tically combinedfrom exactly the sameprimitivesby exactly the same
operations. One may, however, well have the capacityto think of red
coatsandold herringseventhoughonelacksthe capacityto think of red
herrings.The two thoughtsfail to be correlatedbecauseed herring is
idiomaticand—asa consequencesemanticcompositionalityis violated.

Formally speakinga languagds semanticallycompositionalf and
only if its semanticsis a homomorphicimage of its syntax (cf.
[PartMeWal,90]): Let 8 = (S, ..., Sy;51,..., s,) be the syntaxalge-
bra of the languagewith the syntacticcateyories Sy, ..., S,, (€.0., sets
of adjectvesor nouns)andwith the syntacticoperationss, ..., s, (€.9.,
adjectve-nouncombination);andlet M = <M1, ooy Mys iy, ...,mr> be
the semanticalgebraof the languagewith the semanticcategoriesand
operationsin the caseof a homomorphismwe have a family of func-
tions (v; : S; = M;|i = 1,...,n) thatallows usto definethefunctionv

1] take Smolensl’s approactonly asa representatie for a variety of modelsthat pursuea
similar strateyy. For a suney of relatedmodelssee[Wer01].
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of semanticvaluationin thefollowing way:

v:S UL US,U{st, s = MU UM, U{m4,..,m.} (1.1)
suchthatv(a) = v;(«) if @ € S; foreveryi=1,...,n
andv(s;) = m; foreveryj =1,...,r.

Usingthe definition of homomorphismye cannow saythatalanguage
iscompositionalf andonly if thesemantievaluationfunctiondistributes
overthe syntacticstructureof ary of thelanguages formulas:

v(sj(0, - ;) = v(s5) (v(r), -y v(aw;))- (1.2)

This equationnicely interpretsthe informal definition of compositional-
ity accordingto which the semanticvalue of a complex formulais de-
terminedby its syntacticstructureandthe semantiovaluesof its syntac-
tic componentsSyntacticoperationghatviolate (1.2) generatadioms.
Thatsomeidioms, at least,underminesemanticcompositionalitycanbe
demonstratedvith regardto the examplered herring. Provided, firstly,
thatthe semanticvaluesof red herring andnot-not-ed herring differ —
the valueof the formerrelatesto a maneuer of draving attentionaway
from the mainissue whereadhatof the latterrelatesto someredly col-
oredfish—, provided, secondly that the semanticvaluesof red andnot-
not-redarethe same andprovided, thirdly, thatred herring andnot-not-
red herring areoutcomef the samesyntacticoperation-with red and
herring asagumentsn theoneandnot-not-ed andherringin theother
case—this syntacticoperationthen,hasno semantidunctionascounter
part. Recallthatno function outputsdifferentvaluesif it takesthe same
itemsasargumentsWith thesethreeratherplausibleprovisions,theid-
iomaticcharactenf red herring constitutesa violation of semanticcom-
positionalityasdefinedabove ? As we have seenjdioms underminethe

2| do notintendto male ary substantiastatementsboutidioms, here.In anobjectionto the
receved view, which is reflectedin [NunSagV%s94 and accordingto which someidioms
violate semanticcompositionality Westersihl [Wesxo] aguesthatidiomscanalwaysbeem-
beddedin compositionalanguagesHe proposeghreewaysof doing so: (i) extendthe set
of atomicexpressionsy a holophrastiaeadingof theidiom, (ii) extendthelist of syntactic
operationsothattheliteral andtheidiomaticreadingof theidiom turn outto be outcomef
differentsyntacticoperationsor (iii) take thecomponent®f theidiom ashomoryms of their
occurrencedn its literal readingandaddthemto the setof atomicexpressionsNoneof the
threeoptionsafflict our amumentationthough,becausén eachcasea child with an old coat
is distractedby a red herring would no longerbe a syntacticre-combinatiorof a child with a
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systematiccorrelationof two thoughtseven whenonethoughtis noth-
ing but asyntacticre-combinatiorof theother We may, hencejnfer that
semanticcompositionalityis necessaryor systematicity—its violation
would allow for idioms—andthatsyntacticcombinationis not sufficient.
Smolensk’s stratgy to implementthe syntaxof alanguageontoa con-
nectionistnetwork doesnot suffice to establishthat the network itself
subseressystematiagepresentationalapacities.

2 Constituency

A furtherargumentprovidesuswith a deepeiinsightinto what's wrong
with connectionisapproachetowardrepresentationalisnMost seman-
tic theoriesexplain the semanticpropertiesof internal representations
eitherin termsof co-variance,in termsof inferentialrelations,in terms
of associationspr by a combinationof thethree.Some,e.g., hold thata
certaininternalstateis a representationf rednes$ecausehe stateco-
varieswith nearbyinstancesf rednessThis co-variancerelationis, of
coursepacledby theintrinsic andextrinsic causalpropertiesof thered-
nesgepresentatiorOthersholdthatsomerepresentationse.g., bachelor—
characteristicallyaresuchthatthe subjectis disposedo infer otherrep-
resentations-e.g., unmarried- from it. Thosedispositions,again, are
groundedn thecausalpropertieof therepresentations questionOne
may; thirdly, hold that the semanticvalue of a representatiotike cow
is determinedby the factthatit is associateavith otherrepresentations,
e.g., milk, leather mammal grass etc. The mechanisnof association,
too, supeneneson the causalpropertiesof the representationn ques-
tion. All of thesetheorieshave one principle in common:An internal
representatiohasits semanticvaluebecauset hasa certaincausalole
within the system(and—perhaps-therestof theworld).

The questionof how the semanticvalue of an internal representa-
tion is determined.and perforce,how it is determinedby the seman-
tic valuesof its syntacticcomponentshence,leadsto the questionof
how the causabpropertieof aninternalrepresentatioaredetermined—
and perforcehow they are determinedby the causalpropertiesof the
syntacticcomponentsErom chemistryandothersciencesve know that

red coatis distractedby an old herring. This, however, would simply negatethe assumption
thatit is. The assumptiorhasbeenmadefor the sale of the agumentwith the intentionto
shaw thatsyntacticre-combinatioris not sufficient for systematicity
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atomsdeterminethe causalpropertiesof moleculesbecauseatomsare
constituentof moleculesA stateX is commonlyregardedto beacon-
stituentof astateY” if andonly if it is necessarilyandgenerallytruethat,
if Y occursat a certainregion of spaceat a certaintime, then X occurs
at the sameregion at the sametime. Independentlyfrom sciencespne
canevenmake it a hardmetaphysicapoint: If the causalpropertiesof a
state B aredeterminedoy the causalpropertiesof the statesA, ..., A,
andtheir relationsto eachother then 44, ..., A,, areconstituentf B.2
We may concludethat the semanticvaluesof the syntacticcomponents
of aninternalrepresentatiometerminethe semanticvalue of the inter-
nal representatiojustin casethe syntacticcomponentsreconstituents
of the internalrepresentationfwo remarksshouldbe added First, syn-
tactic componentsarent constituentger se The article “le” is a syn-
tactic componentput not a constituentof the French“'homme”. Sec-
ond, the requirementhat syntacticcomponentf internal representa-
tions be constituentsof the latter doesnot follow from the constraint
of compositionalityalone. Theremay well be compositionalanguages
(in the sensadefinedabove) for which syntacticcomponentsrent con-
stituents However, therequirements justified by the constraintof com-
positionalitytogethemwith the premisethatinternalrepresentationswe
their semantiovaluesto the causakole they play for therepresentational
system.This premisehighlightsa particularityof internal representation
anddoesnot generalizeo otherrepresentationahedialik e naturallan-
guagesThewordsandphrase®f English,e.g., owe their semanticval-

3 Thereis anindependenargumentfor this principle, which however requiresKim’s [Kim89]
principle of explanatoryexclusion.The principle roughly saysthatno two independenphe-
nomenaeach(completely)determineone andthe samephenomenonGiven the truism that
the causalpropertiesof a whole B are determineddy the causalpropertiesof an exhaustve
sampleCy, ..., Cy, of constituent®f B (plusstructure)it follows thatthecausapropertieof
thestatesA,, ..., A, (plusstructure)determinethe causalpropertiesof B only if A4, ..., A,
arenotindependenfrom C4, ..., Cy,. Sincethereis alimited repertoireof relevantmetaphys-
ical dependengcrelations,viz. identity, reduction,supenenienceand constitueng, one may
concludethateachA; is either(i) identicalwith, (ii) reducibleto, (i) superenienton, (iv) a
constituentf, (v) or composedf oneor moreof the Cj. In all five casesvery A; would
be a constituent®f B. In thefirst casethis s trivial. In the secondandthe third case,f A;
reducesgo, or is superenienton, oneor moreof the C;, A; necessarilgo-occursvith the C;
in question.Sincethe latter, asconstituentof B, necessarilyoccurwhene&er andwherever
B does,also A; necessarilypccurswheneer andwherever B doesandis, thus,a constituent
of B. In thefourth caseijt follows becauseherelationof constitueng is transitve. Thefifth
caseholdsbecausevery compositionof constituentof awholeis itself a constituenof the
whole.
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uesmainly to the interpretationof Englishspealers. Theremaywell be
a languagewhosetokenshave the samecausalpropertiessound,loud-
ness,etc.) asthoseof English, but differ with respectto their semantic
values For internalrepresentationn contrastcausapropertiesaredeci-
sive with regardto semanticdbecausenternalrepresentationsepresent
autonomouslyi.e., without beinginterpretedby ary othersystent:

Connectionistattemptsto rendersystematicitywe may now diag-
nose,fail becausghe mappingbetweenthe languages syntaxandthe
network doesnot presere the constituentelationswithin the language.
Thus,evenif the languageo be syntacticallyimplementeds itself se-
mantically compositionalandevenif every syntacticcomponenin the
languages a constitueniasis the casefor mary formal languages)the
mappingdoesnot transfersemanticcompositionality’ In Smolensl’s
architecturethe network counterpart®ef, say brownandcowarent con-
stituentsof the network counterpartof brown cow. Although the syn-
tactic operationthat maps(brown, cow) onto brown cow may satisfy
the principle of semanticcompositionality the network operationthat
maps(h(brown), h(cow)) onto h(brown cow)—with 4 beingthe homo-
morphismbetweenthe languageandthe network— may well violate se-
manticcompositionality If A(brown) andh(cow) arent constituentof
h(brown cow) you,e.g., cannotsay:h(brown cow) co-varieswith brown
cows becauseh(brown) co-varieswith brown things and h(cow) co-
varieswith cows. If the semanticvaluesof internal representationare
to be determinedby the semanticvaluesof their syntacticcomponents
(plus structure)andif semanticevaluationis doneby co-variation,you
oughtto beableto saythis. If theconstituentelations,ontheotherhand,
hadindeedbeenpresered, you could have saidthis® For similar rea-
son,you will bedeprivedof the possibilityto explain theinferentialand
the associatre propertiesof the complex representatiommn the basisof
theinferentialandthe associatre propertiesof the primitive representa-
tionsif constitueng structuresare not presered and causalproperties
are,thereforenot determinedottom-upfrom the primitivesto thecom-
plex. Thus,if semantievaluationcorrespondso inferentialrole or asso-

4 This pointis madein amoreelaboratevay by Dretsle [Dre884.

® This holdsevenif themappingis anisomorphisnratherthana homomorphism.

6 FodorandMcLaughlin [FodMcL90,Fod97] alsoseea connectiorbetweertheideasof com-
positionality co-variationandconstitueng.
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ciative nets theprincipleof compositionalitywill againnotbewarranted
by Smolensl’sarchitecture.

3 Synchrony

Constitueng is asynchroniaelation,while causaconnectedness adi-
achronicaelation.Wholeandpartco-existin time,whereagsausesndef-
fectssucceedn time. Thereferencedo causaconnectionsandtheflow of
activationwithin thenetwork will, therefore notsuffice to establisicon-
stituentrelations.Whatwe, in addition,needis anadequatesynchronic
relation.Oscillatorynetworksprovide aframenork to definesucharela-
tion: therelationof synchroty betweeroscillations.

An elementaryoscillator is realizedby coupling an excitatory unit
with an inhibitory unit using delay connectionsAn additionalunit al-
lows for externalinput (seeFigure 1a). Within the network, oscillatory
elementsarecoupledby eithershort-rangesynchronizingconnection®r
long-rangedesynchronizingonnectiongseeFigurelb). A multitudeof
oscillatorscanbe arrangedn featuremodules(e.g., the color module),
employing appropriatepatternsof connecwity. Given a certainselec-
tivity of the input unit, eachoscillatoris designedo indicatea certain
property (e.g., redness)ithin the featuredomain. Oscillatorsfor like
propertiesareconnectedgynchronizinglythosefor unlike propertiesare
connecteddesynchronizinglyThe behaior of oscillatory networks has
beenstudiedin detail elsavhere(cf. [Sch,Kon, 94]).” Stimulatedoscil-
latory networks, characteristicallyshov object-specifigatternsof syn-
chronizedanddesynchronizedscillatorswithin andacrosdeaturemod-
ules.Oscillatorsthatrepresenpropertief the sameobjectsynchronize,
while oscillatorsthatrepresenpropertiesof differentobjectsdesynchro-
nize. We obsene that for eachrepresenteabjecta certainoscillation
spreadshroughthe networks. Theoscillationpertainsonly to oscillators
thatrepresenthe propertieof the objectin question(seeFigure?2).

A greatnumberof neurobiologicaktudieshave by now corroborated
the view that cortical neuronsare ratherplausibly modelledby oscilla-
tory networks (for a surwey cf. [Sin; Gra, 95Wer01]). Togetherwith the
computersimulationsof [Sch,Kon,94], thesestudiessupporttwo hy-
potheses:

" Oscillatorynetworks aredynamicalsystemsn thesensehatthey aredescribedy systemsf
differentialequationghatinvolve time-dependerfunctions(cf. [vGe99).
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Fig. 1. (a) Elementaryoscillator ¢, tin Fig. 2. Schemeof atypical responsarousedn
unit actiity; F'(x) sigmoidaloutput the appropriatereceptve field by a greenverti-
w, coupling weight; =, delay time; ¢ cal stimulus objectand a red horizontal stim-
ternal input. Subscripts:e, excitaton ulus object. Circles with letters signify oscil-
inhibitory unit. (b) Oscillatory elem: lators/neuronswith the propertythey indicate
pled by short-rangesynchronizingcor (H, V: horizontal, vertical; R, G, B, Y: red,
(dashed)andlong-rangedesynchron greenplue,yellow). Like shadingsignify syn-
nectiongdotted). chronousactiity.

Hypothesis1 (Indicativity). Thereareclustersof neuronsvhosefunc-
tion it is to shav actvity only whenan objectin the receptve field in-
stantiatesa certainproperty Theseclustersare called 7-clusterswith 7
beingthe propertyindicated.

Hypothesis2 (Synchrony). Neuronsof differentr-clustershavethefunc-
tion to shav the sameoscillation (i.e., to be activated synchronously)
only if the propertiesndicatedby eachr-clusterareinstantiatedy the
sameobjectin thereceptvefield.

In otherwords, the samenessf oscillationsindicatesthe samenessf
objects,and an oscillation’s pertainingto a w-clusterindicatesthat the
objectindicatedby the oscillationhasthe propertyr.

4 Algebra

Oscillatorynetworksthatimplementthetwo hypothesesanbegivenan
abstractlgebraicdescription.To definesuchanalgebrawe have to in-
troducea numberof notions.First, we take brainstatego be setsof time
slicesof brains.Eachtime slicecoversatemporainterval. An individual
brainis in acertainbrainstateduringtheintenal I = [-7'/2,4+T/2] just
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in casdts timeslicebelonggo theappropriatesetof time slicesof brains.
If Br is the setof all possibletime-slicesof brainscoveringthe interval
I, thenthe power setp(Br) is the setof all possiblebrain statesduring
I. Second]et Osc bethe setof all oscillationsduring I. An oscillation
a(t) is the (quasi-periodickpiking actiity of a neuronasa function of
time during atemporalinterval. Mathematicallyspeakingtheseoscilla-
tionsarevectorsin the Hilbert spacel,|—7/2, +7/2] of in theinterval
square-intgrablefunctions.This spacehasthe countablebasis

{\/17 exp(m;m) |n € Z} (4.1)

andtheinnerproduct

+T/2

(a(®)[b(t)) = / a(Db(t)dt. (4.2)

-T/2
The degreeof synchroly betweerntwo oscillationslies betweer0 and 1
andis definedas A(a, b) = (a|b)/+/(a|a)(b|b).2 Third, a setof oscilla-
tions canbe assignedo eachr-clusterof neuronsSucha set—let’s call
it m-set—containsall oscillationsthatthe neuronsof the w-clustershow

duringI. Let Cl bethesetof all 7-sets.We cannow definetheneuronal
algebraN, which compriseghreecarriersetsandfour operations:

N = (Osc, Cl, p(Br); =N N N, /\N>. (4.3)

By corvention,we use “a” and “b” as symbolsfor elementsof Osc,
capitallettersfor element®f Cl, and “p” and“q” for elementof p(Br).
It will beclearfrom context whetherwe usethe symbolsasvariablesor
constantsand whetherthey are interpretedin N. Quotationmarksare
omittedwhereappropriate Eachof the four operationshasbrain states
asvalues.Let usfirst definethe operationof syndirony:

=N Osc x Osc — p(Br) suchthat (4.4)
(a,b) — {B € Br|BFEa=>b} =4 [a=0".

8 Thedegreeof synchrory, sodefined,correspondso the cosineof theanglebetweerthevec-
torsa andb. Alternative measuresor synchroly (respectiely temporalcoherencepreavail-
able,in particularfor discretefunctionsof spikingactity.
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This operationmapstwo oscillationsa andb ontoabrainstate[a = b]",
which is the setof thosetemporalbrain sliceswhich make it truethata
equalsh. Sincethe equalityof oscillationsis a fuzzy notionanddepends
on the degree of synchrory betweenthem, it is usefulto furthermore
definea closenesdunctionc : p(Br) — [0, 1]. It tells ushow closea
concretébrain,which for reason®f simplicity is heldconstantcomeso
anideal brain state.We identify the closenes®f a concretebrainto the
idealstate,in which the oscillationsa andb areabsolutelysynchronous,
with the degreeof synchroly betweerthe oscillationse andb asoccur
ring in the concretebrain:c([a = b)) = A(a, b).
The operationof asyndironyis definedanalogously:

#N: Osc x Osc — p(Br) suchthat (4.5)
(a,b) — {BE€Br|BEa#b} =4 [a#b]".

Thecorrespondinglosenessalueis setto: ¢([a # b)Y = 1 — A(a, b).

If neuronsof a certainr-clustershon a certainoscillation,we can
saythat the oscillation pertainsto the 7-cluster Alternatively, we may
saythatthe oscillationis elementof the r-setof oscillationsthatrelates
to thew-clusterof neuronsTo referto this state we definethe operation
of pertaining

e: Osc x C1 — p(Br) suchthat (4.6)
(a,F)— {BE€Br|BFacF}=¢lacF".

How closea concretebrain comesto the state[a € F]V dependson
the highestdegreeof synchrory betweenthe oscillationa andary os-
cillation amongthe clusterof neuronsthat contritute to the n-set F:
c(la € FIY) = maz{A(a,z) | = € F}. A further, trivially defined
operations the co-occurenceof two states:

AN 2 o(Br) x p(Br) — p(Br) suchthat 4.7)

(p,g) = pNg=a[pAq".
In fuzzylogic it is quitecommonto identify thevalueof aconjunctionas
the minimum of the valuesof eitherconjunct:c([p A ¢]) = min{c(p),

c(q)}. Thefour operationsllow usto give analgebraidnterpretatiorof
the schemeshown in Figure 2. Assumingthat the dark-shadecdheurons
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show theoscillationa andthelight-shadedeurong, Figure2 expresses
thefollowing brainstate(Theassociatiity of co-occurrenceerivesfrom
theassociatiity of setintersection):

[aeVAaeGAbE HANDE RAa # BN, (4.8)

Theclosenessalueof this stateequalsl only if ¢ andb areorthogonal.

5 Language

We will now definean algebral of indexical conceptspropertycon-
cepts,andpropositionslt will turnourto beisomorphicto N. Sinceit is
controversialwhetherconceptsaandpropositionsare semanticor (in the
senseof Fodor’s [Fod75] languageof thought)syntacticentities,| will
remainneutralon this issue,for now, andleave the philosophicalinter-
pretationof £ for discussioratthe endof this paper| take propositions
to be setsof possibleworlds. ProvidedthatWr bethe setof all possible
worlds, the power setp(Wr) is the setof all propositions’ Let Ind be
a setof indexical conceptdik e this andthat, which potentiallyreferto
objects.Let Pr bea setof propertyconceptdik e rednessandverticality
wherepropertiesare conceved of merelyassetsof objects.Like N, L
compriseghreecarriersetsandfour operations:

L = (Ind, Pr, p(Wr); =", #", €", A"). (5.1)
In the context of L, we usethe linguistic items*“a” and“b” to express
indexical conceptscapitallettersto expresspropertyconceptsand “p”
and“q” to expresspropositionsAlternatively, onemaywell useEnglish
wordsandphrasego expressentitiesof L. Noticethatthecomple< con-
ceptthatis expressedy the sentence‘a = b” doesnot meanthatthe
concepts: andb areidentical.lt ratherexpresses propositionaboutthe

® Theassumptiorihatthe classof possibleworldsis a setmayimposesomerestrictionson the
universe.lt is debatablefurthermore whetherit malkessensdo saythatevery setof possible
worlds is a proposition.An analogousbjectionmay apply to the view thatidentifiesevery
setof time slicesof brainswith a brain state.Notice, however, thatonly the setsof possible
worlds (andtheirintersections}-andthe setsof time slicesof brains(andtheirintersections),
respectiely— which arein the rangesof the first three algebraicoperationsmatterfor our
considerationsaryway. For anappropriateestrictionof thealgebraseep. 267.
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identity of the objectsreferredto by the conceptsa and 4.1° The first
operationof £ is definedasfollows:

Sameness=": Ind x Ind — p(Wr) suchthat (5.2)
(a,b) = {weWr|wEa=b} =4 [a=0b"
The samenessperationmapstwo concepts: andb onto a proposition.
Thelatteris the setof thosepossibleworldsthatmake the complec con-

ceptwhich is expressedy the sentence‘a = b” true. The remaining
operationsaredefinedanalogously:

Difference: #%: Ind x Ind — p(Wr) suchthat (5.3)
(a,0) = {w e Wr |wE a# b} =4 [a #b]".
Copula: €¥: Ind x Pr — p(Wr) suchthat (5.4)
(a,F) = {weWr|wFa€F}=4lac F]"
Conjunction:A” : o(Wr) x p(Wr) — o(Wr) suchthat  (5.5)
(p.q) —»pNg=a [pAq"
The operationsenableus to denotethe propositionwhich the English

sentenceThis is a greenvertical and that is a red horizontal object”
expressegWe assumehat“this” and“that” expressthe concepts: and

b, and“green”, “red”, “vertical”, “horizontal” expressthe conceptss,
R, V, and H; the associatiity of the conjunctionA’ derivesfrom the

associatiity of setintersection.):!

[aeVAaceGAbE HANDE RAa#b)". (5.6)

6 Isomorphism

To establishthe isomorphism,we, first, reducethe third carrier set of
eachalgebrato that one of its subsetghat is the closureof the united

10 A crucialdifferencebetweerthe notionsof expressingandreferringshouldnotbe overlooled
here.In the English sentencéthis is the sameas that”, “this” and “that” do not refer to
conceptshut to objects.They, neverthelessexpressthe conceptshis andthat

1 For reason®f simplicity, we have assumedfurthermore that naturallanguage®bey a set-
theoreticratherthan a predicatve logic. Thus, “this is red” is analyzedas “this” ~ “ €
? ~"red” ratherthan,in a predicatve way, as “red(this)”. Alternatively, one may change
definition5.4 by substituting* F'(a)” for “a € F™.
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rangesof thefirst threeoperationaunderthe forth operation(The sore-
ducedalgebrasaremarkedby superscript'R”). Letthesoattainededuc-
tion of p(Br) bethesetStat, which, hence comprisenly brainstates
constructiblein the neuronalalgebra;and let the reductionof p(Wr)
be the set Prop, which, thus, is restrictedto propositionsconstructible
in the conceptuahlgebra.Secondlywe will treatbothalgebrasmodulo
equivalence:N/L = (Osc, Cl, [Stat]=; =", #V, €, AV) and L]L =
(Ind, Pr, [Prop]=; =%, #%, €L, AE). N isisomorphido LT, provided
that(i) thereareasmary oscillationsin N asthereareindexical concepts
in £ (i.e, |Osc| = |Ind|) and(ii) eachr-cluster respectiely, eachre-
latedsetof oscillationsin N is assignedo exactly onepropertyconcept
of L (i.e,|Cl| = |Pr|).

In previous sectionswe arguedthatan architecturanay not be com-
positionalevenif it is syntacticallyhomomorphiqor evenisomorphic)
to acompositionalanguageTo presere semanticcompositionalitythe
isomorphismbetweenﬁfE and Nﬁz must, in addition, presere con-
stituentstructure:If a primitive conceptis a constituentof a comple
conceptthe isomorphiccounterparof the primitive conceptmustbe a
constituenbf theisomorphiccounterparof thecomplex conceptThisis
warrantedTheoscillationa is a constituenof the brainstateqa = ]V,
[a # b)Y and[a € F]" becausét occurswhenerer and wherever the
brainstatesoccur!? Lik ewise, the clusterof neuronswhich contrikuteto
the 7-set F' areconstituentf the state[a € F]V. The factthat primi-
tive conceptsare constituentof complex conceptss, thus,reflectedin
theneuronaklgebraFigure?2 illustratesthattheisomorphisnpreseres
constituentelationsfor all operationsThecomplec stateshovn canonly
occurif, indeed certainburstsof activity andcertainclustersof neurons
occutr We may infer thatoscillatorynetworksarenot only isomorphicto
acompositionalanguagebut maysubsere a way of representatiothat
is semanticallycompositionain its own right (For furtherinterpretation
seethe concludingsection).

Having onceshowvn the isomorphismand the congruencewith re-
spectto constituentstructure we canextendthe rathersimple algebras
N and L in parallel,i.e., in a mannerthat perpetuateshe isomorphism
andthe congruencef constituenstructure.This way, predictionsabout

12 Noticethat“=" and“ # ” denoterelationsandthatrelationsobtainjustin casetherelataare
tokened:a = b IF (3z)(z = b) anda # b Ik (3z)(z # b).
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therealizationof structurallymore sophisticatedepresentationby os-
cillatory networks are generated! will sketch an examplethat hasto
do with the representationf relationslike in. On the conceptualevel,
this, in additionto L, requiresconceptsfor pairs, for relations anda
higherorder copula If we take conceptdor relationsas primitive and
aselementf the setRel, we candefinethe remainingoperationsWe
adoptKuratavski's [KurMos,76] corvention,accordingto which pairs
areasymmetricsetsof secondrder:

Pairing: (--)" : Ind x Ind — p(p(Ind)) suchthat (6.1)
(a’ b) = {{a'a b}, {b}} —df <a’ b>'

If Pair is the rangeof the pairing operationandif relationsare setsof
pairswith Rel C p(Pair), the second-ordecopulacomesto:

SecondCopula: €%: Pair x Rel — p(Wr) suchthat (6.2)
(z,R) = {weWr |wkEx € R} =4 [z € R]*.
The additionaloperationsallow us to denotethe propositionexpressed
by the sentencéThis greenobjectis in thatredobject”:
[a € GAbE RN {a,b) € In]". (6.3)

To capturerelationalrepresentationBy oscillatorynetworks, we simply
have to proceedin a parallelway with extendingN. We definea pair-
ing of oscillations.Let therangeof this operationbethe setOPair. We,
furthermore postulaterelationalmodulesaselementsn thesetRelM so
thatRelM C p(OPair):

(Y™ : Osc x Osc — p(p(Osc)) suchthat (6.4)
(a’ b) = {{a’a b}: {b}} =df <a’ b>7
€: OPair x RelM — p(Br) suchthat (6.5)

(z,R)— {BE€Br|BEx € R} =4 [r € R|".

Thisextensionpredictsthat,in orderto representelations someneu-
ronsfire with a setof two oscillations,ratherthanwith a single oscilla-
tion. Thiskind of duplex activity canbeachierzedeitherby superposition
or by modulationof two oscillations.Figure3 providesanillustration 13

13 Thetopographicahrrangemerin thein-moduledoesnot have ary representationdlinction.
The surroundingneuronswith simplex activity may, however, help drive the embeddedeu-
ronsto shaw duplex actiity (cf. [MayO01]).
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Fig. 3. Predictedneuronalrepresentatiomf relations.The statefla € GAb € R A
(a,b) € In)" is shavn. The oscillationa of the G-neurons(dark-shadingpccurs
in thein-moduleonly assuperposedavith, or modulatedby, the oscillationd of the R-
neurons(light-shading),thus forming the duplex oscillation {a, b} (hybrid shading).
Sinceb also occursas simplex on the in-module, the situationon the in-moduleis
rendereddy [{{a, b}, {b}} €2 In]". Thisis equivalentto [{a,b) €5 Tn]".

7 Conclusion

Any comprehensie philosophicalnterpretatiorof our resultswould, by
far, go beyondthe scopeof this paper Let me, still, commentbriefly on
the natureof £ andN. Are they syntacticor semanticalgebrasFirst of
all, £L hasall thepropertieghataretypicalfor thesemantic®f alanguage
whosesyntaxallows usto build simpleset-theoreti¢or predicatve) sen-
tencest* It can easily be shown that £ is the homomorphicimage of
sucha syntax.Semanticcompositionalityis, hence warranted SinceN
and L areisomorphic(in their reducedormsandmoduloequialence),
thishomomorphisntransfergo N.

We may now interpret{ in anexternalisticway, wherepropositions
are treatedas mind-independenéntities. Since propositionshave been
definedas setsof possibleworlds, this interpretationcorrespondgo a
realisticattitudetoward possibleworldsin the senseof Lewis [Lew86].
Sincethebrainstatesn N would betheisomorphiccounterpartef these
externalistic propositions,we might say that the brain producessimu-
lations of them. The closeneswalue ¢([p]") could be interpretedas a
degreeof resemblancéetweenthe subjects brain and the proposition

[p]".

14 For the adaptionto predicatie languageseefootnote11. The simpleset-theoretidanguage
I have in mind is limited to syntacticoperationgegardingthe connecties“=", “#”, “€” and
“A”, and,with respecto the extendedalgebrathe symbolsfor pairing.



Synchroy andComposition 271

Alternatively, we could interpretL internalistically whereproposi-
tions are conceved of asthe mentalisticmeaningsof sentencesThis
might somehav correspondso the view that possibleworlds are mind-
dependenbbjects(cf. [Rog90,Kri; 72]). The entitiesof the isomorphic
neuronalalgebramay thensene asthe “cortical meanings’of a simple
semanticallycompositional set-theoretigor predicatve) languageThe
closenessaluecouldbeinterpretedasa putative distancebetweera be-
liever anda proposition.If ¢([p]") equalsl for the brain of the subject,
we couldsaythatthesubjectfully believesor graspsheproposition[p]”.

Thirdly, aninterpretatiorof £ asanalgebraof mentalsymbolsis still
not precluded.n this case,propositionsare regardedas truth-valuable
combinationof mentalsymbols.This mightsomehav correspondo the
CarnapianCar;47] view that possibleworlds are nothing but statede-
scriptions.The only concessiorwe have to make is that thosemental
symbolsarenolongercombinedby concatenatiorfor, thecommutation
of mentalsymbols—commutationis the only way to produceequva-
lenciesin L— mustleadto identical propositionsin orderto guarantee
the isomorphismlf [a = b]* and[b = a]* werenot identical proposi-
tions, this would conflict with the factthat[a = b]Y and[b = a|" are
identicalbrain statesThe closenessaluec([p]") maybeinterpretedas
thedegreeto which the subjects brainrealizesthe truth-valuablemental
symbol|[p]~.

Finally, let me compareoscillatory networks with Turing-styleand
connectionisarchitecturesCognitive modelscanbedistinguishedalong
threefeatures{i) Trees:Thereareoperationdrom orderedsetsof argu-
mentrepresentationsnto target representationgii) Constituencyfor
every tree,its agumentrepresentationareconstituent®of its targetrep-
resentation(iii) Order: For every targetrepresentatiorthereis a deter
minateorderamongits constituents.

In standardlanguagesthere are trees, words are constituentsof
phrasesandthewordsfollow adeterminatevord ordet We cannow ask
which of the threeprinciplesa given cognitive modelrealizes.Turing-
style computergealizeall threebecausehey build comple represen-
tationsfrom primitive onesby concatenationlntegratedconnectionist/
symbolicarchitecturesnly realizetrees.Oscillatorynetworks,however,
realizebothtreesandthe principle of constituenyg, but not the principle
of order
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Oscillatorynetworkslie in somesensén betweerclassicalandcon-
nectionistarchitecturesThey resembleconnectionisnetworksin mary
respectsThey may sere asassociatie, contentaddressablenemories.
They processnformationin parallel,are ableto learnfrom examples,
degradegracefully etc. Still, oscillatorynetworks are strongerthantra-
ditionalconnectionishetworksbecausén oscillatorynetworksprimitive
representationare constituentf complec representationslhe primi-
tive representationdeterminethe causalpropertiesof the comple rep-
resentationgnd, thereby determinetheir semanticproperties.Oscilla-
tory networks unite the virtuesandavoid the vicesof classicalandcon-
nectionistnetworks. They may subsere semanticallycompositionahnd
systematigepresentationalapacities.
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