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Abstract

We propose a nonparametric change-point test for long-range dependent data,
which is based on the Wilcoxon two-sample test. We derive the asymptotic distri-
bution of the test statistic under the null-hypothesis that no change occured. In a
simulation study, we compare the power of our test with the power of a test which is
based on differences of means. The results of the simulation study show that in the case
of Gaussian data, our test has only slightly smaller power than the difference-of-means

test. For heavy-tailed data, our test outperforms the difference-of-means test.
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1 Introduction and Statement of Main Results

In this paper we study change-point problems in long-range dependent time series. Specif-
ically we consider the model where the observations are generated by a stochastic process
(Xi)i>1 of the type

Xi = pi + €,

where (¢;);>1 is a long-range dependent stationary process with mean zero, and where (1;);>1
are the unknown means. We focus on the case when (¢;);>; is an instantaneous functional

of a stationary Gaussian process with non-summable covariances, i.e.

We assume that (&;);>; is a mean-zero Gaussian process with F(£?) = 1 and long-range

dependence, that is, with autocovariance function
p(k) =k"PL(k), k=1, (1)

where 0 < D < 1, and where L(k) is a slowly varying function. Moreover, G : R — R is a
measurable function satisfying F(G(¢;)) = 0.

Based on observations X4, ..., X,,, we wish to test the hypothesis
H:pmp=...=pu,
that there is no change in the means of the data against the alternative

A:pp=...= g # pigs1 = ... = py, for some k € {1,...,n—1}.

We shall refer to this test problem as (H, A).

In the case of independent observations, change-point problems have been much inves-
tigated, and both parametric as well as nonparametric tests have been studied. For an
excellent survey, see the monograph by Csoérgé and Horvath (1997). There are also many
results for weakly dependent observations. E.g., Ling (2007) studies the asymptotic distri-
bution of the Wald test for parameter changes in near epoch dependent processes. Aue,
Hoérmann, Horvdth and Reimherr (2009) study tests for detecting breaks in the covariance
structure of multivariate time series. Wied, Krdmer and Dehling (2011) study change-points
in the correlation structure of near epoch dependent processes.

In the case of long-range dependent data, much less is known. Csorgé and Horvath (1997)

study so-called cusum tests (cumulative sum tests) for changes in the mean, which are based
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on statistics of the type

Kramer, Sibbertsen and Kleiber (2002) observe that the presence of long-range dependence
might lead to false rejection of the hypothesis of stationarity in change-point tests. Berkes,
Horvath, Kokoszka and Shao (2006) propose cusum type tests for discriminating between
long-range dependence and changes in the mean of a weakly dependent process. Giraitis,
Leipus and Surgailis (1996) consider change-point problems for linear processes where they
test the hypothesis of stationarity against the alternative of some break. Their tests are
based on supremum functionals of the empirical process. Horvath and Kokoszka (1997) study
cusum tests for change points for Gaussian processes. Wang (2003) studies cusum tests for
change-points in multivariate processes that are subordinated to a Gaussian process. Wang
(2008b) studies cusum tests for linear processes.

In the present paper we want to investigate rank tests for changes in the mean. An-
toch, Huskovd, Janic and Ledwina (2008) studied rank tests for i.i.d. observations. Wang
(2008a) investigated rank tests for change-points in long-range dependent linear processes.
In this paper, we study rank tests for changes in the mean of long-range dependent processes
that have a representation as instantaneous nonlinear functionals of stationary Gaussian
processes.

Tests for change-point problems usually start from the two-sample problem that one
obtains when the change-point is regarded as being known, that is, where for a given k €

{1,...,n — 1}, the alternative is

Ap s iy = o0 = g 7 Pga1 = - - = ln.

For the test problem (H, Ay), the Wilcoxon two-sample rank test is a commonly used non-

parametric test. The Wilcoxon test rejects for large and small values of the test statistic

k n
Win=D_ > lixex)

i=1 j=k+1
Wi counts the number of times the second part of the sample exceeds the first part of the
sample. Note that this is the Mann-Whitney U-statistic representation of Wilcoxon’s rank
test statistic; see e.g. Lehmann (1975).
Tests for the change-point problem (H, A), where one does not suppose that & is known,
can be based on the vector of test statistics W1, ..., W,_1,. In a parametric model, the

generalized likelihood ratio test rejects for large values of the maximum of the test statistics



obtained for the two-sample problems (H, Ay); see e.g. Csorgé and Horvath (1997). Also
in the nonparametric case, a common procedure is to reject the null hypothesis for large
values of W,, = maxy—y__,—1|Win|, though one could in principle take other functions of
Win,....Wh_in.

In order to set the critical values of the test, we need to know the distribution of W,
under the null hypothesis of no change. Since the exact distribution is hard to obtain, we

consider the asymptotic distribution for a large sample size. To this end we consider the

process
[’I'L)\ n
nn)\] Z Z 1{X<X}70</\<1
=1 j=[nA]+1

parametrized by A. After centering and normalizing, we obtain the process

Z Z (1{Xi§Xj} - /RF(x)dF(fB)) 0< A< (2)

i=1 j=[nA\]+1

TL

Observe that the centering constant [, F/(x)dF (x) equals E(1{x,<x:}), where X{ is an
independent copy of X;. The latter is the proper normalization as the dependence between
X; and X, vanishes asymptotically when [j —i| — oo. If the distribution function F' is
continuous, we get [, F(z)dF(z) = 1. Note that under the null hypothesis, the distribution
of W, (\) does not depend on the common mean p := p; = ... = p,. Thus, we may assume
without loss of generality that 1 = 0 and hence that X; = G(&;).

In order to analyze the asymptotic distribution of the process (W,,()\))o<r<1, we apply
the empirical process invariance principle of Dehling and Taqqu (1989) to the sequence

(G(&;))i>1. We consider the Hermite expansion

= J,
Lictey<ay — Fl2) =) q(](fc>Hq(£)
=1

where H, is the ¢-th order Hermite polynomial and where
Jo(#) = EH, (&) L) <oy
We define the Hermite rank of the class of functions {1{g(,)<zy — F(2), € R}, by
m :=min{q > 1: J,(z) # 0 for some = € R}, (3)

and the normalizing constants



We make the further assumption that 0 < D < %, in which case

d? ~ cpyn* P L™ (n), (5)

where ¢, = %. Here we use the symbol a,, ~ b, to denote that a, /b, — 1 as

n — oo. Then by the two-parameter empirical process invariance principle of Dehling and
Taqqu (1989),

- Jm(x)
(@ T ) = P s~ (o ZnV) |
’ €[—00,00],A€[0,1]

weakly in D([—00, 00] x [0, 1]), where (Z,,,(A))xejo,1) is an m-th order Hermite process, defined
in Taqqu (1979), formula (1.3). A spectral representation of Z,, is given in formula (1.7)
of Dehling and Taqqu (1989). Observe the separation of variables in the limit: the limiting

process Zy,(x, \) is expressible as 222 7 ()).

m!
The process (Z,,(A))xso is self-similar with parameter
mD 1
H=1-—¢€(3,1
2 < <27 )

that is, Z,,(c\) and c” Z,,(\) have the same finite-dimensional distributions for all constants
¢ > 0. The process Z,,()) is not Gaussian when m > 2. When m = 1, Z;(\) is the standard
Gaussian fractional Brownian motion, often denoted By (A). It is Gaussian with mean zero
and covariance

E(Zi(\) Zi(Ng)) = % {NT+ X7 = = A (6)

Theorem 1 Suppose that (&;)i>1 is a stationary Gaussian process with mean zero, variance
1, and autocovariance function as in (1) with 0 < D < % Moreover let G : R — R be a

measurable function and define
Xy = G(&)-
Assume that Xy has a continuous distribution function F. Let m denote the Hermite rank

of the class of functions 1{c,)<zy — F(2), © € R, as defined in (3) and let d, > 0 satisfy
(5). Then

s Y (tnen - [F@ir@), 0<a< Y

converges in distribution towards the process

L (Zm(A) = AZn(1)) / Jn(x)dF(z), 0< A< 1.

m! R

Do not confuse the index H, which is called Hurst parameter with the other H’s used in this paper to

denote hypothesis and Hermite polynomial.



2 Proof of Theorem 1

We introduce the empirical distribution functions of the first £ and the last (n — k) observa-

tions, respectively:

k
1
Fy(z) = Ezl{Xigx}
=1

1 n
Frin(z) = — Z Lixi<a}

i=k+1

so that [nA]Flux(z) = 3" Lix,<oy and (n — [0A]) Flaxjiin = 2o puagss Lixi<e)- Then we

obtain the following representation

;j:%ﬂ (1{X¢sxj}—AF($)dF($)) (8)
—N Y (Funtx) - [ Fyir)

j=[rA+1

= (o0 = o) ( [ Fon@Finte) = [ Flaar(o)

— [nA](n — [n]) / (Fiun(2) — F(2))dFyusgs1.n(2)

X (n — [nA]) / F(2)d(Fpsrn — F)(2)

= [nAl(n — [nA]) / (Fiy () = F(2))dFjnay1.0(2)

R

~[nX](n — [n]) / (Fiurjsan(z) — F(x))dF(2),

where in the third line we used the relation E(K (X)) = [, K(x)dF(z), where F and E are
respectively, the empirical distribution and the empirical mean of X, and where, in the final
step, we have used integration by parts, namely [, GdF = 1— [, FdG, if F and G are
two distribution functions. We now apply the empirical process non-central limit theorem
of Dehling and Taqqu (1989), which states that in the space D([—o0, 0] x [0, 1]), equipped

with the supremum norm,

(47 N (Far () = F(2)) ey neion) (@) 2N elool rclo (9)

x€[—00,00

where

J(z) = Jpn(z) and Z(\) = Z,(\)/ml.
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Here, L. denotes convergence in distribution of random variables with values in the non-
separable metric space D = D([—o0, 0] x [0,1]), as defined e.g. in Shorack and Wellner
(1986), Section 2.3. Given D-valued random variables (W, ),>; and W, we say that W,

converges in distribution to W if
Ef(W,) = Ef(W)

holds for all functions f : D — R that are bounded, uniformly continuous with respect to the
supremum norm on D and measurable with respect to the o-field D on D that is generated
by the open balls. We can then apply the Skorohod-Dudley-Wichura representation theorem:;
see Theorem 2.3.4 in Shorack and Wellner (1986). Note that C'([—o0, 00| %[0, 1]) is a separable
subset of D, and that P((J(2)Z()))ze|—o0,00)0¢f0,1] € C([—00,00] x [0,1])) = 1, since F is
assumed to be continuous. Thus the conditions of the Skorohod-Dudley-Wichura theorem
are met with M, = C([—o0,00] x [0,1]). Hence we may assume without loss of generality
that convergence holds almost surely with respect to the supremum norm on the function

space D([0,1] x [—00, od)]), i.e.
sup [dy ! [nA] (Fo(2) = F(x)) = J(@)Z(N)] — 0 as. (10)

Note that, by deﬁnit;on,
(n = [PA]) (Flaxj+1.0(2) = F(2)) = n(Fo(z) — F(2)) = [pA|(Flax () — F(2)).  (11)

Applying (10) to each of the terms on the right-hand side of (11), we obtain the following

limit theorem for the two parameter empirical process of the observations X1, .., Xn.
Sup |d (0 — [nA]) (Flax1,0(2) — Fl2)) = J(2)(Z(1) = Z(N)| — 0. (12)
Thus we get, for the first term in the right-hand side of (8),

[nAl(n = [nA]) /R (Fiax () = F(2))dFpan41,0(7) = (1= A) / J(@)Z(N)dF(x) (13)

n — [nA\

- /R J(x)Z(\)dF(z)

nd,
~ n—[n}

Sl L /R A [N (Foy (2) — F(2))d B 1.0(2) —

N {” — A )\)} /R J(2)Z(\)dF (x)

n

- H_T[n)\] /]R {dr_Ll[n)‘](F[nA] () — F(x)) — J(IL‘)Z()\)} dF[nA]_H,n(x)

n {” —lPA g )\)} /R J(2)Z(\dF (z).

n
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The first term on the right-hand side converges to 0 almost surely, by (10). The third term

converges to zero as
n — [n)\

n

sup
0<A<1

Regarding the second term, note that [, J(z)dF(x) = E(J(X;)) and hence

—(1=X)|—0.

. / J(@)ZNd(Fsy 10 — F)(2)
_ zu)% Y (X))~ EJ(X)
i=[nAl+1

i=1 =1

By the ergodic theorem, £ 3" (J(X;) — E(J(X;))) — 0, almost surely. Thus, given € > 0,

we can find ng = ng(€,w) such that, for all n > nyg,
1 n
LS (X BU) < e
i=1

Hence, for n > max{ng, £ max;<j<n, | Zle(J(Xi) — E(J(X;)))|}, we have

max Z J(X0) = E(J(X.)))| , max Z J(X;) — E(J(XZ)))D
<en . "
and thus .
Dax Z (J(X;) — E(J(X3)))| =o(n), asn — o0, a.s. (14)

Hence (13) converges to zero almost surely, uniformly in A € [0, 1].

Regarding the second term on the right-hand side of (8) we obtain

=N = ) [ (Pl = Pe)dF(@) = A [ J@)(2(0) = Z0)aP() (15)
_ A /R {d7(n = [nA])) (Fipnpsn(@) — F(2)) = J(2)(Z(1) — Z(N)) } dF (x)

n

_ <)\ _ %) /R J(@)(Z(1) = ZO\)dF(z).



Both terms on the right-hand side converge to zero a.s., uniformly in A € [0, 1]. For the first

term, this follows from (12). For the second term, this holds since supy<y<; ‘% — Al =0,
as n — oo. Using (8) and the fact that the right-hand sides of (13) and (15) converge to
zero uniformly in 0 < A\ < 1, we have proved that the normalized Wilcoxon two-sample test
statistic (7) converges in distribution towards
/(1 — N Z(N)J(x)dF (z) — / MZQ) = Z(N)J(x)dF(z), 0< A<
R R
Finally, we observe that
[a=NzZ0I@FE - [ X20) - 200 J@dF@) = (20) - 320) [ J@)dFa),
R R R

and thus we have established Theorem 1. O

Remark 1 (1) In our proof we have used an integration by parts in order to express our test
statistic as a functional of the empirical process. A similar integration by parts technique
was used by Dehling and Taqqu (1989, 1991). Note that in the present paper, we use a one-
dimensional integration by parts formula, whereas Dehling and Taqqu use a two-dimensional
integration by parts. The latter would not work here, as the kernel 1;,<,; does not have
locally bounded variation.

(2) As a corollary to Theorem 1, we obtain for fized A € [0, 1] the asymptotic distribution of

the Wilcoxon two-sample test, where the two samples are

X1y X
X[n)\]-‘rla s 7Xn‘

After centering and normalization, the corresponding test statistic is

U= e3> (e - [ Pware)

i=1 j=[nA]+1

From Theorem 1 we obtain that U, converges in distribution to

1

m!

(Z(N) —/\Zm(l))/ T (2)dF(2).

R

This can be rewritten as

1

=020 = XZn(V) = 2,(W) [ Jula)dF(a),

an expression which is useful for the next remark.
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(3) A different two-sample problem arises when we observe samples from two independent
long-range dependent processes (X;);>1 and (X]);>1 with identical joint distributions. In this

case, the samples are

Xiyoo s X
X[ X

The normalized two-sample Wilcoxon test statistic for this case is

[nA] n—[nA]
1
Y (e - [ Faro).
m =1 j=1

Following the proof of Theorem 1, and making the appropriate changes where needed, one

U =

can show that U] converges in distribution towards

% (1= N Zm(N) = AZ}, (1= N)) /RJm(x)dF(m),

where (Z] (X)) is an independent copy of (Z,,(\))o<a<1. Note that the limit distributions in
the two models are different, as the joint distribution of (Z,,(\), Z,,(1) — Z,,(\)) is different
from that of (Z,,(\), Z/,(1 — A)). This is a result of the fact that the Hermite process does
not have independent increments.

Observe that this is in contrast to the short-range dependent case. In this situation, the
Wilcoxon two-sample test statistic has the same distribution in both models; see Dehling and
Fried (2012). Roughly speaking, the dependence washes away in the limit for short-range

dependence, but not for long-range dependence.

3 Application
In what follows, we will consider the model

where (&;);>1 is a mean-zero Gaussian process with Var(¢;) = 1 and autocovariance function

p(k) satisfying (1). We wish to test the hypothesis
H:py=...=p, (17)
against the alternative
Aty == # pge1 = ... =y, for some k € {1,...,n—1}.

10



3.1 Wilcoxon-type rank test

The change-point test based on Wilcoxon’s rank test will reject the null hypothesis for large

ZZ (1{X<X}—;)

i=1 j=k+1

values of

(18)

W, = max
nd 1<k<n—1

We first note an invariance property of the test statistic W,,.

Lemma 1 The test statistic W, is invariant under strictly monotone transformations of the

data, i.e.

max
1<k<n 1

1
> 3 (tewsernn - §)| = oy,

i=1 j=k+1

Z Z (1{X1-<Xj} - %)

i=1 j=k+1

for all strictly monotone functions G : R — R.
Proof. If G is strictly increasing, this is obvious, as G(X;) < G(Xj;) if and only if X; < Xj.
If G is strictly decreasing, G(X;) < G(X;) if and only if X; < X;, and thus
Lewxozeogy =1 - Txsxgy
Hence we get

Z Z <1{G <GX>}——) i y ({xing}—%),

=1 j=k+1 j=k
and thus the lemma is proved. O

Since X; = p; + G(&;), under the null hypothesis,

Z Z (1{0@1 )<G(e) —%>| (19)

i=1 j=k+1

W, = max
nd 1<k<n—1

Thus, applying Theorem 1 and the continuous mapping theorem, under the null hypothesis,

W, converges in distribution, as n — oo, to

Zm(A)

m!

sup x)dF(z)

0<A<1

In order to set critical values for the asymptotic test based on W,,, we need to calculate the

distribution of the last expression.
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In what follows, we will assume that G is a strictly monotone function. In this case,

combining (19) and Lemma 1 we get that

W, = max
nd 1<k<n—1

Z Z (1{&%}— )|

i=1 j=k+1

Note that in this case,

(msz@mqwz/xwwm:—wm

—00

where ¢(t) = \/%—We’ﬁﬂ

have used the fact that ¢'(t) = —t(t). Thus Ji(x) # 0 for all x and hence the class of

functions {1¢<z}, © € R} has Hermite rank m = 1. Moreover, as F' is the normal distribution

denotes the standard normal density function. In the last step, we

function we obtain

[ n@dr@ = [ papla)ds = [ (o) =5 (20)
R R R
We have thus proved the following theorem.

Theorem 2 Let (&;);>1 be a stationary Gaussian process with mean zero, variance 1 and
autocovariance function as in (1) with 0 < D < 1. Moreover, let G : R — R be a strictly
monotone function and define X; = p; + G(&;). Then, under the null hypothesis H: p; =

= lin, the test statistic W, as defined in (18), converges in distribution towards

1
Zi(\) — MZ,(1)],
Qﬁoggll 1(A) 1(1)]

where (Z1(N\))a>o0 denotes the standard fractional Brownian motion process with Hurst pa-

rameter H = 1 — D/2 € (1/2,1). The normalizing constant in (18) satisfies nd, ~

( L(n) )1/ 2 D)2
=D)(1-D/2) '

— Insert Figure 1 here —

We have evaluated the distribution of supy<y<; |Z1(A) — AZi(1)| by simulating 10,000
realizations of a standard fractional Brownian motion (ij)(t))oqq, 1 < 5 < 10,000,

t = 15550 0 < @ < 1000, using the fArma package in R. For each realization, we have

12



calculated M; := maxi<i<i000 |Z§j)(#oo) — loiotoj)(lﬂ as a numerical approximation to

SUPp< <1 1Z9(\) = AZY(1)|. The empirical distribution

Far(®) = 153500

#{1 < j <10,000 : M; < z}

of these 10,000 maxima was used as approximation to the distribution of supy<y<; [Z1() —
AZ1(1)]; see Figure 1 for the estimated probability density and the empirical distribution
function, for the Hurst parameter H = 0.7. We have calculated the corresponding upper

a-quantiles
¢o :=nf{z : Fy(x) >1—a} (21)

for H =0.6,0.7,0.9; that is, D =2 — 2H = 0.8,0.6,0.2; see Table 1.

— Insert Table 1 here —

3.2 A difference-of-means test

As an alternative, we also consider a test based on differences of means of the observations.
We consider the test statistic

D, := max |Dy,l, (22)

1<k<n-—-1

where

k n
Dy = nld YD (Xi-Xy).

" oi=1 j=k+1
One would reject the null hypothesis (17) if D,, is large. To obtain the asymptotic distribution
of the test statistic, we apply the functional non-central limit theorem of Taqqu (1979) and
obtain that

Lo . o 0
— Y Xi-X;) = — | (n = [An]) Y GE) - D GG
" =1 j=[nA]+1 " i=1 j=[nA]+1
v Zm(A Zn(1)  Zn(A
— “m((l_k) m(! ) _A( m(!)_ m(! )))
_ am%(Zm(A) A Z (1)),

where m denotes the Hermite rank of G(§) and where a,, = E(G(§)H,,(£)) is the Hermite
coefficient. Applying the continuous mapping theorem, we obtain the following theorem

concerning the asymptotic distribution of the D,,.

13



Theorem 3 Let (§)i>1 be a stationary Gaussian process with mean zero, variance 1 and
autocovariance function as in (1) with 0 < D < 1/m. Moreover, let G : R — R be a
measurable function satisfying E(G*(€)) < oo and define X; = u; + G(&). Then, under the

null hypothesis H : uy = ... = p,, the test statistic D,, as defined in (22), converges in
distribution towards ]

a

2 sup |Zn,(N\) = \Z,,(1)],

i S (Z,(0) = AZu(1)

where (Z,, (X)) denotes the m-th order Hermite process with Hurst parameter H = 1 —
Dm/2 € (1/2,1).

Remark 2 (i) Observe that Dy, may be rewritten as

kn—k) (1< 1 &
Dy, = 22N ZNT x X, |.
%, nd, (k:; n—kz )

i=k+1

Thus, the difference-of-means test is indeed equal to the cusum test, which was investigated
by Horvath and Kokoszka (1997) and Wang (2003). Theorem 3 can be obtained as a corollary
of the results of the above mentioned papers. We have presented the short proof in the present
paper for the ease of reference.

(ii) For a strictly increasing function G, the Hermite rank is 1, since

E(G(§)H.(E)) = /RG(S)Hl(S)SO(S)dS = /OOO s(s)(G(s) — G(=s))ds > 0.

Similarly, for a stricly decreasing function G' we obtain E(G(§)H(£)) < 0. Thus, in these

cases the test statistic D,, converges under the null hypothesis towards

lar| sup |Z1(A) — AZ1(1)],

0<A<1
where Z; is fractional Brownian motion with index H = 1 — D/2. Note that in this case, up

to a norming constant, the limit distribution of the difference-of-means test is the same as

for the test based on Wilxocon’s rank statistics.

4 Difference-of-means test under fractional Gaussian

noise

We want to obtain a lower bound for the power of the difference-of-means test for fractional

Gaussian noise, i.e. for the model
Xzzﬂl+£z, Z:L,TL

14



While the distribution of the difference-of-means test statistic D,,, as defined in (22), is not

explicitly known, one can calculate the exact distribution of

for the case of fractional Gaussian noise that we consider here. Recall that fractional Gaus-

sian noise can be obtained by differencing fractional Brownian motion, that is
& = Bu(k) — Bu(k — 1), (23)

where (B (t)):>0 is the standard fractional Brownian motion with Hurst parameter H, which
we denoted Z;. Its covariance is given in (6). The random variables & have then mean zero,

variance 1 and autocovariances

p(k) ~ H(2H — 1)k*"2 = (1 - g) (1—D)k™P, (24)

where D = 2 — 2H, and thus they have long-range dependence.

Consider the following alternative
Hyp: E(X;)=0fori=1,...,[n\ and E(X;) =h for i =[nA\+1,...,n.

We shall compute the exact distribution of Dy, under H)j and thus obtain a lower bound
for the power of the test based on D,,, defined in (22), since

P(Dn > Qa) > P(D[n)\],n > Q(x)y

where {D,, > q,} is the rejection region and ¢, is given in (21).
First note that d,, = nf and thus nd,, = n'™, where H is again the Hurst coefficient.

Dy, , has a normal distribution with mean

(D) = i 3 O (B(X) — B(X,))

i=1 j=k+1
Thus a small calculation shows that

E(Dy,) = —armk (n—[nA) b if k< [n)]
B G O S O I 5
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Note that maxi<g<p—1 |E(Din)| = |E(Dpan)| = - (n — [pA]) [pA] A ~ 0!~ HX (1 = A) h.

Since the variance of D, is not changed by the level shift, we get

k n
Var(Dy,) = Var (m%z Z (& — fj))
i=1 j—k+1
k n
~ Var (niH ((n B ek @))
i=1 j=k+1

— Var (niH ((n — k)By (k) — k(Bg(n) — BH(k'))))

— Var (m% (n By (k) — kBH(n))) |

By the self-similarity of fractional Brownian motion, we finally get

Var(Dy,) = Var (BH (5) - EBH(1)>

= var (B (g)) . Eovar (Ba(1) — 22 cov (B4 (£) B
() ()
ONOR

it

a?(N) = N1 = X) = A1 = \) + A1 = N2,

I
AN N TN
Sl 31> 3=
~— ~— " ~—

Defining

we thus obtain
Var(Dy,) = o*(k/n).
The variance is maximal for & = n/2, in which case we obtain

1 1
Var(Dn/gm) = 22_H - Z ~ 0.13.

The distribution of Dy, gives a lower bound for the power of the difference-of-means test at

16



the alternative H)  considered above. We have

P(Dy > qa) = P(|Dpaal 2 4a)
= P(Dpxn < —4a) + P(Dpajn = o)
_p (D[wn +n I = Mh _ —ga + 0T - A)h)

a2(\) - a2(\)
P <Dw,n T IANL = b ga+n'IA1 - A)h)
a2(N) - a2(\)
~ (—qa ol HA(1 - A)h) e <qa F A1 — A)h> |
a*(A) a2(A)

where ® is the c.d.f. of a standard normal random variable. E.g., for H = 0.7, A = %, we

get qo.05 = 0.87 using Table 1 and thus

—0.87 4+ n%3h /4
o*(1/2)

P(D, > qogs) > @ ( ) ~ ®(—2.42 +0.70 hn"?).

In this way, for sample size n = 500 and level shift h = 1 we get ®(2.07) ~ .98 as lower
bound on the power of the difference-of-means test. For the same sample size, but h = 0.5,
we get the lower bound ®(—0.18) ~ 0.43.

5 Simulations

In this section, we will present the results of a simulation study involving the Wilcoxon type
rank test (18) and the difference-of-means test (22). We first investigate whether these tests
reach their asymptotic level when applied in a finite sample setting, for sample sizes ranging
from n = 10 to n = 1,000. Secondly, we compare the power of the two tests for sample size

n = 500 at various different alternatives

Ap: i = ... = g # g1 = - = fhn.

We let both the break point k and the level shift A := p;1 — g vary. Specifically, we choose
k = 25,50,150,250 and h = 0.5,1, 2.

As a basis for our simulations, we have taken realizations &1, . .., &, of a fractional Gaus-
sian noise (fGn) process with Hurst parameter H; respectively D = 2 — 2H, see (23) and
(24). We have repeated each simulation 10,000 times.
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5.1 Normally distributed data

In our first simulations, we took G(t) = t, so that (X;);>1 is f{Gn. F is then the c.d.f. &
of a standard normal random variable. In order to determine the critical values for the
test statistics W, and D,,, we have applied Theorem 2 and Theorem 3. Since G is strictly
increasing, Theorem 2 yields that, under the null hypothesis, W,, has approximately the

same distribution as

1
Zi(\) — \Z,(1)].
2\/?02521' 1(A) 1(1)]

Since G is the first Hermite polynomial, its Hermite rank is m = 1 and the associated
Hermite coefficient is a; = 1. Hence, Theorem 3 yields that, under the null hypothesis, the
test statistic D,, has approximately the same distribution as

sup |Z1(A) — AZi(1)],

A€(0,1]

We have calculated asymptotic critical values for both tests by using the upper 5%-quantiles
of supygo,1 [Z1(A) — AZ1(1)], as given in Table 1. Thus the Wilcoxon-type test rejected the
null hypothesis when W,, > ﬁ%qa, while the difference-of-means test rejected when D,, > q,,

where ¢, is given in (21).
— Insert Table 2 here —

We have checked whether the tests reach their asymptotic level of 5% and counted the
number of rejections of the null hypothesis in 10, 000 simulations, where the null hypothesis
was true. We see in Table 2 that both tests perform well already for moderate sample sizes
of n = 50, with the notable exception of the Wilcoxon-type test when H = 0.9, i.e. when
we have very strong dependence. In that case, convergence in Theorem 2 appears to be very
slow so that the asymptotic critical values are misleading when applied in a finite sample

setting.
— Insert Figure 2 here —

In order to analyze how well the tests detect break points, we have introduced a level

18



shift h at time [nA], i.e. we consider the time series

X & for i =1,...,[nA]
Sl &+h for i =[nA +1,...,n.

We have done this for several choices of A and h, for sample size n = 500. As Table 3 shows,
both tests detect breaks very well — and the better, the larger the level shift is and the more
in the middle the shift takes place. When the break occurs in the middle, both tests perform
equally well. Breaks at the beginning are better detected by the difference-of-means test.

— Insert Table 3 here —

5.2 Heavy-Tailed Data

In the second set of simulations, we took Pareto distributed data. Note that the Pareto(g, k)
distribution has distribution function
A
F(z) =
0 else,
where the scale parameter k is the smallest possible value for x and where § is a shape
parameter. The Pareto distribution has finite expected value when 5 > 1 and finite variance

when 8 > 2. The expected value and the variance are given by

po= B =57
_ _ Bk
o’ = Var(X)_(ﬁ_1>2(5_2), B> 2.

In order to obtain Pareto(3, k)-distributed X = G(£), we take G to be the quantile transform,
ie. G(t) =k (®(t))""" where ® denotes the standard normal distribution function, so that
forx > k

P(X, > 2) = PG(&) = 2) = P ((@(e)) 7 > L) = P (@- < qu((ﬁ)%) -(4)"

Since we want the X; to be centered, we will in fact take

L

Gt) =k (@) - 1
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If we want X; to be standardized to have mean 0 and variance 1, we will consider Z =
(X — p)/o and take

G“*:<u%—£§;—2ﬂ>Jﬂ(“®“”1”“f¥f) 20

The corresponding distribution function of Z is then

7 (27)

(28)

Pareto(3,1) Data: We first performed simulations with Pareto(3, 1) data, i.e. heavy-tailed
data with finite variance. In this case, 3 = 3, k = 1 and we have F(X) = 2 and Var(X) = 3.
For a better comparison with the simulations involving fractional Gaussian noise, we also

standardize the data, i.e. we consider (see (26)),

mwz—éa(@@>W—§).

The probability density function of the standardized X is given by (see (28)),

—4
0

else.

G is again strictly decreasing, and by the above results, the Hermite rank of the class of
functions {[{G($ <2y — F(2), z € R} is m = 1, the Hermite rank of G itself is m = 1 and
| Jg J1(z) dF (x)] = (2y/7)~", see (20). Numerical integration yields

ay \[/ “1Bp(s) ds = —0.6784.

Table 4 shows the observed level of the tests, for various sample sizes and various Hurst
parameters. For sample sizes up to n = 1,000, the "difference-of-means” test has level larger
than 10%. We conjecture that this is due to the slow convergence in Theorem 3. This
conjecture is supported by the outcomes of simulations with sample sizes n = 2,000 and
n = 10,000; see Table 4.
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— Insert Table 4 here —

Table 5 gives the observed power of the ”difference-of-means” test and the Wilcoxon-
type test, for sample size n = 500 and various values of the break points and height of level
shift. The results show that the Wilcoxon-type test has larger power than the " difference-of-
means” test for small level shift h, but that the ”difference-of-means” test outperforms the

Wilcoxon type test for larger level shifts.

— Insert Table 5 here —

However, the above comparison is not really meaningful, since the ”difference-of-means”
test has a realized level of approximately 10% while the Wilcoxon-type test has level close to
5%; see Table 4. Thus we have calculated the finite sample 5%-quantiles of the distribution
of the “difference-of-means” test, using a Monte-Carlo simulation; see Table 6. For example,
for n = 500 and H = 0.7, the corresponding critical value is 0.70. Thus we reject the null

hypothesis of no break point if the “difference-of-means” test statistic is greater than 0.70.

— Insert Table 6 here —

The value of 0.70 should be contrasted to the asymptotic (n = oo0) value of 0.59. To
obtain the asymptotic critical values, we proceeded as follows: according to Theorem 3,
the asymptotic distribution, under the null hypothesis, of the test statistic D,, equals the
distribution of

|aa| sup |Z(A) = AZ(1)].

0<A<1
Thus the asymptotic upper a-quantiles of D,, can be calculated as |a;|q., where ¢, is the

upper a-quantile of the distribution of supy<y<; [Z(X) — AZ(1)|, as tabulated in Table 1.

— Insert Table 7 here —

We have then calculated the power of the ”difference-of-means” test through simulation,

21



with n = 500, H = 0.7 and the finite sample quantile critical value of 0.70 rather than the
asymptotic value of 0.59 (see Table 6). Table 7 shows the power of the test. We can now
compare the results of the Wilcoxon-type test given in the right-hand side of Table 5 with the
finite sample “difference-of-means” test results given in Table 7. We see that the Wilcoxon-
type test has better power than the ”difference-of-means” test, except for large level shifts

at an early time. Such changes are detected more often by the ”difference-of-means” test.

Pareto(2,1) Data: We now choose k = 1 and 8 = 2, so that the X have finite expectation,

but infinite variance. In order to have centered data, we take G as in (25), i.e.

— Insert Table 8 here —

We will now compare both tests, i.e. the Wilcoxon-type test and the difference of means
test, although the latter can strictly speaking not be applied because it requires data with
finite variance, respectively G € Ly(R, ). By Theorem 2, under the null hypothesis of no

change, the Wilcoxon-type test statistic W,, converges in distribution towards

1
Zi(\) — \Z,(1)].
2\/Eo?§21| 1(A) 1(1)]

In fact, as a consequence of Lemma 1, even the finite sample distribution of W, is the same
as for normally distributed data. Table 8 gives the measured level of the Wilcoxon-type test
(the asymptotic level is 5%) and Table 9 suggests it has good power, especially for small

shifts in the middle of the observations.
— Insert Table 9 here —

Let us now consider the difference-of-means test. Note that, strictly speaking, Theorem 3
cannot be applied in the case of the Pareto data with g = 2 because it requires the variance
of the data to be finite. It is interesting nevertheless to use the asymptotic test suggested

by Theorem 3. Since G is strictly monotone, the Hermite rank of G is m = 1 as well, by the
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remark following Theorem 3. Using numerical integration, we have calculated
o0

a; = E[EG(§)] = / s(D(s) 72 = 2)p(s) ds = / s ®(s)2p(s) ds ~ —1.40861.

—0o0 —00

o0

We clearly see in Table 8 that the difference-of-means test very often falsely rejects the null
hypothesis, that is detects breaks where there are none, while the Wilcoxon-type test is
robust. Table 9 shows that both tests have good power, but again, the Wilcoxon tests is

clearly better, especially for small shifts in the middle of the observations.

6 Conclusion

We have investigated the properties of a nonparametric change-point test in the presence of
long-range dependent data. Our test is based on Wilcoxon’s two sample rank test statistic.
We analytically derive the asymptotic distribution of our test statistic, and we perform
a simulation study to calculate its power. The simulation study shows that already for
moderate sample sizes, our test attains the asymptotic level. For LRD Gaussian data, our
test has almost the same power as a difference-of-means test. For heavy-tailed data, our new
test outperforms the difference-of-means test. In a subsequent paper, we plan to derive the

asymptotic distribution of our test statistic under local alternatives.
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Figure 1: Probability density (left) and distribution function (right) of supy<y<; [Z(A) —

AZ(1)|; calculations based on 10,000 simulation runs.
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Figure 2: fGn without breaks (top left) and with a jump after observation 150 (this is [An]
with A = 0.3) of height h = 0.5 (top right), h = 1 (bottom left) and h = 2 (bottom right).
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Table 1: Upper a-quantiles of supy<y<; [Z(X) — AZ(1)|, where Z is a standard fBm, for
different LRD parameters H, based on 10,000 repetitions.

H /a|0.10 0.05 0.01
0.6 |098 1.10 1.34
0.7 077 087 1.06
09 1038 044 0.54

Table 2: Level of “difference-of-means” test (left) and level of “Wilcoxon-type” test (right)
for f{Gn time series with LRD parameter H; 10,000 simulation runs. Both tests have asymp-
totically level 5%.

n/H| 06 07 09 n/H| 06 07 09
10 |0.024 0.031 0.038 10 | 0.013 0.026 0.326
50 [ 0.039 0.042 0.047 50 | 0.042 0.050 0.167
100 | 0.042 0.046 0.044 100 | 0.044 0.051 0.140
500 | 0.047 0.052 0.049 500 | 0.051 0.052 0.100
1000 | 0.047 0.052 0.053 1000 | 0.051 0.054 0.095
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Table 3: Power of “difference-of-means” test (left) and power of “Wilcoxon-type” test (right)
for n = 500 observations of f{Gn with LRD parameter H = 0.7, different break points [An]

and different level shifts h. Both tests have asymptotically level 5%. The calculations are

based on 10,000 simulation runs.

h/A| 005 01 03 05
0.5 | 0.060 0.090 0.388 0.524
1 0090 0254 0.952 0.985
2 |0261 0965 1.000 1.000

h/A| 005 01 03 05
0.5 | 0.058 0.086 0.386 0.525
1 [0.077 0.184 0.948 0.985
2 | 0119 0.763 1.000 1.000

Table 4: Level of “difference-of-means” test (left) and level of Wilcoxon-type test (right) for
standardised Pareto(3,1)-transformed fGn with LRD parameter H; 10,000 simulation runs.

Both tests have asymptotically level 5%.

n/H| 06 07 09
10 |0.104 0.109 0.117
50 |0.138 0.127 0.126
100 |0.145 0.125 0.126
500 | 0.140 0.103 0.119
1000 |0.131 0.101 0.123
2000 | 0.120 0.086 0.115
10000 | 0.106 0.069 0.101

n/H| 06 07 09
10 |0.013 0.026 0.326
50 | 0.042 0.050 0.167
100 |0.044 0.051 0.140
500 | 0.051 0.052 0.100
1000 | 0.051 0.054 0.095

Table 5: Power of “difference-of-means” test (left) and power of “Wilcoxon-type” test (right)

for n = 500 observations of standardised Pareto(3,1)-transformed fGn with LRD parameter
H = 0.7, different break points [An] and different level shifts h. Both tests have asymptoti-

cally level 5%.The calculations are based on 10,000 simulation runs.

h/A| 005 01 03 05
0.5 | 0.116 0.177 0.756 0.864
1 [0.177 0.693 0.998 1.000
2 | 0815 0998 1.000 1.000
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h/A| 005 01 03 05
0.5 |0.088 0.294 0.983 0.998
1 [0.115 0.655 1.000 1.000
2 | 0138 0944 1.000 1.000




Table 6: 5%-quantiles of the finite sample distribution of the “difference-of-means” test under
the null hypothesis for Pareto(3,1)-transformed fGn with different LRD parameter H and

different sample sizes n. The calculations are based on 10,000 simulation runs.

H/n| 10 50 100 500 1,000 2,000 10,000 oo
0.6 |1.02 1.04 1.02 093 090 088 085 0.7
0.7 1084 082 0.79 070 0.68 0.65 0.62 0.59
09 1047 047 044 043 042 041 038 0.30

Table 7: Power of the “difference-of-means” test, based on the finite sample quantiles, for
n = 500 observations of Pareto(3,1)-transformed fGn with LRD parameter H = 0.7, different
break points [An] and different level shifts h (left). The calculations are based on 10,000

simulation runs.

h/X| 005 0.1 0.3 0.5
0.5 |0.063 0.078 0.566 0.733
1 0.078 0.379 0.994 0.999
2 0.423 0.994 1.000 1.000

Table 8: Level of “difference-of-means” test (left) and level of “Wilcoxon-type” test (right)
for Pareto(2,1)-transformed fGn with LRD parameter H; 10,000 simuation runs.

n/H| 06 0.7 0.9 n/H| 06 0.7 0.9
10 0.104 0.104 0.107 10 0.013 0.026 0.326
30 0.159 0.138 0.120 50 0.042 0.050 0.167
100 | 0.181 0.151 0.122 100 | 0.044 0.051 0.140
500 | 0.223 0.148 0.124 500 | 0.051 0.052 0.100
1000 | 0.232 0.151 0.130 1000 | 0.051 0.054 0.095
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Table 9: Power of “difference-of-means” test (left) and power of “Wilcoxon-type” test (right)
for n = 500 observations of Pareto(2,1)-transformed fGn with LRD parameter H = 0.7,
different break points [An] and different level shifts h. The calculations are based on 10,000

simulation runs.

h/X| 005 0.1 0.3 0.5 h/A| 005 0.1 0.3 0.5
0.5 |0.148 0.156 0.272 0.350 0.5 |0.075 0.180 0.878 0.960
1 0.156 0.200 0.741 0.853 1 0.097 0.401 0.997 1.000
2 0.199 0.651 0.996 0.999 2 0.122 0.744 1.000 1.000
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