A SPLITTING OF TMF,(7)
(PRELIMINARY VERSION)

LENNART MEIER AND VIKTORIYA OZORNOVA

ABsTrAaCT. We provide a splitting of TM Fy(7) at the prime 3 as TMF-
module into two shifted copies of TMF and two shifted copies of TMF;(2).

1. INTRODUCTION

The study of modules over the real K-theory spectrum KO has been central in
Bousfield’s work on the classification of K-local spectra [3]. If we localize further at
a prime p, localization at K-theory becomes equivalent to localization at the first
Johnson-Wilson theory F(1). If we want to study E(2)-local spectra, topological
modular forms are a natural substitute for KO.

Topological modular forms come in many variants. First, there is the periodic
version T M F' that is based on the moduli stack of elliptic curves M,;;. It has the
disadvantage that its homotopy groups are infinitely generated in most degrees,
which is different in the refinement T'm f that is based on the compactified moduli
stack M. Its connective cover is called tmf. We refer to [10] as a basic reference
for these spectra.

It has a long tradition in arithmetic geometry not only to consider the moduli
stack of elliptic curves itself, but also to consider moduli of elliptic curves with level
structures. A T'g(n)-level structure on an elliptic curve E/S is a sub-group scheme
that is étale locally on S isomorphic to (Z/n)s. A I'y(n)-level structure on E is a
sub-group scheme of F with a chosen isomorphism to (Z/n)g. This leads to moduli
stacks Mo(n) and Mj(n) and to spectra TM Fy(n) and TM Fy(n). Hill and Lawson
[15] were able to define spectra T'mfo(n) and T'mfi(n) based on the compactified
moduli Mg(n) and M (n) as well. Note that n is here always inverted.

When studying T'm f-modules, Tm fo(n) and T'm f1(n) are among the first exam-
ples to consider. In [25], the first-named author has proven splittings for Tm f1(n)
and Tmfo(n) in many cases if we localize at a prime p. If p = 3, the splittings
are into shifted copies of T'mfi(2)(3). As m.T'mf1(2)) is torsionfree, splittings
into shifted copies of T'm f1(2)(3) can only exist if w.Tm fo(n)s) is also torsionfree,
which is not expected if 3 divides |(Z/n)*|. The first case where this occurs is
Tmfo(7), where we prove nevertheless the following modified splitting result.

Theorem 1.1. The T'm f(3y-module Tm fo(7)3) decomposes as
Tmf(3) D Z4Tmf1(2)(3) D ESTmfl (2)(3) D L,

where L € Pic(T'mfs)), i.e. L is an invertible T'm f(3)-module.
The T M F3)-module T M Fy(7)(3) decomposes as

TMF3) & S*TMF)(2)(3) & TMFy(2)(3) & S*°TMFs).
1
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Using unpublished work of M. Olbermann, one can deduce that L is actually
an exotic Picard element, i.e. is not of the form EkTmf(3) for any k. The group
Pic(Tmf(s)) was determined in [24] and one can explictly identify L. This shows
that exotic Picard group elements of T'm f actually occur quite naturally.

Our main theorem is based on the following algebraic theorem.

Theorem 1.2. Let h: ﬂ0(7)(3) — Melh(g) and f: m1(2)(3) — ﬂe”,(g,) be the
maps induced by forgetting the level structure on an elliptic curve and let O be the
structure sheaf of My (3). Then the quasi-coherent sheaf h*oﬂo(ﬂ = h,h*O on

ﬂe”’(g) is a vector bundle of rank 8, which can be decomposed as a sum

Odw S fffORw?a fffOw™

Here, w is the generator of Pic(M.y;) that can be constructed as the pushforward
of the sheaf of differentials on the universal generalized elliptic curve.

Let us simultaneously describe the proof strategy and give an overview of the
different sections. We will always work (implicitly) 3-locally.

Let mfy (7). = mf(I'1(7), Z(s)) be the subring of the ring of holomorphic I';(7)-
modular forms mf(I';(7), C) with coefficients in Zy. This can be identified with
the sections of w®* on M; (7). It has an action by the automorphism group of Z/7,
namely (Z/7)* = Z/2 x Z/3. In Section [2| we exhibit an isomorphism mf; (7), =
Z3)|21, 22, 23]/ (2120 + 2223 + 2321) and identify the (Z/7)* = Z/2 x Z/3-action to
be given by the sign action of Z/2 and a cyclic permutation action of Z/3 on the z;.
It is not hard to compute the group cohomology H*(Z/6; mf1(7).), which already
suggests a decomposition as in Theorem (1.2

In the next step, we exhibit in Section [3] a WeierstraR equation for the elliptic
curve over mf;(7).[A~!] which corresponds to the composition

Specmfy (7). [ATY] = My (T) = Mo(7) = M.

To do so, we use the Tate curve description as e.g. in [31], Theorem V.3.1. It
turns out that the coefficients are indeed holomorphic modular forms, and can be
identified with explicit elements of Z3)[21, 22, 23] /(2122 + 2223 + 2321).

Our strategy to show Theorem [1.2]is to show a statement about comodules. It is
more convenient to do this not on M.y, but on M, instead (as in [22]). The latter
stack has a presentation by the Hopf algebroid (B,T") with B = Z[a1, as, as, a4, ag].
To formulate a version of Theorem On M .y, we define cubical versions of M (n)
and My(n) by a normalization procedure in Section [4l We stress that Mo (n)cub
is not the stack quotient of My (7)cup by the (Z/7)*-action as this stack quotient
is not representable over M.,,;,. We also provide a flatness criterion for the map
Ml(n)cub — Mculr

The next step is to make the Hopf algebroids corresponding to M;i(7)cup and
Mo(7)cup explicit. In Section we produce explicit B-bases of B-algebras Rg and
Sp, which are defined by

Spec Rp = M1 (7)cub X M., Spec B and Spec Sp = Mo(7)eus X M., Spec B.

This allows us to prove in Section |§| a splitting of Sp as a comodule over (B,T),
which implies Theorem In Section we apply standard techniques (the transfer
and the descent spectral sequence) to deduce our topological main theorem.

We end with an appendix that gives an exposition of the theory of modular forms
with level over general rings and their g-expansion. The reason for the length of



A SPLITTING OF TM Fy(7) (PRELIMINARY VERSION) 3

this appendix is the subtle difference between so-called arithmetic and naive level
structures, which only agree in the presence of an n-th root of unity. To achieve
a g-expansion principle in the form we need, care is needed how to identify the
sections of w®* on M;(n)c with holomorphic I'; (n)-modular forms in the classical
sense.

After giving this overview, let us add two directions of further research. First,
we can also ask for a splitting of the connective spectrum tmfo(7) = 7>0Tmfo(7).
Indeed, our algebraic theorem suggests this as it works over not only over M,;; but
over Myp. It remains unclear though how M (7)cyp is exactly related to tm fo(7) as
its complex bordism remains uncomputed. Secondly, our main topological theorem
suggests the following optimistic conjecture:

Conjecture 1.3. The spectrum TMFy(n)s) decomposes for every n > 2 into
shifted copies of TMF(3y and of TMFy(2)s).

This is related to a question asked in [27], namely whether all vector bundles
on M,y (3) decompose (up to tensoring with powers of w) into the structure sheaf
O, f.f*O and a certain vector bundle E, of rank 2. Also note that TMFy(n)s)
always decomposes into shifted copies of TMF(2)3) after 3-completion as shown
in [25].

1.1. Conventions. All quotients of schemes by group schemes (like G,,) are un-
derstood to be stack quotients. Unless clearly otherwise, all rings and algebras are
assumed to be commutative and unital. Tensor products of quasi-coherent sheaves
are always over the structure sheaf.

1.2. Acknowledgments. We thank Martin Olbermann for helpful discussions and
sharing his unpublished work with us. The first-named author thanks SPP 1786
for its support.

2. MODULAR FORMS OF LEVEL 7

We refer for the basics about modular forms and in particular about the ¢-
expansion principle to the appendix. We specialize mainly to the case of modular
forms for T'1(7). Our goal is to get an understanding of mf(I'1(7);Z). We also
want to determine the action of (Z/7)" = Z/6 on the ring of modular forms
mf(I'1 (7)) with respect to the congruence group I'i(7). Observe that the action
of T'o(7)/T'1(7) = (Z/7)™ by precomposition is the same as the action induced by
the (Z/7)” = Z/6-action on the torsion points of precise order 7 in the modular
interpretation.

Lemma 2.1. The stack M (n) is equivalent to P%[l] for 5 <n <10 and n = 12.

n

For n =7, the line bundle w corresponds to O(2).

Proof. The first statement is proven in Section 2 of [25]. The Picard group of P%[l]
is isomorphic to Z. Indeed, by [13 Prop 6.5¢], we have a short exact sequence

0—-7Z— Pic]P’%[;] — PicA;[i] -0,

where the first map is split by degree and Pic A%H =~ PicZ[1] = 0 by [13, Prop
6.6. '
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Thus, we have only to compute the degree of w on M (7). In general, the degree
of w on My(n) is 57n% [T(1 — p%) [25, Section 5]. Thus, for n = 7, the degree is
pln

2. ]

First, we use Theorem 4.8.1 of [9] to identify mf(I';(7); C); and the Z/6-action
on it. As explained in Section 3.9 of [9], the genus of X;(7) = M;(7)c is 0, and
using Theorem 3.6.1 of [9], we conclude that there are no cusp forms of weight 1 in
mf(T'(7); C); thus there is a basis of Eisenstein series of weight 1 for mf(T';(7); C)q,
given as follows. Fix a generator ¢ for Z/6 and the isomorphism (Z/7)* = Z/6 via

a: (t|t8=1) — (Z/7)"

t — 3
2 = 2
2 -1
tt 4
o

(We list all the values for convenience.)
Then the three odd characters @1, 2, 3: Z/6 — C* are described by

‘Pl(t) = CG?
SOQ(t) = _17
p3(t) = —G6+ 1,

where (s = exp(25%) is a sixth primitive root of unity.

By Theorem 4.8.1 of [9], there are (modified) Eisenstein series E(p1), E(p2), E(p3)
which form the basis of mf(I';(7); C); and on which the Z/6-action is described ex-
actly by the multiplication with the respective character. From Section 4.8 and
Formula (4.33) of [9] (or [4]) we obtain

6 00
1 . .
Ble)(r) =14 > i)+ > | D i) | ¢F, with ¢ = exp(2rir).
n=1 k=1 \U|k,i>0

MAGMA-calculations suggest to consider the following modular forms in mf(I'y (7); C);:

2 = %(3&5 —DE(¢1) + %E(%) + %(_346 +2)E(ps),
2y = é(_gﬁ —2)E(p1) + %E(m) + %(46 —3)E(p3),
= (-2 + 3)E(p) + 2B(p2) + 3 (26 + DE(ps).

Note that the base change matrix

1[36—1 —G—-2 —2¢+3
— 2 2 2
306+2 Ce—3  2g+1

has determinant 22—7 (84(¢s — 42), which is invertible in C, so that 21, 2o, 23 is a new
C-basis of mf(I"1(7); C);.

Lemma 2.2. The z; have only Z-coefficients in their q-ezpansion.
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Proof. Denote the coefficient of ¢™ in z; by ¢, (2;).
First, we compute cy(z;). This calculation is somewhat different from the ones
for higher coefficients:

Evaluating the sum for 1, we obtain

6
> ner(n) = 14263 + 3¢ + 4¢¢ + 56 + 665

n=1

Using (2 = (6 — 1 and ¢§ = —1, we obtain

6
> nei(n) = 1+2(¢— 1)+ 3G — 46 — 5(Ce — 1) — 6
n=1

= 4G -2

For @5, we obtain
6
D npa(n)=1+2-3+4-5-6=—T.
n=1
For (3, recall that 1 — (s = (g, so we obtain
6
> nps(n) =1+ 2G4 + 362 + 4¢2 + 56 + 63
n=1
Using the properties of (g again, we obtain

6
S nps(n) = 1— 20 +3(1— (o) +4(C6 — 1) +5¢6 — 6
n=1

4¢6 — 6.

Inserting this values into the formula for ¢y(z1), we obtain

co(21) :%(3% -1)- (—114(—446 - 2)) + %
+ %(*3@ +2)- <114(446 - 6)> =0.
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Next, we use the values computed above to compute co(z2):

6 6
colm) = 5(~G-2)- (114 > Wl(n)> e (114 > Wz(n))

1 1<
+§(§6*3) *ﬁ;n%(“)
— 3-6-2 (~-16-2) +3

1

6 6
oles) = 3(~2+3) (—14 > wl(n)> +s <—114 > nsoz(n)>
5026 +1) (—114 ;n%(n))
— 329 (~pcaa-2) 43
+ é(% +1) <—114(4<6 - 6)) =1

Now we will show that ¢x(z;) for & > 0 and j € {1,2,3} is always an integer.
This is somewhat different from the previous argument. For z;, we obtain

atl=  566-0- | X a0 ]+3 [ X w0

1k,1>0 1k,1>0

F5(36+2) [ Y )

1k,1>0

(3¢ — 1)1 (1) + 2¢2(1) + (—3Cs + 2)p3(1)) -

Q| =

P>

1)k,1>0

where [ denotes also its congruence class in Z/7.
We give the values of the summands depending on [: (Note we would only need
to compute the values for one half because of the symmetry)

[ mod 7 ‘0‘1
Summand‘0‘1‘71‘72‘2‘

In particular, the sum we obtain has only integer summands, thus is itself an integer.
We now look at zs:
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at=)= 3-6-2 (| X a0 +3 | T e

1)k,1>0 1)k,1>0

n %(gﬁ =3)- | D esD)
1|k,1>0
- ¥ % (¢ = 2)e1 (1) + 202(1) + (¢ — 3)3(1))
1|k,1>0

We give again the values of the summands depending on I:

Il mod7 [0] 1 [2] 3 [4] 5 |6
Summand [0 | -1 [2[-1[1|-2]1

Finally, for z3 we obtain:

atz)= 326+ [ Y a0]+3 [ X w0

1k,1>0 1k,1>0

+ %(QCG +1)- | D ws)

Uk, 1>0
1
= ) 3 ((—=2G6 +3)p1(1) + 2¢2(1) + (2¢6 + )gs(1)) -
Uk, 1>0
Again, we put the values of the summands depending on [ into a table:
Il mod7 [0]1|2]3] 4[5 ]|6
Summand [0 |2 [ 1|1 -1[—-1]-2

Thus, we have seen that all coefficients of 21, 29, z3 in the g-expansion are integers,
so we have 21, 29, 23 € mf(I'1(7); Z)1. O

We want to show that z1, 29,25 € mf(I'1(7);Z); is a basis. For this, we consider
the g-expansions of zi, 2, z3 modulo ¢3:
z1 = q mod ¢*
2 = —q+q mod ¢
= 1 +2¢+3¢° mod ¢3

This is obviously a Z-basis of Z[q]/(¢®). Thus, mf(I'1(7);Z)1 — Z[q]/(¢?) is sur-
jective. It is also injective as it is over C. Alternatively, we can argue that by the
following more general lemma the source is a free abelian group of rank < 3 and
this also implies the map to be injective.

Lemma 2.3. The Z-module mf(T'y(n);Z)y, is free of at most the same rank as the
C-dimension of mf(I'1(n); C)y, for every weight k.

Proof. As mf(I'1(n);Z) is a subring of mf(I'; (n); C), it is Z-torsionfree. As mf(I'y(n); C)y
is finite-dimensional, the composition

mf(Ty(n); C)x — Clg] — Clql/q"
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is injective for N big enough. Thus, also the map

mf (L1 (n); Z)r — Z[q]/q" — Cla]/a™

is injective and hence the first map as well. Thus, mf(T'y(n); Z) is finitely generated
free.
Tensoring the injection mf(T'y(n); Z)r — Z[q]/q" with C gives an injection

mf(T'y (n); Z)x @z C — Clql/q"
and hence the map mf(T';(n); Z); ®z C — mf(I';1(n); C); is also injective. O

This implies that z1, 22, z3 € mf(I'1(7); Z); is indeed a basis. The same is thus
true in mf (T'y(7); Z[$])1.

Our next goal is to understand all of mf;(7), in terms of z;’s. We will prove the
following proposition:

Proposition 2.4. There is an isomorphism of rings

Z[%][Zl,ZQa 23]/ (2122 + 2223 + 2321) — mf (T (7); Z[%])

Proof. We will first show that the relation zizo + 2923 + 2321 = 0 is satisfied in
mf(T'1(7); Z)2. For this, we will use an analoguous argument as for z1, z2, 23 being
a basis of weight 1 modular forms. More precisely, we will consider the g-expansion
of the modular forms z;z; for 1 < ¢ < j < 3 modulo ¢®. This will be enough
since using the formulae of Section 3.9 of [9], we conclude that mf(T'1(7);C) is
5-dimensional (and due to the form of the generators we will obtain) and because
mf(T'(7); Z)2 embeds into mf(T'y (7); C)a.
First, the z; themselves are given via

= q -3 +2¢* mod ¢°
= —q+q¢> =245 +2¢* mod ¢°
3= 1 +2¢+4+3¢*> +3¢°+2¢* mod ¢°

One computes the following products of those:

z% = 7 —2¢* mod ¢°
2129 = -+ —¢* mod ¢°
nm= g +2¢* +2¢°  +3¢" mod ¢°

25 = 7 —2¢ +5¢* mod ¢°

z2= 1+4q +10¢> +18¢> +25¢* mod ¢°
2923 = —q —¢* -3¢ —2¢* mod ¢°

First, observe that we immediately obtain that the g-expansion of 2129+ 2223+ 2321
is 0 mod ¢°. Next, we observe that the matrix mapping the basis 1, ¢, ¢2, ¢, ¢* to
the first five truncated power series is

0 0 0 0 1
0 0 1 0 4
1 -1 2 1 10
0 1 2 -2 18
-2 -1 3 5 25
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The determinant of this matrix is 1; thus it is invertible over Z and the first 5
truncated power series above are a basis of Z[q]/(¢%). This implies that a T'y(7)-
modular form of weight 2 is zero iff its g-expansion is zero modulo ¢°; this in turn
implies the relation.
We have noted before that
(T3 (7)5 Z[3) = HO (M (T)w® ) = HO(PL y : O(25).
7

Thus, this ring is abstractly isomorphic to polynomials of even degree in variables
x1,x2 of degree 1 (and the degree of the modular form is half the degree of the
polynomial). The ring of such polynomials is generated by the three monomials of
degree 2 with one quadratic relation between those. Thus, the ring mf(I'y(7); Z [1])

7
is generated in degree 1 and so by the 21, 29, z3. Thus, we get a surjective map

Z[%][zl, 2o, 23] /(2122 + 2223 + z321) — mf(T'1(7); Z[%]),
which has to be an isomorphism by counting the ranks. O
Next, we want to identify the (Z/7)* action on the left-hand side.

Lemma 2.5. Let the generator t of /6 correspond to [3] € (Z/7)* as above. Then
t.z1 = —23 and t.zo = —z1 and t.z3 = —2.

Proof. Recall that we already know the action on the Eisenstein series by definition,
so we can conclude as follows:

tar= 2 (30—~ D1 0B(e1) + o2 (p2) + 3 (-3 + gs(1)Elps)
= 00— DGE(e) — 3 Blp2) + 5(=3 +2)(~Co + 1) E(ps)
- 326 = 3)Elp1) - 2 B(e2) — 326 + ) E(ps)
= —Z3,
b= (G- D )B() + Seat)Bea) + 5 (6 — Bea(t)Bs)
= (-G~ DGE) — 3B (e2) + 56— 3)(~Co + DE(s)
- 3 (=36 + DE(p) = 2 Blga) + 536 — 2)B(py)
tas = 5(=20 +3)pr(D)Bp1) + 3 p2(0)Bli2) + 526 + Dea(t)Bles)
= (-2 +3)GE() — 2Blp2) + 52 +1)(~Co + 1)E(ps)
- 3G+ DE(91) — 2 Blp2) + 3(~Go + 3)E(s)

O

Note that the resulting action on Z[z1, 22, z3] makes it isomorphic as a Z/6 =
Z)2 x Z/3-representation to ZS'8" @ Z[z1, 29, 23], where Z5'8! is the permutation
representation of Z/2 and Z/3 acts on Z[z1, 22, 23] now permuting the variables
as indicated above. Thus in any degree k, the Z/3-module Z[z1, 2, z3];; can be
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decomposed as Z/3-module as a direct sum of permutation modules, generated by

orbits of monomials of degree k. Note also that the orbit of a monomial 2§23 2%

has exactly three elements (and we have a free Z/3-action) unless i = j = k.
So the cohomology of the summands of the former type will be concentrated in
cohomological degree 0, whereas the submodules Z{z¥ 25 2%) have trivial Z/3-action
and hence
7, for j =0,
HI(Z/3, 7k 2525)) = { 7/3, for j > 0 even,
0, for j odd.

Now observe that oy := 2129 + 2923 + 2321 is an invariant element under this action
(and also under the Z/2-action), so we have a short exact sequence of Z[Z/3]-
modules

0— Z[Zl, 22,2’3]0'2 — Z[Zl,ZQ, 23] — Z[Zl,ZQ, 23]/(0'2) — 0.

Note that the module Z[z1, 22, 23]02 admits a decomposition into permutation mod-
ules shifted from the one of Z[z1, 22, 23]. The long exact cohomology sequence yields
the following, taking into account the internal grading:

Lemma 2.6. For j > 0, we have:
7/3, forj even and k=0 mod 3 and k >0 or
HI(Z/3,(Z]21, 22, 23]/ (02)),,) = joddand k=2 mod 3 and k>0
0, else.
For the full group Z/6, we obtain for j > 0 furthermore:
Z/3, forj evenand k=0 mod 6 and k >0 or
HI(Z)6,(Z]21, 22, 23]/ (02)),,) = jodd and k=2 mod 6 and k >0
0, else.
Last, after we invert A , we obtain for j > 0
Z/3, forj even and k=0 mod 6 or
HY(Z,)6,(Z[z1, 22, 23]/ (02)),,) = j odd and k=2 mod 6
0, else.
Proof. The first statement was already explained above.

For the second statement, we use e.g. the Hochschild-Lyndon—Serre spectral
sequence. Thus, the cohomology groups of Z/6 are the Z/2-fixed points of

HY (Z/?’a (Z[zlv 22, 23]/(02))k)7
i.e. just the even degrees k. O
Last, we compute the invariants of the Z/3-action in Z[z1, 29, 23]/(02). For this,

consider first the Z/3-action on Z[z1, 22, 2z3]. This is done in the following well-
known lemma:

Lemma 2.7. Let 01,05, 03 denote the elementary symmetric polynomials in z1, 2o, 23.
Then the invariants of the Z/3 = As-action on Z[z1, 22, 23] are a free module over
Zloy,02,03) with basis 1,p = 2329 + 2523 + 2321.

Remark 2.8. A similar/better description can be found in Lemma 3.4 of [12].
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Proof. We follow the proof of the Proposition 1.1.3 in [33]. Observe that Z[z1, z2, 23]
is a module over Z[o1, 09, 03], and that its submodule generated by 1,p is surely
among Z/3-invariants. We still have to show that all Z/3-invariants lie in this
submodule, and that 1, p are linearly independent over Z[o1, 09, 03].
Let 7 € S3 be any transposition. Then we observe that
p+Tp= 0102 — 303,
p—Tp= (21— 22)(22 — 23)(21 — 23).
In particular, it follows that (21 —292)(22—23)(21—23) = 2p— (0102 —303). Let now f
be any polynomial in Z[z1, 22, 23]2/3. Then the polynomial f+7 f is symmetric, thus
can be written as a polynomial Q(o1, 02, 03) in elementary symmetric polynomials.
Next, f’' := f — 7f has the property

F'(zh1), Zn2) Zn(s)) = sgn(n) f' (21, 22, 23)

for any n € S3 (i.e. [’ is alternating) and thus is divisible by (21 — 22)(22 —
z3)(z1 — z3), and the quotient is then a symmetric polynomial, thus can be written

as Q'(01,02,03).
So in Q[z1, 22, 23], we obtain the following identity for f:

f= S+ + (7D

= 1Q(<71,U27<73) + 1Q/(<71,<727U3)(Z1 — 22)(22 — 23) (21 — 23)

2 2
1 1
= 5@(01702703) + 5@’(01,02703)(2]9 — (0102 — 303))
1
= 5(@(01,0270’3) —Q'(01,09,03)(0102 — 303)) + Q'(01, 02, 03)p.

Thus, the polynomial f —Q’(o1, 02, 03)p is symmetric on the one hand, since it can
be written as a polynomial in 01,09, 03 over Q. On the other hand, it is integral as
a sum of two integral polynomials, thus in total, it lies in Z[o1, 02, 03], proving that
1,p are a generating system of all Z/3-invariants as a a module over Z[o1, 09, 03]

Last, we have to check that 1,p are linearly independent over Z[oy, 09, 03]. As-
sume on contrary that there are P,Q € Z[oy,09,03] with P + pQ = 0. Thus we
also have P + 7p- Q = 0, and this yields

(p—7p)Q = 0.
Since p — 7p # 0 and Z[z1, 22, 23] is an integral domain, we conclude that @Q = 0
and thus P = 0. This completes the proof. [

Corollary 2.9. The invariants H(Z/6,Z[z1, 22, 23] /02) are the even degrees of the
free Z[o1, o3]-module on 1 and p.

Proof. This follows, as H'(Z/6,Z[z21, 22, 23]) = 0 in every degree. O

Recall that we work over Z) here and that we use the notation O for the
structure sehaf of M.

Corollary 2.10. The cohomology of h.h*O @ w®* is given for j > 0 by

Z/3, forj even and k=0 mod 6 or
HI (M., hoh* O @ w®) = j odd and k=2 mod 6

0, else.
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Moreover, H* (M, h.h*O2w®*) is isomorphic to ZLz)lor, 03, A’l]@Z(g) [01,03, A7 p.

Proof. Since h is affine, h, is an exact functor, and since h is separated and quasi-
compact, we can also apply the projection formula. Altogether, we obtain

H (M, hah” 0 © ™) 2 HI (Mo(7), 034, r))-
We use Galois descent and the fact that M, (7) is affine. This implies
H (Mo(7), w5k 7)) = H(Z/7) T(wSk r)))-

Last, we have F(g%}a ) = MF(01(7), Zg) = Zs[21, 22, 23, A7 ] /(02). So the claim
follows from Lemma and Corollary [2.9] O

Remark 2.11. Since the cohomology of the known indecomposable vector bundles
w®* B, @ w®*, f.f*O @ w®* on My over Z3) is known (see e.g. [27], Sections
4.1 and 4.2), we can conclude that if hah*O can be decomposed as a sum of such,
it has necessarily exactly the summands O ©w®~6 and two shifted copies of f.f*O.

3. ¢-EXPANSION OF «; AS I'1(7)-MODULAR FORMS USING TATE CURVE

The aim of this section is to obtain g-expansions for the coefficients of the Weier-
straff equations of elliptic curve with a I'y (7)-level structure. It is known that for
such curves, the coefficients of the Weierstrafl equations yield at least meromorphic
I'1(7)-modular forms. Our computations show that they are indeed holomorphic,
and thus we can identify them unter the isomorphism of Proposition with poly-
nomials in 21, 22, 23.

We start with the following classical theorem.

Theorem 3.1. ([31], Theorem V.1.1) For any q,u € C with |q| < 1, define the
following quantities:

op(n) = Y _dF,
d|n
nkqn
se(g) = > ox(n)g" =>_ o
as(q) = —_583(6]), )
wl)) = — 553((1)1‘;755((1))
_ VY
X(“? q) - 7% (1 — qnu)2 2 l(q)7
_ (¢"u)*
Y(u,q) = %m+$l(q).

(1) Then the equation

y? oy =2+ aq(q)x + ag(q)
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defines an elliptic curve E, over C, and X,Y define a complex analytic

isomorphism
C*/¢* - E,
; 7
wes X, Y(wq), ifutq
O, ifueq

(2) As power series in q, both a4(q),as(q) have integer coefficients.
(8) Every elliptic curve over C is isomorphic to E4 for some q with |g| < 1.

Remark 3.2. The complex analytic isomorphism is automatically also an isomor-
phism of abelian groups (cf. e.g. [30], Theorem VI.5.3).

Our aim now is to compute the g-expansions of the coefficients «; of the Tate
normal form

y2 + o1y + azy = x4+ a2x2

for an elliptic curve with a chosen N-torsion point. Since these coefficients are
unique after we have fixed an invariant differential, and transform accordingly,
they indeed define (at least) meromorphic modular forms for I'; (V) with N > 4.
We recall that we use the notion of I';(N) level structure on an elliptic curve
called T'gp (V)¢ level structure in [17], Section 2. As explained there, the injective
g-expansion map is given by evaluation of the modular form at the test object
(Tate(q™), wean, q), where ¢ € C*/¢N% is the chosen point of exact order N and

Wean 18 the invariant differential coming from % on C*. For more details, see

appendix [A]
First, observe from [30], formulae in Section III.1, that transforming any Weier-
strafs equation of the form

y2+xy=x3+a4x+a6

into Tate normal form with a chosen torsionpoint (zg, o) on this curve moving to
(0,0) has the transformation parameter (if they exist in the ring; setting u = 1)

r= o,

t= Yo,

5 as — yo + 3x3
xo + 2Yo

and the resulting coefficients of the Tate normal form are

To + 623 + 2a4
o + 2y

ay = —s5—58°+3r

r+ 2t =z + 2yo.

ap= 1+2s=

a3

Now we use methods from [3I], Section V.3, to simplify the expressions for
X(ug®, ¢") and Y (ug®,¢") in our case, where u # 0 is a complex number and
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0 < k < N.First, we reindex the sum over positive natural numbers:

e N uqu+k N
X(ug®,q") = Zm—%l(q )
nez
_ uqk N Z uqu+k N u—lqu—k Ly qu
(1 _ uqk)2 et (1 _ uquJrk)Q (1 _ uflqufk)Z (1 _ qu)2 :

Recall the following formulae for || < 1, obtained e.g. by differentiating the geo-
metric series:

T x? (l-1 T (l+1
mzzmlamd (1_30)3:2 ( 3 )xland(l_x)gz ( 5 )xl.

1>1 >1 >0

Inserting this into the expression for X (ug*, ¢"V), we obtain

X( . N) uqk: N Z uqu+k N uflqufk ) qu
u = — —
74 (T—ug? " 2= \(T—ug"V0)2 " (1= u-1gnN-F)2 ~ “(1— ¢"V)2
_ Z lulgh + Z Z (lulq(7LN+k)l g NP 2lqul)
1>1 n>11>1
Similarly, for Y (ug®, ¢"v) we get
u22(nN+k)
Y(ug®,¢") = s T s,
é (1 — ugnN+h)3
w2g? Z EPRICHERD - ulgnN -k . N
(1— ugh) P (1—ug"NTE)3 ~ (1 -y L1gnN—F)3 " (1 —gnN)2 )"

Using again the formulae derived from geometric series, we obtain

2 2k 2 2(nN+k) -1, nN—k nN
Y(uqk,qN) _ _wa +Z uq _ U _q ~ + q
(1 — ugk)3 Z (1 —ug"NTF)33 ~ (1 —u IgnN—F)3 " (T — ¢nN)2
_ Z (I —21)luzqkl I Z Z ((l ;1)lulq(nN+k)l R ;r 1)u71q(nzvfk)z i lq"Nl)
1>2 n>11>1

Note that for every u # 0 , both X (ug®,¢") and Y (ug*,¢") are not just Laurent
series in ¢, but actually power series. In particular, so is a3 = X + 2Y. For
0 <k < &, the term ug” is the lowest power of ¢ occuring in both in X (ug®, ¢V)
and Y (ug®, ¢V) is divisible by ¢**!; hence the lowest power of ¢ occuring in as is
ug®.
We would like to show that for every u # 0 and for every 0 < k < N, also
the resulting values of a; and as turn out to be power series and not only general
Laurent series in ¢q. To this end, we determine the lowest power of ¢ in a non-
vanishing summand in a3. In our Tate curve, we have

NY = _5gq (g RGN 3 N
o) = =50 L = 5 (05

n>1 n>1 1>1

so this power series has N > k as lowest exponent of q.
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Given the expressions for ai, as, we only need to check that

_ aa(q") — X(ug®, q") + 3X (ug*, ¢N)?
X (ug®, ¢V) +2Y (ug*, g")

is a power series. This follows from the analysis above.
Inserting these values into procedure above and comparing the results with our
previously chosen basis of mf,(I'1(7), Z[3]) using MAGMA, we obtain

ap = 21— 22+ 23,
Qg = 2122 + 2123,
a3 = leg.

4. THE FLATNESS OF M (7)cup
1
n

B = A[al,.. -70'470'6]-

We will work throughout this section over a Z[=]-algebra A. Set

Let Mcup = Mcup, 4 be the algebraic stack associated with the graded Weierstraff
Hopf algebroid (B,T' = Bjr, s,t]) (see e.g. [1] for the precise structure maps).This
contains My = Mg 4 as an open substack as it is the stack associated with the
graded Weierstral Hopf algebroid (B[A™1],[A7!]). We want to extend the moduli
stacks Mo(n) = Mo(n)a and M;(n) = My(n)a to algebraic stacks that are finite
over M, via a normalization construction.

Let us recall the notion of normalization. Let X be an Artin stack and A a
quasi-coherent sheaf of Oy-algebras. Let A’ C A be the presheaf that evaluated on
any Spec C smooth over X’ consists of those elements in A(Spec C) that are integral
over A. This is an fpqc (and in particular étale) sheaf because being integral for
an element can be tested fpqc-locally (as generating a finite module can be checked
fpqc-locally). Thus, we obtain a sheaf on the lisse-étale site of X' (see [2I], Section
12] or [32, Tag 0786] for the definition). As relative normalization commutes with
localization, A’ is a quasi-coherent sheaf after pullback to every smooth Spec C' — X
and thus quasi-coherent by definition. We define the normalization of X in A to be
the relative Spec of A’ over X. For a quasi-compact and quasi-separated morphism
f:Y — X, we define the normalization of X’ in ) to be the normalization of X in
f+Oy (here, f. denotes the pushforward of quasi-coherent sheaves as in [32, Tag
070A]).

Lemma 4.1. Relative normalization commutes with smooth base change.

Proof. The case of schemes is treated in [32, Tag 03GV], and the general case is
similar. (]

We define Mg(n)eup and Myq(n)ewp as the normalizations of M, in Mo(n)
and M;(n). Note that the normalization maps are by definition affine. If we
demand more of A, we get even finiteness. More precisely, we will need that A is
quasi-excellent. The source [32, Tag 07QS] contains everything we will need about
quasi-excellent rings; in particular, they show that Z[%] is quasi-excellent.

Lemma 4.2. Assume that A is a quasi-excellent ring. Then Mi(n)ewy — Meup
and Mo(n)eup = Meup are finite.
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Proof. Let X — M,y be an affine map of finite type from a reduced algebraic stack
(note that reducedness is local in the smooth topology [32, Tag 034E]). We want to
show that the normalization of M, in X is finite over M y;. The relevant cases
for us are X = M;(n) and X = My(n).

Let B = Alay,...,a6] = M.y be the usual smooth cover. Denote by T the
global sections of the pullback X x a4,,, Spec B, which is an affine scheme. By the
last lemma, we have to show that the normalization of B in T is finite over B (as
finiteness can be checked after faithfully flat base change). By [32], Tag 03GR], we
just have to check that B is a Nagata ring, SpecT — Spec B is of finite type and
T is reduced. As B is a polynomial ring over a quasi-excellent ring, it is quasi-
excellent again and hence Nagata. The second point is clear by base change. For
the last one note that Spec T is equivalent to Spec B[A™1] x r¢,,, X; this is reduced
as Spec B[A™!] — M,y is smooth (as smoothness can be checked after faithfully
flat base change and Spec '[A~!] ~ Spec B[A™!] x v4,,, Spec B[A~!] is smooth over
Spec B[A™1]) and being reduced is local in the smooth topology. Hence, we have
finiteness. O

Lemma 4.3. Let R be a graded normal domain and with o graded ring map B — R.
Consider the induced map

Spec R[A™']/G,, — Spec BJA™']/G,, — M.y.

Then the normalization of My in Spec R[ATY]/G,, is equivalent to Spec R/G,y,
if Re = R®pT is finite over B.

Proof. Note first that Spec B x uq.,, Spec R/G,, is equivalent to Spec Rp. Thus,
Spec R/G,, is finite over M yp-

Let now SpecC — My, be any smooth map and denote by Spec R the fiber
product Spec C X a4, Spec R/Gy,. As R is finite over C, every element of R¢ is
integral over C'. As R is normal and R¢ is smooth over R, also R¢ is normal [32]
Tag 033C]. Thus, every element that is integral over C' (and hence R¢) in Ro[A™!]
is already in Rc. Thus, R¢ is the normalization of C'in Ro[A™!]. As Spec Ra[A™]
is the equivalent to the fiber product SpecC' x u4,,, Spec R[A71]/G,,, this shows
the result. O

Lemma 4.4. Let R be a graded B-algebra that is Cohen—Macaulay. Assume fur-
thermore that R is concentrated in nonnegative degrees and satisfies Ry = A. Then
Rp is flat over B if it is finite.

Proof. As Rp = R]r, s,t], we see that Rp is Cohen—-Macaulay as well. By localizing
A we can assume that A is local and thus B and Rp are graded local rings as well.
As Rp is finite over B, we see that dim R = dim Rg. We obtain by a graded version
of Hironaka’s flatness criterion (see e.g. [II, Theorem 18.16]) that Rp is flat over
B. g

Proposition 4.5. The maps Mi(n) — My and My(n) — My are finite and
flat.
Proof. This is contained in Theorem 4.1.1 of [3]. O

Proposition 4.6. Assume that R = mf(T'1(n), A). = mfi(n). is normal and
Cohen—Macaulay. Then Mi(n)ewy — Mewp @8 finite and flat and Mq1(n)eup s
equivalent to Spec R/G,,.
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Proof. We can assume that A = Z[1] as this is the universal case. We know that
M;i(n) = Specmf(T'y(n))[A~Y]/G,, for all n > 2. Thus, we just have to show that
Rp is finite over B.

Consider the two cartesian squares

ff) s

i ——— M

Mi(n) — > Spec R/Gn
M

cub
and
[ Spec B

-

Mell — Mcub
As a quasi-coherent sheaf on Spec R/G,, is determined by its graded global sections,
we see that j, Oﬁl(n) is exactly Ogpec r/G,,- We see that Rp are the global sections
of
p*h*j*oﬂl(n) = p*i*h*oml (n)

As p is flat, we have an isomorphism p*i*h*(’)ﬂl(n) = k*q*h*(’)ﬂl(n). As h is finite
flat by the last proposition, q*h*(’)ml( is a vector bundle. As Spec B is normal
and the complement V' (cq, A) of U is codimension 2, we see that k,F is reflexive
and hence coherent for any reflexive sheaf F on U. Indeed, we can extend F by a
reflexive sheaf £ on Spec B (by picking a coherent subsheaf £ of k, F with k*&’ = F
and setting £ to be the double-dual of £’). By [14] Proposition 1.6], we see that
ko F =2 ko k*E =2 £. If we apply this argument to F = q*h*Oml(n), we see that
k*q*h*Oﬂ1 (n) is coherent and hence its global sections Rp are finitely generated
over B. (I

Example 4.7. Let n="7. Then
mfy (7). = mf(I'1(7); A) = Alz1, 22, 23]/ 02.

This is a reqular ring (and in particular normal and Cohen—Macaulay). Thus, the
assumptions of Proposition[{.0| are true.

n)

The flatness of Mq(n)euwy — Meup seems to be more subtle in general and we
will be content here to introduce some notation and make a simple observation.

We know that Mo(n)eup X m.,, Spec B is affine and thus we can write it as
Spec Sp for a B-algebra Sp. We claim that the map Sp — (RB)(Z/”)X is an
isomorphism. Indeed: By construction, Sp — Sg[A~!] is an injection (because Sp
consists of those elements in Sp[A~1] that are integral over B). We know that

Z/n)* — — n)% A —
RG/™M ™ [ATY = (Rp[A™]) /M 2= g5[A7".
Thus, the map
Sp = RG/™" 5 RY/™T (AT = Sp(a77

is an injection and thus also the first arrow. We know that (Rp)! is finite
over B (as B is noetherian) and thus every element is integral over B. Thus,

Sp = R%Z/n)x.

Z/n)*
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5. COMPUTATION OF INVARIANTS

We consider the elements 1,0%, 0%, 03 as well as

Ny =00 — 2323 — 2125 — z%zg,

2 4 20,3 3., 2.2
oing = o1 — oy - (2725 + 2125 + 2125),

ne = 0?2 — 223230 — 221251 — 228220 + 22328 — 2223
2,.2 3,3 _ ,2,4
= 2nyr — o]r° + 22725 — 2723,
2 2 (2.2 3 3 2,2 3,3 _,2.4
oing = 07 - (071" — 227237 — 221257 — 227 257 + 22725 — 2125),

which are all elements in Sp. Our aim is to prove the following proposition.

Proposition 5.1. The elements
2 4 2 2 2
17 01,071,M4,01M4,N¢e,01MN6,03

form a B-basis of Sp; in particular, Sp is a free B-module of rank 8.

We can write the invariants with respect to our chosen B-basis of Rp = B8
(found with MAGMA):

2 2 2 2 3 2.2 4 2 2
{1,2’2,23,8,228,23,2538,8 ,Ty238,235 ,23T,S ,t,?"872’2’l"72’38 ,237"572’31‘2,8 ,rsT,r,

zgr, 2978, 2972, zgrs, 23182, 2512, 87 128, 11, 183, 2912 s, zgrsz, 23128, zgrz,

z3rt, TS4, r282, 23r252, zgrzs, 7"35, T283, T2t, z§r282, 2'37“2t7 7"2847 7“235}.

We want to show that the 8 invariants listed above are B-linearly independent
elements of Rg. To do so, we will show that they are linearly independent when
viewed as elements of R ® Q/ (a1, as, as, aq, ag), which is enough since Rp is a free
B-module (and B is an integral domain).

In RE®Q/(a1,as, a3, a4, ag), we have the following expressions in terms of basis
elements (computed by MAGMA):

1=1

o? :425 — 8235+ 121

of =48221 + 16225% — 1922375 + 384r% — 967s% + 165

o :4257’ + 42552 — 322318 + 423t + 54r — 12rs? + 2s*

ne =60/Tzor%s — 236/7221% + 116/ T251rs> — 3823125 + 260/ 7231t + 36/ 7r2s? + 4rs?
ony =1188/Tzyr?s — 52447221 + 2644/ 72315>

— 86423775 + 5400/ 7231t + 1032/7r%s* + 88rs*

02 = — 15/T29r%s + 4572312 — 15/T23r8% + 323r%s — 72/ Tzgrt + 12/7r% s>

o?ng =52768 /3552212 s% — 406572/35523r°t + 61336/355r2s*
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In the 48 x 8-matrix which has the following 8 x 8-submatrix, corresponding to

basis elements 1, 22, s*, z3t, r2s2, z3r%s, rs* r2st:

1 * * % * * * *
0 4 =x * * * *
0 0 16 =« * * * *
00 0 4 * * * *
00 0 o 3 12 L2
0 0 0 0 —38 —864 3 *
00 0 0 4 88 0 *
00 0 0 O 0 0o &8¢

Here, by * we denote (potentially different) ring elements which do not matter for
the computation of the determinant. Again using MAGMA, this determinant can
be computed to be

66325315584

2485 70

This implies that the 8 invariants listed above are B-linearly independent elements
of Rp, so they generate a free sub-B-module of Rp of rank 8, which we denote by
V.

Our next goal is to show that this module is already all of Sp, (identified with)
invariants of Rp under Z/6-action.

First, observe that the inclusion induces an isomorphism over B ® Q. Indeed,
recall first that Spgg = Sp ® Q using flatness of Q over Z3) and the fact that
HY(Z/6,Q) = 0. As the order of Z/6 is invertible in Q, we know that Spgq is
a direct summand of the free B ® Q-module Rpgg and thus projective. By the
Quillen-Suslin Theorem (see e.g. [20], Theorem XXI.3.7), it implies that Spgg
is also free, automatically of rank 8 as this is true after inverting A. We claim
that V®Q — Spgq is surjective. It is enough to show this after quotiening by
ai,-..,ag by the graded Nakayama lemma. The 8 X 8-minor argument above shows
that V®Q — Rp ® Q is injective after quotiening by aq, ..., ag and thus the same
is true for

VepB/(al,...,a6) ®Q = Sp®p B/(a1,...,a5) ®Q.

As an injective map between 8-dimensional Q-vector spaces, it must be surjective
as well, showing our claim.

Thus, it is enough to show that the map from the free B-module generated by
the 8 invariants to S (or to Rp) is injective when we tensor it with Fs. (This will
imply surjectivity. Indeed, let € Sp be some element. By the rational statement,
we know that there is an element y in the B-span of the invariants above and k € N
s.t. 3Fz =y. If k = 0, we are done; otherwise we can conclude that y is mapped to
0 in Rp after tensoring with F3, so by injectivity we assumed it can be divided by
3 in the module generated by our chosen invariants. Inductively, this implies the
claim.)

Thus we do a similar computation over F3 as above rationally. We use the same
basis for Rp ® F3 over B ® F5. As before, we use MAGMA to express the chosen
invariants in terms of the basis.

2 _ 2 2
01 =ai +2a123 + ag + 25 + 235

of =a] + adz3 + 2a3ay + 2323 + 243235 + air + a3s?
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+ aj1as23 + arass + arjaz + a1z§s + 2a98° + 2a§ + azzg
+ 2a9238 + asr + a282 + 2a4 + z§52 + 54
ng =203 23 + ajzs + ajzzs + 2a3r 4 2a7s® + 2a1a23
+ 2aq1a9s + arasz + a1z§8 +aiz3r + a183 + 2(1% + asgz3s + 2a9r
+ 2a95% + 2a323 + 2a4 + z§r + z%sz + 2375 + 23t + 254
ne =203 zor + 203225 + 2a5 237 + a3rs + atagza
+ 2a%aor + 2a%azzy + alazzz + alass + atzors
+ 2022257 + 203 2375 + 2a3 23t + 2a37s? + 2a1aza3
+ 2a1a929r + 2a1a2z§5 + 2a1a2237T 4+ 2a1a97S + ar1azzo S
+ alagz§ + 2a1a37r + a1a382 + ara429 + 2a1a48 + 2alz§7“s
+ 2(117’53 + a%zg + aga323 + a2a4 + ag227Ss + agzgr
+ 2agz§s2 + 2a92318 + 2a023t + 2a2r52 + agz3r + 2a4298
+ 2a4z§ + aygr + 2a452 + zgrz + 2z§r52 + 23r25 + 2z3rt + rst
o?ny =2a323 + alzs + ajzzs + adagzs + 2a3as + a3zis
+ 203237 + 2a3rs + a%agzg + 2a%ay235 + a2agr
+alaszs + 2a%azs + alay + 20325 + aizis?
+ a%z;grs + a%rz + 2a1a§2’3 + alagzgs + 2a1a223T
+ 2aq1a3z38 + ajasr + 2a1a352 + 2a1a423 + a1a48 + alzgrs
+ 2a1r53 + a323s + 2a§’r + azzgr + agz§<92 + agz37s
+ a2r2 + agz3s + 2a47 + a452 + z%rsQ + rs*
ag =adzr + a?zgs + a3 zsr + 2a37rs + 2&%@2232) + aaor

2 2 2 2 2,22
+ ajaszg + ajaszs + 2aiass + 2aizers + ajz3s

+ 2a323rs + Qafrsz + ajasaz + ajaszor + alagzgs

+ arasz3r + 2a1a9rs + 2a1a3298 + 2a1a3235 + 2a1a332

+ 2a1a429 + 2a1a423 + ara4s + 2a§z§ + a%r + 2a0a4

+ 2a92o1s + agzgsz + 2a023rs + 2a27“52 + aq298 + agz3s + a452
o?ng =2a3Ts + atagr + 2ajaszs + 2atass 4+ 2aiz3rs + ajzst

+ a%rQ + 2a‘117“32 + a?agag + a‘;’agrs + a?agzg—&—

2a3a3r + 2a3a3s® + adays + ai’zgrs + a3 z3r?+

ai’rQS + 2a§a§r + a%agagzg, + 2a%a2a35 + 2&?&2@44—

2(1%(122’%7" + a2agzsrs + 2a3as 23t + aasr’+

atagrs® + 2a3a3 4 2atazzss + ajazzsr + atasrs

+ 2a%a4z§ + atayr + atays® + 2a2ag + Qa%zgrz—ﬁ—

a3zars® + 2a3zgrt + 2a3r%s? + ajadaz+

2a1a§rs + 2a1a2a3,z§ + ajasagr + 2a1a2a352 + ajasass+
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a1a2z§7‘3 + a1a223r2 + 2a1a2r2$ + alagz;),—i-

2a1agz§s2 + arazz3rs + 2a1a3z3t + a1a3r2 + a1a3r52+

a1a4z§s + 2a1a478 + a1z§r2$ + 2a1728% + agr—l—

2a3a323 + 2a3ay + 203237 + 2032375 + a3zt +

a§r2 + 2a§7’32 + 2a2a§ + agaszzr + a2a4z§ + 2asa47+

a2a482 + 2aqa¢ + agz§r2 + agz§7‘32 + 2a0231t+

2a97%8% + 2aza423 + a4z§52 + 2a4237S + agz3t + Qa4r%+
2 2.2 2.4

2a478% + 251252 + s

There is a nonvanishing 8 x 8-minor in the corresponding 48 x 8-matrix and thus
our claim follows.

6. COMODULE STRUCTURES

Recall we denote by B the ring B = Alaq, as, as, as, ag]. Similarly to the case of
elliptic curves, we obtain a Hopf algebroid (B, T'), where I' arises from the pullback
diagram

Spec(T') —2 Spec(B)

lﬁL lQnd

Spec(B) 5 Meews.
By fpqc descent, evaluation at Spec B defines an equivalence between quasi-
coherent sheaves on My, 4 and (B,T')-comodules. Thus it suffices for our main

algebraic theorem to provide an isomorphism of certain comodules, which will de-
scribe explictly.

6.1. The comodule corresponding to f,f*O. Recall that at the prime 3, we
have mf;(2). = Z)[b2, bs], and the B-module structure is given by

ag —r b2 and ayq b4 and ai,as,as — 0.

Thecorresponding (B,T)-comodule is given by I' ® 5 mf;(2), with extended co-
module structure. In this tensor product, we use the right B-module structure of
I.

Lemma 6.1. There is a monic polynomial P of degree 3 over B so that there is a
ring isomorphism I'® pmf;(2). = B[r]/P, and the comodule structure is determined
byr—1r+rel.

Forgetting the ring structure, we can identify this comodule with the free B-
module Bwi ® Bwy ® Bws with (B,T')-comodule structure given by

w1 —  1®wi,
wo — 1 ®ws +7 & w,
ws = 1@ w3+ 2r @ ws + 12 @ w.
Proof. Identifying the B-module structures, we obtain a ring isomorphism

I'®p Hlfl(Q)* = B[Ta Sat,bQ; b4]/(R)’
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where the relations R are generated by

a1+ 2s =0,
asy — say + 3r — 52 = by,
az +ra; +2t =0,

ay — saz + 2rag — (t +rs)ay + 3r? — 2st = by,

2

a6+ra4—|—r2a2+r3—ta3—t —rta; = 0.

Here, we use the formulae for ng from [1l Section 3]. Exploiting in particular the
fact that 2 is invertible in Z3), we can express s,t,bz, by as polynomials in 7 over
B. This yields the ring isomorphism

B[Tv 8,1, ba, b4}/(R) = B[’I’]/(R/),

where the relation R’ is given by

1 1 1
ag +rag +riay +r® + 5(@3 +rai)as — Z(CL:), +rar)? + §(a3 +rai)ra; =0,

which is a monic polynomial in r over B of degree 3, which we denoted by P in the
statement.

The first statement about the comodule structure is immediate since I' ®p
mf;(2), carries the extended comodule structure.

For the second description of the comodule structure, observe that since P is a
monic polynomial of degree 3, there is an isomorphism of B-modules Bw; ® Bwg @
Bws — B[r]/(P) given by w; — ri~!. Thus, to identify the comodule structure,
we only need to compute it on 1, 7,72 on the left-hand side, and transfer it via this
isomorphism, using the compatibility of comodule structure with ring structure of
B[r]/(P). This yields the claim. O

6.2. The comodule corresponding to (f7).(f7)*O. Recall from Proposition
that 3-locally, mfy (7). = Zs)[21, 22, 23] /(02). Weobserve that Rp :=TI' @ p mf; (7).
with the extended comodule structure.

Lemma 6.2. There is a ring isomorphism Rp = Zs)[21, 22, 23,7, 5,t]/(02), and
the (B,T')-comodule structure is completely determined by

zi— 1®z, forie{l,2,3},

s— 1®s+s®1,

r— 1r+r®Il,

t— 1Qt+tR1+s®r.

6.3. The comodule corresponding to (h7).(h7)*O. Recall that we identified
Sp = (Rp)%/D” as B-module with a free 8-dimensional B-module with basis

2 4 2 2 2
170-1a0-1)n4a O1M4,MNe,01MNe,03.

We will now describe the comodule structure on this B-module.
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Lemma 6.3. The (B,T')-comodule structure on Sp 1is given by
1— 1®1,
ol 1®o0i,

= 1®of,

— 1®n4+r®af,
oZng = 1®@0ng +r®of,

= 1®ne+2r° @ o] + 1 @ ny,

= 1®oing +2r° @ o) +1r @ oing,
o 1®o0s.

Proof. This follows from Lemma[6.2] and Proposition [5.1] by a straightforward com-
putation. |

6.4. The conclusion. We continue to work 3-locally.

Proposition 6.4. There is an isomorphism of comodules

B® (I'®p mf1(2).)[2] ® (I’ @5 mf1(2).)[4] ® B[6] — Sg,

given by
1p— 1,
wif2] = o,
wal2] = Ny,
ws[2] = me,
wild] = o,
wold] = oing,
wsld] —  o?ng,
1p[6] — o3.
Proof. This follows by inspection from Lemma and Lemma O

This implies our main algebraic theorem by the equivalence of (B, T")-comodules
and quasi-coherent sheaves on M yp a:

Theorem 6.5. There is 3-locally an isomorphism
(h/)*OM0(7)cub = OMcub @ Q®(_6) EB (f/)*OM1(2)cub ®(g®(_2) @ £®(_4)
of vector bundles on M yp.

By restricting to M.y, (3), this implies Theorem

7. TOPOLOGICAL CONCLUSIONS

In the following, we will work in the homotopy category of modules over the sheaf
O of E -ring spectra on M, = Me” R, Where R is a localization of the integers
(the case R = Z3) being the most important for us). We denote the derived smash
product over Ot"p by ®@tor and the internal Hom in this category by Homotor.
We denote morphism sets by [—, f]om. We will call an O°P-module F locally free



24 LENNART MEIER AND VIKTORIYA OZORNOVA

if there is an étale covering {U; — M} such that F restricted to U; is equivalent
to @J OtOp U,

A related lemma already appears in [2, Lemma 2.2.2].

Lemma 7.1. Let A be a sheaf of O'°P-algebras on M,y that is locally free of rank
n as an O°P-module. There is a trace map

try: A — OFF
such that the composite tr 4 u with the unit map
u: O - A
equals multiplication by n.
Proof. Consider the composite
tra: A — Homoror (A, A) <= AQoror Homoron (A, OFP) Z5 OFP,

Here, the middle map is an equivalence because A is locally free. We claim that
the composite
trqu: O°P — QP
equals multiplication by n.
Note first that the map

top
mo: [0, 011"y Homy, prer (O, myOP)

is a bijection. Indeed, the source agrees with mI'(O*P) = myTMF and the mor-
phism is the edge homomorphism of the descent spectral sequence. It can be de-
duced from [I9] that this edge homomorphism is an isomorphism.

As A is locally free, motr4: m9. A — O P agrees with the trace map of 7oA
over moOP. Tts precomposition with mou equals n as it does locally (as we get
exactly the trace of the identity map of a free module of rank n). This shows the
claim. O

We will need the following variant of Lemma 5.2.2 from [26]

Lemma 7.2. Let F be a locally free O'°P-module on My of finite rank. Let
Galg: Fof*w®Y — 70 F be a split inclusion. Then Jalg can be uniquely realized by
a split map

g: X2 f frotP 5 F
with Tog = Galg-
Proof. If F and G are locally free O*°P-modules, then

mrHomotor (F,G) = Homy, otor (Mo T, Tai kG)

is an isomorphism as this is true locally; moreover, the target is isomorphic to
Hom g, otor (o F, mG) as F and G are even periodic.

For simplicity we assume now that ¢ = 0. The dual of the vector bundle
fef*Oxz.,, = f:Oxq, (o) is isomorphic to w®4 R0, [ Ox4, 2 & fof*w®% as can
be deduced from Lemma [611

This implies that

HomOﬂezl (f*f*Oﬂezl ) ﬂ-k]:) = f*f*&®4 ®ﬂell ﬂ—k]:
> f, f* (W @5, T F).
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As f is affine and every quasi-coherent sheaf on M;(2) ~ Px(2,4) (the weighted
projective line) has cohomology at most in degrees 0 and 1, the descent spectral
sequence

HY(Mey; mpHomoron (fuf O, F) = Tp—q Homoror (f.frO™P F)

is concentrated in the lines 0 and 1. Moreover, the Es-term is zero for p odd and
thus the edge homomorphism

[fuf 0", FIO™" = o Homoron (f. f*O'7, F) — Homor,  (f.f" Oy, m0F)

u

is an isomorphism.
Similarly, one shows that

[]_—’ f*f*otop]@mp) S Hom@mp (]:-’ f*f*OtOP) N Homoﬁe” (71'0]:, f*f* Oﬂgzz)
is an isomorphism. The lemma follows. (I

Theorem 7.3. We can decompose Tm fo(7)3) as
Tmfzy ® Z4Tmf1(2)(3) ® X8 Tmf (2)(3) e L,
where L € Pic(T'mfs)), i.e. L is an invertible T'm f(3)-module.

Proof. Throughout this proof, we will implicitly localize at 3. Denote as before the
map My (7) — M.y by h. By Lemma the unit map O™ — h,h*O™P splits
off as an O*P-module; denote the cofiber by F. Note that mp F = 0 for k odd. By
Theorem [6.5]

moF 2w @ £, W @ fi fra®CY.
By Lemma we obtain a decomposition
f o~ L o E4f*f*0t0p oy ESf*f*Otop

with moL£ =2 w®(=%), Thus, £ is an invertible O*P-module. We obtain our result
by taking global sections because the global sections of h,h*OP are Tm fo(7). To
see that L = T'(£) is an invertible T'm f-module, we use that the global sections
functor

I': QCoh(M,y, O'P) — Tmf—mod

is a symmetric monoidal equivalence of co-categories by one of the main results of
[23]. O

Remark 7.4. In [24], the Picard group Pic(Tmfs)) is identified with 7 @ Z/3,
where

7 — Pic(Tmf(g))

is the map k — E’“Tmf(g). The image of the generator of Z/3 is called T'(J) [24,
Construction 8.4.2]. As the homotopy groups of all ¥ T®! can be easily calculated
from those of Tmf, one can deduce the identity of L in the previous theorem by
calculating . Tmfo(7). This was done in unpublished work by Martin Olbermann
and he shows that L ~ ¥36T(J®2).

Note that T(J®") is in the kernel of Pic(Tmf)) — Pic(TMFs)) so that L
becomes E?’GTMF(g) after base changing to T M F3).
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APPENDIX A. MODULAR FORMS AND ¢-EXPANSIONS

The aim of this appendix is to give the reader a quick introduction to the different
flavors of modular forms and to introduce and justify the g-expansion principle in
the specific form we will need. We refer to [9] for an introduction to modular forms
and to [8], [16] and [17, Section 2] for treatments closer to our needs. We also refer
to [6] for a thorough treatment of the analytic side.

A.1. Modular forms. In this section, we will give three definitions of modular
forms and compare them.
We start with the classical definition and denote by MF,(SL2(Z),C) the set of

holomorphic functions f: H — C satisfying for every z € H and every (CCL Z) €
SLo(Z) the compatibility condition

(A1) F(E5) =t

and meromorphic at co. (To make this last condition precise, recall that the SLo(Z)-
compatibility implies in particular that f is 1-periodic, and so there is a well-defined
holomorphic function g: D? \ {0} — C satisfying f(2) = g(e****), and we require
this g to be meromorphically extended to 0. We will say that the Laurent expansion
of g at 0 is the classical g-expansion of f at co.) Elements of MF(SLa(Z),C) are
called meromorphic modular forms. Denote by MFy(SL2(Z), Ry) for a subring Ry
of C the subset of MF}(SL2(Z),C) of modular forms with coefficients of classical
g-expansion of f lying in Rj.

For the algebro-geometric definitions of modular forms, we denote for an elliptic
curve p: E — T the quasi-coherent sheaf p,Q}, 7 by wE.

Proposition A.1 (Proposition I1.1.6 of [7]). Let p: E — T be an elliptic curve,
and denote its chosen section by e: T — E. Then the sheaf wp = p*Q}E/T is a line
bundle on T'. Moreover, the adjunction counit

PeQpyr = Qpyr

is an isomorphism, implying also p*Q}E/T ~ e*Q}E/T.

An invariant differential for E is a nowhere vanishing section of Q}, /T Or equiv-
alently a trivialization of wg.

Our second definition of modular forms will define them as a certain kind of
natural transformations. Fix a (commutative) ring Ry. For any Rg-algebra R,
denote by Ell'(R) the set of isomorphism classes of pairs (E,w) consisting of an
elliptic curve F over R together with an invariant differential. This defines (together
with pullback of elliptic curves and of invariant differentials) a functor

Ell'(—): (AffSh / Spec(Ry))®? — Sets.

As in [I6], Section 1.1, we can consider a notion of a modular form of level 1
and weight k& over Ry as the subset of the set of natural transformations f €
Nat(EIl'(=),T'(—=)) with the following scaling property: For any Rg-algebra R,
elliptic curve with chosen invariant differential (F,w) and any A € R*, we have

(4.2) F(B, ) = A (B, w).
Denote the set of such natural transformations by Nat(EIl'(—), T'(—)).
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For the third definition, let My r, be the moduli stack of elliptic curves over
Spec(Rp) (see e.g. [7] or [28]). On its big étale site, one defines a line bundle w
as follows. For a morphism ¢: T" — My g, from a scheme T, let p: E — T be
the corresponding elliptic curve with unit section e. We associate with (7, ¢) the
line bundle wgy on T. To check that this actually defines a line bundle consider a
cartesian square

-l p

P,k

T ——T
with unit section ¢’: T" — E’. We obtain a chain of natural isomorphisms
ffwup = f*e*Q}E/T = (e/)*f*Ql ' >~ (6/)*9}3//? X~ wgr

as required.
The third definition of the meromorphic modular forms over Ry of weight k is
HO(Mei,ryi w3 ).

A.1.1. Comparision of definitions of modular forms. There is an easy map

a: HY(Meit, g &34, ) — Nate (B (=), T(—)),
constructed as follows. Given an element f € H°(M.y g,, w%ﬁ” fo ), an Rp-algebra
R and an elliptic curve E/R together with an invariant differential w. If E is
classified by ¢: Spec(R) — M., r,, we have cp*(g%/lfe”ﬁo) = w%k. By definition,

f defines an element in I'(¢*(wF u r)), which via the previous isomorphism and
ell,Rg

via the isomorphism w®* from O%k to w%?R is identified with

D(p* (@R, ) 2 T(WE) = D(OFF) 2 T(OR) = R.

Define a(f)(E,w) to be the image in R of the element defined by f in the left-hand
side. The naturality of «(f) is clear. Replacing w by Aw for A € R* multiplies the
chosen isomorphism above by A*, so we obtain

a(f)(B,dw) = X a(f)(E,w).

Let us sketch why « is an iso. By definition, the section f corresponds to a
compatible choice of sections in HO(T;w$") for all T — M.y g, classifying an
elliptic curve E. As wg is locally trivial, f is uniquely determined by its values on
those T' where wg is already trivial and T' = Spec R is affine. In this case, a section of
w% * corresponds exactly to associating with each trivialization w of wg an element
f(E,w) such that f(FE, )= A"Ff(E,w). This describes Nat(EIl'(—), T'(—)).

Moreover, for any subring Ry of C we also have an easy map

B: Naty(Ell'(—),T(=)) = MFy(SLa(Z), Ro),

defined as follows. For any f € Naty(Ell'(=),T'(=)) and any 7 € H, set 8(f)(r) =
f(C/Z -1 Zr,dz) € C.
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a b

We will check SLy(Z)-compatibility of 5(f). Let (c d) € SL3(Z) be given.

Observe that we have a biholomorphism

b: C/(Z-1®ZLr) — C/(Z-l@ZaT+b>,

or+d
]~ [crid]'

This shows that, since f is well-defined on isomorphism classes and the scaling
property,

ar +b at +b
A1) (CT+d> =f<(C/ (Z.l@ZCT—i-d)’dZ)

— (et +d)*f(C/Z -1 Zr,dz) = (7 + d)*B(f) (7).

We will later sketch why this is holomorphic in the interior and meromorphic at
the cusp and why f is an isomorphism.

A.1.2. Holomorphic modular forms. In each of the three definitions above, we can
also restrict to modular forms that are "holomorphic at the cusps®. In the classical
definition we just require function g to be holomorphic at 0. By requiring that
the classical g-expansion is in Ry[q], we obtain the Rp-module m fi(SL2(Z),C) of
holomorphic modular forms.

For the algebro-geometric version, we have to work with generalized elliptic
curves instead [7, Definition I1.1.12]. We can define wg in the same way as for
usual elliptic curves and the analogue of Proposition is still valid. This defines
a line bundle w on the compactified moduli stack M, (which is our notation for
My from [7, Remarque IT1.2.6]). Our algebro-geometric definition of holomorphic
modular forms of weight k is H*(M.y gy, w®").

We will later sketch the comparison between these two definitions.

A.2. Level structures. Throughout this section, let Ry be a Z[%]—algebra.
We begin with the classical definition of modular forms with level structure. Let
I'1(n) C SLy(Z) be the subgroup of matrices that reduce to a matrix of the form
1
0
A meromorphic/holomorphic modular form of level n and weight k is a holo-
morphic function f: H — C satisfying the transformation formula and is
meromorphic/holomorphic at all cusps. We will say more about cusps later, but
for the moment see [9 Section 1.2] for details. Note that modular forms of level
n are still 1-periodic and thus the classical g-expansion still makes sense. Assume
that Ry C C. We will denote by MF(T';(n); Ry) the meromorphic modular forms
of level n and weight k that have classical g-expansion with coefficients in Ry and
by m fi(I'1(n); Ro) the analogue for holomorphic modular forms.
For the algebro-geometric definitions of modular forms with level structure, we
have to distinguish between two different ways to phrase them, the naive and the
arithmetic level structures.

modulo n.

A.2.1. Nuaive level structures.
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Definition A.2 ([7], Construction 4.8). For an Ry-algebra R, let Ell}l(n)(R)
denote the set of isomorphism classes of triples (E,w,j), where E is an ellip-
tic curve over R, further w is a chosen trivialization of the line bundle wg, and
Jj: Z/nZr — E is a morphism of group schemes over Spec(R) and a closed immer-
sion. This morphism j is called a T'1(n)-level structure.

Recall that Z/nZr = [l,; Spec(R) as a scheme, with the obvious map to
Spec R and group structure coming from the group structure on Z/nZ. The group
structure on the elliptic curve is explained in [I8], Section 2.1. We can identify j
with the image P = j(1) € E(R) since it determines j completely.

Remark A.3. We should remark that this variant of level structures is often called
“naive” in the literature. Note also that the analogous definition in [8)], Section 8.2,
looks slightly different, but is equivalent by using that being closed immersion can
be checked for proper schemes on geometric points.

Using again the scaling condition we can define Natk(Ell%l(n)(—),F(—))
analogously to our definition without level in Section [A-T]

We can also define a moduli stack M (n) classifying elliptic curves over Z[1]-
schemes with T'y(n)-level structure. We obtain a morphism f,: Mi(n) = Mgy
by forgetting the level structure. As in Section we obtain a comparison
isomorphism

a: HO (M (n); (fa)"'w®*) = Naty (Ellp, ) (=), T(-))-

There are different ways to compare modular forms with and without level struc-
ture. The particular form of compatibility is expressed in the following commutative
diagram.

(E,P)—~E/(P
—

Nat (ElL}, () (<), T'(—)) ) Naty (Bl (=), I'(—))

l((C/ZJrnTZ,dz,T) l((C/Z-&-TZ,dz)
MEF(I'1(n), Ro) MF(SL2(Z), Ro)

We will denote the left vertical morphism by ;. The reason for our particu-
lar choice of $1(n) might become clearer in the next subsection and even clearer
when we discuss g-expansions. Note that we have not shown yet that the vertical
morphism actually land in the indicated target, but we will later.

A.2.2. Arithmetic level structures. Now we would like to discuss a different variant
of level structures, called “arithmetic” in the literature.

Definition A.4. For an Ry-algebra R, let Ell%“(n)(R) denote the set of isomor-
phism classes of triples (F,w,t), where E is an elliptic curve over R, again w is
a chosen trivialization of the line bundle wg, and v: py, g — E is a morphism of
group schemes over Spec(R) and a closed immersion. Here, i, g is a group scheme
given by the spectrum of the bialgebra R[t]/(t" —1) with comultiplication determined
byt — t®t. The morphism v is called an arithmetic (or I, (n)-) level structure on
E.

One can check that for a Z [1,(,]-algebra R, both group schemes j, r and
Z/nZ(R) are isomorphic, but this is not true in general. Now we can define the set of
weight k£ modular forms with arithmetic level structure to be Natk(Ellllau(n) (=), T(-))
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with the same scaling condition as before. Likewise, we can define a moduli stack
M, (n) of elliptic curves with I',(n)-level structure (over bases with n invertible).
Denoting the forgetful map M, (n) — M.y by f), we obtain as before comparison
isomorphisms

a: HO(My(n); (f)'w®*) — Naty (Bl ) (=), T(=))-

We need to discuss a relation between I'; (n)- and I',(n)-level structures. Observe
we have a morphism ¢: M;(n) = M, (n) sending (E — S, P) to (E/(P) — S,a),
where we define a: p,, s — E/(P) as follows: As explained in [I8| Section 2.8] there
is an alternating pairing

(=, —)r: ker(m) x ker(1') = G5

for 7: E — E/{P) the projection and 7* the dual isogeny. This induces an isomor-
phism

ker(7") — Homg_gp ker(7), Gp.5) — fin.s
and « is the composition of the inverse of this isomorphism with the natural inclu-
sion ker(nt) — E composed with [—1]. The reasons for composing with [—1] will be
apparent in the example below.

We remark that an analogous construction provides an inverse of ¢ (using the
isomorphism E/E[n] = E induced by [n], the multiplication-by-n morphism) and
thus ¢: Mi(n) - M, (n) is an equivalence of stacks. See also [I7], Section 2.3].

One can compute ¢ in terms of the Weil pairing as follows: As wrt = [n], [18]
2.8.4.1] implies that (Q,n(R)), for Q € ker(w)(T) and R € E[n|(T) with T — S
can be computed as e, (Q, R), where e, denotes the Weil pairing.

Example A.5. Let E = C/(Z+n7Z) with chosen n-torsion point 7. We clam that
S(E,7) = (C/Z+ 7L, — L) with Gy =7 ",

Indeed, we have e,(T,2) = (7' by [18, 2.8.5.3] and thus (r,1). = (;'. The
claim follows.

Under the isomorphism

C/Z + 17 — C* /¢, 2z > 27
with ¢ = 2™ the morphism a corresponds thus just to the obvious inclusion of .
The example implies directly the following lemma.

Lemma A.6. The following diagram commutes:

HO(Mu(n)RO,w%k#(n)RO) —~ HO(Ml(n)RO,w%kl(n)Ro)

J» J-

Naty (BlI: () (<), T(=)) —Z— Natg(EIL:, ) (<), T'(-))

C/Z+nTZ,dz,
(C/Z+TZ,dm J(/ nrfdET)

MF(T'1(n), Ro)

We will denote the diagonal arrow by f,,,. As a last point, we mention the
following lemma.
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Lemma A.7. Let E/S be an elliptic curve and n be invertible on S. Let v: p1, 5 —
E be a T',,(n)-structure. Then we have a short exact sequence

1= s = En] = (Z/n)s — 1
of étale sheaves of abelian groups.
Proof. The Weil pairing discussed in [18] Section 2.8] induces an isomorphism
E[n] = Homg_gp(E[n],Gyns).
Postcomposing with ¢* induces a surjection
E[n] — Homs_gp(pin, 5, Gm,s) = (Z/n)s,
which we call k. The composition k¢ is zero by [I8], 2.8.7]. O

A.2.3. Compactifications and comparison of algebraic and analytic theory. In this
section we discuss how to compactify M;(n) and also the comparison of the alge-
braic and the analytic theory. The basic sources are [7] and [6] and we will just
give a short summary.

The moduli stack M., has a compactification M,y classifying suitable gener-
alized elliptic curves (this is 9% in the sense of [7, Section III]). The moduli stack
M (n) has as well a compactification Mj(n). It can be defined as the normaliza-
tion of M,y in Mi(n) (see ... for the normalization construction). It is shown in
[7, Section IV] that M (n) — Spec Z[1] is proper and smooth of relative dimension
1.

For n > 5, the stack M (n) is representabe by a projective scheme (see ... or ...).
It is shown in [6, Thm 2.2.27] that the Riemann surface associated with M (n)c is
isomorphic to a more classical construction, namely the compactification X;(n) of
the quotient Y7 (n) of the upper half plane H by I';(n). Indeed, Conrad shows that
both M;(n)c and X;(n) classify generalized elliptic curves over complex analytics
spaces with I'; (n)-level structure. The family of elliptic curves (C/Z+n7Z, T) with
Iy (n)-level structure over H descends to Y (n) and extends to X;(n). This specifies
a possible isomorphism M (n)c — Xi(n).

The compactification X7 (n), for example, studied in [6] and in [9 Chapter 2].
In particular, [6, Lemma 1.5.7.2?] shows that mfi(T'1(n);C) = HO(Xy(n);w®F),
where w on X (n) is the analytification of a line bundle w on M;(n) that extends w
on Mi(n) as we defined it before. By GAGA, holomorphic and algebraic sections
of w®* agree.

The complement of Y7(n) in X;(n) is a finite set consisting of the cusps. One
can see that M F},(T';(n); C) corresponds to those meromorphic sections of w® ¥ that
are holomorphic on Y7(n) (but have possibly poles at the cusps). Likewise, sections
of w®* on M (n) correspond to meromorphic sections of w®* on M;(n) that are
algebraic on M (n). This implies that our comparison map

HO(M;(n)c;w®® =5 Naty (Ellp, () (=), T(=)) = MF(T;(n); C)
is an isomorphism, where we restricted the domain of Ellr, (,,) and I" to C-algebras.
For n < 5, M1(n) is no longer a scheme. In these case, one can analogously use
a GAGA theorem for stacks as, for example, proven in [29]. In our situation the
proof should be considerably simplified though as M (n)c has a finite faithfully flat

cover by a scheme (e.g. by M1 (5n)c) and one should be able to deduce a sufficiently
strong GAGA theorem just by descent from the scheme case.
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A.3. The Tate curve. In this section, we will discuss the Tate curve, which will

give us an algebraic way to define g-expansions of modular forms. We first discuss
the situation over the complex numbers.

Theorem A.8. ([31], Theorem V.1.1) For any q,u € C with |q| < 1, define the

following quantities:
or(n) = de,
d|n

nkq
sk(q) = Zok(n)q” = Z 1

n>1 n>1 qn
Cl4(q) = - 553((])7
5s +7s
wl)) = - 3((1)12 5(q),
q"u
X(u,q) = Z T oo 2s1(q),
o (L—q')

Y(u,q) = Z ((q”u)z + s1(q).

(1) Then the equation
(A.3) y? +zy = 2 + as(q)x + ag(q)

defines an elliptic curve E,; over C, and X,Y define a complex analytic
isomorphism

C*/¢" — E,

ues {<X<u,q>,Y<u,q>>, fugd,
O, ifuedg¢

(2) As power series in q, both a4(q), as(q) have integer coefficients.

(8) The power series as(q) and ag(q) define holomorphic functions on the open
unit disk D.

(4) The discriminant of E, is given by

Alg) =q [J(1 =" € Z[q].

n>1

(5) Every elliptic curve over C is isomorphic to E, for some q with |g| < 1.

Let Conv C Z[q] be the subset of “convergent” power series, i.e. those that
define holomorphic functions on D; in particular, a4,as € Conv. By the explicit
description of the discriminant, we can use the Weierstraf§ equation to define
an elliptic curve Tate(q) over Conv.

Let ¢o € D be a nonzero point and consider the morphism ev,, : Conv — C. By
the theorem above, we see that the analytic space associated with evy Tate(q) is
isomorphic to C*/g%. The invariant differential 7°*" associated to the Weierstraf
equation corresponds under this isomorphism to %.

Next, we want to describe a group homomorphism ¢: py, conv — Tate(q)[n] for
n > 2. Here, we denote for an abelian group scheme G over a scheme S by G[n]
the n-torsion, i.e. the pullback G x¢g S, where we use the multiplication-by-n-map
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[n]: G — G and the unit map S — G. For simplicity, we will only describe it over
Conv[1]. We first describe ¢ after base change to Conv[L,(,] = Conv ®z Z[1(,].
As p,, is isomorphic to Z/n over this ring, it suffices to give an n-torsion point
in Tate(q)[n](Conv[L,(,]); we take [X((n,q),Y (Cnrq),1]. This is compatible with
the Galois action and thus, we obtain a morphism 1, cenv(1] = Tate(q)[n]cony(2)-
Note that we can check that this is indeed a group homomorphism into the n-
torsion by evaluating at infinitely many points in ID. For a nonzero gy € D, this
¢ corresponds under the isomorphism of ev; Tate(q) with C* /g% exactly to the
composite i, (C) — C* — C*/g&. Note that ¢ defines a I',,(n)-structure on Tate(q).

We remark that there are other possible choices to define ¢, corresponding to
different constructions of the Tate curve. To avoid possible ambiguity, we show the
following uniqueness statement.

Proposition A.9. The morphism
Z/n — Hom(fin, conv, Tate(q)), k— ke
is a bijection.

Proof. The group Tate(q)[n]conye(q1/»] 18 isomorphic to (Z/n)* with

(X(¢*"™,q), Y (¢%"™,q), 1)

as the non-trivial torsion points, where ¢ = ¢2*/"; indeed these are all n-torsion
points as we can check on infinitely many points in D (away from some chosen ray
so that ¢!/" makes sense as a holomorphic function) and there cannot be more
n-torsion points.

We see that only n of these torsion points have coordinates in Conve and thus
Tate(q)[n)conve = Z/n. We obtain that Hom(un conve, Tate(q)conve) = Z/n and
the existence of ¢ shows that the injective map

Hom(,un,Conv, Tate(Q)) — Hom(,un,Convca Tate(Q)ConvC)

is also a surjection. [

By Lemma [A.7] we obtain for each n > 1 a short exact sequence
0— N’n,Conv[l] L> Tate(q)[n] i> (Z/nZ)Conv[i] —0

of étale sheaves of abelian groups. We can normalize « in the following way: For
any Conv([1]-algebra R, any ¢ € u,(R) and X € Tate(q)[n](R), the Weil pairing
e(1(C), X) equals ¢*X),

We remark that by comparing the explicit equations , one sees that our definition
of the Tate curve agrees with the one discussed in [18, Section 8.8] (and e.g. in [7]
before).

A 4. g-expansions. Our goal in this section is to define the g-expansion both in
the holomorphic and in the algebraic context, to compare them and to obtain a
g-expansion principle.

Given a modular form f in MF(I'y(n),C) (possibly n =1 so I'1(n) = SLy(Z)),
we note that f(7) = f(7 + 1) and thus f factors through a meromorphic function
fiD— C, where D denotes the open disk with radius 1; more precisely, we have
(q) = f(7), where q = q(t) = €2™7. Taylor expansion of f at 0 yields a map

ool MFL(T1(n),C) — C((q)).

f
f
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On the algebraic side, we obtain a map
@M Naty, (Bllp, () (=), T'(=)) = Ro((9))

(for Ell living over a fixed Z[1]-algebra R, again) by evaluating the natural trans-
formation at the Tate curve (Tate(q), ean,t) from the last section. More precisely,
we evaluating on the pullback of the Tate curve to Ry((q)).

We want to show that ®"° and ®*C correspond to each other under Bu. Note

first that both have actually image in the subring Conv C C((q)) of Laurent series
that converge on D\ {0}. We can check the agreement of ®"3,(n) with ®*C
after postcomposing these two maps with evy,: Conv — C for infinitely many
q0 € D\ {0} -

Choose 79 € H with e?™7 = gq. By definition, ev,, ®"!(f) = f(q) = f(70).
Using that C/(Z + 10Z) = C*/q%, we observe that evy, ®"'3,(g) (with g €
Natk(EllllnM(n)(f),F(f))) equals g(C* /g%, %),Lc‘m), where (" denotes the com-
position g, (C) = C* — C*/gb.

On the other hand, ev,, ®*(g) equals (evy, Tate(q),evy t,evy n°™). We have
seen in the last section that this triple is isomorphic to (C* /g%, %", %), what was
to be shown. Thus, the following triangle commutes:

Naty (EllE (=), T(-) —= C((9))

hol
lﬁu /

MFy(T1(n),C)
We obtain the g-expansion morphism
@0 : Naty,(Ellf, () (=), T'(—)) = Conv[g '] ® Ro
as the composition ®*F0(p*)~1 where ¢ is as in Subsection

Lemma A.10. Assume that Ry C C and let qo # 0 be a point in the open unit
disk. Evaluating at qo yields a morphism evy,: Conv(g~']® Ry — C. Then

nz 44
evg, V1 (g) = g(C*/q"7, < q)

for every g € Naty, (Ellllaﬂ(n)(f).
Proof. Tt suffices to show that

dq dq
@(CX/an’ ;’q> _ (CX/qZ) ?,Lcan).
This follows from Example O

Note that these discussions actually show that §; and §, actually have target
MF(T1(n); Ro), i.e. that the classical g-expansion of 31 of a modular form over Ry
actually has coefficients in Ry and similarly for j3,,.

Theorem A.11 (g-expansion principle). Let Ry be a subring of C. The morphisms
Bu: Naty(Ellp (,,y(=),T(=)) = MF(Ty(n); Ro)

and
Bq: Natg(Ellp () (=), (=) = MF(I'1(n); Ro)
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are isomorphisms. In other words: If the coefficients of the q-expansion of a complex
modular form are in Ry, it is actually already defined over Ry.

Proof. By the considerations above, it suffices to show the first statement. For
Ry = C, this was discussed in Subsection The general case follows by the
g-expansion principle as stated in [8, Theoem 12.3.4]. O

A.5. Summary. Let R be any ring. We can define holomorphic modular forms for
I'1(n) of weight k over R as H(M(n);w®*) and meromorphic modular forms as
HO(M;(n)r;w®*). We have a morphism SpecC — M (n) classifying the elliptic
curve C/Z + ntZ with chosen point 7 of order n. Pulling f € H°(M;(n);w®¥)
back to Spec C and using the trivialization w® ¥ induced by the choice of differential
dz, defines a holomorphic function of 7 € H that is a meromorphic modular form
for I'1(n) in the classical sense. This defines an isomorphism

Br: HO(Mi(n)c;w®*) — MFy,(T'1(n); C).

The g-expansion of $;1(f) lies in R C C if and only if f is in the image of the
injection

H(Mi(n)g;w®*) = H'(My(n)c;w®").
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