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Introduction

The modeling of dependence relations between random variables is one of the most im-
portant subjects in probability theory and statistics. Not surprisingly, a great variety of
concepts for dependence structures has emerged, for an overview see the monograph
[Joe, 1997]. The most popular approach is based on second moments of the underlying
random variables, the covariance. Nevertheless, it is well known that only linear de-
pendence can be captured by the covariance and that it is characterizing only for a few
special classes of distributions, e.g. the multivariate normal distribution.

As a beneficial alternative, the concept of copulas going back to [Sklar, 1959] has drawn
a lot of attention in the last decades. The copula C : [0, 1]2 → [0, 1] of a random vec-
tor (X, Y) allows to separate the effect of dependence from the effects of the marginal
distributions in the following manner:

P[X ≤ x, Y ≤ y] = C
(
P[X ≤ x], P[Y ≤ y]

)
.

While mathematical details will be given in the first chapter of this thesis, we summarize
the main consequence of this identity: the copula completely characterizes the stochastic
dependence between the random variables X and Y.

In the recent years, the theory of copulas has been introduced to many applied fields of
science, e.g. mathematical finance, actuarial science or hydrology among others (see [Mc-
Neil et al., 2005; Frees and Valdez, 1998; Genest and Favre, 2007] and references therein).
The increasing number of applications gave rise to a great demand for statistical meth-
ods. To name but a few accomplishments, semiparametric and nonparametric estimation
of copulas was investigated in [Genest et al., 1995; Fermanian et al., 2004], while [Genest
et al., 2009] gives an overview on testing the goodness-of-fit for copula models. In order
to approximate the behavior of occurring test statistics within the framework of copu-
las several resampling procedures have been proposed, see e.g. [Fermanian et al., 2004]
for the bootstrap based on resampling or [Genest and Rémillard, 2008] for the (semi-)
parametric bootstrap.

Furthermore, [Rémillard and Scaillet, 2009] proposed a new multiplier bootstrap ap-
proach to approximate the empirical copula process. This stochastic process describes
the behavior of the most popular nonparametric estimator for the copula, the empirical
copula going back to [Deheuvels, 1979]. It is part of this thesis to extend and improve on
these results.



IV Introduction

Investigating the notion of copulas within the framework of multivariate extreme value
theory leads to the so called extreme value copulas. These copulas can be characterized by
the Pickands dependence function A going back to [Pickands, 1981]:

C(u, v) = exp
{

log(uv)A
(

log(v)
log(uv)

)}
,

where A : [0, 1] → [0, 1] is convex and satisfies max{t, 1− t} ≤ A(t) ≤ 1. The class of
extreme value copulas forms a large and important class of copulas and its estimation in
the setting where marginal distributions are unknown has recently been investigated in
[Genest and Segers, 2009]. It is a further prime concern of this thesis to introduce new
estimators for extreme value copulas and for its corresponding Pickands dependence
function. The problem of testing for the hypothesis of being faced with an extreme value
copula has drawn much less attention in the literature and is a concern of current research
interest, see [Ghoudi et al., 1998] and [Kojadinovic and Yan, 2010]. The present thesis
provides a new test for this hypothesis where the critical values of the test are obtained
by the multiplier bootstrap.

Multivariate extreme value theory is concerned with the estimation of events outside the
range of the data, see [de Haan and Ferreira, 2006]. For this purpose one is interested in
the limiting distribution of some appropriate vector maximum of a given d-dimensional
data sample. It is well known that the possible limit distributions can be characterized by
different mathematical objects, for instance the exponent measure, the spectral measure
or the stable tail dependence function (or, equivalently, the tail copula). Estimating these
objects turns out to be rather difficult and the rate of convergence is usually smaller than√

n, more precisely it is
√

kn where kn tends to infinity with kn = o(n), see e.g. [Einmahl
et al., 2001; Huang, 1992; Schmidt and Stadtmüller, 2006]. It is the third main concern of
this thesis to revisit the estimators investigated in the latter two sources. The smoothness
assumptions regarding the asymptotic theory of the corresponding estimators in [Huang,
1992; Schmidt and Stadtmüller, 2006] are so restrictive that there is no model at all sat-
isfying them and therefore we show how the assumptions can be suitably weakened.
Furthermore, it is a main goal of this thesis to develop a multiplier bootstrap procedure
which yields an approximation for the estimators defined in [Huang, 1992; Schmidt and
Stadtmüller, 2006].

This work is organized as follows: In Chapter 1 we state some basic definitions and
results, which will be repeatedly used throughout this work. The concept of copulas will
be introduced as well as the foundations of multivariate extreme value theory. A short
survey on weak convergence in general metric spaces based on outer integrals finalizes
the chapter.

Chapter 2 will deal with multiplier bootstrap approximations of the empirical copula
process. We will give an overview on existing approaches and introduce two new pro-
cedures. All approaches are compared by a small simulation study concerning the finite
sample properties.
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Chapter 3 concerns the estimation of extreme value copulas. We will introduce a new
class of minimum distance estimators for Pickands dependence function which easily
allows for testing extreme value dependence, i.e. for the hypothesis that the underlying
copula C is an extreme value copula. The critical values of the test are determined by the
multiplier bootstrap approximation investigated in the preceding Chapter 2. All results
are examined for their practical applicability by means of a simulation study.

In Chapter 4 we will investigate the empirical tail copula process under non-restrictive
smoothness assumptions. We introduce two multiplier bootstrap procedures for the lim-
iting variable and examine several applications, both theoretically and by means of sim-
ulation studies. The applications include a test for equality between two tail copulas,
a new minimum distance estimate and a goodness-of-fit test for parametric tail copula
models.

Finally, some technical details are deferred to the appendix.

* * *

I would like to express my deepest gratitude to Professor Holger Dette for his excellent
guidance during the entire phase of my doctoral studies. His infecting enthusiasm in
many fields of mathematics and statistics and his readiness to help were very encourag-
ing.
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contributed to this thesis in a way or another. In particular, a special thankyou goes to
Dr. Stanislav Volgushev for many fruitful discussions and critical remarks.

I am also very grateful to Professor Johan Segers who provided me with several useful
hints during his visit of Bochum.

Finally, my special gratitude belongs to my family and my friends for their encourage-
ment throughout the last years.





Chapter 1

Mathematical Preliminaries

This chapter is devoted to the clarification of the mathematical concepts involved. In the
first section we will introduce the copula concept and its relation to the notion of stochas-
tic dependence. We proceed by an overview on some results in multivariate extreme
value theory and end with a short summary of modern weak convergence in general
metric spaces on the basis of outer integrals.

Some notation: Vectors in Rd will be denoted by x = (x1, . . . , xd)T and relations and
operations are taken component-wise. For example, for x, y ∈ Rd the relation x < y
means xj < yj for all j = 1, . . . , d. For reals a, b the notation a∨ b stands for the maximum
of a and b, while a ∧ b denotes the minimum. x ∧ y is the component-wise minimum of x
and y. The origin of Rd is denoted by 0, rectangles in Rd are defined by [x, y] = {z : x ≤
z ≤ y}. The extended real line R̄ is the interval [−∞, ∞]. The complement of a set A is
denoted by Ac. For a distribution function F on the real line F− denotes the generalized
inverse of F and is formally defined by

F−(p) :=

{
inf{x ∈ R | F(x) ≥ p}, 0 < p ≤ 1
sup{x ∈ R | F(x) = 0}, p = 0,

where inf ∅ = ∞, sup ∅ = −∞. The range and the support of F are denoted by ran F and
supp F, respectively.

1.1 Modeling dependence: the copula concept

The basic idea underlying the modeling of stochastic dependence by copulas is the fol-
lowing: let X = (X1, X2)T be a random vector with marginal distribution functions
F1 = FX1 and F2 = FX2 . For the moment assuming that these marginal distributions
are continuous the probability integral transform applied to X1 and X2 defines two ran-
dom variables U1 = F1(X1) and U2 = F2(X2) which are uniformly distributed on [0, 1].
If X1 and X2 were dependent so are U1 and U2 and since the transforms are invertible
specifying the dependence between X1 and X2 is, in a way, the same as specifying the de-
pendence between U1 and U2. The problem of investigating stochastic dependence has
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therefore been reduced to the problem of investigating bivariate distribution functions
on the unit cube [0, 1]2 with uniform marginals, this is the copula.

Definition 1.1 (Copula)
A (d-dimensional) copula C : [0, 1]d → [0, 1] is a multivariate cumulative distribution func-
tion on the unit cube with uniform marginals.

The motivation preceding this definition is summarized in the following well-known
theorem of Sklar which underlies most applications of copulas. It turns out that relaxing
the assumption of continuity of the marginals results in non-uniqueness of the associated
copula.

Theorem 1.2 (Sklar’s Theorem)
Let F be a d-dimensional distribution function with margins Fp for p = 1, . . . , d. Then there
exists a copula C such that for all x ∈ R̄d

F(x) = C(F1(x1), . . . , Fd(xd)). (1.1)

If all marginals are continuous then C is uniquely determined by

C(u) = F(F−1 (u1), . . . , F−d (ud)),

otherwise it is uniquely determined on ran F1 × · · · × ran Fd. Conversely, if C is a copula and
F1, . . . , Fd are distribution functions, then the function F defined by (1.1) is a joint distribution
function with marginals F1, . . . , Fd.

The theorem first appeared in [Sklar, 1959], an interesting new proof has recently been
published in [Rüschendorf, 2009]. Its importance for the notion of stochastic dependence
can hardly be underestimated: every joint distribution function, which obviously con-
tains all information about the dependence of a random vector distributed according to
this function, can be split into a copula and into the marginal distributions. Since the
marginals are not able to explain any dependence properties the dependence has to be
completely characterized by the copula. This is underlined by the fact that usual mea-
sures of dependence like Kendall’s-τ or Spearman’s-ρ are functions of the copula, see
the following remark where we collect some basic properties of copulas. For the sake of
brevity we only state the results for d = 2.

Proposition 1.3 (Basic properties of copulas)
Let C be a 2-dimensional copula and suppose that X = (X1, X2)T ∼ F = C(F1, F2) is a random
vector with marginals F1, F2 and copula C. Then the following results hold.

(i) Fréchet-Hoeffding bounds. For all u ∈ [0, 1]2

W(u) = max {u1 + u2 − 1, 0} ≤ C(u) ≤ min{u1, u2} = M(u).

The upper bound M corresponds to perfect positive dependence in the sense that X1 is a
strictly increasing function of X2 almost surely. Analogously, W corresponds to perfect
negative dependence.
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(ii) Independence. If F1 and F2 are continuous then X1 and X2 are independent if and only
if C(u) = u1u2 = Π(u). The latter is called the independence copula.

(iii) Lipschitz-continuity. C is Lipschitz-continuous with respect to the L1-norm on [0, 1]2:

|C(u)− C(v)| ≤ ||u− v||1 = |u1 − v1|+ |u2 − v2| for all u, v ∈ [0, 1]2.

(iv) Differentiability. For all u1 ∈ [0, 1] it holds that the partial derivative ∂2C(u) exists for
λ1-almost every u2. Furthermore, 0 ≤ ∂2C(u) ≤ 1. The same is true for interchanged
roles of u1 and u2.

(v) Invariance under increasing transformations. If F1 and F2 are continuous and α, β
are strictly increasing, then the copula of (α ◦ X1, β ◦ X2) is C.

(vi) Kendall’s-τ. If F1 and F2 are continuous then

τ = τX1,X2 = 4
∫

[0,1]2
C(u) dCu− 1.

For proofs of these results and more details regarding the theory of copulas we refer the
reader to the monographs [Nelsen, 2006; Joe, 1997].

1.2 Modeling extremal dependence

In this section we will formally introduce the concept of tail dependence and embed it
into the framework of copulas. Loosely spoken, bivariate tail dependence is the amount
of dependence in the upper-quadrant tail or lower-quadrant tail of a bivariate distribu-
tion. The concept turns out to be deeply related to multivariate extreme value theory and
we will clarify this relationship.

In the following let X = (X1, X2)T be a two-dimensional random vector with joint dis-
tribution function F, marginal distribution functions F1, F2 and copula C. The following
definition introduces the common scalar measure of tail dependence, the so-called coef-
ficient of tail dependence, see [Joe, 1997].

Definition 1.4 (Tail dependence coefficient)
X1 and X2 are said to be upper tail dependent if the limit

λU = lim
u→1

P(X1 > F−1 (u) |X2 > F−2 (u))

exists and is positive. X1 and X2 are said to be upper tail independent if λU = 0. λU is called
the upper tail-dependence coefficient. Similarly, the lower tail dependence coefficient is defined
as

λL = lim
u→0

P(X1 ≤ F−1 (u) |X2 ≤ F−2 (u)),

if existent, and X1 and X2 are said to be lower tail dependent (lower tail independent) if λL > 0
(resp. λL = 0).



4 Chapter 1. Mathematical Preliminaries

As one might expect, for continuous marginal distributions tail dependence is a property
of the copula of X. If C̄(u) = u1 + u2 − 1 + C(1− u1, 1− u2) denotes the survival copula
of X an easy calculation based on the definition of conditional probabilities justifies the
following Proposition.

Proposition 1.5
Let X be continuous bivariate random vector, then

λL = lim
u→0

C(u, u)
u

and λU = lim
u→1

1− 2u + C(u, u)
1− u

= lim
u→0

C̄(u, u)
u

. (1.2)

The limit relations in (1.2) show that tail dependence measured by the tail dependence
coefficients is solely determined by the diagonal section of the copula. The stable tail
dependence function (introduced by [Huang, 1992]), resp. the tail copula (see [Schmidt
and Stadtmüller, 2006]) provides a natural tool generalizing the coefficients by taking into
account the off-diagonal section of C. From now on let the marginals of X be continuous.

Definition 1.6 (Stable tail dependence function, tail copulas)
In case of existence of the following limits

ΛL(x) = lim
t→∞

t C(x1/t, x2/t)

ΛU(x) = lim
t→∞

t C̄(x1/t, x2/t),

where x = (x1, x2)T ∈ R̄2
+ := [0, ∞]2 \ {(∞, ∞)}, the functions ΛL and ΛU are referred to

as the lower (resp. upper) tail copula of X (or equivalently of F). The function

l(x) = x1 + x2 −ΛU(x),

where x ∈ R2
+, is called stable tail-dependence function.

Before we proceed a short note on the terminology: the concept and the name stable tail
dependence function goes back to the phd-thesis [Huang, 1992]. The background of its
definition stems from multivariate extreme value theory, for details see the forthcoming
discussion. In the phd-thesis [Schmidt, 2003] and its attendant publication [Schmidt and
Stadtmüller, 2006] the name tail copula was introduced, even though, at least the upper
tail copula, provided no new concept. Nevertheless, since the lower tail copula does not
have a clear and prominent expression in the literature up to the thesis [Schmidt, 2003],
we use both names in the following.
Note that λL = ΛL(1, 1) and λU = ΛU(1, 1). For generalizations of tail copulas to higher
dimension we refer the reader to the thesis [Schmidt, 2003]. Note that the tail copula
is not a copula itself, the name is justified by the following properties, which are quite
similar to the copula properties stated in Proposition 1.3.

Proposition 1.7 (Schmidt and Stadtmüller, 2006)
Let Λ denote either the lower or the upper tail copula. If Λ exists it has the following properties.
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(i) Groundedness. Λ(x, 0) = Λ(0, x) = 0 for all x ∈ [0, ∞] and Λ(x, ∞) = Λ(∞, x) = x
for all x ∈ [0, ∞).

(ii) Homogeneity. Λ(tx) = tΛ(x) for all t > 0 and x ∈ R̄2
+. Hence, Λ is uniquely

determined by its values on the unit circle.

(iii) Fréchet-Hoeffding bounds. 0 ≤ Λ(x) ≤ x1 ∧ x2 for all x ∈ R̄2
+.

(iv) Lipschitz-continuity. Λ is Lipschitz-continuous with respect to the maximum norm.

(v) 2-increasing. Λ is 2-increasing.

(vi) Tail independence. If Λ is non-zero in a single point x ∈ [0, ∞)2, then it is non-zero
everywhere on [0, ∞)2. Hence, Λ|[0,∞)2 ≡ 0 in case of tail independence.

These assertions are proved in [Schmidt and Stadtmüller, 2006].

In the following we will investigate the tail copulas (and the stable tail dependence func-
tion) within the framework of multivariate extreme value theory. It will turn out that the
basis assumption of extreme value theory, namely that F lies in the maximum domain of
attraction of an extreme value distribution G, is sufficient for the upper tail copula of F to
exist everywhere on R̄2

+. Even more, it suffices that the copula of F lies in some domain
of attraction. Furthermore, the upper tail copula characterizes the copula of the limiting
distribution G and therefore, in a way, entirely measures extremal dependence of F.

Definition 1.8 (Maximum domain of attraction, extreme value distribution, extreme
value copulas)
Let F and G be d-dimensional distribution functions, where G is supposed to have non-
degenerate marginals, and let X1, . . . , Xn with Xi = (Xi1, . . . , Xid)T be i.i.d. distributed
according to F. If there exist sequences anj > 0 and bnj real, j = 1 . . . , d such that

lim
n→∞

Fn(an1x1 + bn1, . . . , andxd + bnd) = G(x) (1.3)

for every continuity point x = (x1, . . . , xd)T of G then F is said to lie in the maximum domain
of attraction of G. We denote this by F ∈ D(G). Equivalently,

lim
n→∞

P

(
maxn

i=1 Xi1 − bn1

an1
≤ x1, . . . ,

maxn
i=1 Xid − bnd

and
≤ xd

)
= G(x).

The possible limit distributions are called extreme value distributions and for d ≥ 2 their
copulas are called extreme value copulas.

The well-known Fisher-Tippet Theorem completely characterizes the possible limit distri-
butions in the one-dimensional setting. Surprisingly, all one-dimensional extreme value
distributions can be parametrized by only three real-valued parameters.
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Theorem 1.9 (Fisher and Tippet (1928))
Every one-dimensional extreme value distribution is of the form Gγ,a,b(x) = Gγ(ax + b) with
a > 0, b ∈ R, where

Gγ(x) = exp
(
−(1 + γx)−1/γ

)
, 1 + γx > 0,

with γ ∈ R and where for γ = 0 the right-hand side is interpreted as exp(−e−x).

Obviously, F ∈ D(Gγ,a,b) for some a > 0, b ∈ R is equivalent to F ∈ D(Gγ). Section 1
in [de Haan and Ferreira, 2006] contains sufficient and necessary conditions on F to
lie in the domain of attraction of some Gγ. From a statistical point of view, the finite-
dimensionality of the family of extreme value distributions allows for parametric estima-
tion methods which are usually more precise than nonparametric methods.

Unfortunately, in the multivariate setting the characterization of extreme value distribu-
tion turns out to be more complicated: they depend on a parametric and a nonparamet-
ric component. As one might expect the parametric component stems from the marginal
behavior. We consider the two-dimensional case only and denote by F1, F2 (G1, G2) the
marginals of F (resp. G). Since (1.3) implies convergence of the two marginal distribu-
tions we can choose the normalizing sequences an1, an2, bn1, bn2 in such a way that

lim
n→∞

P

(
maxn

i=1 Xij − bnj

anj
≤ xj

)
= Gj(xj) = exp

(
−(1 + γjxj)−1/γj

)
for some γj ∈ R and j = 1, 2. Unlike in the copula context, where marginals are standard-
ized to uniform distributions, it is usual in multivariate EVT to standardize the marginals
to Pareto or Fréchet distributions. This will yield a simplified limit relation. Using the
notation H−1(x) = inf{y : H(y) ≥ x} for the left-continuous inverse of a nondecreasing
function H, we set for j = 1, 2

Uj(x) =
(

1
1− Fj

)−1

(x) = F−1
j

(
1− 1

x

)
, x > 1,

ψj(x) =
(

1
− log Gj

)−1

(x) =
xγj − 1

γj
, x > 0,

and transform F and G to F0 and G0 by

F0(x) = F(U1(x1), U2(x2)), G0(x) = G(ψ1(x1), ψ2(x2)).

In case F has continuous marginal distribution functions F1 and F2 the latter can be for-
mulated as

F0(x) = P

(
1

1− F1(X1)
≤ x1,

1
1− F2(X2)

≤ x2

)
(1.4)

G0(x) = P

(
1

− log G1(Z1)
≤ x1,

1
− log G2(Z2)

≤ x2

)
, (1.5)
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where X = (X1, X2)T ∼ F and Z = (Z1, Z2)T ∼ G. Bearing in mind that for a real ran-
dom variable Y distributed according to some continuous distribution function H it holds
P (1/(1− H(Y)) ≤ y) = 1− 1/y (the Pareto-distribution) and P (1/(− log H(Y)) ≤ y) =
exp(−1/y) (the Fréchet-distribution), the identities (1.4) and (1.5) can be interpreted as a
standardization of the marginals of F to Pareto-distributions and of the marginals of G to
Fréchet-distributions.
Next, passing from F to F0 and from G to G0 yields the following simplified limit relation

lim
n→∞

Fn
0 (nx) = G0(x), (1.6)

i.e. F0 lies in the domain of attraction of G0. This can be proved like following: Since
limn→∞ Fn

j (anjxj + bnj) = Gj(xj) we obtain, by taking logarithms and exploiting the fact
that − log z ∼ 1− z for z→ 1, that

lim
n→∞

n(1− Fj(anjxj + bnj)) = − log Gj(xj).

Passing to reciprocals and invoking an inversion formula (see Lemma 1.1.1 in [de Haan
and Ferreira, 2006]) we obtain

lim
n→∞

Uj(nxj)− bnj

anj
= ψj(xj).

By continuity of G and monotonicity of F it follows that

Fn
0 (nx) = P

(
max Xi1 − bn1

an1
≤ U1(nx1)− bn1

an1
,

max Xi2 − bn2

an2
≤ U2(nx2)− bn2

an2

)
converges to G(ψ1(x1), ψ2(x2)) = G0(x) as asserted.

The following Proposition (see Proposition 5.15 in [Resnick, 1987]) shows that conver-
gence of Fn

0 (nx) to G0(x), together with marginal convergence is also sufficient for F ∈
D(G).

Proposition 1.10
F ∈ D(G) if and only if F0 ∈ D(G0), F1 ∈ D(G1) and F2 ∈ D(G2).

Therefore, in order to completely characterize bivariate extreme value distributions, it
remains to characterize the possible limits G0 having standard Fréchet-marginals. Since
(1.6) implies

G0(x) = lim
n→∞

Fnt
0 (ntx) = lim

n→∞
Fn

0 (ntx)t = G0(tx)t (1.7)

for every t > 0, we can conclude that G1/t
0 (x) = G0(tx) is a distribution function. This

property is called max-infinitely divisibility and allows for the definition of measures
νn = nG1/n

0 on E = [0, ∞]2 \ {0}, where lines through infinity are supposed to have
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measure 0. The topology of E is obtained by removing 0 from the compact set [0, ∞]2 and
may be metrized by

d(x, y) =
∣∣∣∣ 1
x1 ∨ x2

− 1
y1 ∨ y2

∣∣∣∣+ ∣∣∣∣∣∣∣∣ x
x1 ∨ x2

− y
y1 ∨ y2

∣∣∣∣∣∣∣∣
2
,

see e.g. page 225 in [Resnick, 1987]. Note that subsets of E are compact if and only if they
are closed and bounded away from 0. Since − log z ∼ 1− z for z→ 1 we obtain

lim
n→∞

νn([0, x]C) = lim
n→∞

n(1− G1/n
0 (x)) = − log G0(x) (1.8)

for every x ∈ E and therefore

sup
n∈N

νn([0, x]C) < ∞.

Notice that E = limx→0[0, x]C and conclude that supn∈N νn(B) < ∞ for every relatively
compact subset of E. By Proposition 3.16 in [Resnick, 1987] the sequence νn is vaguely
relatively compact and by identity (1.8) all accumulation points of vaguely convergent
subsequences are the same. Therefore, there exists a limit point ν = limn→∞ νn, which
satisfies

G0(x) = exp(−ν([0, x]C)).

Relation (1.7) may be translated into a homogeneity property for ν

ν([0, x]C) = tν([0, tx]C) = tν(t[0, x]C),

and the latter can be shown to hold for every Borel subset of E. This yields the following
Proposition.

Proposition 1.11
Suppose that (1.3) holds. Then there exists an exponent measure ν defined on E such that the
standardized limit distribution G0(x) = G(ψ1(x1), ψ2(x2)) satisfies

G0(x) = exp(−ν([0, x]C))

for all x ∈ E. The measure ν is homogeneous in the sense that

ν(B) = tν(tB) for every Borel subset B ⊂ E and every t > 0

and puts no mass on the lines through ∞.

The literature provides various estimators for ν, see for example [de Haan and Resnick,
1993]. The homogeneity property of ν enables us to estimate the probability of events
that contain no data, i.e. of rare events.
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The following proposition will clarify the relationship between the exponent measure
of G0 and the stable tail dependence function l or the upper tail copula ΛU . Before its
statement note that if F = C(F1, F2) has continuous marginals F1, F2 then

F0(x) = F(F−1 (1− 1/x1), F−2 (1− 1/x2)) = C(1− 1/x1, 1− 1/x2) = C0(x).

Hence, by (1.6) if both F ∈ D(G) and C ∈ D(H) the corresponding exponent measures
of G and H coincide.

Proposition 1.12
Suppose that F = C(F1, F2) has continuous marginals F1, F2 and that the copula C lies in the do-
main of attraction of some extreme value distribution G. Then the stable tail dependence function l
(and the upper tail copula ΛU) exists everywhere on R2

+ and satisfies

l(x) = x1 + x2 −ΛU(x) = ν([0, 1/x]C),

where 1/x = (1/x1, 1/x2)T and ν denotes the exponent measure of G0.

Proof. Exploiting the fact that − log z ∼ 1− z for z→ 1 we obtain from (1.8) that

lim
n→∞

n(1− C0(nx)) = − log G0(x) = ν([0, x]C).

This yields

l(x) = x1 + x2 − lim
n→∞

nC̄(x/n) = lim
n→∞

n(1− C(1− x1/n, 1− x2/n))

= lim
n→∞

n(1− C0(n/x1, n/x2)) = ν([0, 1/x]C)

as asserted.

Remark 1.13
For proving the existence of the upper tail copula, we did not need the assumption that F
itself lies in the domain of attraction of some extreme value distribution. It suffices that C
does so, this is a crucial point for practical applications where marginals are often treated
separately from the copula.

Not every measure with the requirements of Proposition 1.11 defines an extreme value
distribution G0. Hence, the exponent measure does not describe G0 in a simple one-to-
one manner. In the following we will fill this gap and exemplarily state three objects that
completely characterize extreme value distributions.

First of all, the stable tail dependence function allows for a characterization of G0 via
convexity of its level sets, see p. 223 in [de Haan and Ferreira, 2006].

A second characterization is given by the spectral measure. The polar coordinate transfor-
mation

T : R2
+ → R+ × [0, π/2], x 7→ (||x||2, arctan(x2/x1))T

translates the exponent measure ν into a product measure by utilizing the homogeneity
property, see page 215 in [de Haan and Ferreira, 2006]. It yields the following Theorem.
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Theorem 1.14
For any extreme value distribution G0 with standard Fréchet marginals there exists a finite mea-
sure Ψ on the set [0, π/2], called spectral measure, with the property that

G0(x) = exp
(
−
∫ π/2

0

(
cos θ

x1
∨ sin θ

x2

)
Ψ(dθ)

)
. (1.9)

The measure Ψ satisfies the side conditions∫ π/2

0
cos θ Ψ(dθ) =

∫ π/2

0
sin θ Ψ(dθ) = 1.

Conversely, any finite measure Ψ on [0, π/2] fulfilling the side conditions gives rise to an extreme
value distribution G0 with standard Fréchet marginals via (1.9).

A third characterization is given by the Pickands dependence function. It is defined for
t ∈ [0, 1] by

A(t) = − log G0

(
1

1− t
,

1
t

)
= l(1− t, t).

By the homogeneity of − log G0 (which follows by the max-infinitely divisibility of G0)
the function A determines G0:

G0(x) = exp
(
− x1 + x2

x1x2
A
{

x1

x1 + x2

})
.

It can be shown that A is convex and satisfies the boundary conditions (1 − t) ∨ t ≤
A(t) ≤ 1. Conversely, any function A with these properties defines an extreme value
distribution, see [Pickands, 1981].

Note that for the characterization of bivariate extreme value distributions one can use
any of the three objects mentioned above.

In the remaining part of this section we will draw the attention to extreme value copulas.
Recall that C is an extreme value copula if and only if it is the copula of an extreme value
distribution.

Proposition 1.15
The following conditions are equivalent.

(i) C is an extreme value copula.

(ii) For all t > 0 and all u ∈ [0, 1]2 it holds C(ut) = Ct(u) .

(iii) There exists a convex function A : [0, 1]→ [0, 1/2] satisfying (1− t) ∨ t ≤ A(t) ≤ 1 for
all t ∈ [0, 1] such that

C(u) = exp
(

log(u1u2)A
{

log u2

log u1u2

})
.

A is called Pickands dependence function.
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Proof. Exploiting the fact that

C(u) = G(G−1 (u1), G−2 (u2)) = G0(−1/ log u1,−1/ log u2)

the homogeneity property of G0 translates into

C(ut) = G0

(
−1

t log u1
,
−1

t log u2

)
= Gt

0

(
−1

log u1
,
−1

log u2

)
= Ct(u). (1.10)

Therefore (i) implies (ii). For the converse, set G0(x) = C(e−1/x1 , e−1/x2). A similar cal-
culation as in (1.10) reveals that G0 is homogeneous in the sense that Gn

0 (nx) = G0(x)
for all n ∈ N. Hence, G0 ∈ D(G0) which yields the assertion. Moreover, an easy
calculation shows that (iii) implies (ii). If C is an extreme value copula then G0(x) =
C(e−1/x1 , e−1/x2) is an extreme value distribution with standard Fréchet marginals. The
characterization of those distributions by Pickands dependence functions yields (iii).

1.3 Weak convergence in metric spaces

Let (D, d) be a metric space and let (Pn)n∈N and P be Borel probability measures on
(D,D), where D denotes the Borel σ-field on D. Weak convergence of Pn to P, which we
write as Pn  P, is classically defined by the requirement that∫

D
f dPn →

∫
D

f dP for all f ∈ Cb(D),

where Cb(D) denotes the set of all bounded, continuous and real-valued functions on
D (see e.g. [Billingsley, 1968]). For D-valued random variables (Xn)n∈N and X weak
convergence is led back to their induced laws, so that Xn  X if and only if

E f (Xn) → E f (X) for all f ∈ Cb(D). (1.11)

This classical theory of weak convergence requires that all random variables involved are
Borel measurable. While this condition usually holds for separable metric spaces such as
Rd or C[0, 1], it easily fails when the metric spaces are nonseparable. The classical ex-
ample is the càdlàg-space D[0, 1], containing all functions on the unit interval which are
right-continuous and possess left-hand limits, equipped with the metric induced by the
supremum norm. For i.i.d. random variables X1, . . . , Xn on [0, 1] the empirical distribu-
tion function

Fn(t) =
1
n

n

∑
i=1

I{Xi ≤ t}, t ∈ [0, 1],

as well as the empirical process

Xn(t) =
√

n(Fn(t)− F(t)), t ∈ [0, 1], (1.12)
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seen as random variables in D[0, 1], are not Borel measurable if D[0, 1] is equipped with
the supremum norm, see [Billingsley, 1968].
During the last decades several approaches to overcome this difficulty were suggested.
In this section we will briefly summarize the most modern approach, going back to J.
Hoffmann-Jørgensen and extensively investigated in [van der Vaart and Wellner, 1996;
Kosorok, 2008].
The key idea is to drop the requirement of Borel measurability of each Xn, meanwhile
upholding the requirement (1.11), where the expectations are replaced by outer expecta-
tions.

Definition 1.16 (Outer integral and outer probability)
Let T be an arbitrary map from a probability space (Ω,A, P) to the extended real line R̄.
The outer integral of T with respect to P is defined as

E∗T = inf
{

EU : U ≥ T, U : Ω→ R̄ measurable and EU exists
}

.

The outer probability of an arbitrary subset B ⊂ Ω is defined as

P∗(B) = inf
{

P(A) : A ⊃ B, A ∈ A
}

.

Inner integrals and inner probabilities are defined by E∗T = −E∗(−T) and P∗(B) = 1−
P∗(Ω \ B).

The infima in the latter definitions are always achieved, see the following Lemma, which
is proved in [van der Vaart and Wellner, 1996].

Lemma 1.17 (Measurable cover functions)
For any map T : Ω → R̄ there exists a measurable function T∗ : Ω → R̄ with T∗ ≥ T and
T∗ ≤ U a.s. for every measurable U : Ω → R̄ with U ≥ T a.s. For every such T∗ it holds
E∗T = ET∗, provided that ET∗ exists. The latter is certainly true if E∗T < ∞.

With Definition 1.16 and Lemma 1.17 at hand we can define weak convergence, outer
almost sure convergence and convergence in outer probability for arbitrary, nonmeasur-
able maps.

Definition 1.18 (Convergence: Weak, outer almost surely and in outer probability)
Let Xn : Ωn → D, X : Ω → D be arbitrary maps defined on some probability spaces
(Ωn,An, Pn), (Ω,A, P).

(i) If X is Borel measurable we say that Xn weakly converges to X, written Xn  X , if
and only if

E∗ f (Xn) → E f (X) for all f ∈ Cb(D).
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(ii) If Xn, X are defined on a common probability space we say that Xn converges outer
almost surely to X if d(Xn, X)∗ → 0 almost surely for some version of d(Xn, X)∗. This
is denoted by Xn

as∗→ X.

(iii) If Xn, X are defined on a common probability space we say that Xn converges in outer
probability to X if d(Xn, X)∗ → 0 in probability. This is equivalent to P∗(d(Xn, X) >

ε)→ 0 for every ε > 0 and is denoted by Xn
P→ X.

With this definition much of the theory for non-measurable maps parallels the classical
theory to a remarkable degree. For example, the parallels include a Portmanteau The-
orem, continuous mapping results, a Prohorov Theorem and the “metrization” of weak
convergence to separable limits by the bounded Lipschitz-metric. The latter is developed
in Section 1.12 in [van der Vaart and Wellner, 1996] and states that Xn  X, where X is
Borel measurable and separable if and only if

sup
f∈BL1(D)

|E∗ f (Xn)−E f (X)| → 0, (1.13)

where BL1(D) denotes the set of all real functions on D which are bounded by 1 and
satisfy the Lipschitz condition | f (x)− f (y)| ≤ d(x, y) for all x, y ∈ D.
Two further important properties for the investigation of stochastic convergence of non-
measurable maps are summarized in the following definition.

Definition 1.19
Let (Ωn,An, Pn) be a sequence of probability spaces and let Xn : Ωn → D be arbitrary
maps.

(i) (Xn)n∈N is asymptotically measurable if E∗ f (Xn) − E∗ f (Xn) → 0 for every f ∈
Cb(D).

(ii) (Xn)n∈N is asymptotically tight if for every ε > 0 there exists a compact set K ⊂ D

with lim infn→∞ P∗(Xn ∈ G) ≥ 1− ε for every open G ⊃ K.

By Lemma 1.3.8 in [van der Vaart and Wellner, 1996] weak convergence of (Xn)n to a
tight limit implies both asymptotic tightness and asymptotic measurability.
In the remainder of this section we consider the important special case D = l∞(T), where
l∞(T) is the set of all uniformly bounded, real-valued functions on a given fixed set T.
The metric d is the metric induced by the supremum norm ||z||t = supt∈T |z(t)|. In
this case weak convergence of the finite dimensional distributions (i.e. of all vectors
(Xn(t1), . . . , Xn(tk)) ∈ Rk with ti ∈ T and k ∈ N) and asymptotic tightness are suffi-
cient for weak convergence in l∞(T).
The most important example of a sequence of maps in a space of the latter form is the em-
pirical process. Given a sample X1, . . . , Xn of i.i.d. random variables with distribution P
on an arbitrary sample space X we define the empirical measure as Pn = n−1 ∑n

i=1 δXi ,
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where δx is the dirac measure at x. For f ∈ F = { f : X → R} we set Pn f =
n−1 ∑n

i=1 f (Xi) and define the empirical process as

Gn f =
√

n(Pn − P) f =
1√
n

n

∑
i=1

f (Xi)− P f ,

which can be seen as an element of l∞(F ) provided

sup
f∈F
| f (x)− P f | < ∞ for every x.

Chapter 2 in [van der Vaart and Wellner, 1996] assembles conditions under which

Gn =
√

n(Pn − P)  G in l∞(F ),

where the limit G is a tight Borel measurable element in l∞(F ). Considering marginal
convergence one can conclude that G must be a centered Gaussian process with covari-
ance function E[G f Gg] = P f g− P f Pg. A class F with the property that the empirical
process weakly converges to a tight limit is called P-Donsker.
Since D[0, 1] ⊂ l∞[0, 1] the example of the empirical process Xn(t) as defined in (1.12)
can be embedded in the preceding context by identifying l∞[0, 1] with l∞(F ) where F =
{I[0,t] : t ∈ [0, 1]}. More generally the same identification can be made for any subset of
Rd which will be frequently considered in the subsequent sections.
Since the limit process G of the empirical process depends on the (unknown) distribution
P various bootstrap procedures have been proposed in order to approximate the distribu-
tion of G. The usual resampling bootstrap is based on the bootstrap empirical measure
P̂n f = n−1 ∑n

i=1 Wni f (Xi), where Wn = (Wn1, . . . , Wnn) is a multinomial random vec-
tor with parameter n and success probabilities (1/n, . . . , 1/n), independent of the data
X1, . . . , Xn. The conditional distribution of Ĝn =

√
n(P̂n − Pn) given X1, X2, . . . can be

shown to converge weakly to the law of G in the following sense, see [Kosorok, 2008].

Definition 1.20
Let Ẑn = Ẑn(X1, . . . , Xn, M1, . . . , Mn) : (Ω,A, P) → D be a bootstrapped process de-
pending on some random variables X1, . . . , Xn and some random weights M. If Z is a
tight process in D then Ẑn weakly converges to Z given X1, X2, . . . in probability if and only
if

(i) sup f∈BL1(D)

∣∣EM f (Ẑn)−E f (Z)
∣∣ P→ 0,

(ii) EM f (Ẑn)∗ −EM f (Ẑn)∗
P→ 0 for all f ∈ BL1(D),

where the subscript M indicates conditional expectation over the weights M given the re-
maining data and where h(Ẑn)∗ and h(Ẑn)∗ denote measurable majorants and minorants

with respect to the joint data. We denote this convergence by Ẑn
P
 
M

Z.
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Note that this definition is motivated by the “metrization” of weak convergence by the
bounded Lipschitz metric, see (1.13), and by the asymptotic measurability of weakly con-
vergent sequences. Its usefulness is explained in [Giné and Zinn, 1990] where it is demon-
strated that the concept of weak convergence conditional on the data in probability allows
for the construction of asymptotic confidence regions for P.
For further results we refer the reader to the monographs [van der Vaart and Wellner,
1996; Kosorok, 2008].





Chapter 2

Bootstrap approximations for the
empirical copula process

2.1 Introduction

The empirical copula Cn is the most famous and easiest nonparametric estimator for the
copula C of a random vector. It is well known that the standardized process

√
n(Cn − C)

converges weakly towards a Gaussian field GC with covariance structure depending on
the unknown copula and its derivatives; see e.g. [Fermanian et al., 2004]. Because these
quantities are usually difficult to estimate several authors have suggested approximat-
ing the limit distribution using bootstrap procedures. [Fermanian et al., 2004] proposed
a bootstrap procedure based on resampling and proved its consistency. A wild boot-
strap approach based on the multiplier method was recently proposed by [Rémillard
and Scaillet, 2009] and applied to the problem of testing the equality between two cop-
ulas. Recently [Kojadinovic and Yan, 2010] and [Kojadinovic et al., 2010] used the same
method to construct a goodness-of-fit test for the parametric form of a copula.
The present chapter of this work has three purposes. First of all, [Rémillard and Scaillet,
2009] only investigate the multiplier bootstrap approach unconditionally, while usually
bootstrap results are stated conditionally given the observed data. Clearly, the latter con-
cept fits better to statistical applications since, loosely spoken, it deletes any randomness
being descended from the data. Usually observing only one data set in practical applica-
tions this is a desirable demand on bootstrap results.
Secondly, we propose two modifications of the multiplier bootstrap approach developed
in [Rémillard and Scaillet, 2009]. Note that the latter approach requires the estimation of
the partial derivatives of the unknown copula. Bearing in mind that estimating deriva-
tives usually is a difficult task we propose a modification, which avoids the estimation
problem. Moreover, the results of [Rémillard and Scaillet, 2009] are extended to the case
of non-i.i.d. multinomial multipliers.
Finally, we investigate the finite sample properties of the proposed bootstrap procedures.
In particular it is demonstrated that despite the fact that the modified multiplier method
and the bootstrap based on resampling avoid the problem of estimating derivatives, the
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procedure proposed in [Rémillard and Scaillet, 2009] and its extension to multinomial
multipliers yield the best approximations in most cases.

2.2 The empirical copula process and four bootstrap approxima-
tions

For the sake of brevity, we restrict ourselves to the case of a bivariate copula, but all
results can easily be transferred to higher dimensions. Let X1, . . . , Xn be independent
identically distributed bivariate random vectors with cumulative distribution function
(cdf) F, continuous marginal distribution functions F1 and F2 and copula C. Due to Sklar’s
Theorem 1.2 there is the relationship

C(u) = F(F−1 (u1), F−2 (u2)), (2.1)

where u = (u1, u2)T ∈ [0, 1]2 and H−(u) = max{inf{t ∈ R|H(t) ≥ u}, inf supp H}
denotes the generalized inverse of a real distribution function H. The empirical copula
as the simplest nonparametric estimator for C (going back to [Deheuvels, 1979]) simply
replaces the unknown terms in equation (2.1) by their empirical counterparts, that is

Cn(u) = Fn(F−n1(u1), F−n2(u2)) (2.2)

where

Fn(x) = Fn(x1, x2) =
1
n

n

∑
i=1

I{Xi1 ≤ x1, Xi2 ≤ x2},

Fnp(xp) =
1
n

n

∑
i=1

I{Xip ≤ xp}, p = 1, 2

denote the corresponding empirical distribution functions. The asymptotic behavior
of Cn was studied in several papers, including [Gänssler and Stute, 1987; Ghoudi and
Rémillard, 2004; Tsukahara, 2005; Fermanian et al., 2004] among others. It is remarkable
that all the results in these papers can be substantially weakened regarding the first order
properties of the copula: instead of requiring continuous partial derivatives of C on the
whole unit square we only require ∂1C being continuous on (0, 1)× [0, 1] and ∂2C being
continuous on [0, 1]× (0, 1), see [Segers, 2010]. The importance of this simplification can
hardly be underestimated since most of the common copula families have discontinuous
partial derivatives in some boundary points. For example, the only extreme value copula
possessing continuous partial derivatives on the whole unit square is the independence
copula, see [Segers, 2010].
Throughout this chapter  denotes weak convergence in the metric space l∞([0, 1]2)
of all uniformly bounded functions on the unit square [0, 1]2 equipped with the met-
ric induced by the supremum norm. Weak convergence is understood in the sense of
Hoffmann-Jørgensen, see Section 1.3. The following Theorem is proved in [Segers, 2010]
and an alternative proof based on the functional delta method is given in Section 2.3.
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Theorem 2.1 (Segers, 2010)
If the Copula C satisfies the following first order property

∂pC(u) exists and in continuous on {u ∈ [0, 1]2 | up ∈ (0, 1)} (2.3)

(p = 1, 2), then the empirical copula process
√

n(Cn − C) weakly converges towards a Gaussian
field GC,

αn =
√

n(Cn − C)  GC in l∞([0, 1]2).

The limiting process can be represented as

GC(u) = BC(u)− ∂1C(u)BC(u1, 1)− ∂2C(u)BC(1, u2), (2.4)

where ∂p C, p = 1, 2 is defined as 0 on the set {u ∈ [0, 1]2 | up ∈ {0, 1}} and BC denotes a
centered Gaussian field with covariance structure

r̃(u, v) = Cov(BC(u), BC(v)) = C(u ∧ v)− C(u)C(v).

The minimum in the last expression is understood component-wise.

The literature provides several similar nonparametric estimators for the copula. For ex-
ample, [Genest et al., 1995] studied the rank-based estimator

C̄n(u) =
1
n

n

∑
i=1

I{Fn1(Xi1) ≤ u1, Fn2(Xi2) ≤ u2}.

In the latter expression the marginal edfs Fnp are often replaced by their rescaled counter-
parts F̂np = n

n+1 Fnp. Both modifications do not affect the asymptotic behavior, see [Fer-
manian et al., 2004]. See also [Chen and Huang, 2007; Omelka et al., 2009] for a smoothed
version of this process.

The limiting Gaussian variable GC depends on the unknown copula C and for this reason
it is not directly applicable for statistical inference. In the following discussion we will
present two known and two new bootstrap approximations for the distribution of the
limiting process. We begin with the usual bootstrap based on resampling , which was
proposed in [Fermanian et al., 2004]. To be precise, let Wn = (Wn1, . . . , Wnn) be multino-
mial distributed random vectors with parameter n and success probabilities (1/n, . . . , 1/n)
and set

CW,W
n (u) = FW

n (FW−
n1 (u1), FW−

n2 (u2)),

where

FW
n (x) =

1
n

n

∑
i=1

WniI{Xi1 ≤ x1, Xi2 ≤ x2},

FW
np(xp) =

1
n

n

∑
i=1

WniI{Xip ≤ xp}, p = 1, 2.
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The double superscript W, W indicates that we use multinomial weights W both in the
joint and the marginal ecdfs. Finally define

αres
n =

√
n(CW,W

n − Cn)

as the bootstrap process based on resampling. For a precise statement of the asymptotic

properties of this process we denote by P
 
W

weak convergence conditional on the data in

probability as defined in Definition 1.20. The following result has been established by
[Fermanian et al., 2004], the proof follows along similar lines as the proof of Theorem 2.4
below and is given in Section 2.3.

Theorem 2.2
Under the preceding notations and assumptions the bootstrap approximation CW,W

n of the empir-
ical copula yields a valid approximation of the limit variable GC in the sense that

αres
n =

√
n(CW,W

n − Cn)
P
 
W

GC in l∞([0, 1]2).

In a recent paper [Rémillard and Scaillet, 2009] considered the problem of testing the
equality between two copulas (see also [Scaillet, 2005]) and proposed a multiplier boot-
strap approach to approximate the distribution of the limiting process GC. To be pre-
cise let Z1, . . . , Zn be independent identically distributed centered random variables with
variance one, independent of the data X1, . . . , Xn, which satisfy

||Z||2,1 =
∫ ∞

0

√
P(|Z| > x) dx < ∞.

Note that the latter condition is implied by a finite moment of any order r > 2. [Rémillard
and Scaillet, 2009] defined the bootstrap process

C∗n(u) =
1
n

n

∑
i=1

Zi I{Fn1(Xi1) ≤ u1, Fn2(Xi2) ≤ u2}

and showed that C∗n approximates the Gaussian field BC in the sense that(√
n(C̃n − C),

√
n(C∗n − Z̄nCn)

)
 (BC, B′C) in l∞([0, 1]2)2,

where C̃n(u) = n−1 ∑n
i=1 I{F1(Xi1) ≤ u1, F2(Xi2) ≤ u2}, Z̄n = n−1 ∑n

i=1 Zi and B′C is an
independent copy of BC. Since one is interested in an approximation of GC one is able to
utilize identity (2.4) by estimating the partial derivatives of the copula C. As proposed
by [Rémillard and Scaillet, 2009] and more precisely by [Segers, 2010] we use

∂̂1C(u) :=


Cn(u1,u2+h)−Cn(u1,u2−h)

2h if u1 ∈ [h, 1− h]
Cn(u1,2h)

2h if u1 ∈ [0, h)
u1−Cn(u1,1−2h)

2h if u1 ∈ (1− h, 1]
(2.5)

∂̂2C(u) :=


Cn(u1+h,u2)−Cn(u1−h,u2)

2h if u2 ∈ [h, 1− h]
Cn(2h,u2)

2h if u2 ∈ [0, h)
u2−Cn(1−2h,u2)

2h if u2 ∈ (1− h, 1]
(2.6)
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where h = n−1/2 → 0 (for a smooth version of these estimators see [Scaillet, 2005]).
Under strong continuity assumptions [Rémillard and Scaillet, 2009] showed that these
estimates are uniformly consistent, while [Segers, 2010] was able to relax this assertion
and its assumptions in a suitable manner. In order to approximate the limiting process
GC the authors set

α̃
pdm
n (u) = β̃n(u)− ∂̂1C(u)β̃n(u1, 1)− ∂̂2Cu)β̃n(1, u2), (2.7)

where the process β̃n is defined by β̃n =
√

n(C∗n − Z̄nCn). The upper index pdm in (2.7)
denotes the fact that estimates of the partial derivatives and a multiplier concept are used.
Proposition 4.2 in [Segers, 2010] states that under the assumptions of Theroem 2.1(√

n(Cn − C), α̃
pdm
n

)
 (GC, G′C) in l∞([0, 1]2)2,

where G′C is an independent copy of GC, see also [Rémillard and Scaillet, 2009] for an
analogous result under stronger smoothness assumptions. To conclude, α̃

pdm
n approxi-

mates the limit distribution unconditionally. As argued in the introduction we are rather
interested in conditional weak convergence given the observed data. This can be done
by the following slightly modified version of the multiplier approach.
Let ξ1, . . . , ξn denote independent identically distributed nonnegative random variables,
independent of the data X1, . . . , Xn, with expectation µ and finite variance τ2 > 0 such
that ||ξ||2,1 < ∞. We define ξ̄n = n−1 ∑n

i=1 ξi as the mean of ξ1, . . . , ξn and consider the
multiplier statistics

Cξ,·
n (u) = Fξ

n (F−n1(u1), F−n2(u2)),

where

Fξ
n (x) =

1
n

n

∑
i=1

ξi

ξ̄n
I{Xi1 ≤ x1, Xi2 ≤ x2}.

If we standardize the ξi to Zi = (ξi − µ)τ−1 we observe that both multiplier approaches
are indeed closely related by

√
n

µ

τ
(Cξ,·

n − Cn) ≈
√

n
µ

ξ̄n
(C∗n − Z̄nCn).

The next theorem states that the slightly modified multiplier approach Cξ,·
n approximates

the Gaussian field BC conditionally on the data. Using the notations

βn(u) =
√

n
µ

τ
(Cξ,·

n (u)− Cn(u))

and

α
pdm
n (u) = βn(u)− ∂̂1C(u)βn(u1, 1)− ∂̂2C(u)βn(1, u2). (2.8)

we obtain the following theorem, which is proved in the following section.
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Theorem 2.3
Under the preceding notations and assumptions we have

βn
P
 
ξ

BC in l∞([0, 1]2) and α
pdm
n

P
 
ξ

GC in l∞([0, 1]2).

The next resampling concept considered in this section is new and combines both ap-
proaches in order to avoid the estimation of the derivatives. On the one hand it makes
use of multipliers and on the other hand it is also based on identity (2.1) and the func-
tional delta method. To be precise we consider i.i.d. multipliers ξ1, . . . , ξn as defined
above and define the statistic

Cξ,ξ
n (u) = Fξ

n (Fξ−
n1 (u1), Fξ−

n2 (u2)),

where

Fξ
n (x) =

1
n

n

∑
i=1

ξi

ξ̄n
I{Xi1 ≤ x1, Xi2 ≤ x2},

Fξ
np(xp) =

1
n

n

∑
i=1

ξi

ξ̄n
I{Xip ≤ xp}, p = 1, 2.

As before set
αdm

n =
√

n
µ

τ
(Cξ,ξ

n − Cn).

We call this bootstrap the direct multiplier method, which is reflected by the the super-
script dm in its definition. The following result shows that the process αdm

n yields a consis-
tent bootstrap approximation of the empirical copula process conditional on the observed
data. Just as the resampling bootstrap note that this approach avoids the estimation of
the partial derivatives of the copula.

Theorem 2.4
Under the preceding notations and assumptions we have

αdm
n =

√
n

µ

τ
(Cξ,ξ

n − Cn)
P
 
ξ

GC in l∞([0, 1]2).

The last new resampling concept combines the existing approaches in a different manner.
It is similar in kind to the pdm-bootstrap but we use multinomial weights in the joint ecdf
instead of i.i.d. multipliers; we therefore call it the pdr-method. More precisely, we set

CW,·
n (u) = FW

n (F−n1(u1), F−n2(u2)),

γn(u) =
√

n (CW,·
n (u)− Cn(u)).

It turns out, that γn only approximates BC and we therefore have to estimate the partial
derivatives of the copula as in (2.5) and (2.6) and use

α
pdr
n (u) = γn(u)− ∂̂1C(u)γn(u1, 1)− ∂̂2C(u)γn(1, u2)

as an approximation for GC. In analogy to Theorem 2.3 we obtain the following result.
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Theorem 2.5
Under the preceding notations and assumptions we have

γn
P
 
W

BC in l∞([0, 1]2) and α
pdr
n

P
 
W

GC in l∞([0, 1]2).

2.3 Proofs

In this section we give the proofs for Theorem 2.1 - Theorem 2.5. First note that it is
sufficient to consider only the case of independent identically distributed random vectors
with U [0, 1]-marginals and copula C. Indeed, let U1, . . . ,Un be independent identically
distributed random vectors with cdf C and set

Gn(x) =
1
n

n

∑
i=1

I{Ui1 ≤ x,Ui2 ≤ x2},

Gnp(xp) =
1
n

n

∑
i=1

I{Uip ≤ xp} , p = 1, 2.

Clearly,

Fn(x) D= Gn(F1(x1), F2(x2)),

Fnp(xp)
D= Gnp(Fp(xp)) , p = 1, 2

and from the definition of the generalized inverse we conclude

F−np(up)
D= F−p (G−np(up)) , p = 1, 2,

so that

Cn(u) D= Gn(G−n1(u1), G−n2(u2))

as asserted. An analogue result holds for CW,W
n , Cξ,·

n , Cξ,ξ
n and CW,·

n and for this reasoning
we may assume in the following that X1, . . . , Xn are independent identically distributed
distributed according to the cdf C.
Now consider the mapping

Φ :

{
DΦ → l∞[0, 1]2

H 7→ H(H−1 , H−2 ),

where DΦ denote the set of all distribution functions H on [0, 1]2 whose marginal cdfs
H1 = H(·, 1) and H2 = H(1, ·) satisfy H1(0) = H2(0) = 0. The following Lemma is an
extension of Lemma 2 in [Fermanian et al., 2004] showing Hadamard-differentiability of
Φ under essentially weaker assumptions.
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Lemma 2.6
Let C be a copula whose partial derivatives satisfy the following first order properties

∂pC(u) exists and in continuous on {u ∈ [0, 1]2 | up ∈ (0, 1)}.

Then Φ is Hadamard-differentiable at C tangentially to

D0 =
{

F ∈ C[0, 1]2 | F(0, x) = F(x, 0) = 0 for all x ∈ [0, 1], F(1, 1) = 0
}

.

Its derivative at C in α ∈ D0 is given by(
Φ′C(α)

)
(x) = α(x)− ∂1C(x)α(x1, 1)− ∂2C(x)α(1, x2),

where ∂p C, p = 1, 2 is defined as 0 on the set {u ∈ [0, 1]2 | up ∈ {0, 1}}.

Proof. Let E denote the set of distribution functions F on [0, 1] with F(0) = 0 and
define E− as the set of all generalized inverse functions F− with F ∈ E. Now decompose
Φ = Φ3 ◦Φ2 ◦Φ1, where

Φ1 :

{
DΦ → DΦ2 = DΦ ×E×E

H 7→ (H, H1, H2)

Φ2 :

{
DΦ2 → DΦ3 = DΦ ×E− ×E−

(H, F, G) 7→ (H, F−, G−)
(2.9)

Φ3 :

{
DΦ3 → l∞[0, 1]2

(H, F, G) 7→ H ◦ (F, G).

The first mapping Φ1 is Hadamard-differentiable at C with derivative Φ′1,C = Φ1 since it
is linear and continuous.
Considering the second mapping let U ∈ E be the identity, then Ψ : F 7→ F− with F ∈ E is
Hadamard-differentiable at U tangentially to the set E0 = {F ∈ C[0, 1] : F(0) = F(1) =
0} with derivative Ψ′U(h) = −h. To see this let tn → 0, hn ∈ l∞[0, 1] with hn → h ∈ E0
and U + tnhn ∈ E. We have to show that

sup
x∈[0,1]

∣∣∣∣Ψ(U + tnhn)−Ψ(U)
tn

−Ψ′U(h)
∣∣∣∣ (x) = sup

x∈[0,1]

∣∣∣∣ (U + tnhn)−(x)− x
tn

+ h(x)
∣∣∣∣→ 0.

(2.10)

We deal with the case x = 0 first and show that

An = (U + tnhn)−(0) = sup{x ∈ [0, 1] : x + tnhn(x) = 0} = o(tn).

Suppose An is non-zero, eventually. Choose a sequence xn ∈ [An/2, An] satisfying xn +
tnhn(xn) = 0, i.e. hn(xn) = −xn/tn. Since hn is bounded we obtain xn = O(tn) = o(1). By
uniform convergence of hn and continuity of h this implies−xn/tn = hn(xn)→ h(0) = 0,
that is xn = o(tn) and therefore An = o(tn).
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Now consider the case x > 0. Since U + tnhn is a distribution function with (U +
tnhn)(0) = 0 it follows that ξn(x) = (U + tnhn)−(x) ∈ (0, 1] for all x ∈ (0, 1]. Set
ε(x) = t2

n ∧ ξn(x) > 0, then

(U + tnhn)(ξn(x)− ε(x)) ≤ x ≤ (U + tnhn)(ξn(x))

for all x ∈ (0, 1] by the definition of the generalized inverse function. This implies

−tnhn(ξn(x)) ≤ ξn(x)− x ≤ −tnhn(ξn(x)− ε(x)) + t2
n.

Since hn is uniformly bounded we obtain ξn(x) → x uniformly in x ∈ (0, 1]. Divide the
last equation by tn and use uniform convergence of hn and continuity of h to conclude
that (ξn(x)− x)/tn → −h(x) uniformly in x ∈ (0, 1]. Together with the case x = 0 this
yields (2.10).
It now easily follows that Φ2 is Hadamard-differentiable at (C, U, U) tangentially to D0×
E0 ×E0 with derivative

Φ′2,(C,U,U)(α, h1, h2) = (α,−h1,−h2).

Last but not least consider Φ3. We assert that Φ3 is Hadamard-differentiable at (C, U, U)
tangentially to D0 ×E0 ×E0 with derivative

Φ′3,(C,U,U)(α, f , g)(x) = α(x) + ∂1C(x) f (x1) + ∂2C(x)g(x2).

To see this let tn → 0 and (αn, fn, gn) ∈ l∞[0, 1]2 × l∞[0, 1]× l∞[0, 1] with (αn, fn, gn) →
(α, f , g) ∈ D0×E0×E0 such that (C + tnαn, U + tn fn, U + tngn) ∈ DΦ ×E− ×E−. Now
decompose

t−1
n {Φ3(C + tnαn, U + tn fn, U + tngn)−Φ3(C, U, U)} = Ln1 + Ln2

where

Ln1 = t−1
n {C ◦ (U + tn fn, U + tngn)− C}

Ln2 = αn ◦ (U + tn fn, U + tngn)

and consider both terms separately. Exploiting the facts that αn and ( fn, gn) converge
uniformly and that α is uniformly continuous one can conclude that ||Ln2 − α||∞ = o(1).
Concerning Ln1 we have to deal with nine different cases. If x ∈ (0, 1)2 a series expansion
of C at x yields

Ln1(x) = ∂1C(x) fn(x1) + ∂2C(x)gn(x2) + rn(x),

where the error term rn can be written as

rn(x) =
(
∂1C(y)− ∂1C(x)

)
fn(x1) +

(
∂2C(y)− ∂2C(x)

)
gn(x2)
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with some intermediate point y = y(n) between x and (U + tn fn, U + tngn)(x). The main
term uniformly converges to ∂1C(x) f (x1) + ∂2C(x)g(x2) as asserted, hence it remains to
show that the error term converges to 0 uniformly in x. To see this, let ε > 0. Using
uniform convergence of fn, uniform continuity of f and the fact that f (0) = f (1) = 0
one can conclude that there exists δ > 0 such that | fn(x1)| ≤ ε/2 for all x1 < δ and
x1 > 1− δ. Since partial derivatives of copulas are bounded by 1 the first half of the error
term is uniformly small for x1 < δ and x1 > 1− δ. On the quadrangle [δ, 1− δ]× [0, 1]
the partial derivative ∂1C is uniformly continuous which yields the desired convergence
under consideration of y(n) → x and boundedness of f . The same arguments apply for
the partial derivative in the second direction and the case x ∈ (0, 1)2 is finished.
Now consider x ∈ (0, 1)× {1}. Decompose Ln1(x1, 1) = L(1)

n1 (x1) + L(2)
n1 (x1) where

L(1)
n1 (x1) = t−1

n {C(x1 + tn fn(x1), 1)− C(x1, 1)}

L(2)
n1 (x1) = t−1

n {C(x1 + tn fn(x1), 1 + tngn(1))− C(x1 + tn fn(x1), 1)}

By the same arguments as in the previous case a Taylor expansion in the first coordinate
yields

L(1)
n1 (x1) = f (x1) + o(1) = ∂1C(x1, 1) f (x1) + ∂2C(x1, 1)g(1) + o(1)

uniformly in x1 (note that ∂1C(x1, 1) = 1 and g(1) = 0). Lipschitz-continuity of C implies
|L(2)

n1 (x1)| ≤ |gn(1)| → |g(1)| = 0 and the second case is finished.
If x ∈ (0, 1)× {0} use C(·, 0) ≡ 0 and Lipschitz-continuity of C to estimate

|Ln1(x1, 0)| = t−1
n |C(x1 + tn fn(x1), tngn(0))− C(x1 + tn fn(x1), 0)| ≤ |gn(0)| → 0.

Since ∂1C(x1, 0) f (x1) + ∂2C(x1, 0)g(0) = 0 this yields the assertion.
The cases x ∈ {0, 1} × (0, 1) and x ∈ {0, 1} × {0, 1} follow along similar lines and are
therefore omitted. To conclude, Φ3 is Hadamard-differentiable as asserted.
Now apply the chain rule, Lemma 3.9.3 in [van der Vaart and Wellner, 1996], to Φ =
Φ3 ◦Φ2 ◦Φ1 to conclude the assertion of the Lemma.

Next, note that Theorem 2.6 in [Kosorok, 2008] yields
√

n(Fn − C)  BC,
√

n c (FM
n − Fn)

P
 
M

BC,

where M ∈ {ξ, W} and c = µτ−1 (resp. 1) if M = ξ (resp. W).
Since CM,M

n = Φ(FM
n ), Cn = Φ(Fn) and C = Φ(C), the functional delta method, see

[Kosorok, 2008], yields
√

n c (Cn − C) =
√

n c (Φ(Fn)−Φ(C))  Φ′C(BC) = GC,
√

n c (CM,M
n − Cn) =

√
n c (Φ(FM

n )−Φ(Fn))
P
 
M

Φ′C(BC) = GC.
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This proves Theorem 2.1, Theorem 2.2 and Theorem 2.4.

Next consider the mapping

Ψ : (G, H) 7→ G(H−1 , H−2 ),

defined for two distribution functions (G, H) ∈ DΦ ×DΦ. Note that

Cξ,·
n = Ψ(Fξ

n , Fn), CW,·
n = Ψ(FW

n , Fn), Cn = Ψ(Fn, Fn), C = Ψ(C, C).

The mapping Ψ is Hadamard-differentiable at (C, C) tangentially to C([0, 1]2)2 with deriva-
tive

Ψ′(C,C)(G, H)(u) = G(u)− ∂1C(u)H(u1, 1)− ∂2C(u)H(1, u2).

To see this decompose

Ψ = Φ3 ◦Φ2 ◦Ψ1,

where Φ2 and Φ3 are defined in (2.9) and Ψ1 is given by

Ψ1 :

{
DΦ ×DΦ → DΦ2 = DΦ ×E×E

(G, H) 7→ (G, H1, H2).

Ψ1 is Hadamard-differentiable since it is linear and continuous, Φ2 and Φ3 are dealt with
in the proof of Lemma 2.6. Apply the chain rule, Lemma 3.9.3 in [van der Vaart and
Wellner, 1996] to obtain the desired Hadamard-differentiability of Ψ.
Next note that, unlike in the proof of Theorem 2.2 and 2.4 above, we do not have weak
convergence (resp. weak conditional convergence) of

√
n
(
(Fn, Fn)− (C, C)

)
 (BC, BC),

√
n c
(
(FM

n , Fn)− (Fn, Fn)
) P
 
M

(BC, 0)

towards the same limiting field, which would be necessary for an application of the func-
tional delta method. Nevertheless, we can mimic certain steps in the proof of Theorem
12.1 in [Kosorok, 2008].
First note that, unconditionally, UM

n =
√

n
(
(FM

n , Fn)− (Fn, Fn)
)
 (c−1BC, 0) =: c−1U1.

To see this let h ∈ BL1((l∞[0, 1]2)2) and use Fubini’s Theorem (Lemma 6.14 in [Kosorok,
2008]) and the triangle inequality to estimate

|E∗h(UM
n )−Eh(U1)| ≤ |EXEMh(UM

n )∗ −E∗XEMh(UM
n )|+ E∗X|EMh(UM

n )−Eh(U1)|.

Since
∣∣EMh(UM

n )−Eh(U1)
∣∣∗ converges to 0 in probability and is uniformly integrable

with respect to X1, . . . , Xn the second term converges to 0. The first term is bounded by
EXEMh(UM

n )∗ −EXEMh(UM
n )∗ which also converges to 0 since

EMh(UM
n )∗ −EMh(UM

n )∗ = oP(1)
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is uniformly integrable. Theorem 1.12.2 in [van der Vaart and Wellner, 1996] now yields
the weak convergence as asserted.
Next, by successive application of Lemma 1.4.3 and Lemma 1.4.4 in [van der Vaart and
Wellner, 1996], the vector (UM

n , Un) is asymptotically tight and asymptotically measur-
able. It is easy to see that asymptotic tightness and asymptotic measurability are per-
tained under continuous functionals, and therefore the same is true for UM

n + Un.
Now, if U2 is an independent copy of U1 we have for h ∈ BL1((l∞[0, 1]2)2)∣∣E∗h(UM

n + Un, Un)−Eh(c−1U1 + U2, U2)
∣∣

≤
∣∣∣EXEMh(UM

n + Un, Un)∗ −E∗EMh(UM
n + Un, Un)

∣∣∣
+ E∗

∣∣∣EMh(UM
n + Un, Un)∗ −EU1 h(c−1U1 + Un, Un)

∣∣∣
+
∣∣∣E∗EU1 h(c−1U1 + Un, Un)∗ −EU2EU1 h(c−1U1 + U2, U2)

∣∣∣ .

The first term on the right goes to 0 by asymptotic measurability of (UM
n + Un, Un) (use

Lemma 1.4.4 in [van der Vaart and Wellner, 1996]). The second term goes to 0 by the

fact that UM
n

P
 
M

c−1U1 and the fact that the map x 7→ h(x + Un, Un) is bounded

Lipschitz. The third term goes to 0 since (Un, Un)  (U2, U2) and since the map
x 7→ EU1 h(c−1U1 + x, x) is also bounded Lipschitz. Using Theorem 1.12.2 in [van der
Vaart and Wellner, 1996] one can conclude that, unconditionally,

√
n
(

FM
n − C

Fn − C

)
 
(

c−1U1 + U2
U2

)
.

Hadamard-differentiability of the mapping (β, γ) 7→ (Ψ(β, γ), Ψ(γ, γ), (β, γ), (γ, γ)) and
the functional delta method, see Theorem 2.8 in [Kosorok, 2008], yields

√
n


Ψ(FM

n , Fn)−Ψ(C, C)
Ψ(Fn, Fn)−Ψ(C, C)
(FM

n , Fn)− (C, C)
(Fn, Fn)− (C, C)

  


Ψ′(C,C)(c−1U1 + U2, U2)
Ψ′(C,C)(U2, U2)

(c−1U1 + U2, U2)
(U2, U2)

 .

Observing that Ψ′(C,C) is linear we can conclude that

c
√

n
(

Ψ(FM
n , Fn)−Ψ(Fn, Fn)

(FM
n , Fn)− (Fn, Fn)

)
 

(
Ψ′(C,C)(U1, 0)

(U1, 0)

)
=
(

U1
(U1, 0)

)
.

Continuity of the map (α, (β, γ)) 7→ ||α− β|| yields

||c
√

n
(

Ψ(FM
n , Fn)−Ψ(Fn, Fn)

)
− c
√

n(FM
n − Fn)|| −→ 0

in outer probability. Hence, we can use Lemma A.1 and the weak conditional conver-

gence c
√

n(FM
n − Fn)

P
 
M

BC to conclude that c
√

n
(
Ψ(FM

n , Fn)−Ψ(Fn, Fn)
) P
 
M

BC, or
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in other words, both βn
P
 
ξ

BC and γn
P
 
W

BC in l∞([0, 1]2). Regarding the assertions

concerning α
pdm
n and α

pdr
n we set

ᾱ
pdm
n (u) = βn(u)− ∂1C(u)βn(u1, 1)− ∂2C(u)βn(1, u2),

ᾱ
pdr
n (u) = γn(u)− ∂1C(u)γn(u1, 1)− ∂2C(u)γn(1, u2).

Observing Lemma 4.1 in [Segers, 2010] and exploiting the fact that βn and γn are asymp-
totically tight we can proceed as in the proof of Proposition 4.2 in [Segers, 2010] to con-
clude that

||αpdm
n − ᾱ

pdm
n || P−→ 0, ||αpdr

n − ᾱ
pdr
n ||

P−→ 0.

By Lemma A.1 this is sufficient for the assertions of Theorem 2.3 and 2.5.

2.4 Finite sample properties

In this section we present a small comparison of the finite sample properties of the four
bootstrap approximations given in the previous section. For the sake of brevity we only
consider one scenario, namely the Clayton copula with parameter θ = 1, corresponding
to Kendall’s-τ = 1/3, and note that other scenarios lead to similar results. The sample
size in our study is either n = 100 or n = 200.
In our first example we show a comparison of the different resampling methods studying
their covariances. We chose four points

{(
i
3 , j

3

)
, i, j = 1, 2

}
in the unit square and show

in the first row of Table 2.1 the true covariances of the limiting process. The second row in
the two table shows the simulated covariances of the the process

√
n(Cn−C) on the basis

of 106 simulation runs (note that this distribution cannot be used in applications because
the “true” copula is usually not known). We observe a rather good approximation of the
covariances of the limiting process by the empirical copula process αn. Rows 3 - 6 of Table
2.1 show the covariances obtained by the bootstrap approximation. These covariances
are based on the average of 1000 simulation runs, where in each run the covariance is
estimated on the basis of B = 1000 bootstrap replications. The corresponding results for
the mean squared errors are shown in Table 2.3. The multipliers for the partial derivative
and the direct multiplier bootstrap are simulated from two-point distributions with mean
and variance 1. We have also investigated other multipliers but it turns out that the
two-point distributions with variance 1 yield the best results (the other results are not
presented here for the sake of brevity).
The results of Table 2.1 - 2.4 show that the partial derivative multiplier methods (pdm
and pdr) yield the best approximations in almost all cases, despite the fact that they re-
quires the estimation of the partial derivatives of the copula. The advantages of these
approach are particularly visible in the estimation of the variances. The approximations
based on the resampling bootstrap and the direct multiplier bootstrap are similar but less
accurate than the results obtained by the partial derivative method. It is also worthwhile
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to mention that the pdm- and pdr-method need slightly more computational time to sim-
ulate a bootstrap sample, since they require evaluation of the multiplier processes in the
boundary-points.
In our second example we investigate the approximation of the 90% and 95% quantile of
the Kolmogorov-Smirnov statistic

Kn = sup
x∈[0,1]2

| fn(x)| (2.11)

and the Crámer-von Mises statistic

Ln =
∫

[0,1]2
f 2
n(x) dx. (2.12)

The corresponding results are presented in Table 2.5 where the first and sixth row show
the quantiles of the “true” process fn = αn, which are calculated by 106 simulation
runs. For the bootstrap methods the quantiles are estimated by 1000 simulation runs
with B = 1000 Bootstrap-replications in each scenario. We observe again that the partial
derivatives methods pdm and pdr yield the best approximation of the quantiles, while
the resampling bootstrap and the direct multiplier bootstrap usually give too large quan-
tiles, in particular for sample size n = 100. A similar observation for the partial multiplier
derivative and the resampling method has been made by [Scaillet, 2005] in the context of
testing hypothesis regarding the copula.
On the basis of the results presented in this study we conclude our investigation with
the statement that, despite the fact that the partial derivatives bootstrap requires the esti-
mation of the partial derivatives, it outperforms the resampling and the direct multiplier
bootstrap.
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(1/3,1/3) (1/3,2/3) (2/3,1/3) (2/3,2/3)
True (1/3,1/3) 0.0486 0.0202 0.0202 0.0100

(1/3,2/3) 0.0338 0.0093 0.0185
(2/3,1/3) 0.0338 0.0185
(2/3,2/3) 0.0508

αn (1/3,1/3) 0.0489 0.0198 0.0198 0.0097
(1/3,2/3) 0.0334 0.0089 0.0181
(2/3,1/3) 0.0333 0.0180
(2/3,2/3) 0.0510

α
pdr
n (1/3,1/3) 0.0510 0.0200 0.1999 0.0092

(1/3,2/3) 0.0351 0.0091 0.0182
(2/3,1/3) 0.0349 0.0184
(2/3,2/3) 0.0541

α
pdm
n (1/3,1/3) 0.0527 0.0205 0.0205 0.0093

(1/3,2/3) 0.0361 0.0092 0.0188
(2/3,1/3) 0.0360 0.0188
(2/3,2/3) 0.0554

αres
n (1/3,1/3) 0.0619 0.0244 0.0236 0.0094

(1/3,2/3) 0.0460 0.0091 0.0211
(2/3,1/3) 0.0450 0.0208
(2/3,2/3) 0.0694

αdm
n (1/3,1/3) 0.0627 0.0251 0.0248 0.0112

(1/3,2/3) 0.0456 0.0119 0.0213
(2/3,1/3) 0.0451 0.0233
(2/3,2/3) 0.0711

Table 2.1: Sample covariances for the Clayton Copula with θ = 1 and sample size n = 100.
The first and second rows show the true covariances and the covariances of the empirical copula
process, while rows 3 - 5 show the corresponding results for the bootstrap approximations.
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(1/3,1/3) (1/3,2/3) (2/3,1/3) (2/3,2/3)
True (1/3,1/3) 0.0486 0.0202 0.0202 0.0100

(1/3,2/3) 0.0338 0.0093 0.0185
(2/3,1/3) 0.0338 0.0185
(2/3,2/3) 0.0508

αn (1/3,1/3) 0.0492 0.0203 0.0203 0.0100
(1/3,2/3) 0.0339 0.0093 0.0185
(2/3,1/3) 0.0339 0.0185
(2/3,2/3) 0.0508

α
pdr
n (1/3,1/3) 0.0506 0.0199 0.0199 0.0094

(1/3,2/3) 0.0351 0.0086 0.0182
(2/3,1/3) 0.0350 0.0182
(2/3,2/3) 0.0530

α
pdm
n (1/3,1/3) 0.0513 0.0203 0.0201 0.0092

(1/3,2/3) 0.0356 0.0087 0.0184
(2/3,1/3) 0.0355 0.0185
(2/3,2/3) 0.0537

αres
n (1/3,1/3) 0.0583 0.0228 0.0228 0.0098

(1/3,2/3) 0.0413 0.0092 0.0199
(2/3,1/3) 0.0417 0.0202
(2/3,2/3) 0.0609

αdm
n (1/3,1/3) 0.0577 0.0226 0.0227 0.0104

(1/3,2/3) 0.0408 0.0103 0.0210
(2/3,1/3) 0.0412 0.0213
(2/3,2/3) 0.0634

Table 2.2: Sample covariances for the Clayton Copula with θ = 1 and sample size n = 200.
The first and second rows show the true covariances and the covariances of the empirical copula
process, while rows 3 - 5 show the corresponding results for the bootstrap approximations.
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(1/3,1/3) (1/3,2/3) (2/3,1/3) (2/3,2/3)

α
pdr
n (1/3,1/3) 0.7244 0.5058 0.4722 0.3321

(1/3,2/3) 0.9067 0.1821 0.2731
(2/3,1/3) 0.8285 0.2551
(2/3,2/3) 0.5612

α
pdm
n (1/3,1/3) 0.8887 0.5210 0.5222 0.3716

(1/3,2/3) 1.0112 0.1799 0.2988
(2/3,1/3) 0.9899 0.2818
(2/3,2/3) 0.6250

αres
n (1/3,1/3) 2.2612 0.6640 0.5424 0.3447

(1/3,2/3) 2.3702 0.1781 0.3554
(2/3,1/3) 2.1336 0.3554
(2/3,2/3) 3.9469

αdm
n (1/3,1/3) 2.6734 0.7566 0.7067 0.3037

(1/3,2/3) 2.3636 0.2461 0.5189
(2/3,1/3) 2.2544 0.5324
(2/3,2/3) 4.6142

Table 2.3: Mean squared error (multiplied with 104) of the different estimates for the covariance.
The underlying copula is the Clayton copula with θ = 1 and the sample size is n = 100.

(1/3,1/3) (1/3,2/3) (2/3,1/3) (2/3,2/3)

α
pdr
n (1/3,1/3) 0.4307 0.2423 0.2634 0.1601

(1/3,2/3) 0.4601 0.0992 0.1528
(2/3,1/3) 0.4922 0.1659
(2/3,2/3) 0.2672

α
pdm
n (1/3,1/3) 0.4595 0.2673 0.2798 0.1961

(1/3,2/3) 0.5211 0.1069 0.1577
(2/3,1/3) 0.5092 0.1681
(2/3,2/3) 0.2992

αres
n (1/3,1/3) 1.3820 0.3476 0.3715 0.2102

(1/3,2/3) 1.0414 0.1133 0.1940
(2/3,1/3) 1.2112 0.1993
(2/3,2/3) 1.614

αdm
n (1/3,1/3) 1.2682 0.3602 0.3471 0.2083

(1/3,2/3) 1.0394 0.1101 0.2484
(2/3,1/3) 1.0544 0.2642
(2/3,2/3) 1.9483

Table 2.4: Mean squared error (multiplied with 104) of the different estimates for the covariance.
The underlying copula is the Clayton copula with θ = 1 and the sample size is n = 200.
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n fn 90% (L2) 95% (L2) 90% (KS) 95% (KS)
100 αn 0.04593 0.05722 0.59254 0.65000

α
pdr
n 0.04882 0.06113 0.60000 0.66500

α
pdm
n 0.04870 0.06086 0.62042 0.68611

αres
n 0.07060 0.08700 0.80000 0.80000

αdm
n 0.07402 0.09241 0.76154 0.83721

200 αn 0.04544 0.05660 0.58925 0.64829
α

pdr
n 0.04823 0.06010 0.60140 0.66242

α
pdm
n 0.04715 0.05867 0.61236 0.67528

αres
n 0.06030 0.07425 0.70711 0.77782

αdm
n 0.06066 0.07507 0.70192 0.77030

Table 2.5: Sample quantiles of the Crámer van Mises statistic (2.12) and the Kolmogorov-Smirnov
statistic (2.11) for the Clayton copula with parameter θ = 1.



Chapter 3

Extreme value copulas: New
estimators and tests

3.1 Introduction

Recall Proposition 1.15: A bivariate copula C is an extreme value copula if and only if it
has a representation of the form

C(u) = exp
(

log(u1u2)A
( log u2

log(u1u2)

))
,

where A : [0, 1] → [1/2, 1] is a convex function satisfying max{t, 1 − t} ≤ A(t) ≤ 1,
which is called Pickands dependence function. Using the transformation u = (y1−t, yt) it
is easy to see that this is equivalent to

C(y1−t, yt) = yA(t) ∀ y, t ∈ [0, 1]. (3.1)

Extreme value copulas arise naturally as the possible limits of copulas of component-wise
maxima of independent, identically distributed or strongly mixing stationary sequences
(see [Deheuvels, 1984; Hsing, 1989] or the discussion in Chapter 1). These copulas pro-
vide flexible tools for modeling joint extremes in risk management. An important ap-
plication of extreme value copulas appears in the modeling of data with positive depen-
dence, and in contrast to the more popular class of Archimedean copulas they are not
symmetric (see [Tawn, 1988; Ghoudi et al., 1998]). Further applications can be found in
[Coles et al., 1999; Cebrian et al., 2003] among others.
The representation of (3.1) of the extreme value copula C depends only on the one-
dimensional function A and statistical inference on a bivariate extreme value copula C
may now be reduced to inference on its Pickands dependence function A.
The problem of estimating Pickands dependence function nonparametrically has found
considerable attention in the literature. Roughly speaking, there exist two classes of esti-
mators. The classical nonparametric estimator is that of [Pickands, 1981] (see [Deheuvels,
1991] for its asymptotic properties) and several variants have been discussed. Alterna-
tive estimators have been proposed and investigated in the papers by [Capéraà et al.,
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1997; Rojo Jiménez et al., 2001; Hall and Tajvidi, 2000; Segers, 2007; Zhang et al., 2008],
where the last-named authors also discussed the multivariate case. In most references
the estimators of Pickands dependence function are constructed assuming knowledge
of the marginal distributions. Recently [Genest and Segers, 2009] proposed rank-based
versions of the estimators of [Pickands, 1981] and [Capéraà et al., 1997], which do not
require knowledge of the marginal distributions. In general all of these estimators are
neither convex nor do they satisfy the boundary restriction max{t, 1− t} ≤ A(t) ≤ 1,
in particular the endpoint constrains A(0) = A(1) = 1. However, the estimators can
be modified without changing their asymptotic properties in such a way that these con-
straints are satisfied, see e.g. [Fils-Villetard et al., 2008].
Before the specific model of an extreme value copula is selected it is necessary to check
this assumption by a statistical test, that is a test for the hypotheses

H0 : C ∈ C vs. H1 : C /∈ C, (3.2)

where C denotes the class of all copulas satisfying (3.1). Throughout this chapter we call
(3.2) the hypothesis of extreme value dependence. The problem of testing this hypothesis
has found much less attention in the literature. To our best knowledge, only two tests
of extremeness are currently available in the literature. The first one was proposed by
[Ghoudi et al., 1998]. It exploits the fact that for a random vector X ∼ F = C(F1, F2) with
an extreme value copula C the random variable W = F(X) = C(F1(X1), F2(X2)) satisfies
the identity

−1 + 8E[W]− 9E[W2] = 0. (3.3)

The properties of this test have been studied by [Ben Ghorbal et al., 2009], who deter-
mined the finite- and large-sample variance of the test statistic. In particular, the test
proposed by [Ghoudi et al., 1998] is not consistent against alternatives satisfying (3.3).
The second class of tests was recently introduced by [Kojadinovic and Yan, 2010] who
proposed to compare the empirical copula and a copula estimator which is constructed
from the estimators proposed by [Genest and Segers, 2009] under the assumption of an
extreme value copula. These tests are only consistent against alternatives that are left tail
decreasing in both arguments and satisfy strong smoothness assumptions on the copula
and convexity assumptions on an analogue of Pickands dependence function, which are
hard to verify analytically.
The present chapter of this thesis has two purposes. The first is the development of some
alternative estimators of Pickands dependence function using the principle of minimum
distance estimation. We propose to consider the best approximation of the logarithm of
the empirical copula Cn evaluated in the point (y1−t, yt), i.e. log Cn(y1−t, yt), by functions
of the form

log(y)A(t) (3.4)

with respect to a weighted L2-distance. It turns out that the minimal distance and the
corresponding optimal function can be determined explicitly. On the basis of this result,



3.2 A measure of extreme value dependence 37

and by choosing various weight functions in the L2-distance we obtain an infinite di-
mensional class of estimators for the function A. Our approach is closely related to the
theory of Z-estimation and in Section 3.3 we indicate how this point of view provides sev-
eral interesting relationships between the different concepts for constructing estimates of
Pickands dependence function.
The second purpose of this chapter is to present a new test for the hypothesis of extreme
value dependence, which is consistent against a much broader class of alternatives than
the tests which have been proposed so far. Here our approach is based on an estimator of
a weighted minimum L2-distance between the true copula and the class of functions sat-
isfying (3.4) and the corresponding tests are consistent with respect to all positive quad-
rant dependent alternatives satisfying weak differentiability assumptions of first order.
To our best knowledge, this method provides the first test in this context which is consis-
tent against such a general class of alternatives. Moreover, in contrast to [Ghoudi et al.,
1998] and [Kojadinovic and Yan, 2010] we also provide a weak convergence result under
fixed alternative which can be used for studying the power of the test.
The remaining part of the chapter is organized as follows. In Section 3.2 we consider the
approximation problem from a theoretical point of view. In particular, we derive explicit
representations for the minimal L2-distance between the logarithm of the copula and its
best approximation by a function of the form (3.4), which will be the basis for all statis-
tical applications in this chapter. The new estimators, say Ân, are defined in Section 3.3,
where we also prove weak convergence of the process {

√
n(Ân(t)− A(t))}t∈[0,1] in the

space of uniformly bounded functions on the interval [0, 1] under appropriate assump-
tions on the weight function used in the L2-distance. Furthermore, we give a theoretical
and empirical comparison of the new estimators with the estimators proposed in [Gen-
est and Segers, 2009]. We will also determine “optimal” estimators in the proposed class
by minimizing the asymptotic MSE with respect to the choice of the weight function
used in the L2-distance. In particular, we demonstrate that some of the new estimators
have a substantially smaller asymptotic variance than the estimators proposed by the
last-named authors. We also provide a simulation study in order to investigate the finite
sample properties of the different estimates. In Section 3.4 we introduce and investigate
the new test of extreme value dependence. In particular, we derive the asymptotic dis-
tribution of the test statistic under the null hypothesis as well as under the alternative.
In order to approximate the critical values of the test we introduce a multiplier bootstrap
procedure, prove its consistency and study its finite sample properties by means of a
simulation study. Finally, the proofs of the results in this chapter are deferred to Section
3.5.

3.2 A measure of extreme value dependence

Let A denote the set of all functions A : [0, 1] → [1/2, 1] and let Π be the copula cor-
responding to independent random variables, i.e. Π(u) = u1u2, see Proposition 1.3 (ii).
Throughout this chapter we assume that the copula C satisfies C ≥ Π which holds for any
extreme value copula due to the lower bound for its Pickands dependence function A. As
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pointed out by [Scaillet, 2005] this property is equivalent to the concept of positive quad-
rant dependence, that is

P(X ≤ x) ≥ P(X1 ≤ x1)P(X2 ≤ x2) ∀ x = (x1, x2)T ∈ R2.

For a copula with this property we define the weighted L2-distance

Mh(C, A) =
∫

(0,1)2

(
log C(y1−t, yt)− log(y)A(t)

)2
h(y) d(y, t) (3.5)

where h : [0, 1]→ R̄+ is a continuous weight function.
The following result is essential for our approach and provides an explicit expression for
the best L2-approximation of the logarithm of the copula by the logarithm of a function
of the form (3.1) and as a by-product characterizes the function A∗ minimizing Mh(C, A).

Theorem 3.1
Assume that the given copula satisfies C ≥ Πκ for some κ ≥ 1 and that the weight function h
satisfies

∫ 1
0 (log y)2h(y)dy < ∞. Then the function

A∗ = arg min{Mh(C, A) | A ∈ A}

is unique and given by

A∗(t) = B−1
h

∫ 1

0

log C(y1−t, yt)
log y

h∗(y) dy , (3.6)

where the associated weight function h∗ is defined by

h∗(y) = log2(y)h(y), y ∈ (0, 1), (3.7)

and

Bh =
∫ 1

0
(log y)2h(y) dy =

∫ 1

0
h∗(y) dy.

Moreover, the minimal L2-distance between the logarithms of the given copula and the class of
functions of the form (3.4) is given by

Mh(C, A∗) =
∫

(0,1)2

(
log C(y1−t, yt)

log y

)2

h∗(y) d(y, t)− Bh

∫ 1

0
(A∗(t))2 dt. (3.8)

Proof. Since C ≥ Πκ, we get 0 ≥ log C(y1−t, yt) ≥ κ log y and thus | log C(y1−t, yt)| ≤
κ| log y| and all integrals exist. Rewriting the L2 distance in (3.5) gives

Mh(C, A) =
∫ 1

0

∫ 1

0

( log C(y1−t, yt)
log y

− A(t)
)2

(log y)2h(y) dy dt
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and the assertion is now obvious.

Note that A∗(t) = A(t) if C is an extreme value copula of the form (3.1) with Pickands
dependence function A. Furthermore, the following Lemma shows that the minimizing
function A∗ defined in (3.6) satisfies the boundary conditions of Pickands dependence
functions.

Lemma 3.2
Assume that C is a copula satisfying C ≥ Π. Then the function A∗ defined in (3.6) has the
following properties

(i) A∗(0) = A∗(1) = 1

(ii) A∗(t) ≥ t ∨ (1− t)

(iii) A∗(t) ≤ 1.

Proof. Assertion (i) is obvious. For a proof of (ii) one uses the Fréchet-Hoeffding bound
C(u) ≤ u1 ∧ u2 (see e.g. [Nelsen, 2006]) and obtains the assertion by a direct calculation.
Similarly assertion (iii) follows from the inequality C ≥ Π.

Unfortunately, the function A∗ is in general not convex for every copula satisfying C ≥ Π.
A counterexample can be derived from Theorem 3.2.2 in [Nelsen, 2006] and is given by
the following shuffle of the copula u ∧ v

C(u) =


min{u1, u2, 1/2}, u ∈ [0,

√
1/2]2

min{u1, u2 + 1/2−
√

1/2}, u ∈ [0,
√

1/2]× [
√

1/2, 1]
min{u1 + 1/2−

√
1/2, u2}, u ∈ [

√
1/2, 1]× [0,

√
1/2]

min{u1, u2, u1 + u2 + 1/2− 2
√

1/2}, u ∈ [
√

1/2, 1]2,

for which an easy calculation shows that the mapping t 7→ − log C(1/21−t, 1/2t) is not
convex. Consequently, one can find a weight function h such that the corresponding best
approximating function A∗ is not convex.

With the notation
fy(t) = C(y1−t, yt),

the function A∗ is convex (for every weight function h) if and only if the function gy(t) =
− log fy(t) is convex for every y ∈ (0, 1). The following Lemma is now obvious.

Lemma 3.3
If the function t→ fy(t) = C(y1−t, yt) is twice differentiable and the inequality

[ f ′y(t)]2 ≥ f ′′y (t) fy(t)

holds for every (y, t) ∈ (0, 1)2, then the best approximation A∗ defined by (3.6) is convex.
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It is worthwhile to mention that the function A∗ is convex for some frequently considered
classes of copulas, one of which will be illustrated in the following example.

Example 3.4
Consider the Clayton copula

CClayton(u; θ) =
(

u−θ
1 + u−θ

2 − 1
)−1/θ

, θ > 0. (3.9)

Then a tedious calculation yields

[ f ′y(t)]2 − f ′′y (t) fy(t) = θ log2(y)
{

CClayton(y1−t, yt; θ)
}2+2θ (

4y−θ − y−θt − y−θ(1−t)
)

≥ θ log2(y)
{

CClayton(y1−t, yt; θ)
}2+2θ (

3y−θ − 1
)
≥ 0,

where the inequalities follow observing that m(t) = y−θt + y−θ(1−t) ≤ m(0) = 1 + y−θ

and y−θ ≥ 1. Therefore we obtain from Lemma 3.3 that the best approximation A∗ is
convex and corresponds to an extreme value copula.

Example 3.5
In the following we discuss the weight function hk(y) = −yk/ log y (k ≥ 0) with associ-
ated function h∗k (y) = −yk log y , which will be used later for the construction of the new
estimators of Pickands dependence function. One the one hand this choice is made for
mathematical convenience, because it allows for easy explicit calculations of the asymp-
totic variance in specific examples. On the other hand estimates constructed on the basis
of this weight function turn out to have good asymptotic and finite sample properties
(see the discussion in Section 3.3.7). It follows that

Bhk = −
∫ 1

0
yk log y dy = (k + 1)−2

and

A∗(t) = −(k + 1)2
∫ 1

0
log C(y1−t, yt) yk dy,

which simplifies in the case k = 0 to the representation

A∗(t) = −
∫ 1

0
log C(y1−t, yt)dy.

Example 3.6
In the following we calculate the minimal distance Mh(C, A∗) and its corresponding best
approximation A∗ for two copula families and the associated weight function h∗1(y) =
−y log y from Example 3.5. First we investigate the Gaussian copula defined by

CGauß(u; ρ) = Φ2(Φ−(u1), Φ−(u2), ρ),
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where Φ is the standard normal distribution function and Φ2(·, ·, ρ) is the distribution
function of a bivariate normal random variable with standard normally distributed mar-
gins and correlation ρ ∈ [0, 1]. For the limiting cases ρ = 0 and ρ = 1 we obtain the
independence and perfect dependence copula, respectively, while for ρ ∈ (0, 1) the cop-
ula CGauß( · ; ρ) is not an extreme value copula. The minimal distances are plotted as a
function of ρ in the left part of the first line of Figure 3.1. In the right part we show some
functions A∗ corresponding to the best approximation of the logarithm of the Gaussian
copula by a function of the form (3.4). We note that all functions A∗ are convex although
CGauß( · ; ρ) is only an extreme value copula in the case ρ = 0.
In the second example we consider a convex combination of a Gumbel copula with pa-
rameter θ1 = log 2/ log 1.5 (corresponding to a coefficient of tail dependence of 0.5) and
a Clayton copula with parameter θ2 = 2, i.e.

Cα(u) = α CClayton(u; θ2) + (1− α) CGumbel(u; θ1), α ∈ [0, 1],

where the the Clayton copula is given in (3.9) and the Gumbel copula is defined by

CGumbel(u; θ) = exp
(
−
{
(− log u1)θ + (− log u2)θ)

}1/θ
)

, θ > 1.

Note that only the Gumbel copula is an extreme value copula and obtained for α =
0. The minimal distances are depicted in the left part of the lower panel of Figure 3.1
as a function of α. In the right part we show the functions A∗ corresponding to the
best approximation of the logarithm of Cα by a function of the form (3.4). Again all
approximations are convex, which means that A∗ corresponds in fact to an extreme value
copula.

3.3 A class of minimum distance estimators

3.3.1 Pickands and the CFG estimator

From now on, let X1, . . . , Xn (with Xi = (Xi1, Xi2)T) denote independent identically dis-
tributed bivariate random variables with cumulative distribution function F, copula C
and marginals F1 and F2. Most of the estimates which have been proposed in the litera-
ture so far are based on the fact that the random variable

ξ(t) =
− log F1(X1)

1− t
∧ − log F2(X2)

t

is exponentially distributed with parameter A(t). In particular we have E[ξ(t)] = 1/A(t).
If the marginal distributions would be known, an estimate of A(t) could be obtained by
the method of moments. In the case of unknown marginals [Genest and Segers, 2009]
proposed to replace F1 and F2 by their empirical counterparts and obtained

ÂP
n,r(t) =

( 1
n

n

∑
i=1

ξ̂i(t)
)−1
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Figure 3.1: Left: Minimal distances Mh(C, A∗)× 105 for the Gaussian copula (as a function of
its correlation coefficient) and for the convex combination of a Gumbel and a Clayton copula (as
a function of the parameter α in the convex combination). Right: the functions A∗ corresponding
to the best approximations by functions of the form (3.4).
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as a rank-based version of Pickands estimate, where

ξ̂i(t) =
− log Fn1(Xi1)

1− t
∧ − log Fn2(Xi2)

t
i = 1, . . . , n,

and

Fnp(Xip) =
1

n + 1

n

∑
j=1

I{Xjp ≤ Xip}, p = 1, 2,

denotes the (slightly modified) empirical distribution function of the sample {Xjp}n
j=1 at

the point Xip. Similarly, observing the identity E[log ξ(t)] = − log A(t) − γ (here γ =
−
∫ ∞

0 log x e−xdx denotes Euler’s constant), they obtained a rank-based version of the
estimate proposed by [Capéraà et al., 1997], that is

ÂCFG
n,r (t) = exp

(
−γ− 1

n

n

∑
i=1

log ξ̂i(t)
)

.

For illustrative purposes we finally recall two integral representations for the rank-based
version of Pickands and CFG estimate, which we use in Section 3.3.6 to put all estimates
considered in this chapter in a general context, i.e.

1
ÂP

n,r(t)
=
∫ 1

0

Cn(y1−t, yt)
y

dy, (3.10)

γ + log ÂCFG
n,r (t) =

∫ 1

0

Cn(y1−t, yt)− I{y > e−1}
log y

dy, (3.11)

where

Cn(u) =
1
n

n

∑
i=1

I{Fn1(Xi1) ≤ u1, Fn2(Xi2) ≤ u2}, (3.12)

denotes the empirical copula (see [Genest and Segers, 2009] for more details). Note that
the definition of Cn slightly differs from the one in (2.2), but the asymptotic behavior is
not affected.

3.3.2 New estimators and weak convergence

Theorem 3.1 suggests to define a class of new estimators for Pickands dependence func-
tion by replacing the unknown copula in (3.6) through the empirical copula defined in
(3.12). The asymptotic properties of the corresponding estimators will be investigated in
this section. For technical reasons we require that the argument in the logarithm in the
representation (3.6) is positive and propose to use the estimator

C̃n = Cn ∨ n−γ, (3.13)
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where the constant γ satisfies γ > 1/2 and the empirical copula Cn is defined in (3.12).
Under this assumption, the process

√
n(C̃n − C) shows the same limiting behavior as

the empirical copula process
√

n(Cn − C), see Theorem 2.1. Note that the condition (2.3)
in Theorem 2.1 can be shown to hold for any extreme value copula with continuously
differentiable Pickands function A, see [Segers, 2010].
Now, observing the representation (3.6) we obtain the estimator

Ân,h(t) = B−1
h

∫ 1

0

log C̃n(y1−t, yt)
log y

h∗(y)dy (3.14)

for Pickands dependence function, where C̃n is defined in (3.13). Note that this relation
specifies an infinite dimensional class of estimators indexed by the set of all admissible
weight functions. The following results specify the asymptotic properties of these estima-
tors. We begin with a slightly more general statement, which shows weak convergence
for the weighted integrated process

√
nWn,w(t) =

√
n
∫ 1

0
log

C̃n(y1−t, yt)
C(y1−t, yt)

w(y, t) dy,

where the weight function w : [0, 1]2 → R̄ depends on y and t. The result (and some
arguments in its proof) are also needed in Section 3.4.

Theorem 3.7
Assume that for the weight function w : [0, 1]2 → R̄ there exists a function w̄ : [0, 1] → R̄+

0
such that

∀ (y, t) ∈ [0, 1]2 : |w(y, t)| ≤ w̄(y) (3.15)
∀ ε > 0 : sup

y∈[ε,1]
w̄(y) < ∞ (3.16)

∫ 1

0
w̄(y)y−λdy < ∞ (3.17)

for some λ > 1. If the copula C satisfies (2.3) and C ≥ Π, then we have for any γ ∈ (1/2, λ/2)
as n→ ∞

√
nWn,w(t) =

√
n
∫ 1

0
log

C̃n(y1−t, yt)
C(y1−t, yt)

w(y, t) dy  WC,w(t) =
∫ 1

0

GC(y1−t, yt)
C(y1−t, yt)

w(y, t) dy

in l∞[0, 1].

The following result is now an immediate consequence of Theorem 3.7 using w(y, t) :=
−B−1

h h∗(y) (recall the definition of the associated weight function h∗ in (3.7)) and yields
the weak convergence of the process

√
n(Ân,h− A∗) for a broad class of weight functions.
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Theorem 3.8
If the copula C ≥ Π satisfies condition (2.3) and the weight function h satisfies the conditions

for all ε > 0 : sup
y∈[ε,1]

∣∣∣∣h∗(y)
log y

∣∣∣∣ < ∞ (3.18)

∫ 1

0
h∗(y)(− log y)−1y−λ dy < ∞ (3.19)

for some λ > 1, then we have for any γ ∈ (1/2, λ/2) as n→ ∞

An,h =
√

n(Ân,h − A∗)  AC,h in l∞[0, 1],

where the process AC,h is given by

AC,h(t) = B−1
h

∫ 1

0

GC(y1−t, yt)
C(y1−t, yt)

h∗(y)
log y

dy. (3.20)

Remark 3.9
(a) Conditions (3.18) and (3.19) restrict the behavior of the function h∗ near the boundary
of the interval [0, 1]. A simple sufficient condition for (3.18) and (3.19) is given by

sup
x∈[0,1]

∣∣∣∣ h∗(x)
xα(1− x)β

∣∣∣∣ < ∞

for some α > 0, β ≥ 1. In this case λ can be chosen as 1 + α/2.

(b) In the construction discussed so far, it is also possible to use weight functions that
depend on t, i.e. functions of the form h̃∗(y, t). As long as h̃∗(y, t) > 0 for (y, t) ∈
(0, 1) × [0, 1], the corresponding best approximation A∗ will still be well defined and
correspond to the Pickands dependence function if C is an extreme value copula. The-
orem 3.7 provides the asymptotic properties of the corresponding estimator A if we set
w(y, t) := h̃∗(y, t)/(− log y) and assume that

∫ 1
0 h̃∗(y, t)dy = 1 for all t. However, for the

sake of a clear presentation, we will only use weight functions that do not depend on t.

Note that Theorem 3.8 is also correct if the given copula is not an extreme value copula. In
other words: it establishes weak convergence of the process

√
n(Ân,h − A∗) to a centered

Gaussian process, where A∗ denotes the function corresponding to the best approxima-
tion of the logarithm of the copula C by a function of the form (3.4). If A∗ is convex, it cor-
responds to an extreme value copula and coincides with Pickands dependence function.
Note also that Theorem 3.8 excludes the case h∗0(y) = − log y, because condition (3.19)
is not satisfied for this weight function. Nevertheless, under the additional assumption
that C is an extreme value copula with twice continuously differentiable Pickands depen-
dence function A, the assertion of the preceding theorem is still valid.
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Theorem 3.10
Assume that C is an extreme value copula with twice continuously differentiable Pickands depen-
dence function A. For the weight function h∗0(y) = − log y we have for any γ ∈ (1/2, 3/4) as
n→ ∞

An,h0(t) =
√

n(Ân,h0 − A)(t)  AC,h0(t) = −
∫ 1

0

GC(y1−t, yt)
C(y1−t, yt)

dy

in l∞[0, 1], where Ân,h0(t) = −
∫ 1

0 log C̃n(y1−t, yt) dy.

Remark 3.11
(a) If the marginals of (X, Y) are independent the distribution of the random variable
AΠ,h0 coincides with the distribution of the random variable

AP
r (t) = −

∫ 1

0
GΠ(y1−t, yt)y−1 dy,

which appears as the weak limit of the appropriately standardized Pickands estimator,
see [Genest and Segers, 2009]. In fact, a much more general statement is true: by using
weight functions h̃∗(y, t) depending on t it is possible to obtain for any extreme value cop-
ula estimators of the form (3.14) which show the same limiting behavior as the estimators
proposed by [Genest and Segers, 2009]. This already indicates that for any extreme value
copula it is possible to find weight functions which will make the new minimum distance
estimators asymptotically at least as efficient (in fact better, as will be shown in Section
3.3.4) as the estimators introduced by [Genest and Segers, 2009].

(b) A careful inspection of the proof of Theorem 3.7 reveals that the condition C ≥ Π can
be relaxed to C ≥ Πκ for some κ > 1, if one imposes stronger conditions on the weight
function.

(c) The estimator depends on the parameter γ which is used for the construction of the
statistic C̃n = Cn ∨ n−γ. This modification is only made for technical purposes and from
a practical point of view the behavior of the estimators does not change substantially
provided that γ is chosen larger than 2/3.

Remark 3.12
The new estimators can be alternatively motivated observing that the identity (3.1) yields
the representation A(t) = log C(y1−t, yt)/ log y for any y ∈ (0, 1). This leads to a simple
class of estimators, i.e.

Ãn,δy(t) =
log C̃n(y1−t, yt)

log y
; y ∈ (0, 1),

where δy is the Dirac measure at the point y and C̃n is defined in (3.13). By averaging
these estimators with respect to a distribution, say π, we obtain estimators of the form

Ãn,π(t) =
∫ 1

0

log C̃n(y1−t, yt)
log y

π(dy),
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which coincide with the estimators obtained by the concept of best L2-approximation.

3.3.3 A special class of weight functions

In this subsection we illustrate the results investigating Example 3.5 discussed at the end
of Section 3.2. For the associated weight function h∗k (x) = −yk log y with k ≥ 0 we obtain

Ân,hk(t) = −(k + 1)2
∫ 1

0
log C̃n(y1−t, yt) yk dy.

The process {An,hk(t)}t∈[0,1] converge weakly in l∞[0, 1] to the process {AC,hk}t∈[0,1], which
is given by

AC,hk(t) = −(k + 1)2
∫ 1

0

GC(y1−t, yt)
C(y1−t, yt)

yk dy.

Consequently, for C ∈ C, the asymptotic variance of Ân,hk is obtained as

Var(AC,hk(t)) = (k + 1)4
∫ 1

0

∫ 1

0
σ(u, v; t)(uv)k−A(t) du dv, (3.21)

where the function σ is given by

σ(u, v; t) = Cov
(

GC(u1−t, ut), GC(v1−t, vt)
)

.

In order to find an explicit expression for these variances we assume that the function A
is differentiable and introduce the notation

µ(t) = A(t)− tA′(t), ν(t) = A(t) + (1− t)A′(t),

where A′ denotes the derivative of A. The following result can be shown by similar
arguments as given in [Genest and Segers, 2009], the proof is given in Section 3.5.

Proposition 3.13
For t ∈ [0, 1] let µ̄(t) = 1− µ(t) and ν̄(t) = 1− ν(t). If C is an extreme value copula with
Pickands dependence function A, then the variance of the random variable AC,hk(t) is given by

(k + 1)2
{ 2(k + 1)

2k + 2− A(t)
− (µ(t) + ν(t)− 1)2 − 2µ(t)µ̄(t)(k + 1)

2k + 1 + t
− 2ν(t)ν̄(t)(k + 1)

2k + 2− t

+ 2µ(t)ν(t)
(k + 1)2

(1− t)t

∫ 1

0

(
A(s) + (k + 1)

(
1− s
1− t

+
s
t

)
− 1
)−2

ds

− 2µ(t)
(k + 1)2

(1− t)t

∫ t

0

(
A(s) + (k + t)

1− s
1− t

+ (k + 1− A(t))
s
t

)−2
ds

− 2ν(t)
(k + 1)2

(1− t)t

∫ 1

t

(
A(s) + (k + 1− A(t))

1− s
1− t

+ (k + 1− t)
s
t

)−2
ds
}

.
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Note that the limiting process in (3.20) is a centered Gaussian process. This means that,
asymptotically, the quality of the new estimators (as well as of the estimators of [Genest
and Segers, 2009], which show a similar limiting behavior) is determined by the variance.
Based on these observations, we will now provide an asymptotic comparison of the new
estimators Ân,hk(t) with the estimators investigated by [Genest and Segers, 2009]. Some
finite sample results will be presented in the following section for various families of
copulas. For the sake of brevity we restrict ourselves to the independence copula Π, for
which A(t) ≡ 1. In the case k = 0 we obtain from Proposition 3.13 the same variance as
for the rank-based version of Pickands estimator, that is

Var(AΠ,h0) =
3t(1− t)

(2− t)(1 + t)
= Var(AP

r ),

see Corollary 3.4 in [Genest and Segers, 2009], while the case k > 0 yields

Var(AΠ,hk) =
(3 + 4k)(k + 1)2

2k + 1
t(1− t)

(2k + 2− t)(2k + 1 + t)
.

Investigating the derivative in k, it is easy to see that Var(AΠ,hk) is strictly decreasing in
k with

lim
k→∞

Var(AΠ,hk) =
t(1− t)

2
.

Therefore, we have
Var(AP

r ) = Var(AΠ,h0) ≥ Var(AΠ,hk)

for all k ≥ 0 with strict inequality for all k > 0. This means that for the indepen-
dence copula all estimators obtained by our approach with associated weight function
h∗k (y) = −yk log y, k > 0 have a smaller asymptotic variance than the rank-based version
of Pickands estimator. On the other hand a comparison with the CFG estimator proposed
by [Genest and Segers, 2009] does not provide a clear picture about the superiority of one
estimator and we defer this comparison to the following section, where optimal weight
functions for the new estimates Ân,h are introduced.

3.3.4 Optimal weight functions

In this section, we discuss asymptotically optimal weight functions corresponding to the
class of estimates introduced in Section 3.3.2. As pointed out in the previous section, from
an asymptotic point of view the mean squared error of the estimates is dominated by the
variance and therefore we concentrate on weight functions minimizing the asymptotic
variance of the estimate Ân,h. The finite sample properties of the mean squared error
of the various estimates will be investigated by means of a simulation study in Section
3.3.7.
Note that an optimal weight function depends on the point t where Pickands depen-
dence function has to be estimated and on the unknown copula. Therefore an estimator
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with an optimal weight function cannot be implemented in concrete applications with-
out preliminary knowledge about the copula. However, it can serve as a benchmark for
user-specified weight functions. To be precise, observe that by Theorem 3.8 the variance
of the limiting process AC,h is of the form

V(ξ) =
∫ 1

0

∫ 1

0
kt(x, y)dξ(x)dξ(y), (3.22)

where ξ denotes a probability measure on the interval [0, 1] defined by dξ(x) = B−1
h h∗(x)dx

and the kernel kt(x, y) is given by

kt(x, y) = E
[ GC(x1−t, xt)

C(x1−t, xt) log(x)
GC(y1−t, yt)

C(y1−t, yt) log(y)

]
It is easy to see that V defines a convex function on the space of all probability measures
on the interval [0, 1] and the existence of a minimizing measure follows if the kernel kt is
continuous on [0, 1]2. The following result characterizes the minimizer of V and is proved
in Section 3.5.

Theorem 3.14
A probability measure η on the interval [0, 1] minimizes V if and only if the inequality∫ 1

0
kt(x, y)dη(y) ≥

∫ 1

0

∫ 1

0
kt(x, y)dη(x)dη(y) (3.23)

is satisfied for all x ∈ [0, 1].

Theorem 3.14 can be used to check the optimality of a given weight function. For exam-
ple, if the copula C is given by the independence copula Π we have

kt(x, y) =
(xt ∧ yt − (xy)t)(x1−t ∧ y1−t − (xy)1−t)

x log(x) y log(y)
,

and it is easy to see that none of the associated weight functions h∗k (y) = −yk log y with
k ≥ 0 is optimal in the sense that it minimizes the asymptotic variance of the estimate
Ân,h with respect to the choice of the weight function. On the other hand the result is less
useful for an explicit computation of optimal weight functions. Deriving an analytical
expression for the optimal weight function seems to be impossible, even for the simple
case of the independence copula.
However, approximations of the optimal weight function can easily be computed numer-
ically. To be precise we approximate the double integral appearing in the representation
of Var(AC,h(t)) by the finite sum

V(ξ) ≈
N

∑
i=1

N

∑
j=1

ξi,Nξ j,Nkt(i/N, j/N) = ΞT KtΞ (3.24)
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Figure 3.2: Asymptotic variances of various estimators of the Pickands dependence function. Left
panel: independence copula; right panel: asymmetric negative logistic model.

where N ∈ N , Kt = (kt(i/N, j/N))N
i,j=1 denotes an N × N matrix, Ξ = (ξi,N)N

i=1 is an
vector of length N and ξi,N = ξ((i − 1)/N, i/N] represents the mass of ξ allocated to
the interval ((i− 1)/N, i/N] (i = 1, . . . , N). Minimizing the right hand side of the above
equation with respect to Ξ under the constrains ξi,N ≥ 0, ∑N

i=1 ξi,N = 1 is a quadratic
(convex) optimization problem which can be solved by standard methods; see for exam-
ple [Nocedal and Wright, 2006] and approximations of the optimal weight function can
be calculated with arbitrary precision by increasing N.

In the remaining part of this section we will compare the asymptotic variance of the
Pickands-, the CFG-estimator proposed by [Genest and Segers, 2009] and the new es-
timates, where the new estimators are based on the weight functions h∗k discussed in
Section 3.3.3 for two values of k as well as on the optimal weights minimizing the right
hand side of (3.24), where we set N = 100. In order to compute the solution Ξopt, we used
the routine ipop from the R-package kernlab by [Karatzoglou et al., 2004]. In the left part of
Figure 3.2 we show the asymptotic variances of the different estimators for the indepen-
dence copula. We observe that Pickands estimator has the largest asymptotic variances
(this curve is not displayed in the figure), while the CFG estimator of [Genest and Segers,
2009] yields smaller variances than the estimator Ân,h1 , but larger asymptotic variances
than the estimators Ân,h5 . On the other hand the estimate Ân,hopt corresponding to the
numerically determined optimal weight function yields a substantially smaller variance
than all other estimates under consideration. In the right part of Figure 3.2 we display
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the corresponding results for the asymmetric negative logistic model [see [Joe, 1990]]

A(t) = 1−
{
(ψ1(1− t))−θ + (ψ2t)−θ

}−1/θ
(3.25)

with parameters ψ1 = 1, ψ2 = 2/3 and θ ∈ (0, ∞) chosen such that the coefficient of
tail dependence is 0.6. We observe that the estimate Ân,h5 yields the largest asymptotic
variance. The CFG estimate proposed by [Genest and Segers, 2009] and the estimate Ân,h1

show a similar behavior (with minor advantages for the latter), while the best results are
obtained for the new estimate corresponding to the optimal weight function.
We conclude this section with the remark that we have presented a comparison of the dif-
ferent estimators based on the asymptotic variance which determines the mean squared
error asymptotically. For finite samples, minimizing only the variance might increase
the bias and therefore the asymptotic results can not directly be transferred to applica-
tions. In the finite sample study presented in Section 3.3.7 we will demonstrate that not
all of the asymptotic results yield good predictions for the finite-sample behavior of the
corresponding estimators.

3.3.5 Convex estimates and endpoint corrections

In general, all of the estimates discussed so far (including those proposed by [Genest
and Segers, 2009]) will neither be convex, nor will they satisfy the other characterizing
properties of Pickands dependence functions. However, the literature provides many
proposals on how to enforce these conditions. Various endpoint corrections have been
proposed by [Deheuvels, 1991; Segers, 2007; Hall and Tajvidi, 2000] among others. [Fils-
Villetard et al., 2008] proposed an L2-projection of the estimate of Pickands dependence
function on a space of partially linear functions which is arbitrarily close to the space of
all convex functions in A satisfying the conditions of Lemma 3.2. They also showed that
this transformation decreases the L2-distance between the “true” dependence function
and the estimate. An alternative concept of constructing convex estimators is based on
the greatest convex minorant, which yields a decrease in the sup-norm, that is

sup
0<t<1

|Âgcm
n (t)− A(t)| ≤ sup

0<t<1
|Ân(t)− A(t)| ,

where Ân is any initial estimate of Pickands dependence function and Âgcm
n its greatest

convex minorant (see e.g. [Marshall, 1970; Wang, 1986; Robertson et al., 1996] among
others). It is also possible to combine this concept with an endpoint correction calculating
the greatest convex minorant of the function

t −→ (Ân(t) ∧ 1) ∨ t ∨ (1− t)

(see [Genest and Segers, 2009] who also proposed alternative special endpoint corrections
for their estimators). All these methods can be used to produce an estimate of A which
has the characterizing properties of a Pickands dependence function.
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3.3.6 M- and Z-estimates

As mentioned in the introduction a broader class of estimates could be obtained by min-
imizing more general distances between the given copula and the class of functions de-
fined by (3.1) and in this paragraph we briefly indicate this principle. Consider the best
approximation of the copula C by functions of the form (3.1) with respect to the distance

Dw(C, A) =
∫ 1

0

∫ 1

0
Φ
(

C(y1−t, yt), yA(t)
)

w(y, t)dydt (3.26)

where Φ : [0, 1] × [0, 1] → R+
0 denotes a “distance” and w is a given weight function.

Note that the minimization in (3.26) can be carried out by separately minimizing the in-
ner integral for every value of t. Consequently, the problem reduces to a one-dimensional
minimization problem and assuming differentiability it follows that for fixed t the opti-
mal value A∗(t) minimizing the interior integral in (3.26) is obtained as a solution of the
equation

∂

∂a

∫ 1

0
Φ
(

C(y1−t, yt), ya
)

w(y, t)dy
∣∣∣

a=A∗(t)
= 0.

Under suitable assumptions integration and differentiation can be exchanged and we
have ∫ 1

0
Ψ
(

C(y1−t, yt), ya
)
(log y)yaw(y, t)

∣∣∣
a=A∗(t)

dy = 0 (3.27)

where Ψ = ∂2Φ denotes the derivative of Φ with respect to the second argument. In
general the solution of (3.27) is only defined implicitly as a functional of the copula C.
Therefore, if C is replaced through the empirical copula the analysis of the stochastic
properties of the corresponding process turns out to be extremely difficult because in
many cases one has to control improper integrals (see the proofs of Theorem 3.7 and 3.10
in Section 3.5). This is beyond the scope of this thesis.
Nevertheless, equation (3.27) yields a different view on the estimation problem of Pickands
dependence function. Note that the estimate introduced in Section 3.3.2 is obtained by
the choice w(y, t) = h(y)B−1

h and

Φ(z1, z2) = (log z1 − log z2)2 ; Ψ(z1, z2) = −2(log z1 − log z2)/z2

in (3.27). This estimate corresponds to a minimum distance estimate. Similarly, an esti-
mate corresponding to the classical L2-distance is obtained for the choice

Φ(z1, z2) = (z1 − z2)2 ; Ψ(z1, z2) = −2(z1 − z2).

This yields for (3.27) the equation

∫ 1

0

(
C(y1−t, yt)− ya

)
(log y)2yah(− log y)

∣∣∣
a=A∗(t)

dy = 0,
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which cannot be solved analytically. The rank-based versions of Pickands and the CFG
estimator proposed by [Genest and Segers, 2009] do not correspond to M-estimates, but
could be considered as Z-estimates obtained from (3.27) for the function

Ψ(z1, z2) = (z1 − z2)/z2

with wµ,ν(y) = yµ−1/(− log y)2+ν with µ = ν = 0 and µ = 0, ν = 1 respectively. In fact
this choice leads to a general class of estimators which relates the Pickands and the CFG
estimate in an interesting way. To be precise, note that for ν ∈ [0, 1) equation (3.27) yields

∫ 1

0

(C(y1−t, yt)− I{y > e−1})yµ−1

(− log y)ν
dy =

∫ 1

0

(yA(t) − I{y > e−1})yµ−1

(− log y)ν
dy (3.28)

=
Γ(1− ν)

(A(t) + µ)1−ν
−
∫ 1

0

e−µx

xν
dx

Here the case ν = 1 has to be interpreted as the limit ν→ 1, which yields a generalization
of the defining equation for the CFG estimate, that is

− log µ−
∫ ∞

µ

e−t

t
dt + log(A(t) + µ) =

∫ 1

0

(C(y1−t, yt)− I{y > e−1})yµ−1

log y
dy.

Observing the relation

lim
µ→0

log µ +
∫ ∞

µ

e−t

t
dt = −γ

we obtain the defining equation for the estimate proposed by [Genest and Segers, 2009]
(see equation (3.11)). Similarly, if ν ∈ [0, 1) it follows from (3.28)∫ 1

0

C(y1−t, yt)yµ−1

(− log y)ν
dy =

Γ(1− ν)
(A(t) + µ)1−ν

(3.29)

and we obtain a defining equation for a generalization of the Pickands estimate. The
classical case is obtained for µ = ν = 0 (see [Genest and Segers, 2009] or equation (3.10)),
but (3.29) defines many other estimates of this type. Therefore, the Pickands and the CFG
estimate correspond to the extreme cases in the class {wµ,ν| µ ≥ 0, ν ∈ [0, 1]}.
We finally note that there are numerous other functions Ψ, which could be used for the
construction of alternative Z-estimates, but most of them do not lead to an explicit so-
lution for A∗(t). In this sense the CFG-estimator, Pickands-estimator and the estimates
proposed in this chapter could be considered as attractive special cases, which can be
explicitly represented in terms of an integral of the empirical copula.

3.3.7 Finite sample properties

In this subsection we investigate the small sample properties of the new estimators by
means of a simulation study. Especially, we compare the new estimators with the rank-
based estimators suggested by [Genest and Segers, 2009], which are most similar in spirit



54 Chapter 3. Extreme value copulas: New estimators and tests

with the method proposed in this chapter. We study the finite sample behavior of the
greatest convex minorants of the endpoint corrected versions of the various estimators.
The new estimators are corrected in a first step by

Âcorr
n,h (t) := max(t, 1− t, min(Ân,h, 1)) (3.30)

and in a second step the greatest convex minorant of Âcorr
n,h is calculated. For the rank-

based CFG and Pickands estimators we first used the endpoint corrections proposed in
[Genest and Segers, 2009], then applied (3.30) and finally calculated the greatest convex
minorant. Hereby, we compare the performance of the different statistical procedures
which will be used in concrete applications and apply the corrections, that are most fa-
vorable for the respective estimators. The greatest convex minorants are computed using
the routine gcmlcm from the package fdrtool by [Strimmer, 2009]. All results presented
here are based on 5000 simulation runs and the sample size is n = 100.
As estimators we consider the statistics defined in (3.14) with the weight function hk and
the optimal weight function determined in Section 3.3.4. An important question is the
choice of the parameter k for the statistic Ân,hk in order to achieve a balance between
bias and variance. For this purpose, we first study the performance of the estimator
Ân,hk with respect to different choices for the parameter k and consider the asymmetric
negative logistic model defined in (3.25) and the symmetric mixed model (see [Tawn,
1988]) defined by

A(t) = 1− θt + θt2, θ ∈ [0, 1]. (3.31)

The results for other copula models are similar and are omitted for the sake of brevity. For
the Pickands dependence function (3.25) we used the parameters ψ1 = 1 and ψ2 = 2/3
such that the coefficient of tail dependence is given by ρ = 2 (3θ + 2θ)−1/θ and varies
in the interval (0, 2/3), while the parameter θ ∈ [0, 1] used in (3.31) yields ρ = θ/2 ∈
[0, 1/2].
The quality of an estimator Â is measured with respect to mean integrated squared error

MISE(Â) = E

[∫ 1

0
(Â(t)− A(t))2 dt

]
,

which was computed by taking the average over 5000 simulated samples. The new esti-
mators turned out to be rather robust with respect to the choice of the parameter γ in the
definition of the process C̃n = Cn ∨ n−γ provided that γ ≥ 2/3. For this reason we use
γ = 0.95 throughout this section. Analyzing the impact of choosing different values for
k, in Figure 3.3 we display the simulated curves

k 7→
MISE(Ân,hk)

min`≥0 MISE(Ân,h`
)

(3.32)

for the asymmetric negative logistic and the mixed models with different coefficients of
tail dependence ρ, as well as the maximum over such curves for different values of ρ
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Figure 3.3: The function defined in (3.32) for various models and coefficients of tail dependence.
The minimum corresponds to the optimal value of k in the weight function hk. The solid curve
corresponds to the worst case defined by (3.33). The sample size is n = 100 and the MISE is
calculated by 5000 simulation runs. Left panel: asymmetric negative logistic model. Right panel:
mixed model.

(solid curves), that is

k 7→ max
ρ

MISEρ(Ân,hk)
min`≥0 MISEρ(Ân,h`

)
, (3.33)

where by MISEρ we denote the MISE for the tail dependence coefficient ρ. The curves in
(3.32) attain their minima in the optimal k for the respective ρ, and their shapes provide
information about the performance of the estimators for non-optimal values of k. The
solid curve gives an impression about the ”worst case” scenario (with respect to ρ) in
every model. The simulations indicate, that for n = 100 the optimal values of k for
different models and tail dependence coefficients lie in the interval [0.2, 0.6]. Moreover,
for values of k in this interval the quality of the estimators remains very stable. For
n = 200, n = 500 and additional models the picture remains quite similar and these
results are not depicted for the sake of brevity. We thus recommend using k = 0.4 in
practical applications. Note that the asymptotic analysis in Section 3.3.4 suggests that the
asymptotically optimal k should differ substantially for various models. However, this
effect is not visible for sample size up to n = 500. In these cases the optimal values for k
usually varies in the interval [0.2, 0.8].
Next we compare the new estimators with rank-based versions of Pickands and the CFG
estimator proposed by [Genest and Segers, 2009]. In Figure 3.4, the normalized MISE
is plotted as a function of the tail dependence parameter ρ for the asymmetric negative
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Figure 3.4: 100×MISE for various estimators, models and coefficients of tail dependence, based
on 5000 samples of size n = 100.

logistic and the mixed model, where the parameter θ is chosen in such a way, that the
coefficient of tail dependence ρ = 2(1− A(0.5)) varies over the specific range of the cor-
responding model. For each sample we computed the rank-based versions of Pickands
estimator, the CFG estimator (see [Genest and Segers, 2009]) and two of the new estima-
tors Ân,hk (k = 0.4, 0.6). In this comparison we also include the estimator Ân,hopt which
uses the optimal weight function determined in Section 3.3.4.

Summarizing the results one can conclude that in general the best performance is ob-
tained for our new estimator based on the weight function hk with k = 0.4 and k = 0.6,
in particular if the coefficient of tail dependence is small. A comparison of the two esti-
mators Ân,h0.4 and Ân,h0.6 shows that the choice k = 0.4 performs slightly better than the
choice k = 0.6 in both models. In both settings, the MISE obtained by Ân,h0.4 and Ân,h0.6

is smaller than the MISE of the CFG estimator proposed in [Genest and Segers, 2009] if
the coefficient of tail dependence is small. On the other hand the latter estimators yield
sightly better results for a large coefficient of tail dependence. The results for rank-based
version of the Pickands estimator are not depicted, because this estimator yields a uni-
formly larger MISE. Simulations of other scenarios show similar results and are also not
displayed for the sake of brevity. It is remarkable that the optimal weight function usu-
ally yields an estimator with a substantially larger MISE than all other estimates if the
coefficient of tail dependence is small. Similar results can be observed for the sample
size n = 500 (these results are not depicted). This indicates that the advantages of the
asymptotically optimal weight function only start to play a role for rather large sample
sizes.
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3.4 A test for an extreme value dependence

3.4.1 The test statistic and its weak convergence

From the definition of the functional Mh(C, A) in (3.5) it is easy to see that, for a strictly
positive weight function h with h∗ ∈ L1(0, 1), a copula function C is an extreme value
copula if and only if

min
A∈A

Mh(C, A) = Mh(C, A∗) = 0,

where A∗ denotes the best approximation defined in (3.6). This suggests to use Mh(C̃n, Ân,h)
as a test statistic for the hypothesis (3.2), i.e.

H0 : C is an extreme value copula.

Recalling the representation (3.8)

Mh(C, A∗) =
∫ 1

0

∫ 1

0
C̄2(y, t)h∗(y) dy dt− Bh

∫ 1

0

(
A∗(t)

)2 dt

with C̄(y, t) = − log C(y1−t, yt) and defining C̄n(y, t) := − log C̃n(y1−t, yt) we obtain the
decomposition

Mh(C̃n, Ân,h)−Mh(C, A∗)

=
∫ 1

0

∫ 1

0

(
C̄2

n(y, t)− C̄2(y, t)
) h∗(y)

(log y)2 dy dt− Bh

∫ 1

0
Â2

n,h(t)−
(

A∗(t)
)2 dt

= 2
∫ 1

0

∫ 1

0

(
C̄n(y, t)− C̄(y, t)

)
C̄(y, t)

h∗(y)
(log y)2 dy dt− 2Bh

∫ 1

0
(Ân,h(t)− A∗(t))A∗(t) dt

+
∫ 1

0

∫ 1

0

(
C̄n(y, t)− C̄(y, t)

)2 h∗(y)
(log y)2 dy dt− Bh

∫ 1

0
(Ân,h(t)− A∗(t))2 dt

= 2
∫ 1

0

∫ 1

0

(
C̄n(y, t)− C̄(y, t)

)(
C̄(y, t)− A∗(t)(− log y)

) h∗(y)
(log y)2 dy dt

+
∫ 1

0

∫ 1

0

(
C̄n(y, t)− C̄(y, t)

)2 h∗(y)
(log y)2 dy dt− Bh

∫ 1

0
(Ân,h(t)− A∗(t))2 dt

=: S1 + S2 + S3, (3.34)

where the last identity defines the terms S1, S2 and S3 in an obvious manner. Note that
under the null hypothesis of extreme value dependence we have A∗ = A and thus
C̄(y, t) = A∗(t)(− log y). This means that under H0 the term S1 will vanish and the
asymptotic distribution will be determined by the large sample properties of the random
variable S2 + S3. Under the alternative the equality C̄(y, t) = A∗(t)(− log y) will not hold
anymore and it turns out that in this case the statistic is asymptotically dominated by the
random variable S1. With the following results we will derive the limiting distribution of
the proposed test statistic under the null hypothesis and the alternative.
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Theorem 3.15
Assume that the given copula C satisfies condition (2.3) and is an extreme value copula with
Pickands dependence function A∗. If the function w̄(y) := h∗(y)/(log y)2 fulfills conditions
(3.16) - (3.17) for some λ > 2 and the weight function h is strictly positive and satisfies assump-
tions (3.18) - (3.19) for λ̃ := λ/2 > 1, then we have for any γ ∈ (1/2, λ/4) and n→ ∞

nMh(C̃n, Ân,h)  Z0,

where the random variable Z0 is defined by

Z0 :=
∫ 1

0

∫ 1

0

(GC(y1−t, yt)
C(y1−t, yt)

)2
w̄(y) dy dt− Bh

∫ 1

0
A2

C,h(t) dt

with Bh =
∫ 1

0 h∗(y)dy and the process {AC,h(t)}t∈[0,1] is defined in Theorem 3.8.

The next theorem gives the distribution of the test statistic Mh(C̃n, Ân,h) under the alter-
native. Note that in this case we have Mh(C, A∗) > 0.

Theorem 3.16
Assume that the given copula C satisfies C ≥ Π, condition (2.3) and that Mh(C, A∗) > 0. If ad-
ditionally the weight function h is strictly positive and h and the function w̄(y) := h∗(y)/(log y)2

satisfy the assumptions (3.18) - (3.19) and (3.16) - (3.17) for some λ > 1, respectively, then we
have for any γ ∈ (1/2, (1 + λ)/4∧ λ/2) and n→ ∞

√
n(Mh(C̃n, Â)−Mh(C, A∗))  Z1,

where the random variable Z1 is defined as

Z1 = 2
∫ 1

0

∫ 1

0

GC(y1−t, yt)
C(y1−t, yt)

v(y, t) dy dt,

with

v(y, t) = (log C(y1−t, yt)− log(y)A∗(t))
h∗(y)

(log y)2 .

Remark 3.17
(a) Note that the weight functions h∗k (y) = −yk log y satisfy the assumptions of Theorem
4.1 and 4.2 for k > 1 and k > 0, respectively.

(b) The preceding two theorems yield a consistent asymptotic level α test for the hypoth-
esis of extreme value dependence by rejecting the null hypothesis H0 if

n Mh(C̃n, Ân,h) > z1−α, (3.35)

where z1−α denotes the (1− α)-quantile of the distribution of the random variable Z0.
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(c) By Theorem 3.16 the power of the test (3.35) is approximately given by

P
(
n Mh(C̃n, Ân,h) > z1−α

)
≈ 1−Φ

(
z1−α√

n σ
−
√

n
Mh(C, A∗)

σ

)
≈ Φ

(√
n

Mh(C, A∗)
σ

)
,

where the function A∗ is defined in (3.6) corresponding to the best approximation of the
logarithm of the copula C by a function of the form (3.4), σ is the standard deviation
of the distribution of the random variable Z1 and Φ is the standard normal distribu-
tion function. Thus the power of the test (3.35) is an increasing function of the quantity
Mh(C, A∗) σ−1.

3.4.2 Multiplier bootstrap

In general the distribution of the random variable Z0 can not be determined explicitly,
because of its complicated dependence on the (unknown) copula C. We hence propose to
determine the quantiles by the multiplier bootstrap approach as described in Chapter 2.
For the sake of brevity we only consider the partial derivative multiplier bootstrap α

pdm
n

defined in (2.8). As a consequence of Theorem 2.3 we obtain the following bootstrap
approximation for Z0.

Theorem 3.18
If condition (2.3) is satisfied, the weight function h satisfies the conditions of Theorem 3.15 and
h∗(y)(y log y)−2 is uniformly bounded then

Ẑ∗0 =
∫ 1

0

∫ 1

0

(α
pdm
n (y1−t, yt)
C̃n(y1−t, yt)

)2 h∗(y)
(log y)2 dy dt

− B−1
h

∫ 1

0

( ∫ 1

0

α̂
pdm
n (y1−t, yt)
C̃n(y1−t, yt)

h∗(y)
log y

dy
)2

dt.

converges weakly to Z0 conditional on the data in the sense of Definition 1.20, i.e. Ẑ∗0
P
 
ξ

Z0.

By Theorem 3.18 Ẑ∗0 is a valid bootstrap approximation for the distribution of Z0. Conse-
quently, repeating the procedure B times yields a sample Ẑ∗0 (1), . . . , Ẑ∗0 (B) that is approx-
imately distributed according to Z0 and we can use the empirical (1− α)-quantile of this
sample, say z∗1−α, as an approximation for z1−α. Therefore rejecting the null hypothesis if

n Mh(C̃n, Ân,h) > z∗1−α (3.36)

yields a consistent asymptotic level α test for extreme value dependence.
Note that the condition on the boundedness of the function h∗(y)(y log y)2 is not satisfied
for any member of the class h∗k (y) = −yk/ log(y) from Example 3.5. Nevertheless, mim-
icking the procedure from [Kojadinovic and Yan, 2010] and using h∗k (y)I[ε,1−ε](y) instead
of h∗k (y) is sufficient for the boundedness. Since this is the procedure being usually per-
formed in practical applications, Theorem 3.18 is still valuable for the weight functions
investigated in this thesis.
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3.4.3 Finite sample properties

In this subsection we investigate the finite sample properties of the test for extreme value
dependence. We consider the asymmetric negative logistic model (3.25), the symmetric
mixed model (3.31) and additionally the symmetric model of Gumbel

A(t) =
(

tθ + (1− t)θ
)1/θ

(3.37)

with parameter θ ∈ [1, ∞) (see [Gumbel, 1960]) and the model of Hüsler and Reiss

A(t) = (1− t)Φ
(

θ +
1
2θ

log
1− t

t

)
+ tΦ

(
θ +

1
2θ

log
t

1− t

)
, (3.38)

where θ ∈ (0, ∞) and Φ is the standard normal distribution function (see [Hüsler and
Reiss, 1989]). The coefficient of tail dependence in (3.38) is given by ρ = 2(1− Φ(θ)),
i.e. independence is obtained for θ → ∞ and complete dependence for θ → 0. For
the Gumbel model (3.37) complete dependence is obtained in the limit as θ approaches
infinity while independence corresponds to θ = 1. The coefficient of tail dependence
ρ = 2(1− A(0.5)) is given by ρ = 2− 21/θ .
We generated 1000 random samples of sample size n = 200 from various copula models
and calculated the probability of rejecting the null hypothesis. Under the null hypothesis
we chose the model parameters in such a way that the coefficient of tail dependence
ρ varies over the specific range of the corresponding model. Under the alternative the
coefficient of tail dependence does not need to exist and we therefore chose the model
parameters, such that Kendall’s τ is an element of the set {1/4, 1/2, 3/4}. The weight
function is chosen as h0.4(y) = −y0.4/ log(y) and the critical values are determined by
the multiplier bootstrap approach as described in Section 3.4.2 with B = 200 Bootstrap
replications. The results are stated in Table 3.1.
We observe from the left part of Table 3.1 that the level of test is accurately approximated
for most of the models, if the tail dependence is not too strong. For a large tail dependence
coefficient the bootstrap test is conservative. This phenomenon can be explained by the
fact that for the limiting case of random variables distributed according to the upper
Fréchet-Hoeffding bound the empirical copula Cn does not converge weakly to a non-
degenerate process at a rate 1/

√
n, rather in this case it follows that ||Cn −C|| = O(1/n).

Consequently, the approximations proposed in this thesis, which are based on the weak
convergence of

√
n(Cn − C) to a non-degenerate process, are not appropriate for small

samples, if the tail dependence coefficient is large. Considering the alternative we ob-
serve reasonably good power for the Frank and Clayton copulas, while for the Gaussian
or t-copula deviations from an extreme value copula are not detected well with a sample
size n = 200. In some cases the power of the test (3.36) is close to the nominal level.
This observation again can be explained by the closeness to the upper Fréchet-Hoeffding
bound.
Indeed, we can use the minimal distance Mh(C, A∗) as a measure of deviation from an ex-
treme value copula. Calculating the minimal distance Mh(C, A∗) (with Kendall’s τ = 0.5
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H0-model ρ 0.05 0.1 H1-model τ 0.05 0.1
Independence 0 0.031 0.075 Clayton 0.25 0.874 0.916

Gumbel 0.25 0.045 0.098 0.5 1 1
0.5 0.029 0.066 0.75 0.999 1
0.75 0.025 0.065 Frank 0.25 0.291 0.396

Mixed model 0.25 0.043 0.09 0.5 0.73 0.822
0.5 0.047 0.10 0.75 0.783 0.898

Asy. Neg. Log. 0.25 0.041 0.09 Gaussian 0.25 0.168 0.240
0.5 0.038 0.077 0.5 0.237 0.336

Hüsler-Reiß 0.25 0.04 0.091 0.75 0.084 0.156
0.5 0.045 0.089 t4 0.25 0.105 0.187
0.75 0.009 0.053 0.5 0.158 0.263

0.75 0.046 0.092

Table 3.1: Simulated rejection probabilities of the test (3.36) for the null hypothesis of an ex-
treme value copula for various models. The first four columns deal with models under the null
hypothesis, while the last four are from the alternative.

and h = h0.4) we observe that the minimal distances are about ten times smaller for the
Gaussian and t4 than for the Frank and Clayton copula, i.e.

Mh(C, A∗Clayton) = 1.65× 10−3, Mh(C, A∗Frank) = 5.87× 10−4,

Mh(C, A∗Gaussian) = 2.08× 10−4, Mh(C, A∗t4
) = 1.18× 10−4.

Moreover, as explained in Remark 4.3 (b) the power of the tests (3.35) and (3.36) is an
increasing function of the quantity p(copula) = Mh(C, A∗) σ−1. For the four copulas
considered in the simulation study (with τ = 0.5) the corresponding ratios are approxi-
mately given by

p(Clayton) = 0.230, p(Frank) = 0.134, p(Gaussian) = 0.083, p(t4) = 0.064,

which provides a theoretical explanation of the findings presented in Table 3.1. Loosely
speaking, if the value Mh(C, A∗) σ−1 is very small a larger sample size is required to
detect a deviation from an extreme value copula. This statement is confirmed by further
simulations results. For example, for the Gaussian and t4 copula (with Kendall’s τ =
0.75) we obtain for the sample size n = 500 the rejection probabilities 0.766 (0.629) and
0.40 (0.544) for the bootstrap test with level 5% (10%), respectively.
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3.5 Proofs

Proof of Theorem 3.7. Fix λ > 1 as in (3.17) and γ ∈ (1/2, λ/2). Due to Lemma 1.10.2
(i) in [van der Vaart and Wellner, 1996], the process

√
n(C̃n −C) will have the same weak

limit (with respect to the  convergence) as
√

n(Cn − C).
For i = 2, 3, . . . we consider the following random functions in l∞[0, 1]

Wn(t) =
∫ 1

0

√
n
(

log C̃n(y1−t, yt)− log C(y1−t, yt)
)
w(y, t) dy,

Wi,n(t) =
∫ 1

1/i

√
n
(

log C̃n(y1−t, yt)− log C(y1−t, yt)
)
w(y, t) dy,

W(t) =
∫ 1

0

GC(y1−t, yt)
C(y1−t, yt)

w(y, t) dy,

Wi(t) =
∫ 1

1/i

GC(y1−t, yt)
C(y1−t, yt)

w(y, t) dy.

We prove the theorem by an application of Theorem 4.2 in [Billingsley, 1968], adapted to
the concept of weak convergence in the sense of Hoffmann-Jørgensen, see e.g. [van der
Vaart and Wellner, 1996]. More precisely, we will show in Lemma A.3 in the Appendix
that the weak convergence Wn  W in l∞[0, 1] follows from the following three asser-
tions

(i) For every i ≥ 2 : Wi,n  Wi for n→ ∞ in l∞[0, 1],
(ii) Wi  W for i→ ∞ in l∞[0, 1], (3.39)
(iii) For every ε > 0 : lim

i→∞
lim sup

n→∞
P∗( sup

t∈[0,1]
|Wi,n(t)−Wn(t)| > ε) = 0.

The main part of the proof now consists in the verification assertion (iii).
We begin by proving assertion (i). For this purpose set Ti = [1/i, 1]2 and consider the
mapping

Φ1 :
{

DΦ1 → l∞(Ti)
f 7→ log ◦ f

where its domain DΦ1 is defined by DΦ1 = { f ∈ l∞(Ti) : infx∈Ti | f (x)| > 0} ⊂ l∞(Ti).
By Lemma 12.2 in [Kosorok, 2008] it follows that Φ1 is Hadamard-differentiable at C,
tangentially to l∞(Ti), with derivative Φ′1,C( f ) = f /C. Since C̃n ≥ n−γ and C ≥ Π we
have C̃n, C ∈ DΦ1 and the functional delta method (see Theorem 2.8 in [Kosorok, 2008])
yields √

n(log C̃n − log C)  GC/C

in l∞(Ti). Next we consider the operator

Φ2 :
{

l∞(Ti)→ l∞([1/i, 1]× [0, 1])
f 7→ f ◦ ϕ,
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where the mapping ϕ : [1/i, 1]× [0, 1]→ Ti is defined by ϕ(y, t) = (y1−t, yt). Observing

sup
(y,t)∈[1/i,1]×[0,1]

| f ◦ ϕ(y, t)− g ◦ ϕ(y, t)| ≤ sup
x∈Ti

| f (x)− g(x)|

we can conclude that Φ2 is Lipschitz-continuous. By the continuous mapping theorem
(see e.g. Theorem 7.7 in [Kosorok, 2008]) and conditions (3.15) and (3.16) we immediately
obtain

√
n
(

log C̃n(y1−t, yt)− log C(y1−t, yt)
)
w(y, t)  

GC(y1−t, yt)
C(y1−t, yt)

w(y, t)

in l∞([1/i, 1]× [0, 1]). The assertion in (i) now follows by continuity of integration with
respect to the variable y.
For the proof of assertion (ii) we simply note that GC is bounded on [0, 1]2 and that

K(y, t) =
w(y, t)

C(y1−t, yt)

is uniformly bounded with respect to t ∈ [0, 1] by the integrable function K̄(y) = w̄(y) y−1.
For the proof of assertion (iii) choose some α ∈ (0, 1/2) such that λα > γ and consider
the decomposition

Wn(t)−Wi,n(t) =
∫ 1/i

0

√
n
(

log C̃n(y1−t, yt)− log C(y1−t, yt)
)
w(y, t) dy

= B(1)
i (t) + B(2)

i (t), (3.40)

where

B(j)
i (t) =

∫
I
B(j)

i (t)

√
n log

C̃n

C
(y1−t, yt)w(y, t) dy, j = 1, 2

and

I
B(1)

i (t)
=
{

0 < y < 1/i |C(y1−t, yt) > n−α
}

, I
B(2)

i (t)
= (0, 1) \ I

B(1)
i (t)

. (3.41)

The usual estimate

P∗( sup
t∈[0,1]

|Wi,n(t)−Wn(t)| > ε) ≤ P∗( sup
t∈[0,1]

|B(1)
i (t)| > ε/2) + P∗( sup

t∈[0,1]
|B(2)

i (t)| > ε/2)

(3.42)

allows for individual investigation of both terms, and we begin with supt∈[0,1] |B
(1)
i (t)|.

By the mean value theorem applied to the logarithm we have

log
C̃n

C
(y1−t, yt) = log C̃n(y1−t, yt)− log C(y1−t, yt) = (C̃n − C)(y1−t, yt)

1
C∗(y, t)

, (3.43)
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where C∗(y, t) is some intermediate point satisfying

|C∗(y, t)− C(y1−t, yt)| ≤ |C̃n(y1−t, yt)− C(y1−t, yt)|.

Especially, observing C ≥ Π we have

C∗(y, t) ≥ (C ∧ C̃n)(y1−t, yt) ≥ y ∧
(

y
C̃n

C
(y1−t, yt)

)
and therefore

sup
t∈[0,1]

|B(1)
i (t)| ≤ sup

t∈[0,1]

∫
I
B(1)

i (t)

√
n
∣∣∣(C̃n − C)(y1−t, yt)

∣∣∣× ∣∣∣1∨ C
C̃n

(y1−t, yt)
∣∣∣w(y, t) y−1 dy

≤ sup
x∈[0,1]2

√
n|C̃n(x)− C(x)| ×

(
1∨ sup

x∈[0,1]2 : C(x)>n−α

∣∣∣ C
C̃n

(x)
∣∣∣)× ψ(i),

with ψ(i) =
∫ 1/i

0 w̄(y) y−1 dy = o(1) for i → ∞. This yields for the first term on the right
hand side of (3.42)

P∗( sup
t∈[0,1]

|B(1)
i (t)| > ε)

≤P∗
(

sup
x∈[0,1]2

√
n|C̃n(x)− C(x)| >

√
ε

ψ(i)

)
+ P∗

(
1∨ sup

C(x)>n−α

∣∣∣ C
C̃n

(x)
∣∣∣ >

√
ε

ψ(i)

)
. (3.44)

Since supx∈[0,1]2
√

n|C̃n(x)− C(x)| is asymptotically tight we immediately obtain

lim
i→∞

lim sup
n→∞

P∗
(

sup
x∈[0,1]2

√
n|C̃n(x)− C(x)| >

√
ε

ψ(i)

)
= 0. (3.45)

For the estimation of the second term in equation (3.44) we note that

sup
x∈[0,1]2 : C(x)>n−α

∣∣∣ C̃n(x)− C(x)
C(x)

∣∣∣ < nα sup
x∈[0,1]2

|C̃n(x)− C(x)| P→ 0,

which in turn implies

sup
C(x)>n−α

∣∣∣ C
C̃n

(x)
∣∣∣ = sup

C(x)>n−α

∣∣∣1 +
C̃n − C

C
(x)
∣∣∣−1

≤
(

1− sup
C(x)>n−α

∣∣∣ C̃n − C
C

(x)
∣∣∣)−1

IAn +
(

sup
C(x)>n−α

∣∣∣1 +
C̃n − C

C
(x)
∣∣∣−1)

IΩ\An

P→ 1, (3.46)

where An =
{

supC(x)>n−α

∣∣∣ C̃n−C
C (x)

∣∣∣ < 1/2
}

. Thus the function

max

{
1, sup

C(x)>n−α

∣∣∣∣ C
C̃n

(x)
∣∣∣∣
}
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can be bounded by a function that converges to one in outer probability, which implies

lim
i→∞

lim sup
n→∞

P∗
(

1∨ sup
C(x)>n−α

∣∣∣ C
C̃n

(x)
∣∣∣ >

√
ε

ψ(i)

)
= 0.

Observing (3.44) and (3.45) it remains to estimate the second term on the right hand side
of (3.42). We make use of the mean value theorem again, see equation (3.43), but use the
estimate

C∗(y, t) ≥ (C ∧ C̃n)(y1−t, yt) ≥ yλ ∧ yλ C̃n

Cλ
(y1−t, yt) (3.47)

(recall that λ > 1 by assumption (3.17)). This yields

sup
t∈[0,1]

|B(2)
i (t)| ≤ sup

t∈[0,1]

∫
I
B(2)

i (t)

√
n
∣∣∣(C̃n − C)(y1−t, yt)

∣∣∣× ∣∣∣1∨ Cλ

C̃n
(y1−t, yt)

∣∣∣w(y, t) y−λ dy

≤ sup
x∈[0,1]2

√
n|C̃n(x)− C(x)| ×

(
1∨ sup

x∈[0,1]2 : C(x)≤n−α

∣∣∣Cλ

C̃n
(x)
∣∣∣)× φ(i),

where φ(i) =
∫ 1/i

0 w̄(y)y−λ dy = o(1) for i → ∞ by condition (3.17). Using analogous

arguments as for the estimation of supt∈[0,1] |B
(1)
i (t)| the assertion follows from

sup
x∈[0,1]2 : C(x)≤n−α

∣∣∣Cλ

C̃n
(x)
∣∣∣ ≤ sup

x∈[0,1]2 : C(x)≤n−α

∣∣∣nγCλ(x)
∣∣∣ ≤ nγ−λα = o(1)

due to the choice of γ and α.

Proof of Theorem 3.10. The proof will also be based on Lemma A.3 in the Appendix
verifying conditions (i) - (iii) in (3.39). A careful inspection of the previous proof shows
that the verification of condition (i) in (3.39) remains valid. Regarding condition (ii) we
have to show that the process GC

C (y1−t, yt) is integrable on the interval (0, 1). For this
purpose we write

GC(x) = BC(x)− ∂1C(x)BC(x1, 1)− ∂2C(x)BC(1, x2)

and consider each term separately. From Theorem G.1 in [Genest and Segers, 2009] we
know that for any ω ∈ (0, 1/2) the process

B̃C(x) =

{
BC(x)

(x1∧x2)ω(1−x1∧x2)ω , if x1 ∧ x2 ∈ (0, 1)
0 , if x1 = 0 or x2 = 0 or x = (1, 1),

has continuous sample paths on [0, 1]2. Considering C(y1−t, yt) ≥ y and using the nota-
tion

K1(y, t) = qω(y1−t ∧ yt)y−1

K2(y, t) = ∂1C(y1−t, yt)qω(y1−t)y−1 (3.48)

K3(y, t) = ∂2C(y1−t, yt)qω(yt)y−1
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with qω(t) = tω(1− t)ω it remains to show that there exist integrable functions K∗j (y)
with Kj(y, t) ≤ K∗j (y) for all t ∈ [0, 1] (j = 1, 2, 3). For K1 this is immediate because

K1(y, t) ≤ (y1−t ∧ yt)ωy−1 ≤ yω/2−1. For K2, note that ∂1C(y1−t, yt) = µ(t) yA(t)−(1−t),
with µ(t) = A(t)− tA′(t). Therefore

K2(y, t) ≤ µ(t) yA(t)−(1−ω)(1−t)−1 ≤ µ(t) yω/2−1 ≤ 2 yω/2−1, (3.49)

where the second estimate follows from the inequality t ∨ (1− t) ≤ A(t) ≤ 1 and holds
for ω ∈ (0, 2). A similar argument works for the term K3.
For the verification of condition (iii) we proceed along similar lines as in the previ-
ous proof. We begin by choosing some β ∈ (1, 9/8), ω ∈ (1/4, 1/2) and some α ∈
(4/9, γ ∧ (2− ω)−1) in such a way that γ < βα. First note that y ≤ 1/(n + 2)2 implies
C̃n(y1−t, yt) = n−γ for all t ∈ [0, 1]. This yields

∫ (n+2)−2

0

√
n(log C̃n − log C)(y1−t, yt) dy = O

( log n
n3/2

)
uniformly with respect to t ∈ [0, 1], and therefore it is sufficient to consider the decompo-
sition in (3.40) with the sets

I
B(1)

i (t)
= {1/(n + 2)2 < y < 1/i |C(y1−t, yt) > n−α}, I

B(2)
i (t)

= (1/(n + 2)2, 1/i) \ I
B(1)

i (t)
.

We can estimate the term B(1)
i (t) analogously to the previous proof by

|B(1)
i (t)| ≤

∫
I
B(1)

i (t)

√
n
∣∣∣(C̃n − C)(y1−t, yt)

∣∣∣× ∣∣∣1∨ C
C̃n

(y1−t, yt)
∣∣∣ y−1 dy.

Let Hn denote the empirical distribution function of the sample {F1(Xi1), F2(Xi2)}n
i=1. By

the results in [Segers, 2010], Section 5, we can decompose
√

n(C̃n − C) =
√

n(Cn ∨ n−γ −
C) as follows

√
n(C̃n − C)(x) =

√
n(Cn − C)(x) +

√
n(C̃n − Cn)(x)

= αn(x)− ∂1C(x)αn(x1, 1)− ∂2C(x)αn(1, x2) + R̃n(x), (3.50)

where αn(x) =
√

n(Hn − C)(x) and the remainder satisfies

sup
x∈[0,1]2

|R̃n(x)| = O(n1/2−γ + n−1/4(log n)1/2(log log n)3/4) a.s. (3.51)

Note that the estimate of (3.51) requires validity of condition 5.1 in [Segers, 2010]. This
condition is satisfied provided that the function A is assumed to be twice continuously
differentiable, see Example 6.3 in [Segers, 2010]. With (3.50) we can estimate the term
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|B(1)
i (t)| analogously to decomposition (3.40) by B(1)

i,1 (t) + · · ·+ B(1)
i,4 (t), where

B(1)
i,1 (t) =

∫
I
B(1)

i (t)

∣∣∣αn(y1−t, yt)
∣∣∣ ∣∣∣1∨ C

C̃n
(y1−t, yt)

∣∣∣ y−1 dy,

B(1)
i,2 (t) =

∫
I
B(1)

i (t)

∂1C(y1−t, yt)
∣∣∣αn(y1−t, 1)

∣∣∣ ∣∣∣1∨ C
C̃n

(y1−t, yt)
∣∣∣ y−1 dy,

B(1)
i,3 (t) =

∫
I
B(1)

i (t)

∂2C(y1−t, yt)
∣∣αn(1, yt)

∣∣ ∣∣∣1∨ C
C̃n

(y1−t, yt)
∣∣∣ y−1 dy,

B(1)
i,4 (t) =

∫
I
B(1)

i (t)

∣∣∣R̃n(y1−t, yt)
∣∣∣ ∣∣∣1∨ C

C̃n
(y1−t, yt)

∣∣∣ y−1 dy.

The decomposition in (3.50), Theorem G.1 in [Genest and Segers, 2009] and the inequality
α < γ ∧ (2−ω)−1 may be used to conclude

sup
(y,t): C(y1−t,yt)>n−α

∣∣∣ C̃n − C
C

(y1−t, yt)
∣∣∣= oP(1),

which in turn implies

1∨ sup
(y,t): C(y1−t,yt)>n−α

∣∣∣ C
C̃n

(y1−t, yt)
∣∣∣ = OP(1) (3.52)

analogously to (3.46). Together with (3.51) and the inequality
∫ 1/i

(n+2)−2 y−1 dy ≤ 2 log(n +
2) we obtain, for n→ ∞

sup
t∈[0,1]

B(1)
i,4 (t) = OP(n1/2−γ log n + n−1/4(log n)3/2(log log n)3/4) = oP(1),

which implies

lim
i→∞

lim sup
n→∞

P∗
(

sup
t∈[0,1]

B(1)
i,4 (t) > ε/4

)
= 0.

Observing that qω(y1−t ∧ yt) ≤ yω/2 the first term B(1)
i,1 (t) can be estimated by

sup
t∈[0,1]

B(1)
i,1 (t) ≤ sup

x∈[0,1]2

|αn(x)|
qω(x1 ∧ x2)

×
(

1∨ sup
(y,t): C(y1−t,yt)>n−α

∣∣∣ C
C̃n

(y1−t, yt)
∣∣∣)× ψ(i),

where ψ(i) =
∫ 1/i

0 y−1+ω/2 dy = o(1) for i → ∞. Using analogous arguments as in
the previous proof we can conclude, under consideration of (3.52) and Theorem G.1 in
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[Genest and Segers, 2009], that limi→∞ lim supn→∞ P∗(supt∈[0,1] B(1)
i,1 (t) > ε/4) = 0. For

the second summand we note that

sup
t∈[0,1]

B(1)
i,2 (t) ≤ sup

x1∈[0,1]

|αn(x1, 1)|
qω(x1)

×
(

1∨ sup
(y,t): C(y1−t,yt)>n−α

∣∣∣ C
C̃n

(y1−t, yt)
∣∣∣)

× sup
t∈[0,1]

∫ 1/i

0
K2(y, t) dy,

where K2(y, t) is defined in (3.48). From (3.49), we have limi→∞ supt∈[0,1]
∫ 1/i

0 K2(y, t) dy =
0. Again, under consideration of (3.52) and Theorem G.1 in [Genest and Segers, 2009], we

obtain limi→∞ lim supn→∞ P∗
(

supt∈[0,1] B(1)
i,2 (t) > ε/4

)
= 0. A similar argument works

for B(1)
i,3 and from the estimates for the different terms the assertion

lim
i→∞

lim sup
n→∞

P∗( sup
t∈[0,1]

|B(1)
i (t)| > ε) = 0

follows. Considering the term supt∈[0,1] |B
(2)
i (t)| we proceed along similar lines as in the

proof of Theorem 3.7. For the sake of brevity we only state the important differences: in
estimation (3.47) replace λ by β, then make use of decomposition (3.50), calculations sim-
ilar to (3.49), and Theorem G.1 in [Genest and Segers, 2009] again and for the estimation
of the remainder note that

∫ 1/i
1/(n+2)2 y−β dy = O(n2(β−1)).

Proof of Proposition 3.13. The proof follows by similar lines as given in the proof of
Proposition 3.3 in [Genest and Segers, 2009]. Observing that ∂1C(u1−t, ut) = uA(t)+t−1µ(t)
and ∂2C(u1−t, ut) = uA(t)−tν(t) we can decompose σ(u, v; t) into

σ(u, v; t) = σ0(u, v; t) + (uv)A(t)
{ 4

∑
l=1

σl(u, v; t)−
8

∑
l=5

σl(u, v; t)
}

,

where

σ0(u, v; t) = (u ∧ v)A(t) − (uv)A(t)

σ1(u, v; t) = (ut−1 ∧ vt−1 − 1)µ2(t)

σ2(u, v; t) = (u−t ∧ v−t − 1)ν2(t)

σ3(u, v; t) = (ut−1v−tC(u1−t, vt)− 1)µ(t)ν(t)

σ4(u, v; t) = (u−tv1−tC(v1−t, ut)− 1)µ(t)ν(t)

σ5(u, v; t) = (u−A(t)vt−1C(u1−t ∧ v1−t, ut)− 1)µ(t)

σ6(u, v; t) = (ut−1v−A(t)C(u1−t ∧ v1−t, vt)− 1)µ(t)

σ7(u, v; t) = (u−A(t)v−tC(u1−t, ut ∧ vt)− 1)ν(t)

σ8(u, v; t) = (u−tv−A(t)C(v1−t, ut ∧ vt)− 1)ν(t).
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In view of (3.21) we need to evaluate the integrals
∫ 1

0

∫ 1
0 σ0(u, v; t)(uv)k−A(t) du dv and∫ 1

0

∫ 1
0 σl(u, v; t)(uv)k du dv for l = 1, . . . , 8. By symmetry, some of these integrals coincide,

that is ∫ 1

0

∫ 1

0
σl(u, v; t)(uv)k du dv =

∫ 1

0

∫ 1

0
σl+1(u, v; t)(uv)k du dv, l = 3, 5, 7.

Considering the remaining integrals straightforward calculations yield∫ 1

0

∫ 1

0
σ0(u, v; t)(uv)k−A(t) du dv =

2
(k + 1)(2k + 2− A(t))

− 1
(k + 1)2 ,∫ 1

0

∫ 1

0
σ1(u, v; t)(uv)k du dv =

( 2
(k + 1)(2k + 1 + t)

− 1
(k + 1)2

)
µ2(t),∫ 1

0

∫ 1

0
σ2(u, v; t)(uv)k du dv =

( 2
(k + 1)(2k + 2− t)

− 1
(k + 1)2

)
ν2(t).

Regarding the integral with respect to σ3 we need to evaluate

H1(t) =
∫ 1

0

∫ 1

0
uk+t−1vk−tC(u1−t, vt) du dv =

1
t(1− t)

∫ 1

0

∫ 1

0
C(x, y)x

k+1
1−t−2y

k+1
t −2 dx dy,

where we have used the substitution u1−t = x and vt = y. Next substitute x = w1−s

and y = ws, then w = xy ∈ (0, 1] and s = log y
log xy ∈ [0, 1], while the Jacobian of the

transformation is given by − log w. One obtains

H1(t) =
1

t(1− t)

∫ 1

0

(
A(s) + (k + 1)

(1− s
1− t

+
s
t

)
− 1
)−2

ds,

where the last equality follows by integration by parts. In consequence,∫ 1

0

∫ 1

0
σ3(u, v; t)(uv)k du dv

=
{ 1

t(1− t)

∫ 1

0

(
A(s) + (k + 1)

(1− s
1− t

+
s
t

)
− 1
)−2

ds− 1
(k + 1)2

}
µ(t)ν(t).

Regarding the integral of σ5 we decompose∫ 1

0

∫ 1

0
uk−A(t)vk+t−1C(u1−t ∧ v1−t, ut) du dv

=
∫ 1

0

∫ v

0
uk−A(t)vk+t−1C(u1−t, ut) du dv +

∫ 1

0

∫ 1

v
uk−A(t)vk+t−1C(v1−t, ut) du dv.

Straightforward calculations show that the first integral equals
(
(k + 1)(2k + 1 + t)

)−1.
For the second integral we substitute v1−t = x and ut = y to obtain

1
t(1− t)

∫ 1

0

∫ y(1−t)/t

0
y

k+1−A(t)
t −1x

k+1
1−t−2C(x, y) dx dy.
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We proceed by the same transformation as for σ3, namely x = w1−s and y = ws. The
inequality x < y(1−t)/t transforms to t > s and in consequence the latter integral equals

− 1
t(1− t)

∫ t

0

∫ 1

0
ws
(

k+1−A(t)
t −1

)
+(1−s)( k+1

1−t−2)+A(s) log w dw ds

=
1

t(1− t)

∫ t

0

(
A(s) + (k + t)

1− s
1− t

+ (k + 1− A(t))
s
t

)−2

ds,

where the last equality follows by integration by parts. Combining all terms for σ5 we
obtain∫ 1

0

∫ 1

0
σ5(u, v; t)(uv)k du dv = µ(t)

{
1

(k + 1)(2k + 1 + t)

+
1

t(1− t)

∫ t

0

(
A(s) + (k + t)

1− s
1− t

+ (k + 1− A(t))
s
t

)−2

ds− 1
(k + 1)2

}
.

For the integrals with respect to σ7 similar calculations yield∫ 1

0

∫ 1

0
σ7(u, v; t)(uv)k du dv = ν(t)

{
1

(k + 1)(2k + 2− t)

+
1

t(1− t)

∫ 1

t

(
A(s) + (k + 1− A(t))

1− s
1− t

+ (k + 1− t)
s
t

)−2

ds− 1
(k + 1)2

}
and the conclusion finally follows by assembling all terms.

Proof of Theorem 3.14. Let η denote a probability measure minimizing the functional V
defined in (3.22). Note that V is convex and define for α ∈ [0, 1] and a further probability
measure ξ on [0, 1] the function

g(α) = V(αξ + (1− α)η).

Because V is convex it follows that η is optimal if and only if the directional derivative of
η in the direction ξ − η satisfies

0 ≤ g′(0+) = lim
α→0+

g(α)− g(0)
α

= 2
∫ 1

0

∫ 1

0
kt(x, y)dξ(x)dη(y)− 2

∫ 1

0

∫ 1

0
kt(x, y)dη(x)dη(y)

for all probability measures ξ. Using Dirac measures for ξ yields that this inequality is
equivalent to (3.23), which proves Theorem 3.14.

Proof of Theorem 3.15. Since the integration mapping is continuous, it suffices to estab-
lish the weak convergence Wn(t)  W(t) in l∞[0, 1] where we define

Wn(t) =
∫ 1

0
n
(

log
C̃n(y1−t, yt)
C(y1−t, yt)

)2
w̄(y) dy− nBh(Ân,h(t)− A∗(t))2,

W(t) =
∫ 1

0

(GC(y1−t, yt)
C(y1−t, yt)

)2
w̄(y) dy− BhA2

C,h(t).
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We prove this assertion along similar lines as in the proof of Theorem 3.7. For i ≥ 2 we
recall the notation w̄(y) = h∗(y)/(log y)2 and consider the following random functions
in l∞[0, 1]

Wi,n(t) =
∫ 1

1/i
n
(

log
C̃n(y1−t, yt)
C(y1−t, yt)

)2
w̄(y) dy− B−1

h

( ∫ 1

1/i

√
n
(

log
C̃n(y1−t, yt)
C(y1−t, yt)

)h∗(y)
log y

dy
)2

Wi(t) =
∫ 1

1/i

(GC(y1−t, yt)
C(y1−t, yt)

)2
w̄(y) dy− B−1

h

( ∫ 1

1/i

GC(y1−t, yt)
C(y1−t, yt)

h∗(y)
log y

dy
)2

.

By an application of Lemma A.3 in the Appendix, it suffices to show the conditions listed
in (3.39). By arguments similar to those in the proof of Theorem 3.7 we obtain

√
n log

C̃n(y1−t, yt)
C(y1−t, yt)

 
GC(y1−t, yt)
C(y1−t, yt)

in l∞([1/i, 1]× [0, 1]). Assertion (i) now follows immediately by the boundedness of the
functions w̄(y) and h∗(y)(− log y)−1 on [1/i, 1] (see conditions (3.15), (3.16) and (3.18))
and the continuous mapping theorem.
For the proof of assertion (ii) we simply note that G2

C and GC are bounded on [0, 1]2

and K1(y, t) = w̄(y)
C2(y1−t,yt) and K2(y, t) = h∗(y)

C(y1−t,yt) are bounded uniformly with respect to

t ∈ [0, 1] by the integrable functions K̄1(y) = w̄(y) y−2 and K̄2(y) = h∗(y)(− log y)−1 y−1.

For the proof of assertion (iii) we fix some α ∈ (0, 1/2) such that λα > 2γ and consider
the decomposition

Wn(t)−Wi,n(t) = B(1)
i (t) + B(2)

i (t) + B(3)
i (t),

where

B(1)
i (t) =

∫
I
B(1)

i (t)

n
(

log
C̃n(y1−t, yt)
C(y1−t, yt)

)2
w̄(y) dy,

B(2)
i (t) =

∫
I
B(2)

i (t)

n
(

log
C̃n(y1−t, yt)
C(y1−t, yt)

)2
w̄(y) dy,

B(3)
i (t) = −B−1

h I(t, 1/i)(2I(t, 1)− I(t, 1/i)),

I
B(1)

i
(t) and I

B(2)
i

(t) are defined in (3.41) and

I(t, a) =
√

n
∫ a

0

(
log

C̃n(y1−t, yt)
C(y1−t, yt)

)h∗(y)
log y

dy.

By the same arguments as in the proof of Theorem 3.7 we have for every ε > 0

lim
i→∞

lim sup
n→∞

P∗( sup
t∈[0,1]

|I(t, 1/i)| > ε) = 0,
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and supt∈[0,1] |I(t, 1)| = OP∗(1), which yields limi→∞ lim supn→∞ P∗(supt∈[0,1] |B
(3)
i (t)| >

ε) = 0. For B(1)
i (t) we obtain the estimate

sup
t∈[0,1]

|B(1)
i (t)| ≤ sup

t∈[0,1]

∫
I
B(1)

i (t)

n
∣∣∣(C̃n − C)(y1−t, yt)

∣∣∣2∣∣∣1∨ C2

C̃2
n
(y1−t, yt)

∣∣∣ w̄(y) y−2 dy

≤ sup
x∈[0,1]2

n|C̃n(x)− C(x)|2 ×
(

1∨ sup
x∈[0,1]2 : C(x)>n−α

∣∣∣C2

C̃2
n
(x)
∣∣∣)× ψ(i),

where ψ(i) :=
∫ 1/i

0 w̄(y)y−2dy, which can be handled by the same arguments as in the

proof of Theorem 3.7. Finally, the term B(2)
i (t) can be estimated by

sup
t∈[0,1]

|B(2)
i (t)| ≤ sup

t∈[0,1]

∫
I
B(2)

i (t)

n
∣∣∣(C̃n − C)(y1−t, yt)

∣∣∣2∣∣∣1∨ Cλ

C̃2
n
(y1−t, yt)

∣∣∣ w̄(y) y−λ dy

≤ sup
x∈[0,1]2

n|C̃n(x)− C(x)|2 ×
(

1∨ sup
x∈[0,1]2 : C(x)≤n−α

∣∣∣Cλ

C̃2
n
(x)
∣∣∣)× φ(i),

where φ(i) =
∫ 1/i

0 w̄(y)y−λ dy = o(1) for i → ∞ by condition (3.17). Mimicking the
arguments from the proof of Theorem 3.7 completes the proof.

Proof of Theorem 3.16. Recall the decomposition Mh(C̃n, Ân,h)−Mh(C, A∗) = S1 + S2 +
S3 where S1, S2 and S3 are defined in (3.34). With the notation v̄(y) := 2 h∗(y)/(− log y) it
follows that |v(y, t)| ≤ v̄(y) and the assumptions on h yield the validity of (3.15)-(3.17) for
v(y, t). This allows for an application of Theorem 3.7 and together with the continuous
mapping theorem we obtain

√
nS1  Z1, where Z1 is the limiting process defined

in (3.16). Thus it remains to verify the negligibility of S2 + S3. For S3 we note that by
Theorem 3.8 and the continuous mapping theorem we have S3 = OP(1/n) and it remains
to consider S2. To this end we fix some α ∈ (0, 1/2) such that (1 + (λ− 1)/2)α > γ and
consider the decomposition∫ 1

0
log2 C̃n(y1−t, yt)

C(y1−t, yt)
h∗(y)

(log y)2 dy

=
∫

I
B(1)

1 (t)

log2 C̃n(y1−t, yt)
C(y1−t, yt)

h∗(y)
(log y)2 dy +

∫
I
B(2)

1 (t)

log2 C̃n(y1−t, yt)
C(y1−t, yt)

h∗(y)
(log y)2 dy

=: T1(t, n) + T2(t, n)

where the sets I
B(j)

1 (t)
, j = 1, 2 are defined in (3.41). On the set I

B(1)
1 (t)

we use the estimate

log2 C̃n(y1−t, yt)
C(y1−t, yt)

≤ |C̃n − C|2
(C∗)2 (y1−t, yt) ≤ |C̃n − C|2

C∗
(y1−t, yt)

1

n−α(1∧ C̃n(y1−t,yt)
C(y1−t,yt) )

≤ nα |C̃n − C|2
C∗

(y1−t, yt)
(

1∨ sup
x∈[0,1]2 : C(x)>n−α

C(x)
C̃n(x)

)
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where |C∗(y, t)−C(y1−t, yt)| ≤ |C̃n(y1−t, yt)−C(y1−t, yt)|. By arguments similar to those
used in the proof of Theorem 3.7, it is now easy to see that

√
n sup

t
|T1(t, n)| ≤ sup

x∈[0,1]2
nα+1/2|C̃n(x)− C(x)|2 ×

(
1∨ sup

x∈[0,1]2 : C(x)>n−α

∣∣∣ C
C̃n

(x)
∣∣∣)2
× K

converges to 0 in outer probability, where K :=
∫ 1

0 w̄(y) y−1 dy < ∞ denotes a finite
constant (see condition (3.17)). Now set β := (λ− 1)/2 > 0. From the estimate

C∗(y, t) ≥ y1+β

(
1∧ C̃n

C1+β
(y1−t, yt)

)
= y−βyλ

(
1∧ C̃n

C1+β
(y1−t, yt)

)
we obtain by similar arguments as in the proof of the negligibility of |B(2)

i (t)| in the proof
of Theorem 3.7 (note that on I

B(2)
1 (t)

we have y ≤ C(y1−t, yt) ≤ n−α )

sup
t∈[0,1]

|T2(t, n)| ≤ log(n)n−βα sup
x∈[0,1]2

√
n|C̃n(x)− C(x)|×

(
1∨ sup

x∈[0,1]2 : C(x)≤n−α

∣∣∣C1+β

C̃n
(x)
∣∣∣)× K̃

where K̃ := γ
∫ 1

0 (1− log y) h∗(y)
(log y)2 y−λ dy denotes a finite constant (see conditions (3.17)

and (3.19)) and we used the estimate∣∣∣ log
C̃n(y1−t, yt)
C(y1−t, yt)

∣∣∣2 ≤ (γ log n− log y)
∣∣∣ log

C̃n(y1−t, yt)
C(y1−t, yt)

∣∣∣
≤ γ log(n)(1− log y)

∣∣∣ log
C̃n(y1−t, yt)
C(y1−t, yt)

∣∣∣,
which holds for sufficiently large n. Finally, we observe that

sup
x∈[0,1]2 : C(x)≤n−α

∣∣∣C1+β

C̃n
(x)
∣∣∣ ≤ sup

x∈[0,1]2 : C(x)≤n−α

∣∣∣nγC1+β(x)
∣∣∣ ≤ nγ−(1+β)α = o(1).

Now the proof is complete.

Proof of Theorem 3.18 The conditions on the weight function imply that all integrals in
the definition of Z0 are proper and therefore the mapping (GC, C) 7→ Z0(GC, C) is con-
tinuous. Hence, the result follows by Theorem 2.3 and the continuous mapping theorem
for the bootstrap, see e.g. Theorem 10.8 in [Kosorok, 2008].





Chapter 4

Multiplier Bootstrap approximations
for tail copulas

4.1 Introduction

Let X be a 2-dimensional random vector distributed according to some continuous bi-
variate cumulative distribution function F with associated copula C = F(F−1 , F−2 ), where
Fp(xp) = P(Xp ≤ xp), p = 1, 2, denote the marginal cumulative distribution functions
of X. Recall Definition 1.6: Provided the limits

ΛL(x) = lim
t→∞

t C(x1/t, x2/t)

ΛU(x) = lim
t→∞

t C̄(x1/t, x2/t),

exist, the functions ΛL and ΛU are referred to as the lower (resp. upper) tail copula of X.
Here x = (x1, x2)T ∈ R̄2

+ := [0, ∞]2 \ {(∞, ∞)} and C̄(u) = u1 + u2− 1 + C(1− u1, 1− u2)
denotes the survival copula of X.

Since its introduction various parametric and nonparametric estimates of the tail copu-
las and of the stable tail dependence function have been proposed in the literature (re-
garding the relationship between tail copulas and the stable tail dependence function
see Section 1.2). Several authors assume that the dependence function belongs to some
parametric family. [Coles and Tawn, 1994; Tiago de Oliveira, 1980; Einmahl et al., 1993]
imposed restrictions on the marginal distributions to estimate multivariate extreme value
distributions. Nonparametric estimates of the stable tail dependence function have been
investigated by [Huang, 1992; Qi, 1997; Drees and Huang, 1998], while corresponding
estimates for tail copulas have been discussed by [Schmidt and Stadtmüller, 2006]. More
recent work on inference on the stable tail dependence function can be found in [Ein-
mahl et al., 2008] and [Einmahl et al., 2006], who investigated moment estimators of tail
dependence and weighted approximations of tail copula processes, respectively.
The present chapter of this thesis has two main purposes. First we clarify some curiosi-
ties in the literature on tail copula estimation, which stem from the fact that most authors
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assume the existence of continuous partial derivatives of the tail copula (see e.g. [Huang,
1992; Drees and Huang, 1998; Schmidt and Stadtmüller, 2006; de Haan and Ferreira, 2006;
Peng and Qi, 2008; de Haan et al., 2008] among others). However, the tail copula corre-
sponding to asymptotic independence is the only tail copula with this property, because
the partial derivatives of a (lower or upper) tail copula satisfy

∂1Λ(0, x) =

{
limt→∞ Λ(1, t) if x > 0
0 if x = 0.

(4.1)

As a consequence we provide a result regarding the weak convergence of the empiri-
cal tail copula process (and thus also of the empirical stable tail dependence function)
under weak smoothness assumptions (see Theorem 4.2 in the following section). The
smoothness conditions are nonrestrictive in the sense, that in the case where they are not
satisfied, the candidate limiting process does not have continuous trajectories.
The second objective of this chapter is devoted to the approximation of the distribution
of estimators for the tail copulas by new bootstrap methods. In contrast to the problem
of estimation of the stable dependence function and tail copulas, this problem has found
much less attention in the literature. Recently, [Peng and Qi, 2008] considered the tail
empirical distribution function and showed the consistency of the bootstrap based on
resampling (again under the assumption of continuous partial derivatives). These results
were used to construct confidence bands for the tail dependence function. While these
authors considered the naive bootstrap, the present chapter of this thesis is devoted to
multiplier bootstrap procedures for tail copula estimation, see also Chapter 2. Note that
the parametric bootstrap, which is commonly applied in goodness-of-fit testing problems
(see [de Haan et al., 2008]), has very high computational costs, because it heavily relies
on random number generation and estimation (see also [Kojadinovic and Yan, 2010] and
[Kojadinovic et al., 2010] for a more detailed discussion of the computational efficiency
of the multiplier bootstrap). Moreover, it was pointed out in Chapter 2 in the context
of nonparametric copula estimation that multiplier bootstrap procedures lead to more
reliable approximations than the bootstrap based on resampling.
In Section 4.2 we briefly review the nonparametric estimates of the tail copula and dis-
cuss their main properties. In particular we establish weak convergence of the empiri-
cal tail copula process under nonrestrictive smoothness assumptions, which are satisfied
for many commonly used models. In Section 4.3 we introduce the multiplier bootstrap
for the empirical tail copula and prove its consistency. The procedure itself as well as
the method of proof are similar in kind to the multiplier bootstrap procedures for the
empirical copula investigated in Section 2 of this thesis. More precisely, we consider a
partial derivatives multiplier bootstrap which utilizes the structure of the limiting field of
the empirical tail copula process (see also Theorem 2.3). As a consequence, this approach
requires the estimation of the partial derivatives of the tail copula. Secondly, a direct
multiplier bootstrap is proposed which uses multipliers in the two-dimensional empirical
distribution function and in the estimates of the marginal distributions. This method is
comparable to the one investigated in Theorem 2.4. Finally, in Section 4.4 we discuss sev-
eral statistical applications of the multiplier bootstrap. In particular, we investigate the
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problem of testing for equality between two tail copulas and we discuss the bootstrap ap-
proximations in the context of testing parametric assumptions for the tail copula. Finally,
the proofs and some of the technical details are deferred to Section 4.5.

4.2 Empirical tail copulas

Let X1, . . . , Xn denote an i.i.d. sample of random variables distributed according to F =
C(F1, F2) and denote the empirical distribution functions of F, F1 and F2 by Fn, Fn1 and
Fn2, respectively. Following [Schmidt and Stadtmüller, 2006] we consider the estimators

Λ̂L(x) =
n
k

Cn

(
kx1

n
,

kx2

n

)
, (4.2)

Λ̂U(x) =
n
k

C̄n

(
kx1

n
,

kx2

n

)
(4.3)

for the lower and upper tail copula, respectively, where k → ∞ such that k = o(n), and
Cn and C̄n denote the empirical copula and the empirical survival copula, respectively.
The latter is defined as

C̄n(u) = F̄n(F̄−n1(u1), F̄−n2(u2)),

where F̄n(x) = 1
n ∑n

i=1 I{Xi > x} and F̄np(xp) = 1
n ∑n

i=1 I{Xip > xp}, p = 1, 2. It is easy to
see that the estimators in (4.2) and (4.3) are asymptotically equivalent to the estimates

Λ̂L(x) ≈ 1
k

n

∑
i=1

I{R(Xi1) ≤ kx1, R(Xi2) ≤ kx2}, (4.4)

Λ̂U(x) ≈ 1
k

n

∑
i=1

I{R(Xi1) > n− kx1, R(Xi2) > n− kx2}, (4.5)

where R(Xip) = nFnp(Xip) denotes the rank of Xip among X1p, . . . Xnp (p = 1, 2). There-
fore we introduce analogs of (4.4) and (4.5) where the marginals F1 and F2 are assumed
to be known, that is

Λ̃L(x) =
1
k

n

∑
i=1

I{F1(Xi1) ≤
kx1

n
, F2(Xi2) ≤

kx2

n
}, (4.6)

Λ̃U(x) =
1
k

n

∑
i=1

I{F1(Xi1) > 1− kx1

n
, F2(Xi2) > 1− kx2

n
}. (4.7)

For the sake of brevity we restrict our investigations to the case of lower tail copulas and
we assume that this function is non-zero in a single point x ∈ R2

+ (and as a consequence
non-zero everywhere on R2

+, see Proposition 1.7.
Let B∞(R̄2

+) denote the space of all functions f : R̄2
+ → R, which are locally uniformly

bounded on every compact subset of R̄2
+, with metric

d( f1, f2) =
∞

∑
i=1

2−i(|| f1 − f2||Ti ∧ 1),
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where the sets Ti are defined recursively by T3i = T3i−1 ∪ [0, i]2, T3i−1 = T3i−2 ∪ ([0, i]×
{∞}), T3i−2 = T3(i−1) ∪ ({∞} × [0, i]) and T0 = ∅. Note that with this metric the set
B∞(R̄2

+) is a complete metric space and that a sequence fn in B∞(R̄2
+) converges with

respect to d if and only if it converges uniformly on every Ti, see [van der Vaart and
Wellner, 1996].
[Schmidt and Stadtmüller, 2006] assumed that the lower tail copula ΛL satisfies the second-
order condition

lim
t→∞

ΛL(x)− tC(x1/t, x2/t)
A(t)

= g(x) (4.8)

locally uniformly for x = (x1, x2)T ∈ R̄2
+, where g is a non-constant function and the

function A : R+ → R+ satisfies limt→∞ A(t) = 0. Under this and the additional assump-
tions ΛL 6= 0,

√
kA(n/k) → 0, k = k(n) → ∞, k = o(n), they showed that the lower tail

copula process with known marginals defined in (4.6) converges weakly in B∞(R̄2
+), that

is
√

k
(
Λ̃L(x)−ΛL(x)

)
 GΛ̃L

(x), (4.9)

where GΛ̃L
is a centered Gaussian field with covariance structure given by

E GΛ̃L
(x)GΛ̃L

(y) = ΛL(x1 ∧ y1, x2 ∧ y2). (4.10)

For the empirical tail copula Λ̂L(x) they established the weak convergence

αn(x) =
√

k
(
Λ̂L(x)−ΛL(x)

)
 GΛ̂L

(x) (4.11)

in B∞(R̄2
+), provided that the tail copula has continuous partial derivatives. Here the

limiting process GΛ̂L
has the representation

GΛ̂L
(x) = GΛ̃L

(x)− ∂1ΛL(x)GΛ̃L
(x1, ∞)− ∂2ΛL(x)GΛ̃L

(∞, x2). (4.12)

The assumption of continuous partial derivatives is made in the whole literature on esti-
mation of stable tail dependence functions and tail copulas. However, as demonstrated
in (4.1) there does not exist any tail copula ΛL 6= 0 with continuous partial derivatives
at the origin (0, 0)T. With our first result we will fill this gap and prove weak conver-
gence of the empirical tail copula process under weaker smoothness assumptions. For
this purpose we will use a similar approach as in [Schmidt and Stadtmüller, 2006] since
this turns out to be also useful for a proof of consistency of the multiplier bootstrap. First
we consider the case of known marginals. Due to the second order condition (4.8) the
proof of (4.9) can be given by showing weak convergence of the centered statistic

α̃n(x) :=
√

k
(

Λ̃L(x)− n
k

C(x1k/n, x2k/n)
)

. (4.13)
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Lemma 4.1
If ΛL 6= 0 and the second order condition (4.8) holds with

√
kA(n/k) → 0, where k = k(n) →

∞ and k = o(n), then we have, as n tends to infinity

α̃n(x) =
√

k
(

Λ̃L(x)− n
k

C(x1k/n, x2k/n)
)
 GΛ̃L

(x) (4.14)

in B∞(R̄2
+), where GΛ̃L

is a tight centered Gaussian field concentrated on Cρ(R̄2
+) with covari-

ance structure given in (4.10), where ρ is a pseudometric on the space R̄2
+ defined by

ρ(x, y) = E
[
(GΛ̃L

(x)−GΛ̃L
(y))2

]1/2
= (ΛL(x)− 2ΛL(x ∧ y) + ΛL(x))1/2 ,

x = (x1, x2)T, y = (y1, y2)T, x∧ y = (x1 ∧ y1, x2 ∧ y2)T and Cρ(R̄2
+) ⊂ B∞(R̄2

+) denotes the
subset of all functions that are uniformly ρ-continuous on every Ti.

This assertion is proved in [Schmidt and Stadtmüller, 2006] by showing convergence
of the finite dimensional distributions and tightness. The proof of consistency of the
bootstrap procedures proposed in the following section follows in part by arguments
from an alternative proof of (4.14) based on Donsker classes which will be accomplished
in the appendix.
For a proof of a corresponding result for the empirical tail copula process with estimated
marginals in (4.11) we will use the functional delta method in (4.9) with some suitable
functional.

Theorem 4.2
Let ΛL 6= 0 be a lower tail copula whose partial derivatives satisfy the following first order
properties

∂p ΛL exists on {x ∈ R̄2
+ | xp < ∞} and is continuous on {x ∈ R̄2

+ | 0 < xp < ∞} (4.15)

for p = 1, 2. If additionally the assumptions of Lemma 4.1 are satisfied then we have

αn(x) =
√

k
(
Λ̂L(x)−ΛL(x)

)
 GΛ̂L

(x)

in B∞(R̄2
+), where the process GΛ̂L

is defined in (4.12) and ∂p ΛL, p = 1, 2 is defined as 0 on the
set {x ∈ R̄2

+ | xp = ∞}.

Theorem 4.2 has been proved by [Schmidt and Stadtmüller, 2006] under the additional
assumption that the tail copula has continuous partial derivatives. As pointed out in the
previous paragraphs there does not exist any tail copula ΛL 6= 0 with this property.

4.3 Multiplier bootstrap approximation

4.3.1 Asymptotic theory

In this section we will construct multiplier bootstrap approximations of the Gaussian
limit distributions GΛ̃L

and GΛ̂L
specified in (4.9) and (4.11), respectively. We proceed as
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in Chapter 2: let ξi be i.i.d. positive random variables, independent of the Xi, with mean µ
in (0, ∞) and finite variance τ2, which additionally satisfy ||ξ||2,1 :=

∫ ∞
0

√
P(|ξ| > x) dx <

∞. We will first deal with the case of known marginals and define a multiplier bootstrap
analogue of (4.6) by

Λ̃ξ
L(x) =

1
k

n

∑
i=1

ξi

ξ̄n
I{F1(Xi1) ≤

kx1

n
, F2(Xi2) ≤

kx2

n
} (4.16)

where ξ̄n = n−1 ∑n
i=1 ξi denotes the mean of ξ1, . . . , ξn. We have

α̃m
n (x) =

µ

τ

1√
n

n

∑
i=1

(
ξi

ξ̄n
− 1
)

fn,x(Ui) =
µ

τ

√
k
(
Λ̃ξ

L − Λ̃L
)
, (4.17)

where the function fn,x(Ui) is defined by

fn,x(Ui) =
√

n
k

I {Ui1 ≤ kx1/n, Ui2 ≤ kx2/n} , (4.18)

and

Ui = (Ui1, Ui2); Uip = Fp(Xip) for p = 1, 2.

The following result shows that the process (4.17) provides a valid bootstrap approxima-
tion of the process (4.13).

Theorem 4.3
If ΛL 6= 0 and the second order condition (4.8) holds with

√
kA(n/k)→ 0, k = k(n)→ ∞ and

k = o(n) we have, as n tends to infinity,

α̃m
n =

µ

τ

√
k
(
Λ̃ξ

L − Λ̃L
) P
 
ξ

GΛ̃L

in the metric space B∞(R̄2
+).

Since Theorem 4.3 states that we have weak convergence of α̃m
n to GΛ̃L

conditional on the
data Ui, it provides a bootstrap approximation of the empirical tail copula process in the
case where the marginal distributions are known. To be precise, consider B ∈ N inde-
pendent replications of the random variables ξ1, . . . , ξn and denote them by ξ1,b, . . . , ξn,b.
Compute the statistics α̃m

n,b = α̃m
n (ξ1,b, . . . , ξn,b) (b = 1, . . . , B) and use the empirical distri-

bution of α̃m
n,1, . . . , α̃m

n,B as an approximation for the limiting distribution of GΛ̃L
.

Because in most cases of practical interest there will be no information about the marginals
one cannot use Theorem 4.3 in many statistical applications. We will now develop two
consistent bootstrap approximation for the limiting distribution of the process (4.11)
which do not require knowledge of the marginals. Intuitively, it is natural to replace
the unknown marginal distributions in (4.16) by its empirical counterparts, that is

Λ̂ξ,·
L (x) =

1
k

n

∑
i=1

ξi

ξ̄n
I{Xi1 ≤ F−1

n1 (kx1/n), Xi2 ≤ F−1
n2 (kx2/n)}
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which yields the process

βn(x) =
µ

τ

√
k
(

Λ̂ξ,·
L − Λ̂L

)
=

µ

τ

1√
k

n

∑
i=1

(
ξi

ξ̄n
− 1
)

I{Xi1 ≤ F−1
n1 (kx1/n), Xi2 ≤ F−1

n2 (kx2/n)}.

Similar to the multiplier approximations considered in Chapter 2 this intuitive approach
does not yield an approximation for the distribution of the process GΛ̂L

, but of GΛ̃L
.

Theorem 4.4
Suppose that the assumptions of Theorem 4.2 hold. Then we have, as n tends to infinity

βn =
µ

τ

√
k
(
Λ̂ξ,·

L − Λ̂L
) P
 
ξ

GΛ̃L

in the metric space B∞(R̄2
+).

Proceeding as in Chapter 2 we can make use of Theorem 4.4 together with the repre-
sentation (4.12) for GΛ̂L

to get an approximation of GΛ̂L
. We begin by estimating the

derivatives of the tail copula by

∂̂pΛL(x) :=


Λ̂L(x+hep)−Λ̂L(x−hep)

2h , ∞ > xp ≥ h

∂̂pΛL(x + (h− xp)ep) = Λ̂L(x+2hep)−Λ̂L(x−xpep)
2h , xp < h

0 , xp = ∞

where e1 = (1, 0), e2 = (0, 1) and h ∼ k−1/2 tends to 0 with increasing sample size. We
will show in the Appendix (see the proof of the following Theorem in Section 4.5) that
these estimates are consistent, and consequently we define the process

α
pdm
n (x) = βn(x)− ∂̂1ΛL(x)βn(x1, ∞)− ∂̂2ΛL(x)βn(∞, x2). (4.19)

Note that α
pdm
n only depends on the data and the multipliers ξ1, . . . , ξn. As a consequence,

a bootstrap sample can easily be generated as described in the previous paragraph and
as in Chapter 2 we call this method partial derivatives multiplier bootstrap (pdm-bootstrap) in
the following discussion. Our next result shows that the pdm-bootstrap provides a valid
approximation for the distribution of the process GΛ̂L

.

Theorem 4.5
Under the assumptions of Theorem 4.2 we have

α
pdm
n

P
 
ξ

GΛ̂L

in the metric space B∞(R̄2
+).
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Similarly as in Chapter 2 it turns out that there is an alternative valid multiplier bootstrap
procedure in the case of unknown marginal distributions, which is attractive because it
avoids the problem of estimating the partial derivatives of the lower tail copula. This
method not only introduces multiplier random variables in the two-dimensional distri-
bution function but also in the inner estimators of the marginals. To be precise define

Fξ
n (x) =

1
n

n

∑
i=1

ξi

ξ̄n
I{Xi1 ≤ x1, Xi2 ≤ x2}

Fξ
nj(xj) =

1
n

n

∑
i=1

ξi

ξ̄n
I{Xij ≤ xj}, j = 1, 2

Cξ,ξ
n (u) = Fξ

n (Fξ−
n1 (u1), Fξ−

n2 (u2)).

and consider the process

Λ̂ξ,ξ
L (x) :=

n
k

Cξ,ξ
n

(
k
n

x
)

=
1
k

n

∑
i=1

ξi

ξ̄n
I{Xi1 ≤ Fξ−

n1 (kx1/n), Xi2 ≤ Fξ−
n2 (kx2/n)} (4.20)

≈ 1
k

n

∑
i=1

ξi

ξ̄n
I{Fξ

n1(Xi1) ≤ kx1/n, Fξ
n2(Xi2) ≤ kx2/n}

As before we will call this bootstrap method the direct multiplier bootstrap (dm-bootstrap).

Theorem 4.6
Under the assumptions of Theorem 4.2 we have

αdm
n (x) =

µ

τ

√
k
(

Λ̂ξ,ξ
L (x)− Λ̂L(x)

)
P
 
ξ

GΛ̂L
in B∞(R̄2

+)). (4.21)

4.3.2 Finite sample results

In this section we will present a small comparison of the finite sample properties of the
two bootstrap approximations given in this section. For the sake of brevity we only con-
sider data generated from the Clayton copula with a coefficient of lower tail dependence
λL = 0.25. The Clayton copula,

CClayton(u; θ) =
(

u−θ
1 + u−θ

2 − 1
)−1/θ

, θ > 0, (4.22)

is a widely used copula family for the modeling of negative tail dependent data. Its lower
tail copula is given by

ΛL(x) =
(

x−θ
1 + x−θ

2

)−1/θ
.

In Tables 4.1 - 4.3 we investigate the accuracy of the bootstrap approximation of the co-
variances of the limiting variable GΛ̂L

, see also Section 2.4 for an analogous investiga-
tion for the approximations of the empirical copula process. More precisely, we chose
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True π
8 2 π

8 3 π
8 αn

π
8 2 π

8 3 π
8

π
8 0.0874 0.0754 0.0516 π

8 0.0889 0.0737 0.0476
2 π

8 0.1160 0.0754 2 π
8 0.1218 0.0741

3 π
8 0.0874 3 π

8 0.0892

Table 4.1: Left part: True covariances of GΛ̂L
for the Clayton Copula with λL = 0.25. Right

part: sample covariances of the empirical tail copula process αn with sample size n = 1000 and
parameter k = 50.

α
pdm
n

π
8 2 π

8 3 π
8 αdm

n
π
8 2 π

8 3 π
8 αres

n
π
8 2 π

8 3 π
8

π
8 0.094 0.072 0.046 π

8 0.100 0.071 0.045 π
8 0.100 0.070 0.043

2 π
8 0.130 0.072 2 π

8 0.136 0.707 2 π
8 0.136 0.070

3 π
8 0.094 3 π

8 0.099 3 π
8 0.099

Table 4.2: Averaged sample covariances of the Bootstrap approximations α
pdm
n , αdm

n and αres
n of

GΛ̂L
under the conditions of Table 4.1.

α
pdm
n

π
8 2 π

8 3 π
8 αdm

n
π
8 2 π

8 3 π
8 αres

n
π
8 2 π

8 3 π
8

π
8 3.676 4.688 3.650 π

8 3.869 3.496 2.724 π
8 4.217 3.851 3.219

2 π
8 8.110 4.877 2 π

8 8.892 3.259 2 π
8 8.731 3.640

3 π
8 3.706 3 π

8 3.777 3 π
8 3.900

Table 4.3: Mean squared error ×104 of the different estimates for the covariances in Table 4.2.

three points on the unit circle {eiϕ, ϕ = kπ/8 with k = 1, 2, 3} and show in the first four
columns of Table 4.1 the true covariances of the limiting process GΛ̂L

. The remaining
columns show the simulated covariances of the process αn on the basis of 5 · 105 sim-
ulation runs, where the sample size is n = 1000 and the parameter k is chosen as 50.
This table is the benchmark for the bootstrap approximations of the covariances stated
in Table 4.2. For the sake of completeness we also investigated the resampling bootstrap
considered in [Peng and Qi, 2008] (which is hereafter denoted by αres

n ). The covariances
are based on the average of 1000 simulation runs, where in each run the covariance is
estimated on the basis of B = 500 bootstrap replications. In Table 4.3 we present the
corresponding mean squared error.
As one can see all bootstrap procedures yield approximations of quite comparable mag-
nitude. Considering only the bias in Table 4.2 the pdm-bootstrap has slight advantages
in all cases, while there are basically no differences between the dm- and the resampling
bootstrap. A comparison of the mean squared error in Table 4.3 shows that the pdm-
bootstrap has the best performance on the diagonal. On the other hand, it yields a less
accurate approximation in case of approximating off-diagonal covariances. In this case,
the dm-bootstrap yields the best results.
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4.4 Statistical applications

In this section we investigate several statistical applications of the multiplier bootstrap.
In particular we discuss the problem of comparing lower tail copulas from different sam-
ples, the problem of constructing confidence intervals and the problem of testing for a
parametric form of the lower tail copula.

4.4.1 Testing for equality between two tail copulas

Let X1, . . . , Xn1 and Y1, . . . , Yn2 denote two independent samples of i.i.d. random vari-
ables (we will relax the assumption of independence between the samples later on) with
cumulative distribution function F = C(F1, F2) and H = D(H1, H2), respectively. We
assume that the marginal distributions F1, F2 and H1, H2 of F and H are continuous and
that for both distributions the corresponding lower tail copulas, say ΛL,X and ΛL,Y, exist
and do not vanish. We are interested in a test for the hypothesis

H0 : ΛL,X ≡ ΛL,Y vs. H1 : ΛL,X 6= ΛL,Y. (4.23)

Due to the homogeneity of tail copulas we have ΛL(tx) = tΛL(x) ∀t > 0, x ∈ R2
+, and

the hypotheses are equivalent to

H0 : $(ΛL,X, ΛL,Y) = 0 vs H1 : $(ΛL,X, ΛL,Y) > 0,

where the distance $ is defined by

$(ΛL,X, ΛL,Y) :=
∫ π/2

0

(
ΛL,X(cos ϕ, sin ϕ)−ΛL,Y(cos ϕ, sin ϕ)

)2 dϕ (4.24)

=
∫ π/2

0

(
Λ∠L,X(ϕ)−Λ∠L,Y(ϕ)

)2 dϕ

and we have used the notation

Λ∠L,X(ϕ) = ΛL,X(cos ϕ, sin ϕ), Λ∠L,Y(ϕ) = ΛL,Y(cos ϕ, sin ϕ).

We propose to base the test for the hypothesis (4.23) on the distance between the empirical
tail copulas and define

Sn =
k1k2

k1 + k2
$(Λ̂L,X, Λ̂L,Y) =

k1k2

k1 + k2

∫ π/2

0
(Λ̂∠L,X(ϕ)− Λ̂∠L,Y(ϕ))2 dϕ,

where Λ̂∠L,X(ϕ) = Λ̂L,X(cos(ϕ), sin(ϕ)), Λ̂∠L,Y = Λ̂L,Y(cos(ϕ), sin(ϕ)) denote the empirical
tail copulas Λ̂L,X and Λ̂L,Y with corresponding parameters k1 and k2, which satisfy the
(second order) conditions of Lemma 4.1 and

k1/(k1 + k2)→ λ ∈ (0, 1).
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Note that Sn can easily be computed from the ranks of Xip and Yip in their respective
samples, X1p, . . . , Xn1 p and Y1p, . . . , Yn2 p that is

Sn =
k1k2

k1 + k2

{
1
k2

1

n1

∑
i=1

n1

∑
j=1

[
(arccos(Si1) ∧ arccos(Sj1))− (arcsin(Si2) ∨ arcsin(Sj2))

]+
− 2

k1k2

n1

∑
i=1

n2

∑
j=1

[
(arccos(Si1) ∧ arccos(Tj1))− (arcsin(Si2) ∨ arcsin(Tj2))

]+
+

1
k2

2

n2

∑
i=1

n2

∑
j=1

[
(arccos(Ti1) ∧ arccos(Tj1))− (arcsin(Ti2) ∨ arcsin(Tj2))

]+ .

Here we used the notation Sip = R(Xip)
k1
∧ 1, Tip = R(Yip)

k1
∧ 1 (p = 1, 2) and [ f ]+ denotes

the positive part of the function f .
Under the null hypothesis (4.23) of equality between the tail copulas we have Sn = Tn
with

Tn =
∫ π/2

0
E2

n(cos ϕ, sin ϕ) dϕ,

where

En(x) =

√
k2

k1 + k2

√
k1(Λ̂L,X(x)−ΛL,X(x))−

√
k1

k1 + k2

√
k2(Λ̂L,Y(x)−ΛL,Y(x)).

Since the two samples X and Y are independent we obtain independently of the hypothe-
ses that

En  
√

1− λGΛ̂L,X
−
√

λGΛ̂L,Y
=: E .

in the metric space B∞(R̄2
+), where the two-dimensional centered Gaussian fields GΛ̂L,X

and GΛ̂L,Y
are defined in (4.12). This yields by the continuous mapping theorem

Tn  
∫ π/2

0
E2(cos ϕ, sin ϕ) dϕ =: T

under both the null hypothesis and the alternative. Note that

$(Λ̂L,X, Λ̂L,Y) P→ $(ΛL,X, ΛL,Y),

which vanishes if and only if the null hypothesis (4.23) is satisfied. Therefore we can
conclude that

Sn  H0T , Sn
P→H1 ∞, (4.25)

which shows that a test, which rejects the null hypothesis (4.23) for large values of Tn is
consistent.
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In order to determine critical values for the test we approximate the limiting distribution
T by the multiplier bootstrap proposed in Section 4.3. For this purpose we exemplar-
ily consider the pdm-bootstrap (the extension to the dm-bootstrap defined in (4.21) is
straightforward) using the definition in equation (4.19) and denote for any b ∈ {1, . . . , B}
by ξ1,b, . . . , ξn1,b, ζ1,b, . . . , ζn2,b independent and identically distributed non-negative ran-
dom variables with mean µ1 (resp. µ2) and variance τ2

1 (resp. τ2
2 ). We compute for each b

and both samples the bootstrap statistics as given in (4.19), i.e.

α
pdm
X,n1,b(x) = βX,n1,b(x)− ∂̂1ΛL,X(x)βX,n1,b(x1, ∞)− ∂̂2ΛL,X(x)βX,n1,b(∞, x2),

α
pdm
Y,n2,b(x) = βY,n2,b(x)− ∂̂1ΛL,Y(x)βY,n2,b(x1, ∞)− ∂̂2ΛL,Y(x)βY,n2,b(∞, x2),

where

βX,n1,b(x) =
µ1

τ1

1√
k1

n1

∑
i=1

(
ξi,b

ξ̄·,bn1

− 1

)
I{Fn11(Xi1) ≤ k1x1/n1, Fn12(Xi2) ≤ k1x2/n1},

βY,n2,b(x) =
µ2

τ2

1√
k2

n2

∑
i=1

(
ζi,b

ζ̄·,bn2

− 1

)
I{Hn21(Yi1) ≤ k2x1/n2, Hn22(Yi2) ≤ k2x2/n2},

and ∂̂pΛL,X and ∂̂pΛL,Y are the corresponding estimates of the partial derivatives (p =
1, 2). For all x ∈ R̄2

+ and all b ∈ {1, . . . , B} define

Ê (pdm,b)
n (x) :=

√
k2

k1 + k2
α

pdm
X,n1,b(x)−

√
k1

k1 + k2
α

pdm
Y,n2,b(x),

T̂ (pdm,b)
n :=

∫ π/2

0

{
Ê (pdm,b)

n (cos ϕ, sin ϕ)
}2 dϕ.

By Theorem 4.5 and Theorem 10.8 in [Kosorok, 2008], it follows for every b ∈ {1, . . . , B}

T̂ (pdm,b)
n

P
 
ξ
T (b),

where T (b) is an independent copy of T (note that we consider the processes Ê (β,b)
n and

Ê (γ,b)
n in the Banachspace l∞([0, 1]2)). Similarly, we have T̂ (dm,b)

n
P
 
ξ
T (b). From (4.25)

we therefore obtain a consistent asymptotic level α test for the null hypothesis (4.23) by
rejectingH0 for large values of Sn, that is

Sn > qm
1−α (4.26)

where qm
1−α denotes the (1− α) quantile of the empirical distribution function

Km
n (s) =

1
B

B

∑
b=1

I{T̂ (m,b)
n ≤ s}
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λL,X λL,Y α = 0.15 α = 0.1 α = 0.05
0.25 0.25 0.143 0.098 0.054
0.5 0.5 0.140 0.099 0.047

0.75 0.75 0.117 0.078 0.029
0.25 0.5 0.764 0.706 0.605
0.5 0.75 0.896 0.856 0.783

0.25 0.75 1 1 1

Table 4.4: Simulated rejection probabilities of the pdm bootstrap test (4.26) for the hypothesis
(4.23) .

(here m is either pdm or dm corresponding to partial derivative or direct multiplier boot-
strap).
The discussion up till now holds true for two independent populations Xi and Yi. Nev-
ertheless it is easy to check that the methodology of the previous sections also applies if
we are faced with paired observations, i.e. Xi is not independent of Yi, but n1 = n2 = n.
In that case we have to set ζi,b = ξi,b for all i = 1, . . . , n and b = 1, . . . , B. To see this, set
Zi = (Xi1, Xi2, Yi1, Yi2)T and denote the (empirical) copula of Zi by (Cn) C. Clearly,

C(u1, u2) = C(u1, u2, 1, 1), D(v1, v2) = C(1, 1, v1, v2),
Cn(u1, u2) = Cn(u1, u2, 1, 1), Dn(v1, v2) = Cn(1, 1, v1, v2).

If we set

ΛL,Z(x, y) = lim
t→∞

t C(x/t, y/t),

Λ̂L,Z(x, y) =
n
k
Cn(

nx
k

,
ny
k

),

we obtain

ΛL,X(x) = ΛL,Z(x, ∞, ∞), ΛL,Y(y) = ΛL,Z(∞, ∞, y),

Λ̂L,X(x) = Λ̂L,Z(x, ∞, ∞), Λ̂L,Y(y) = Λ̂L,Z(∞, ∞, y).

Similar relations for the multiplier approximations are straightforward and the result
follows along similar lines as in the previous sections.
For an investigation of the finite sample property we consider two independent samples
of i.i.d. distributed random variables according to the Clayton copula, see (4.22), with a
coefficient of lower tail dependence λL varying in the set {0.25, 0.5, 0.75}.
In Table 4.4 and 4.5 we show the simulated rejection probabilities of the pdm and dm
bootstrap test defined in (4.26) for various nominal levels on the basis of 1000 simulation
runs. The sample size is n = 1000, k = 50 and B = 500 bootstrap replications with
Laplacian(0, 2) multipliers have been used.
We observe that the nominal level is well approximated by the pdm bootstrap if the coef-
ficient of tail dependence is not too large. For a larger coefficient the test is conservative.
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λL,X λL,Y α = 0.15 α = 0.1 α = 0.05
0.25 0.25 0.125 0.091 0.052
0.5 0.5 0.108 0.069 0.036
0.75 0.75 0.068 0.051 0.023
0.25 0.5 0.713 0.643 0.529
0.5 0.75 0.869 0.822 0.713
0.25 0.75 0.999 0.999 0.997

Table 4.5: Simulated rejection probabilities of the dm bootstrap test (4.26) for the hypothesis
(4.23)

On the other hand, the dm bootstrap test is slightly more conservative and this effect is
increasing with the coefficient of tail dependence. The alternative of different lower tail
copulas is detected with reasonable power where both tests yield rather similar results
with slight advantages for the pdm-bootstrap.

4.4.2 Bootstrap approximation of a minimum distance estimate and a compu-
tationally efficient goodness-of-fit test

In this section we are interested in estimating the tail copula of X under the additional
assumption that the tail copula lies in some parametric class, say

L = {ΛL(·; θ) | θ ∈ Θ} . (4.27)

Recently, estimates for parametric classes of tail copulas and stable tail dependence func-
tions have been investigated by [de Haan et al., 2008] and [Einmahl et al., 2008] who
proposed a censored likelihood and a moment based estimator, respectively. In the
present section we investigate a further estimate, which is based on the minimum dis-
tance method. To be precise let ΛL denote an arbitrary lower tail copula and ΛL( · ; θ) an
element in the parametric class L and define

Λ∠L (ϕ) = ΛL(cos ϕ, sin ϕ), Λ∠L (ϕ; θ) = ΛL(cos ϕ, sin ϕ; θ).

We consider the parameter corresponding to the best approximation by the distance $
defined in (4.24)

θB = T(ΛL) = arg min
θ∈Θ

$(ΛL, ΛL( · ; θ)),

and call θ̂MD
n = T(Λ̂L) a minimum distance estimator for θ, where Λ̂L is the empirical

lower tail copula defined in (4.2) and Λ̂∠L = Λ̂L(cos ϕ, sin ϕ). Note that θB is the “true”
parameter if the null hypothesis is satisfied.
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Throughout this section let X1, . . . , Xn denote i.i.d. bivariate random variables with cu-
mulative distribution function F = C(F1, F2) and existing lower tail copula ΛL. Further-
more, we introduce the notations

Q(θ) = $(ΛL, ΛL(·; θ)), ψ(θ) = ∂θ Q(θ),

Qn(θ) = $(Λ̂L, ΛL(·; θ)), ψn(θ) = ∂θ Qn(θ),

and assume that the following regularity conditions are satisfied.

(B.1) The parameter space Θ has non-empty interior, say Θ0, and the parameter θB =
T(ΛL) ∈ Θ0 corresponding to the best approximation of the lower tail copula by
the parametric class L exists and is unique.

(B.2) ΛL(·; θ) is continuously differentiable with respect to θ ∈ Θ0 with δθ(x) = ∂θ ΛL(x; θ)
and the mapping x 7→ supθ∈Θ ||δθ(x)|| is integrable on K+ = {(cos ϕ, sin ϕ)T : ϕ ∈
[0, π/2]}.

(B.3) For every ε > 0

inf
θ:||θ−θB||≥ε

||ψ(θ)|| > 0 = ||ψ(θB)||.

(B.4) ∂θ δθ(x) exists for every x ∈ K+ and is continuous in θB.

(B.5) The matrix

AθB :=
∫ π/2

0
δ∠θB

(ϕ)δ∠θB
(ϕ)T + ∂θ δ∠θB

(ϕ)(Λ∠L (ϕ; θB)−Λ∠L (ϕ)) dϕ

exists and is non-singular, where δ∠θ (ϕ) = δθ(cos ϕ, sin ϕ).

Theorem 4.7
If the assumptions (B.1) - (B.3) hold and the true tail copula ΛL satisfies the first order con-
dition (4.15) of Theorem 4.2, then the minimum distance estimator θ̂MD

n is consistent for the
parameter θB corresponding to the best approximation with respect to the distance $. If addi-
tionally the conditions (B.4) and (B.5) also hold, then the minimum distance estimator θ̂MD

n is
asymptotically normally distributed, more precisely

ΘMD
n :=

√
k(θ̂MD

n − θB) =
√

k
∫ π/2

0
γθB(ϕ)

(
Λ̂∠L (ϕ)−Λ∠L (ϕ)

)
dϕ + oP∗(1)

 
∫ π/2

0
γθB(ϕ)G∠Λ̂L

(ϕ) dϕ =: ΘMD,

where γθB(ϕ) = A−1
θB

δ∠θB
(ϕ) and G∠

Λ̂L
(ϕ) = GΛ̂L

(cos ϕ, sin ϕ). The limiting variable ΘMD is
centered normally distributed with variance

σ2 =
∫

[0,π/2]2
γθB(ϕ)γθB(ϕ′)r(cos ϕ, sin ϕ, cos ϕ′, sin ϕ′) d(ϕ, ϕ′),

where r denotes the covariance functional of the process GΛ̂L
defined in (4.12).
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n λL 90% 95% n λL 90% 95%
1000 0.25 0.895 0.955 3000 0.25 0.833 0.914

0.5 0.893 0.936 0.5 0.900 0.941
0.75 0.838 0.887 0.75 0.890 0.935

Table 4.6: Simulated coverage probability of the confidence intervals based on the pdm-bootstrap,
n = 1000 (k = 50) and n = 3000 (k = 100)

In order to make use of the latter result in statistical applications one needs the quantiles
of the limiting distribution. We propose to use the multiplier bootstrap discussed in the
previous section. The following theorem shows that the pdm and dm bootstrap yield a
valid approximation of the distribution of the random variable ΘMD.

Theorem 4.8
If the assumptions of the Theorems 4.7, 4.5 and 4.6 hold and Γn denotes either the process α

pdm
n

(Theorem 4.5) or αdm
n (see Theorem 4.6) obtained by the pdm- or dm-bootstrap, respectively, then

ΘMD,m
n :=

∫ π/2

0
γθ̂MD

n
(ϕ)Γ∠n (ϕ) dϕ

P
 
ξ

ΘMD,

where Γ∠n (ϕ) = Γn(cos ϕ, sin ϕ).

On the basis of this result it is possible to construct asymptotic confidence regions for
the parameter θ as well as to test point hypotheses regarding the parameter. In Table 4.6
we present a small simulation study regarding the finite sample coverage probabilities
of some confidence intervals for the parameter of a Clayton tail copula. The sample
size is n = 1000 or n = 3000 and we used B = 500 bootstrap replications and 1000
simulation runs to calculate the coverage probabilities. The parameter of the Clayton
tail copula is chosen in such a way that the tail dependence coefficient varies in the set
{1/4, 2/4, 3/4}. As one can see we get accurate results in all cases. For small sample sizes
the approximation works better for weak tail dependence while for rather large sample
sizes strong tail dependence yields slightly more accurate results.
It is also notable that the dm- and pdm-bootstrap can be used to construct a consistent
approximation of the asymptotic distribution of the censored likelihood and moment
estimator investigated in [de Haan et al., 2008] and [Einmahl et al., 2008].
In the following we will use the multiplier bootstrap to construct a computationally effi-
cient goodness-of-fit test for the hypothesis that the lower tail copula has a specific para-
metric form, i.e.

H0 : ΛL ∈ L, H1 : ΛL /∈ L. (4.28)

This problem has also been discussed in [de Haan et al., 2008] and [Einmahl et al., 2008]
who proposed a comparison between a nonparametric and a parametric estimate of the
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lower tail copula by an L2-distance. In both cases the limiting distribution of the corre-
sponding test statistic under the null hypothesis depends in a complicated way on the
process GΛ̂L

and the unknown true parameter θB. While [Einmahl et al., 2008] does not
propose any bootstrap approximation, [de Haan et al., 2008] proposed to use the para-
metric bootstrap. However, it was pointed out by [Kojadinovic and Yan, 2010] or [Kojadi-
novic et al., 2010] that for copula models, approximations based on multiplier bootstraps
are computationally more efficient, especially for large sample sizes. We will now illus-
trate how the multiplier bootstrap can be successfully applied in the problem of testing
the hypothesis (4.28).
To be precise, we propose to compare a parametric (using the minimum distance estimate
θ̂MD

n ) and a nonparametric estimate of the tail copula and to reject the null hypothesis
(4.28) for large values of the statistic

GOFn := k $(Λ̂L, ΛL(·; θ̂MD
n )) = k

∫ π/2

0

(
Λ̂∠L (ϕ)−Λ∠L (ϕ; θ̂MD

n )
)2

dϕ,

where θ̂MD
n denotes the minimum distance estimate. If the assumptions (B.1) - (B.5) are

satisfied we obtain for the process Hn =
√

k
(
Λ̂L −ΛL(·; θ̂MD

n )
)

under the null hypothesis
H0 : ΛL = ΛL(·; θB)

Hn =
√

k
(

Λ̂L −ΛL − (Λ̂L(·, θ̂MD
n )−ΛL(·, θ))

)
=
√

k
(

Λ̂L −ΛL − δθ(θ̂MD
n − θ)

)
+ oP(1)

=
√

k
(

Λ̂L −ΛL − δθ

∫ π/2

0
γθ(ϕ)(Λ̂∠L (ϕ)−Λ∠L (ϕ) dϕ

)
+ oP(1)

 GΛ̂L
− δθ

∫ π/2

0
γθ(ϕ)G∠Λ̂L

(ϕ) dϕ = GΛ̂L
− δθ ΘMD.

Under the alternative hypothesis we get an additional summand

Hn =
√

k
(

Λ̂L −ΛL − δθ(θ̂MD
n − θ)− (ΛL(·; θB)−ΛL)

)
+ oP(1),

which converges to either plus or minus infinity whenever ΛL(x, θB) 6= ΛL(x). The con-
tinuous mapping theorem yields the following result.

Theorem 4.9
Assume that assumptions of Theorem 4.7 are satisfied. If the null hypothesis is valid then

GOFn =
∫ π/2

0
{H∠n (ϕ)}2 dϕ  

∫ π/2

0

(
G∠Λ̂L

(ϕ)− δ∠θ (ϕ) ΘMD
)2

dϕ,

while under the alternative

GOFn =
∫ π/2

0
{H∠n (ϕ)}2 dϕ

P−→ ∞.
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n λL α = 0.15 α = 0.1 α = 0.05 n λL α = 0.15 α = 0.1 α = 0.05
1000 0.25 0.124 0.087 0.037 3000 0.25 0.129 0.090 0.048

0.5 0.097 0.068 0.032 0.5 0.105 0.069 0.031
0.75 0.091 0.048 0.018 0.75 0.084 0.056 0.026

Table 4.7: Simulated rejection probabilities of the pdm-bootstrap test (4.29) for the hypothesis
(4.27) under the null hypothesis; n = 1000 (k = 50), n = 3000 (k = 200).

The critical values of the test, which rejects the null hypothesis for large values of GOFn
can be calculated on the basis of the following theorem. The proof is similar to the proof
of Theorem 4.8 in Section 4.5 and is therefore omitted.

Theorem 4.10
If the assumptions of the Theorems 4.7, 4.5 and 4.6 hold and Γn denotes either the process α

pdm
n

(Theorem 4.5) or αdm
n (Theorem 4.6) obtained by the pdm- or dm-bootstrap, respectively, then it

holds independently of the hypotheses that

Hm
n := Γn − δθ̂MD

n

∫ π/2

0
γθ̂MD

n
(ϕ) Γ∠n (ϕ) dϕ

P
 
ξ

GΛ̂L
− δθB ΘMD.

Therefore

GOFm
n =

∫ π/2

0
{Hm∠

n (ϕ)}2 dϕ
P
 
ξ

∫ π/2

0

(
G∠Λ̂L

(ϕ)− δ∠θ (ϕ) ΘMD
)2

dϕ.

In order to investigate the finite sample properties of a goodness-of-fit test on the basis
of the multiplier bootstrap we show in Table 4.7 the simulated level of the pdm-bootstrap
test

GOFn > q(pdm)
1−α (4.29)

where q(pdm)
1−α denotes the (1− α) quantile of the bootstrap distribution. For the null hy-

pothesis we considered as the parametric class the family of Clayton tail copulas. In
particular we investigated three scenarios corresponding to a coefficient of tail depen-
dence varying in {0.25, 0.5, 0.75}. The results are based on 1000 simulation runs, while
the sample size is either n = 1000 and k = 50 or n = 3000 and k = 200. For each test
B = 500 bootstrap replications with Laplacian(0, 2) multipliers have been performed. We
observe a reasonable power and approximation of the nominal level. Note that for the
sample size n = 1000 the pdm-bootstrap test is conservative and this effect is increasing
with the level of tail dependence.
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n λL α = 0.15 α = 0.1 α = 0.05 n λL α = 0.15 α = 0.1 α = 0.05
1000 1/12 0.095 0.052 0.017 3000 1/12 0.217 0.155 0.092

2/12 0.124 0.066 0.029 2/12 0.374 0.292 0.176
3/12 0.298 0.200 0.088 3/12 0.868 0.819 0.696

Table 4.8: Simulated rejection probabilities of the pdm-bootstrap test (4.29) for the hypothesis
(4.27) under the alternative C = 1/3 CClayton + 2/3 Π, where Π denotes the independence
copula; n = 1000 (k = 50), n = 3000 (k = 200).

4.5 Proofs

Proof of Lemma 4.1. Due to Theorem 1.6.1 in [van der Vaart and Wellner, 1996] the proof
of weak convergence of α̃n in B∞(R̄2

+) can be given for each l∞(Ti) separately. To this end
we note that every Ti can be written in the form T = [0, M1] × {∞} ∪ {∞} × [0, M2] ∪
[0, M3]2, where M1, M2, M3 ∈ N, and show weak convergence in l∞(T). Recalling the
notation of fn,x(Ui) in (4.18) we can express α̃n as

α̃n(x) =
1√
n

n

∑
i=1

( fn,x(Ui)−E fn,x(Ui)),

and the assertion now follows by an application of Theorem 11.20 in [Kosorok, 2008]. For
this purpose we show that the assumptions for this result are satisfied. Let Fn = { fn,x :
x ∈ T} be a class of functions changing with n and denote by

Fn(u) =
√

n
k

I {u1 ≤ kM/n or u2 ≤ kM/n} ,

M = M1 ∨M2 ∨M3 a corresponding sequence of envelopes of Fn. We have to prove that

(i) (Fn, Fn) satisfies the bounded uniform entropy integral condition

lim sup
n→∞

sup
Q

∫ 1

0

√
log N(ε||Fn||Q,2,Fn, L2(Q)) dε < ∞, (4.30)

where for each n the supremum ranges over all probability measures Q with finite
support and ||Fn||Q,2 =

(∫
Fn(x)2 dQ(x)

)1/2
> 0.

(ii) The limit H(x, y) = limn→∞ E[α̃n(x)α̃n(y)] exists for every x and y in T .

(iii) lim supn→∞ EF2
n(U1) < ∞

(iv) limn→∞ EF2
n(U1)I{Fn(U1) > ε

√
n} = 0 for all ε > 0.
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(v) limn→∞ ρn(x, y) = ρ(x, y) for all x, y ∈ R̄2
+, where

ρn(x, y) =
(
E( fn,x(U1))− fn,y(U1))2)1/2

.

Furthermore, for all sequences (xn)n, (yn)n in T the convergence ρn(xn, yn) → 0
holds, provided ρ(xn, yn)→ 0.

(vi) The sequence Fn of classes is almost measurable Suslin (AMS), i.e. for all n ≥ 1
there exists a Suslin topological space Tn ⊂ T with Borel sets Bn such that

(a) P∗(supx∈T infy∈Tn | fn,x(U1)− fn,y(U1)| > 0) = 0,

(b) fn,· : [0, 1]2 × Tn → R is B|[0,1]2 ×Bn-measurable for i = 1, . . . , n.

In order to prove the bounded uniform entropy integral condition (i) we decompose
Fn =

⋃3
i=1 F

(i)
n with F (i)

n = { f (i)
n,x, x ∈ T} and

f (1)
n,x (Ui) =

√
n
k

I {Ui1 ≤ kx1/n} I{x2 = ∞},

f (2)
n,x (Ui) =

√
n
k

I {Ui2 ≤ kx2/n} I{x1 = ∞},

f (3)
n,x (Ui) =

√
n
k

I {Ui1 ≤ kx1/n, Ui2 ≤ kx2/n} I{x1 < ∞, x2 < ∞}.

The corresponding envelopes of the classes F (i)
n are given by

F(1)
n (Ui) =

√
n
k

I(Ui1 ≤ kM/n), F(2)
n (Ui) =

√
n
k

I(Ui2 ≤ kM/n),

F(3)
n (Ui) =

√
n
k

I(Ui1 ≤ kM/n, Ui2 ≤ kM/n),

so that Fn(Ui) = max3
i=1{F

(i)
n (Ui)}. If we prove that the sequences (F (i)

n , F(i)
n ) satisfy

the bounded uniform integral entropy condition given in (4.30), then the condition holds
also for (Fn, Fn) by Lemma A.4 in the appendix and thus the assertion in (i) is proved. We
only consider the (hardest) case ofF (3)

n . Note thatF (3)
n = { fn,x, x ∈ [0, M3]2} = G(1)

n · G(2)
n ,

where

fn,x = (n/k)1/2 I{Ui1 ≤ kx1/n, Ui2 ≤ kx2/n},

G(j)
n = {gn,t = (n/k)1/4I{Uij ≤ kt/n} | t ∈ [0, M3]}

for j = 1, 2. Since the functions gn,t are increasing in t the G(j)
n are VC-classes with VC-

index 2. Thus by Lemma 11.21 in [Kosorok, 2008] both classes satisfy the bounded uni-
form integral entropy condition (4.30). Proposition 11.22 in [Kosorok, 2008] shows that
F (3)

n has the same property and by the discussion at the beginning of this paragraph (i) is
satisfied.
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For the proof of (ii) note that E[α̃n(x)α̃n(y)] = n/k
(

C( (x∧y)k
n )− C( xk

n )C( yk
n )
)

, which

converges to ΛL(x ∧ y) =: H(x, y), since n
k C( xk

n )C( yk
n )→ 0.

Regarding (iii) and (iv) we note that EFn(U1)2 = 2M − n
k C(Mk/n, Mk/n), which con-

verges to 2M−ΛL(M, M). Further,

EF2
n(U1)I{Fn(U1) > ε

√
n} =

∫
{Fn(U1)>ε

√
n}

F2
n(U1) dP

≤ n
k

P(
1
k

I{U11 ≤ kM/n or U12 ≤ kM/n} > ε) = 0

for sufficiently large n, such that k > 1/ε. For (v) we note that

ρn(x, y) =
(
E( fn,x(U1)− fn,y(U1))2)1/2 =

√
n
k

(C(xk/n)− 2C((x ∧ y)k/n) + C(yk/n))1/2

→ (ΛL(x)− 2ΛL(x ∧ y) + ΛL(y))1/2 =: ρ(x, y).

Due to Theorem 1 in [Schmidt and Stadtmüller, 2006] we have locally uniform conver-
gence in the latter expression, which yields the second condition stated in (v).
For the proof of condition (vi) we use Lemma 11.15 and the discussion on page 224 in
[Kosorok, 2008] and show separability of Fn, i.e. for every n ≥ 1 there exists a countable
subset Tn ⊂ T such that

P∗
(

sup
x∈T

inf
y∈Tn
| fn,y(U1)− fn,x(U1)| > 0

)
= 0.

Choose Tn = (Q ∩ [0, M1]×{∞})∪ ({∞}×Q∩ [0, M2])∪ (Q2 ∩ [0, M3]2), then we have
(note that the functions fn,x are built by indicators) that for every ω and every x ∈ T there
is an y ∈ Tn with | fn,x(U1(ω))− fn,y(U1(ω))| = 0. This yields the assertion and thus the
proof of Lemma 4.1 is finished.

Proof of Theorem 4.2. Let B∞(R+) denote the set of functions f : R+ → R (where
R+ = [0, ∞)) that are uniformly bounded on compact sets (equipped with the topology
of uniform convergence on compact sets) and define B I,0

∞ (R+) as the subset of all non-
decreasing functions f : R+ → R+ which satisfy f (0+) = 0 and for which sup ran f < ∞
implies that there exists a x0 with f (x0) = sup ran f . The latter condition implies that the
adjusted generalized inverse function defined by

f−(z) =


sup{x ∈ R+ | f (x) = 0}, z = 0
inf{x ∈ R+ | f (x) ≥ z}, 0 < z < sup ran f
inf{x ∈ R+ | f (x) = sup ran f }, z ≥ sup ran f

stays in B∞(R+) for every f ∈ B I,0
∞ (R+). Further set

B I,0
∞ (R̄2

+) :=
{

γ ∈ B∞(R̄2
+) | γ(·, ∞) ∈ B I,0

∞ (R+), γ(∞, ·) ∈ B I,0
∞ (R+)

}
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and now define a map Φ : B I,0
∞ (R̄2

+)→ B∞(R̄2
+) by

γ 7−→ Φ(γ) =


γ(γ−(x, ∞), γ−(∞, y)) , if x, y 6= ∞
γ(γ−(x, ∞), ∞) , if y = ∞
γ(∞, γ−(∞, y)) , if x = ∞,

see also [Schmidt and Stadtmüller, 2006]. Observing that Λ̃L ∈ B I,0
∞ (R̄2

+) and that the ad-
justed generalized inverse of Λ̃L(x, ∞) is given by n

k F1(F−n1(kx/n)), one can conclude that
Φ(ΛL) = ΛL and Φ(Λ̃L) = Λ̂L (P-almost surely) and the proof of Theorem 4.2 follows
from the functional delta method (Theorem 3.9.4 in [van der Vaart and Wellner, 1996])
and the following Lemma, which is an extension of the result in the proof of Theorem 5
in [Schmidt and Stadtmüller, 2006].

Lemma 4.11
Let ΛL be a lower tail copula whose partial derivatives satisfy the following first order properties

∂p ΛL exists on {x ∈ R̄2
+ | xp < ∞} and is continuous on {x ∈ R̄2

+ | 0 < xp < ∞}

for p = 1, 2. Then Φ is Hadamard-differentiable at ΛL tangentially to the set

C0(R̄2
+) =

{
γ ∈ B∞(R̄2

+) | γ continuous with γ(·, 0) = γ(0, ·) = 0
}

.

Its derivative at ΛL in γ ∈ C0(R̄2
+) is given by

Φ′ΛL
(γ)(x) = γ(x)− ∂1ΛL(x)γ(x1, ∞)− ∂2ΛL(x)γ(∞, x2) (4.31)

where ∂p ΛL, p = 1, 2 is defined as 0 on the set {x ∈ R̄2
+ | xp = ∞}.

Proof. Decompose Φ = Φ3 ◦Φ2 ◦Φ1 where

Φ1 :B I,0
∞ (R̄2

+)→ B I,0
∞ (R̄2

+)×B I,0
∞ (R+)×B I,0

∞ (R+)
γ 7−→ (γ, γ(·, ∞), γ(∞, ·))

Φ2 :B I,0
∞ (R̄2

+)×B I,0
∞ (R+)×B I,0

∞ (R+)→ B I,0
∞ (R̄2

+)×B I,0,−
∞ (R+)×B I,0,−

∞ (R+)
(γ, f , g) 7−→ (γ, f−, g−))

Φ3 :B I,0
∞ (R̄2

+)×B I,0,−
∞ (R+)×B I,0,−

∞ (R+)→ B∞(R̄2
+)

(γ, f , g) 7−→


γ( f (x), g(y)) , if x, y 6= ∞
γ( f (x), ∞) , if y = ∞
γ(∞, g(y)) , if x = ∞,

where B I,0,−
∞ (R+) denotes the set of all adjusted generalized inverse functions f− with

f ∈ B I,0
∞ (R+). Now Φ1 is Hadamard-differentiable at ΛL tangentially to C0(R̄2

+) since it is
linear and continuous. The second map Φ2 is Hadamard-differentiable at (ΛL, idR+ , idR+)
tangentially to C0(R̄2

+)×C0(R+)×C0(R+) where C0(R+) consists of all continuous func-
tions f on R+ with f (0) = 0 and its derivative at (ΛL, idR+ , idR+) in (γ, f , g) is given
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by Φ′2,(ΛL,idR+ ,idR+ )(γ, f , g) = (γ,− f ,−g). The proof follows along similar as the one

of Lemma 2.6 and is therefor omitted, we just note that (idR+ +tn fn)−(x) > 0 for all
x > 0 is implied by the additional assumption of continuity in 0 for functions in the set
B I,0(R+). Some more efforts are necessary to show that Φ3 is Hadamard-differentiable
at (ΛL, idR+ , idR+) tangentially to C0(R̄2

+)× C0(R+)× C0(R+) with derivative

Φ′3,(ΛL,idR+ ,idR+ )(γ, f , g)(x) = γ(x) + ∂1ΛL(x) f (x1) + ∂2ΛL(x)g(x2).

To see this let tn → 0, (γn, fn, gn) ∈ B∞(R̄2
+)× B∞(R+)× B∞(R+) with (γn, fn, gn) →

(γ, f , g) ∈ C0(R̄2
+)× C0(R+)× C0(R+) such that (ΛL + tnγn, idR+ +tn fn, idR+ +tngn) ∈

B I,0
∞ (R̄2

+)×B I,0,−
∞ (R+)×B I,0,−

∞ (R+). Now Φ3 is linear in its first argument and we intro-
duce the decomposition

t−1
n {Φ3(ΛL + tnγn, idR+ +tn fn, idR+ +tngn)−Φ3(ΛL, idR+ , idR+)} = Ln1 + Ln2,

where

Ln1 = t−1
n {Φ3(ΛL, idR+ +tn fn, idR+ +tngn)−Φ3(ΛL, idR+ , idR+)}

Ln2 = Φ3(γn, idR+ +tn fn, idR+ +tngn).

By the definition of d it suffices to show uniform convergence on sets T of the form
T = [0, M1] × {∞} ∪ {∞} × [0, M2] ∪ [0, M3]2, where M1, M2, M3 ∈ N. Since T ⊂ R̄2

+
is compact ( fn, gn) converges uniformly and γ is uniformly continuous; hence Ln2 uni-
formly converges to γ.
Considering Ln1 we split the investigation into six different cases. First, let x ∈ (0, M3]2.
A series expansion at x yields

Ln1 = ∂1ΛL(x) fn(x1) + ∂2ΛL(x)gn(x2) + rn(x),

where the error term rn can be written as

rn(x) =
(
∂1ΛL(y)− ∂1ΛL(x)

)
fn(x1) +

(
∂2ΛL(y)− ∂2ΛL(x)

)
gn(x2)

with some intermediate point y = y(n) between x and (x1 + tn fn(x1), x2 + tn fn(x2)). The
dominating term converges uniformly to ∂1ΛL(x) f (x1) + ∂2ΛL(x)g(x2), hence it remains
to show that rn(x) converges to 0 uniformly in x. For a given ε > 0 uniform convergence
of fn and uniform continuity of f on [0, M3] as well as the fact that f (0) = 0 allows to
choose a δ > 0 such that | fn(x1)| < ε for all x1 < δ. Since partial derivatives of tail
copulas are bounded by 1, the first term of rn(x) is uniformly small for x1 < δ. On the
quadrangle [δ, M3]× (0, M3] the partial derivative ∂1ΛL is uniformly continuous which
yields the desired convergence under consideration of y(n) → x and boundedness of f .
The same arguments apply for the second derivative and the case x ∈ (0, M3]2 is finished.
Now consider the case x ∈ (0, M3]× {0}. By Lipschitz-continuity of ΛL on R2

+ we get

|Ln1(x1, 0)| = t−1
n |ΛL(x1 + tn fn(x1), tngn(0))|

= t−1
n |ΛL(x1 + tn fn(x1), tngn(0))−ΛL(x1 + tn fn(x1), 0)|

≤ |gn(0)| → g(0) = 0.
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Since ∂1ΛL(x1, 0) f (x1) + ∂2ΛL(x1, 0)g(0) = 0 this yields the assertion. For the cases
x = (0, 0)T and x ∈ {0} × (0, M3] the arguments are similar and we proceed with
x ∈ [0, M1]× {∞} (and analogously x ∈ {∞} × [0, M2])

Ln1(x1, ∞) = t−1
n (ΛL(x1 + tn fn(x1), ∞)−ΛL(x1, ∞)) = fn(x1)→ f (x1).

By ∂1ΛL(x1, ∞) = 1 and ∂2ΛL(x1, ∞) = 0 this yields the assertion. To conclude, Φ3 is
Hadamard-differentiable as asserted.
An application of the chain rule (see Lemma 3.9.3 in [van der Vaart and Wellner, 1996])
completes the proof of the Lemma.

Proof of Theorem 4.3. Due to Lemma A.5 in the Appendix B we can proceed as in the
proof of Lemma 4.1 and consider just convergence in l∞(T) with T = [0, M1] × {∞} ∪
{∞} × [0, M2] ∪ [0, M3]2, where M1, M2 and M3 are arbitrary constants in N. The as-
sertion now follows from Theorem 11.23 in [Kosorok, 2008], because the corresponding
sufficient conditions have already been established in the proof of Lemma 4.1.

Proof of Theorem 4.6. For technical reasons we give a proof of Theorem 4.6 in advance
of Theorem 4.4 and 4.5. The proof is essentially a consequence of a bootstrap version of
the functional delta method, see Theorem 12.1 in [Kosorok, 2008]. Since this result only
holds for Banach space valued stochastic processes some adjustments have to be made.
Note that the space B∞(R̄2

+) is a complete topological vector space with a metric d and
some care is necessary whenever technical results depending on the norm are used.
Due to Lemma 4.1 and Theorem 4.3 we have

√
k
(
Λ̃L −ΛL

)
 GΛ̃L

,
√

k
µ

τ

(
Λ̃ξ

L − Λ̃L
) P
 
ξ

GΛ̃L

in B∞(R̄2
+). Observing that the generalized inverses of Λ̃L(x, ∞) and Λ̃ξ

L(x, ∞) are given
by n

k F1(F−n1(kx/n)) and n
k F1(Fξ−

n1 (kx/n)), respectively, one can conclude that Φ(ΛL) =
ΛL, Φ(Λ̃L) = Λ̂L and Φ(Λ̃ξ

L) = Λ̂ξ,ξ
L (P-almost surely). By Lemma 4.11 Φ is Hadamard-

differentiable on B I,0
∞ (R̄2

+) at γ0 = ΛL tangentially to C0(R̄2
+) ⊂ B∞(R̄2

+). Therefore
it remains to argue why Theorem 12.1 in [Kosorok, 2008] can be applied in the present
context.
A careful inspection of the proof of Theorem 12.1 in [Kosorok, 2008] shows that prop-
erties going beyond our specific assumptions (i.e. the complete topological vector space
(B∞(R̄2

+), d)) are used only three times. First of all the mapping Φ′ΛL
needs to be extended

to the whole space B∞(R̄2
+), which is possible using equation (4.31) as the defining iden-

tity. Secondly, the proof of Theorem 12.1 in [Kosorok, 2008] uses the usual functional delta
method as stated in Theorem 2.8 in the same reference, but this result can be replaced by
Theorem 3.9.4 in [van der Vaart and Wellner, 1996], which provides a functional delta
method holding in general metrizable topological vector spaces. Finally, the proof of
Theorem 12.1 in [Kosorok, 2008] makes use of a bootstrap continuous mapping theorem,
see Theorem 10.8 in [Kosorok, 2008], which would yield that

√
k

µ

τ
(Λ̃ξ

L − Λ̃L)
P
 
ξ

GΛ̃L
⇒ Φ′ΛL

(
√

k
µ

τ
(Λ̃ξ

L − Λ̃L))
P
 
ξ

Φ′ΛL
(GΛ̃L

).
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In our specific context this statement follows immediately from the Lipschitz continuity
of the derivative Φ′ΛL

and an application of Lemma A.2 in the Appendix.

Proof of Theorem 4.4. Consider the mapping Ψ : B I,0
∞ (R̄2

+) × B I,0
∞ (R̄2

+) −→ B∞(R̄2
+)

defined by Ψ = Φ3 ◦Φ2 ◦ Ψ1, where Φ3 and Φ2 are defined in the proof of Lemma 4.11
and Ψ1 is given by

Ψ1 :B I,0
∞ (R̄2

+)×B I,0
∞ (R̄2

+)→ B I,0
∞ (R̄2

+)×B I,0
∞ (R+)×B I,0

∞ (R+)
(β, γ) 7−→ (β, γ(·, ∞), γ(∞, ·)).

We obtain the representations Ψ(ΛL, ΛL) = ΛL, Ψ(Λ̃L, Λ̃L) = Λ̂L and Ψ(Λ̃ξ
L, Λ̃L) = Λ̂ξ,·

L
(P-almost surely) . Clearly, Ψ1 is Hadamard-differentiable at (ΛL, ΛL) since it is linear
and continuous. Φ2 and Φ3 are Hadamard-differentiable tangentially to suitable sub-
spaces as well, see the proof of Lemma 4.11. By an application of the chain rule, see
Lemma 3.9.3 in [van der Vaart and Wellner, 1996], we can conclude that Ψ is Hadamard-
differentiable (ΛL, ΛL) tangentially to C0(R̄2

+)× C0(R̄2
+) with derivative

Ψ′(ΛL,ΛL)(β, γ)(x) = β(x)− ∂1ΛL(x)γ(x1, ∞)− ∂2ΛL(x)γ(∞, x2).

Note that, unlike in the previous proof, we do not have weak convergence (resp. weak
conditional convergence) of

√
k
(
(Λ̃L, Λ̃L)− (ΛL, ΛL)

)
and µ

τ

√
k
(
(Λ̃ξ

L, Λ̃L)− (Λ̃L, Λ̃L)
)

towards the same limiting field, which would be necessary for an application of the func-
tional delta method for the bootstrap (see for example Theorem 12.1 in [Kosorok, 2008]).
Nevertheless, we can mimic certain steps in the proof of this theorem to conclude the
result. To be precise, note that we obtain by analogous arguments as on page 236 of
[Kosorok, 2008] that

√
k
(

Λ̃ξ
L −ΛL

Λ̃L −ΛL

)
 
(

c−1G1 + G2
G2

)
,

unconditionally, where G1 and G2 denote independent copies of GΛ̃L
and c = µτ−1.

Hadamard-differentiability of the mapping (β, γ) 7→ (Ψ(β, γ), Ψ(γ, γ), (β, γ), (γ, γ)) and
the usual functional delta method (Theorem 3.9.4 in [van der Vaart and Wellner, 1996])
yields

√
k


Ψ(Λ̃ξ

L, Λ̃L)−Ψ(ΛL, ΛL)
Ψ(Λ̃L, Λ̃L)− ψ(ΛL, ΛL)

(Λ̃ξ
L, Λ̃L)− (ΛL, ΛL)

(Λ̃L, Λ̃L)− (ΛL, ΛL)

  


Ψ′(ΛL,ΛL)(c−1G1 + G2, G2)
Ψ′(ΛL,ΛL)(G2, G2)
(c−1G1 + G2, G2)

(G2, G2)

 .

Observing that Ψ′(ΛL,ΛL) is linear we can conclude that

c
√

k

(
Ψ(Λ̃ξ

L, Λ̃L)−Ψ(Λ̃L, Λ̃L)
(Λ̃ξ

L, Λ̃L)− (Λ̃L, Λ̃L)

)
 

(
Ψ′(ΛL,ΛL)(G1, 0)

(G1, 0)

)
=
(

G1
(G1, 0)

)
.
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Continuity of the map (α, (β, γ)) 7→ d(α, β) yields

d
(

c
√

k
(

Ψ(Λ̃ξ
L, Λ̃L)−Ψ(Λ̃L, Λ̃L)

)
, c
√

k
(

Λ̃ξ
L − Λ̃L

))
−→ 0

in outer probability. Since c
√

k(Λ̃ξ
L− Λ̃L)

P
 
ξ

G1 we obtain the assertion by an application

of Lemma A.1.

Proof of Theorem 4.5. Let T be a set of the form T = [0, M1]× {∞} ∪ {∞} × [0, M2] ∪
[0, M3]2, see also the beginning of the proof of Lemma 4.1. We start the proof with an
assertion regarding consistency of ∂̂pΛL and claim that for any δ ∈ (0, 1)

sup
x∈T:xp≥δ

∣∣∣∂̂pΛL(x)− ∂pΛL(x)
∣∣∣ −→ 0 (4.32)

in outer probability. For a proof of (4.32) split T into three subsets as indicated by its
definition and then proceed similar as in the proof of Lemma 4.1 in [Segers, 2010]. The
details are omitted. Regarding the assertion of the Theorem we set

ᾱ
pdm
n (x) = βn(x)− ∂1ΛL(x)βn(x1, ∞)− ∂2ΛL(x)βn(∞, x2).

Under consideration of Lemma A.1 it suffices to prove that d(α
pdm
n , ᾱ

pdm
n ) converges to 0

in outer probability. By the definition of d we have to show uniform convergence on the
set T. Since |αpdm

n − ᾱ
pdm
n | ≤ Dn1 + Dn2, where

Dn1 =
∣∣∣∂̂1ΛL − ∂1ΛL

∣∣∣ |βn(·, ∞)|, Dn2 =
∣∣∣∂̂2ΛL − ∂2ΛL

∣∣∣ |βn(∞, ·)|

we can consider both summands Dnp separately and deal with Dn1 exemplarily. First
consider the case x ∈ [0, M3]2, then for arbitrary ε > 0 and δ ∈ (0, 1)

P∗
(

sup
x∈[0,M3]2

Dn1(x) > ε

)
≤ P∗

(
sup

x∈[0,M3]2,x1≥δ

Dn1(x) > ε/2

)
(4.33)

+ P∗
(

sup
x∈[0,M3]2,x1<δ

Dn1(x) > ε/2

)
.

Since ∂̂1ΛL is uniformly consistent on {x ∈ [0, M3]2 | x1 ≥ δ} and since βn is asymp-
totically tight in l∞(T) (βn converges unconditionally by the results in Chapter 10 of
[Kosorok, 2008]) the first probability on the right-hand side converges to zero.
Regarding the second summand note that F−n1(kx/n) = Xdkxe:n,1 (where dxe = min{k ∈
Z | k ≥ x}) so that

sup
x∈[0,M3]2

∣∣∣∂̂1ΛL(x)
∣∣∣ ≤ sup

x∈[0,M3]2,x1≥h

dk(x1 + h)e − dk(x1 − h)e
2h

≤ 1 +
M3

2kh
≤ 2
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for sufficiently large n. Hence the right-hand side of equation (4.33) is bounded by

P∗
(

sup
x∈[0,M3]2,x1<δ

|βn(x)| > ε/4

)
,

eventually. As βn  GΛ̃L
(unconditionally) the lim sup of this outer probability is

bounded by

P

(
sup

x∈[0,M3]2,x1<δ

|GΛ̃L
(x)| > ε/4

)
.

Since GΛ̃L
has continuous trajectories and GΛ̃L

(0, x2) = 0 (almost surely) this probability
can be made arbitrary small by choosing δ sufficiently small. The case x ∈ [0, M3]2 is
finished. For x ∈ [0, M1]× {∞} the arguments are similar, while for x ∈ {∞} × [0, M2]
we have Dn1 = 0 and nothing has to be shown. To conclude, supx∈T Dn1(x) converges
to zero in outer probability and because the term supx∈T Dn2 can be treated similarly the
proof is finished.

Proof of Theorem 4.7. The consistency follows by Theorem 5.9 in [van der Vaart, 1998]
observing the inequality

sup
θ∈Θ
||ψn(θ)− ψ(θ)|| ≤ 2

∫
sup
θ∈Θ
||δ∠θ (ϕ)|| |Λ̂∠L (ϕ)−Λ∠L (ϕ)| dϕ = oP(1)

and the consistency of the empirical tail copula.
Regarding the asymptotic normality note that by a Taylor expansion we have

0 = ψn(θ̂MD
n ) = ψn(θb) + ∂θ ψn(θ̄)(θ̂MD

n − θB),

where ‖ θ − θB ‖ ≤ ‖ θB − θ̂MD
n ‖. Due to consistency of both the empirical tail copula

Λ̂L and the MD-estimator θ̂MD
n we can conclude (note that the functions ΛL(· ; θ), δθ and

∂θ δθ are continuous in θB) that

∂θ ψn(θ̄) = 2
∫

δ∠θ̄ (ϕ)δ∠θ̄ (ϕ)T + ∂θ δ∠θ̄ (ϕ)(Λ∠L (ϕ; θ̄)− Λ̂∠L (ϕ)) dϕ
P→ 2 AθB .

Since 0 = ψ(θB) = 2
∫

δ∠θB
(ϕ)(Λ∠L (ϕ, θB)−Λ∠L (ϕ)) dϕ we obtain

2
∫

δ∠θB
(ϕ)(Λ̂∠L (ϕ)−Λ∠L (ϕ)) dϕ = −ψn(θB) = 2 (AθB + oP(1))(θ̂MD

n − θB).

The probability that (2 AθB + oP(1)) is invertible, converges to one, which yields the as-
sertion by multiplying the last equality with

√
k 1/2(AθB + oP(1))−1.

Proof of Theorem 4.8. Since Γn
P
 
ξ

GΛ̂L
and γθ̂MD

n

P→ γθB (consistency of θ̂MD
n for θB) it

is easy to see that
sup

x∈[0,1]2
|γθ̂MD

n
Γn(x)− γθB Γn(x)|
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converges to zero in outer probability. Hence, by Lemma A.1, γθ̂MD
n

Γn
P
 
ξ

GΛ̂L
in l∞[0, 1]2

and the assertion follows invoking the Lipschitz-continuous mapping Theorem for the
bootstrap, Lemma A.2.



Appendix A

Auxiliary Results

Lemma A.1
Let Yn = Yn(X1, . . . , Xn, ξ1, . . . , ξn) and Zn = Zn(X1, . . . , Xn, ξ1, . . . , ξn) be two (bootstrap)
statistics in a metric space (D, d), depending on the data X1, . . . , Xn and on some multipliers

ξ1, . . . , ξn. If Yn
P
 
ξ

Y in D, where Y is tight, and d(Yn, Zn)
P→ 0, then also Zn

P
 
ξ

Y in D.

Proof. We only prove (i) in Definition 1.20, the assertion about the asymptotic measura-
bility in (ii) follows along similar lines. Observing the estimate

sup
h∈BL1(D)

∣∣Eξ h(Zn)−Eh(Y)
∣∣ ≤ Eξ [d(Yn, Zn)∗ ∧ 2] + sup

h∈BL1(D)

∣∣Eξ h(Yn)−Eh(Y)
∣∣

it suffices to show that Eξ [d(Yn, Zn)∗ ∧ 2] converges to 0 in outer probability. Now the
random variable d(Yn, Zn)∗ ∧ 2 is uniformly integrable and converges in probability by
assumption, hence it also converges in L1. We finally use Markov’s inequality to obtain

Eξ [d(Yn, Zn)∗ ∧ 2] P→ 0, which proves the assertion.

The following Lemma extends a bootstrap continuous mapping theorem for Lipschitz-
continuous functions between Banach spaces, see Proposition 10.7 in [Kosorok, 2008], to
the case of metrized topological vector spaces.

Lemma A.2
Suppose that g : D1 −→ D2 is a Lipschitz-continuous map between metrized topological vector

spaces. If Gn = Gn(X1, . . . , Xn, ξ1, . . . , ξn)
P
 
ξ

G in D1, where G is tight, then g(Gn)
P
 
ξ

g(G)

in D2.

Proof. Let c0 ≥ 1 denote a Lipschitz constant for g. For arbitrary h ∈ BL1(D2) we have
|hg(α)− hg(β)| ≤ d(gα, gβ) ≤ c0d(α, β), which yields that the mapping h′ := c−1

0 hg lies
in BL1(D1) and therefore

sup
h∈BL1(D2)

|Eξ h(g(Gn))−Eh(g(G))| ≤ c0 sup
h∈BL1(D1)

|Eξ h(Gn)−Eh(G)| P→ 0.
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The asymptotic measurability follows along similar lines.

Lemma A.3
Let Xn, Xi,n : Ω→ D for i, n ∈ N be arbitrary maps with values in the metric space (D, d) and
Xi, X : Ω→ D be Borel-measurable. Suppose that

(i) For every i ∈N : Xi,n  Xi for n→ ∞,
(ii) Xi  X for i→ ∞,
(iii) For every ε > 0 : lim

i→∞
lim sup

n→∞
P∗(d(Xi,n, Xn) > ε) = 0.

Then Xn  X for n→ ∞.

Proof. Let F ⊂ D be closed and fix ε > 0. If Fε = {x ∈ D : d(x, F) ≤ ε) denotes the
ε-enlargement of F we obtain

P∗(Xn ∈ F) ≤ P∗(Xi,n ∈ Fε) + P∗(d(Xi,n, Xn) > ε).

By hypothesis (i) and the Portmanteau-Theorem [see [van der Vaart and Wellner, 1996]]

lim sup
n→∞

P∗(Xn ∈ F) ≤ P(Xi ∈ Fε) + lim sup
n→∞

P∗(d(Xi,n, Xn) > ε).

By conditions (ii) and (iii) lim supn→∞ P∗(Xn ∈ F) ≤ P(X ∈ Fε) and since Fε ↓ F for ε ↓ 0
and closed F the result follows by the Portmanteau-Theorem.

Lemma A.4
Suppose Gn and Hn are sequences of measurable functions with envelopes Gn and Hn, so that
(Gn, Gn) and (Hn, Hn) satisfy the bounded uniform integral entopry condition as stated in (4.30).
Then the bounded uniform entropy integral condition (4.30) holds also for Fn = Gn ∪Hn, with
envelopes Fn = Gn ∨ Hn.

Proof. Note that

N := N(ε||Fn||Q,2,Fn, L2(Q))
≤ N(ε||Fn||Q,2,Gn, L2(Q)) + N(ε||Fn||Q,2,Hn, L2(Q)) ≤ N1 + N2,

where

N1 = N(ε||Gn||Q,2,Gn, L2(Q)) and N2 = N(ε||Hn||Q,2,Hn, L2(Q)).

By monotonicity and subadditivity of log(n) and
√

n for n ≥ 2 we obtain the inequality√
log N ≤

√
log N1 +

√
log N2,

which yields the assertion.
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Lemma A.5
Suppose Gn = Gn(X1, . . . Xn, ξ1, . . . ξn) is some statistic taking values in B∞(R̄2

+). Then a

conditional version of Theorem 1.6.1 in [van der Vaart and Wellner, 1996] holds , namely Gn
P
 
ξ

G in B∞(R̄2
+) is equivalent to Gn

P
 
ξ

G in l∞(Ti) for every i ∈N.

Proof. We first show that

an = sup
h∈BL1(B∞(R̄2

+))
|Eξ h(Gn)−Eh(G)| P→ 0 (A.1)

is equivalent to

an(Ti) = sup
h∈BL1(l∞(Ti))

|Eξ h(Gn|Ti)−Eh(G|Ti)|
P→ 0 (A.2)

for all i ∈N.
Suppose first that (A.1) holds. For arbitrary h ∈ BL1(l∞(Ti)) we consider the mapping

h′ : B∞(R̄2
+)→ R, α 7→ h(α|Ti).

Then

|h′(α)− h′(β)| ≤ sup
x∈Ti

|α(x)− β(x)| ∧ 2 ≤ 2
i

∑
j=1

(
sup
x∈Tj

|α(x)− β(x)| ∧ 1

)

≤ 2i+1
i

∑
j=1

2−j

(
sup
x∈Tj

|α(x)− β(x)| ∧ 1

)
≤ 2i+1d(α, β),

and therefore the mapping h′′ := 2−i−1h′ is an element of BL1(B∞(R̄2
+)). Observing

|Eξ h(Gn|Ti)−Eh(G|Ti)| = 2i+1|Eξ h′′(Gn)−Eh′′(G)|
≤ 2i+1 sup

h∈BL1(B∞(R̄2
+))
|Eξ h(Gn)−Eh(G)|,

this yields the assertion.
Now suppose that (A.2) holds for all i ∈ N. For h ∈ BL1(B∞(R̄2

+)) define hi(α) =
h(α ITi), then hi ∈ BL1(l∞(Ti)) by the following reasoning: Obviously ||hi|| ≤ 1 and

|hi(α)− hi(β)| = |h(α ITi)− h(β ITi)| ≤
∞

∑
j=1

2−j

(
sup
x∈Tj

∣∣(α ITi)(x)− (β ITi)(x)
∣∣ ∧ 1

)

=
i

∑
j=1

2−j

(
sup
x∈Tj

∣∣α(x)− β(x)
∣∣ ∧ 1

)
+

(
sup
x∈Ti

∣∣α(x)− β(x)
∣∣ ∧ 1

)
∞

∑
j=i+1

2−j

≤
(

sup
x∈Ti

∣∣α(x)− β(x)
∣∣ ∧ 1

)
∞

∑
j=1

2−j

≤ sup
x∈Ti

∣∣α(x)− β(x)
∣∣.
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Now we choose for ε > 0 an i0 with ∑∞
j=i0+1 2−j < ε, then for any i ≥ i0

|h(α)− hi(α)| = |h(α)− h(α ITi)| ≤ d(α, α ITi) =
∞

∑
j=1

2−j sup
x∈Tj

∣∣α(x)− (α ITi)(x)
∣∣ ∧ 1

=
∞

∑
j=i+1

2−j

(
sup
x∈Tj

∣∣α(x)
∣∣ ∧ 1

)
=

∞

∑
j=i+1

2−j < ε.

This yields, for any i ≥ i0

|Eξ h(Gn)−Eh(G)| ≤ |Eξ h(Gn)−Eξ hi(Gn)|+ |Eξ hi(Gn)−Ehi(G)|+ |Ehi(G)−Eh(G)|
≤ 2ε + |Eξ hi(Gn)−Ehi(G)|
≤ 2ε + sup

h∈BL1(l∞(Ti))
|Eξ h(Gn)−Eh(G)|

and the latter summand converges to 0 in outer probability by assumption. Since ε > 0
was arbitrary the assertion follows.

It remains to show that Eξ h(Gn)∗ −Eξ h(G)∗
P→ 0 for all h ∈ BL1(B∞(R̄2

+)) if and only

if Eξ h(Gn|Ti)
∗ − Eξ h(Gn|Ti)∗

P→ 0 for every h ∈ BL1(l∞(Ti)) and every i ∈ N. This
assertion can be proved along similar lines as in the proof of the first equivalence given
above. The necessity follows from

Eξ h(Gn|Ti)
∗ −Eξ h(Gn|Ti)∗ = 2i+1Eξ h′′(Gn)∗ −Eξ h′′(Gn)∗

P→ 0,

while sufficiency can be concluded from

Eξ h(Gn)∗ −Eξ h(Gn)∗
≤ Eξ |h(Gn)∗ − hi(Gn)∗|+ Eξ hi(Gn)∗ −Eξ hi(Gn)∗ + Eξ |hi(Gn)∗ − h(Gn)∗|

≤ 2ε + Eξ hi(Gn)∗ −Eξ hi(Gn)∗
P→ 2ε,

where we estimated the first and the last summand in the second line under consideration
of Lemma 1.2.2 in [van der Vaart and Wellner, 1996].

Remark A.6
With a similar argument one can conclude that Gn

P
 
ξ

G in B∞(R̄2
+) implies Gn

P
 
ξ

G in

l∞([0, 1]2), which is the space needed in most applications.



List of Abbreviations and Symbols

Notation that is largely confined to sections or chapters is mostly excluded from the list
below.

Modes of convergence
as∗→ convergence outer almost surely 13

P
 
M

conditional weak convergence in probability 14

P→ convergence in (outer) probability 13

 weak convergence 12

Miscellaneous

BC Gaussian field on [0, 1]2 19

C copula 2

Cn empirical copula 18

D(G) the maximum domain of attraction of G 5

F− generalized inverse of F 1

Gγ extreme value distribution function 6

GC Gaussian field on [0, 1]2 19

l stable tail dependence function 4

l∞(T) the space of all uniformly bounded functions on T 13

λL coefficient of lower tail dependence 3

ΛL lower tail copula 4

λU coefficient of upper tail dependence 3

ΛU upper tail copula 4



108 List of Abbreviations and Symbols

M upper Fréchet-Hoeffding bound M(u) = u1 ∧ u2 2

x ∨ y the component-wise maximum of x and y 1

x ∧ y the component-wise minimum of x and y 1

Π independence copula Π(u) = u1u2 3

ran F the range of F 1

R̄ extended real line [−∞, ∞] 1

R̄2
+ the space [0, ∞]2 \ {(∞, ∞)} 4

supp F the support of F 1
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Birkhäuser Verlag, Basel.

Genest, C. and Favre, A.-C. (2007). Everything you always wanted to know about copula
modeling but were afraid to ask. J. Hydrol. Engineering, 12:347–368.

Genest, C., Ghoudi, K., and Rivest, L.-P. (1995). A semiparametric estimation proce-
dure of dependence parameters in multivariate families of distributions. Biometrika,
82(3):543–552.

Genest, C. and Rémillard, B. (2008). Validity of the parametric bootstrap for goodness-of-
fit testing in semiparametric models. Ann. Inst. H. Poincaré. Probabilités et Statistiques,
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