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Introduction

This research is part of PhD thesis of Joris Chau, on two papers : Chau, vS (2017/2018),

Intrinsic wavelet regression for curves/surfaces of Hermitian positive definite matrices.

• Goal: construct wavelet transforms acting on objects in the space of Hermitian positive

definite (HPD) matrices, e.g. covariance or spectral density matrices.

A prominent example (for motivation): Diffusion Tensor Imaging

• Challenge: provide for flexible wavelet thresholding that results in HPD estimates.

• Application: smoothing of spectral densities of multivariate (locally) stationary time

series preserving positive-definiteness

Today’s agenda:

1. Closer look at the space of HPD matrices equipped with an affine-invariant Riemannian

metric as a geodesically complete manifold (replacing Euclidean distances)

2. Outline of average-interpolating (AI) wavelet transforms for curves (1D) or surfaces (2D) of

HPD matrices intrinsic to the geometry of the space.

3. Coefficient decay and convergence rates for linear wavelet thresholding of intrinsically

smooth curves or surfaces, and quick look at nonlinear wavelet thresholding.

4. Presentation and investigation of finite-sample performance (versus benchmarks), including

an application to spectral estimation of Local Field Potentials (LFP).
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Motivation - What we are after:

We want to treat data living in the space of Symmetric/Hermitian, positive definite

(SPD/HPD) matrices,

Σ = Σ∗, and ~x∗Σ~x > 0 for each ~x ∈ Cd

Moreover, each element of these matrices is changing - over time (location, space or
frequency). That is, we have matrix-valued curves - or curve-valued matrices - Σ(ω),

the evolution of which along the curves is our interest.

However, we observe only noisy versions of these matrices which themselves are

HPD matrices. How to denoise/smooth those over their argument without losing PD?

For this talk: way of representing 3-dimensional spectral (or covariance) matrices with

changing arguments as 3D-ellipsoids, with colours indicating the direction of the

eigenvector with largest eigenvalue.

Example: A ”path” of ”evolving” matrices Σ(y) along a curve (in ”space” y,...)
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Motivation 1 - Diffusion Tensor Imaging (DTI)

A typical example for data living in the space of SPD matrices, are DTI - data

There are two reasons why DTI is an important imaging
modality. First, conventional MRI cannot reveal detailed anatomy
of the white matter. Conventional MRI based on relaxation time
relies on differences in chemical composition for their contrasts.
For T1- and T2-weighted images, the amount of myelin plays a
major role in differentiating the gray and white matter. However,
the white matter looks quite homogeneous because it is homoge-
neous in terms of the chemical composition. In contrast, DTI can
generate contrasts that are sensitive to fiber orientations. As an
example, a color-coded fiber orientation map is shown in Fig. 1B.
This image carries rich information about intra-white-matter
axonal anatomy, which cannot be seen in the T1-weighted image
(Fig. 1A). By comparing with an existing anatomic atlas, we can
identify where, for example, the so called ‘‘corona radiata” and
‘‘superior longitudinal fasciculus” are. The second reason is that,
even after decades of anatomical studies of the human brain, our
understanding of its connectivity is far from complete. There are
many pathological conditions in which abnormalities in specific
connections are suspected, but are difficult to delineate. It is antici-
pated that DTI may provide new information about human brain
connectivity.

One of the purposes of this book is to explain how DTI works.
To this end, it is important to know that there are two steps in

A B

Superior
longitudinal
fasciculus

Corona
radiata

Fig. 1 Comparison between a conventional MRI (T1-weighted image) and a DTI-based map (color map). In
the color map, color represents fiber orientations; red, green, and blue represent fibers running along the
right�left, anterior�posterior, and superior�inferior orientations.

Preface xi

Example: Comparison between convential MRI (T1-weighted image) and DTI-based map. Red,

green, blue represent primary diffusion in right-left, ant.-post., and sup.-inf. orientations.1.

1Figure from: Mori, S. (2007). Introduction to Diffusion Tensor Imaging, Chapter 1.
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Motivation 1 - DTI - cont’d

Figure: DTI-based map of corpus callosum. MGH adult diffusion dataset (∼250 GB, 35 healthy subjects) from

the “Human Connectome Project” (www.humanconnectome.org). Figure displays single slice color-coded axial

DTI-map (128× 128). Brain mask construction and tensor estimation with FSL-BET2 and FSL-DTIFIT v5.0.
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Motivation 1 - DTI - cont’d (2)

Figure: Artifically constructed noisy single slice DTI-based map (128× 128) of corpus callosum.

(3× 3)-SPD diffusion tensors are displayed as 3D-ellipsoids, with colors indicating the direction

of the eigenvector with largest eigenvalue.
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Motivation 2 - Time-varying Spectral estimation
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Figure: Pre-processed rat seizure local field potential (LFP) time series, 4 channels, 30-min.

pre-seizure to 180 min. post-seizure at 1K Hz, (T = 50 000 observations shown).
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Introduction

Nonparametric time-varying spectral matrix estimation:

• Spectral matrices f (ω) of stationary time series are curves of complex-valued

covariance matrices in the frequency domain, i.e. curves of HPD matrices.

• Time-varying spectral matrices f (t , ω) are surfaces of complex-valued covariance

matrices in the time-frequency domain, i.e. surfaces of HPD matrices.

Typical (not so flexible) nonparametric approach:

1. Compute noisy (asymptotically unbiased, but inconsistent) time-varying

periodogram matrices.

2. Globally smooth periodogram in time and frequency to get a consistent HPD

spectral estimate (e.g. kernels, multitapering, . . . ).

3. (Potentially do cross-spectral analysis: autospectra and cross-coherences)
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Motivation 2 - Time-varying Spectral estimation - cont’d: noisy estimates

Figure: Log-autospectra of (4× 4)-dimensional time-segmented tapered HPD periodogram matrices

(diagonal) and cross-coherences (off-diagonal), pre-smoothed with B = 4 Hermite tapers. 8



Posing the problem - again

Traditional approach for curve estimation based on Euclidean distances:

”Cartoon” signal-plus-noise models:

1. 1D-curve estimation: Yi = f (xi ) + εi

2. 2D-curve estimation: Yij = f (xi , yj ) + εij

3. spectral estimation: periodogram log IT (ωi ) ≈ log(ωi ) + ηi

4. time-varying spectral estimation ....

Traditional smoothing applies local averages (filters, interpolation, ...) based on

Euclidean distances (and derives rates of convergence, e.g. via Taylor expansions).

However: If applied individually to each element of the (spectral) matrix of (noisy)

curves, no guarantee of positive-definiteness.

Solution (one !): Change the metric away from Euclidean.

Study how to do this for wavelet smoothing (wavelet regression) in the space of

Hermitian Positive-Definite matrices.
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What is the issue with (wavelet)

regression in a HPD space?



Regression in HPD space

Figure: Cone of (2× 2)-dimensional SPD matrices
( x z

z y
)

embedded in a Euclidean space (grey

cone) and (polynomial) regression fit to noisy SPD matrix observations (grey-red line).
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Geometry of HPD spaces

Affine-invariant Riemann metric:

• Space of HPD matrices (Pd×d ,+, ·S) is not a vector space. Also, Pd×d endowed

with the Euclidean metric is an incomplete metric space, with boundary at finite

distance, (interpolation 3, extrapolation 7).

• Pd×d is a Riemannian manifold, i.e. Pd×d locally looks like Rd2
and can be

equipped with a Riemannian metric gR (smooth family of inner products for each

p ∈ Pd×d ) - and its associated derivatives.

• Replace Euclidean metric by affine-invariant Riemannian metric [Pennec et al.,

2006] - also called: natural invariant [Smith, 2000], canonical [Holbrook et al.,

2016], trace [Yuan et al.,2012], Rao-Fisher [Said et al.,2015] metric, or simply

Riemannian metric [Bhatia, 2009], [Dryden et al., 2009] among others.
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Polynomial interpolation in HPD space

(Initial observations)

Euclidean metric

Cholesky metric

Log-Euclidean metric

Riemannian metric

Figure: Different paths of (polynomiallly) interpolated (3× 3) SPD matrices under various

different metrics. ‘NA’ stands for non-available (i.e., negative definite) matrices.
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Geometry of HPD space

Important properties:

• (Pd×d , gR) is a geodesically complete manifold, i.e. complete metric space, s.t.

boundary of singular matrices lies at infinite distance.

• Congruence transformation Σ 7→ A∗ΣA is an isometry, (i.e. distance-preserving),

for any A ∈ Cd×d invertible.

Manifold: Pn×n := {p ∈ Cn×n : p = p∗ and ~z∗p~z > 0, for ~z ∈ Cn,~z 6= ~0}

Tangent spaces: Tp(Pn×n) ' Hn×n := {h ∈ Cn×n : h = h∗}

Riemannian metric: 〈h1, h2〉p = Tr((p−1/2 ∗ h1)(p−1/2 ∗ h2))

Distance: δR(p1, p2) = ‖Log(p−1/2
1 ∗ p2)‖F

Geodesics: γ(p1, p2, t) = p1/2
1 ∗ (p−1/2

1 ∗ p2)t , 0 ≤ t ≤ 1

Exponential map: Expp(h) = p1/2 ∗ Exp(p−1/2 ∗ h)

Logarithmic map: Logp(q) = p1/2 ∗ Log(p−1/2 ∗ q)

Parallel transport: Γq
p(w) = p1/2 ∗ (p−1/2 ∗ q)1/2 ∗ p−1/2 ∗ w

Table 1: Geometric tools for the Riemannian manifold of HPD matrices equipped with the

affine-invariant metric. Here, a ∗ b := a∗ba , and Exp(·) and Log(·) denote matrix exp and log.

13



Illustration Log-/Exp-maps

Figure: (Simplistic) illustration of geodesic curves on the Riemannian manifold and

Log-/Exp-maps relating Pd×d to Tp0 (Pd×d ). The geodesic p(t) = Expp0
(h(t)), t ≥ 0 is a straight

line on the manifold emanating from p0.
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How to construct wavelet transforms

on the Riemannian manifold?



Construction is built on polynomial avarage-interpolation

(Initial observations)

Euclidean metric

Cholesky metric

Log-Euclidean metric

Riemannian metric

Figure: Interpolating polynomials (order N − 1 = 2) through N = 3 initial (3× 3) SPD matrices

under various different metrics obtained with (an intrinsic version of) Neville’s algorithm using

pdNeville(). ‘NA’ for non-available (i.e., negative definite) matrices.
15



Recalling some basics on Wavelet Transforms

Given data {Y1, . . . ,Yn} =: {MJ,1, . . . ,MJ,n} and a (dyadic) multiresolution scheme

with scales J, J − 1, . . . , 0, a classical wavelet transform (WT) comprises:

1. Going from finer scale j to coarse scale j − 1, compute scaling coefficients Mj−1,k

as ”local averages (filtering) (e.g. Mj−1,k = 1
2 (Mj,2k + Mj,2k+1) Haar transform)

2. In generalised (non-equidistant/ non-Euclidean) designs, apply Lifting: Predict

fine-scale M̃j,k (e.g. by average-interpolation) from coarse-scale Mj−1,k

3. Define wavelet coefficients Djk as differences between true and predicted

midpoints. In classical designs, just difference between two ”neighbored” scaling

coefficients (e.g. Dj,k = 1
2 (Mj,2k −Mj,2k+1) Haar transform)

Step 2 necessary in general designs, to allow for smooth (sparse) reconstructions:

1. Scaling coeffs of WT (of order N) reproduce exactly polynomials of degree N.

2. Its wavelet coefficients of polynomials are zero (”sparsity”).

For this to work, polynomials of degree N must have vanishing derivatives of order

≥ N (e.g. shortest distance between two points = straight line in Euclidean space) 16



Wavelet transforms in HPD space (1D)

Figure: Illustration of forward intrinsic 1D AI wavelet transform for curves of HPD matrices:

1. Compute coarse-scale midpoints as local intrinsic averages;

2. Predict fine-scale midpoints via average-interpolation from coarse-scale midpoints;

3. Define wavelet coeff’s as intrinsic differences between true and predicted midpoints.

17



Intrinsic Average Interpolation wavelet transforms in HPD space

Figure: (Simplistic) illustration of forward intrinsic 2D AI wavelet transform on (Pd×d , δR): (i)

compute coarse-scale midpoints as local intrinsic averages, (ii) predict fine-scale midpoints via

average-interpolation from coarse-scale midpoints, (iii) define wavelet coefficients as intrinsic

differences between true and predicted midpoints.
18



Intrinsic AI wavelet transforms in HPD space

Intrinsic average-interpolating (AI) prediction:

• 1D average-interpolation: given (j − 1)-scale midpoints (Mj−1,k )k and prediction

order N, predict j-scale midpoints based on AI intrinsic polynomial of order N − 1

in (Pd×d , δR).

• Intrinsic polynomials2 of degree k ≥ 0 in (Pd×d , δR) have vanishing k -th (and

higher) order covariant derivatives, e.g. a first degree polynomial is a geodesic.

• 2D average-interpolation: given (j − 1)-scale midpoints (Mj−1,~k )~k and prediction

order (N1,N2), predict j-scale midpoints based on AI intrinsic polynomial surface

of order (N1 − 1,N2 − 1).

• (Stable and efficient computation via intrinsic version of Neville’s algorithm).

• This construction does not depend on the use of the Riemannian distance δR and

works for other metrics, too.

• The construction can - in principle - be generalised to higher than 2D.
2Hinkle, J., Fletcher, P.T., Joshi, S. N., (2014). Intrinsic polynomials for regression on Riemannian

manifolds. Journal of Math. Imaging and Vision, 50(1) 32-52.
19



Intrinsic AI wavelet transforms in HPD space

Intrinsic AI prediction (cont’d):

• The predicted midpoints (M̃j,k )k satisfy a refinement relation as an intrinsic

weighted average of coarse-scale midpoints. For 1D AI prediction, solve:

M̃j,2k+1
!

= ExpM̃j,2k+1

(∑
`

h2`LogM̃j,2k+1

(
Mj−1,k+`

))
Filter coeff.’s (h`)` are equivalent to ordinary AI prediction, e.g. (h`)1

`=0 = {1, 1} if

N = 1 (Haar prediction); (h`)3
`=−2 = {−1/8, 1/8, 1, 1, 1/8,−1/8} if N = 2, etc.

• Substituting the Euclidean metric, Exp-/Log-maps are matrix addition/subtraction

→ the intrinsic refinement simplifies to an ordinary weighted average (!)

Wavelet coefficients:

• Define (whitened) wavelet coefficients Dj,k (in 1D) as intrinsic differences, s.t.

‖Dj,k‖2
F = 2−jδR(Mj,2k+1, M̃j,2k+1)2, similar for 2D. For 1D AI transform:

Dj,k = 2−j/2M̃−1/2
j,2k+1LogM̃j,2k+1

(
Mj,2k+1

)
M̃−1/2

j,2k+1
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Properties of Wavelet denoising in HPD space - in a nutshell

• Coefficient decay: Wavelet coefficients of order N-transforms of smooth HPD

curves –with existing higher-order covariant derivatives up to order N – decay

very fast (O(2j/22−jN)) across wavelet scales j , i.e., smooth curves have sparse

coefficient representations.

• Linear thresholding: Given a smooth HPD curve of length n corrupted by i.i.d.

noise, linear thresholding of scales j ≥ log2(n)/(2N + 1) achieves the (usual

non-parametric) estimation rate O(n−2N/(2N+1)) for the Riemannian mean

squared error.

• Trace thresholding: for a Riemannian signal plus i.i.d. noise model, e.g., a

sequence of independent Wishart matrices centered around the signal, the trace

decomposes the noisy coefficiients into a scalar additive signal plus

(homoscedastic) noise model.

Similar results hold in 2D, i.e. for Intrinsic wavelet denoising of surfaces on HDP

manifolds.
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Wavelet regression of smooth HPD curves

• Coefficient decay: If γ : R→ Pd×d is a smooth curve with existing covariant

derivatives (under δR) up to order N ≥ 1. Then, for j ≥ 0 sufficiently large,

‖Dj,k‖2
F . 2−j/22−jN

with N the order of the refinement scheme.

• Convergence rates linear thresholding: Let X1, . . . ,Xn be independent random

HPD matrices, n = 2J , Xi ∼ νi with intrinsic mean EδR [Xi ] = γ(i/n) and νi finite

second moment w.r.t. δR , s.t. γ : [0, 1]→ Pd×d is a smooth curve.

Let γ̂(t) be the linear wavelet estimator thresholding all (matrix-valued) wavelet

coefficients for j ≥ J0, s.t. J0 ∝ log2(n)/(2N + 1), with N ≥ 1 the refinement

order. Then,

E
[∫ 1

0
δR(γ(t), γ̂(t))2 dt

]
. n−2N/(2N+1)

22



Wavelet regression of smooth HPD curves

• Coefficient decay: If γ : R→ Pd×d is a smooth curve with existing covariant

derivatives (under δR) up to order N ≥ 1. Then, for j ≥ 0 sufficiently large,

‖Dj,k‖2
F . 2−j/22−jN

with N the order of the refinement scheme.

• Convergence rates linear thresholding: Let X1, . . . ,Xn be independent random

HPD matrices, n = 2J , Xi ∼ νi with intrinsic mean EδR [Xi ] = γ(i/n) and νi finite

second moment w.r.t. δR , s.t. γ : [0, 1]→ Pd×d is a smooth curve.

Let γ̂(t) be the linear wavelet estimator thresholding all (matrix-valued) wavelet

coefficients for j ≥ J0, s.t. J0 ∝ log2(n)/(2N + 1), with N ≥ 1 the refinement

order. Then,

E
[∫ 1

0
δR(γ(t), γ̂(t))2 dt

]
. n−2N/(2N+1)

22



Wavelet regression of smooth HPD surfaces

• Coefficient decay: If γ : R× R→ Pd×d is a smooth surface with existing partial

covariant derivatives (under δR) up to refinement orders (N1,N2) ≥ (1, 1). Then,

under the natural square refinement pyramid, for j ≥ 0 sufficiently large and all k ,

‖Dj,~k‖
2
F . 2−j2−j(N1∧N2)

• Convergence rates linear thresholding: Let (Xij )1≤i,j≤n be independent

random HPD matrices, n = 2J , Xij ∼ νij with intrinsic mean EδR [Xij ] = γ(i/n, j/n)

and νij finite second moment w.r.t. δR , such that γ : [0, 1]× [0, 1]→ Pd×d is a

smooth surface.

Let γ̂(t , s) be the linear wavelet estimator, under the square refinement pyramid,

thresholding all wavelet coefficients for j ≥ J0, s.t. J0 ∝ log2(n)/(2(N1 ∧ N2) + 2).

Then,

E
[∫ 1

0

∫ 1

0
δR(γ(t , s), γ̂(t , s))2 dt ds

]
. n−2(N1∧N2)/((N1∧N2)+1)
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Nonlinear wavelet thresholding in HPD space

Intrinsic signal-noise models:

• Consider an i.i.d. intrinsic signal plus noise model, for convenience in 1D:

Yi = Expγi
(Γ(γi )

1
0(ζi )), for 1 ≤ i ≤ N

with,

• γi = γ(i/N), γ : [0, 1]→ Pd×d is the target HPD signal.

• ζ1, . . . , ζN
iid∼ ν, are zero-mean, finite variance noise rvs.

• Γ(η)1
0(ζ) is the parallel transport along geodesic η(t) transporting ζ from tangent

space at identity Id (for t = 0) to tangent space at γ (for t = 1).

• Substituting the Euclidean metric, (par. transp. = Id-map, Exp-map = addition):

Yi = Expγi
(Γ(γi )

1
0(ζi )) = Expγi

(ζi ) = γi + ζi

• Substituting the affine-invariant metric:

Yi = γ
1/2
i Exp(ζi ) γ

1/2
i =: γ

1/2
i Ei γ

1/2
i , s.t. intrinsic mean E[Ei ] = Id

• 1D-analogue: log-periodogram ≈ log-spectrum + noise
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Nonlinear wavelet thresholding in HPD space

• Consider (Yi )i ∈ Pd×d from a 1D i.i.d. intrinsic signal-noise model w.r.t. the

affine-invariant metric,

Yi = γ
1/2
i Ei γ

1/2
i , 1 ≤ i ≤ N,

with target HPD signal γi = γ(i/N), γ : [0, 1]→ Pd×d and noise (Ei )i
iid∼ ν with

intrinsic mean Eν [Ei ] = Id and ν finite second moment w.r.t. δR .

• The trace of the (whitened) wavelet coefficients based on (Yij )ij satisfies:

Tr(DY
j,k ) = Tr(Dγ

j,k ) + Tr(DE
j,k ), for all scale-locations

Moreover, E[Tr(DY
j,k )] = Tr(Dγ

j,k ) and Var(Tr(DY
j,k )) is constant across

scale-locations (in 1D). Similar results hold in 2D.

• Important: nonlinear thresholding/shrinkage of trace of coefficients is general

linear congruence equivariant, i.e. f̂λ({A∗YijA}ij ) = A∗ f̂λ({Yij}ij )A for any

invertible A ∈ Cd×d , (i.e. equivariance under change of basis in the data space).
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Some (simulated and real) examples



Example: Non-smoothly time-varying smiley spectrum

Figure: 3D ellipsoids displaying modulus of (3× 3)-dimensional generating non-smooth “smiley”

spectral matrix f (u, ω) obtained with rExamples2D(..., example = ‘smiley’), (x-axis = time,

y-axis = freq.).
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Example: Non-smooth time-varying smiley spectrum

Figure: 3D ellipsoids displaying modulus of noisy time-varying segmented multitaper

periodogram X(u, ω) obtained via pdPgram2D(), with d = B = 3 Hermite tapering functions, s.t.

X(u, ω) is HPD. The time-frequency grid is of size (128× 128) based on a generated

nonstationary time series trace of length 214. 27



Example: Non-smooth time-varying smiley spectrum

Figure: 3D ellipsoids displaying modulus of time-varying nonlinear tree-structure

wavelet-denoised spectrum f̂ (u, ω) obtained via pdSpecEst2D(), with metric = "Riemannian"

and order = c(1,1) (i.e. refinement orders 2D AI wavelet transform).
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Example: Non-smooth time-varying facets spectrum

Figure: 3D ellipsoids displaying modulus of (3× 3)-dimensional generating non-smooth “facets”

spectral matrix f (u, ω) obtained with rExamples2D(..., example = ‘facets’), (x-axis = time,

y-axis = freq.).
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Example: Non-smooth time-varying facets spectrum

Figure: 3D ellipsoids displaying modulus of noisy time-varying segmented multitaper

periodogram X(u, ω) obtained via pdPgram2D(), with d = B = 3 Hermite tapering functions, s.t.

X(u, ω) is HPD. The time-frequency grid is of size (128× 128) based on a generated

nonstationary time series trace of length 214. 30



Example: Non-smooth time-varying facets spectrum

Figure: 3D ellipsoids displaying modulus of time-varying nonlinear tree-structure

wavelet-denoised spectrum f̂ (u, ω) obtained via pdSpecEst2D(), with metric = "Riemannian"

and order = c(3,3) (i.e. refinement orders 2D AI wavelet transform).
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Example: Smooth time-varying AR(1) spectrum

Figure: 3D ellipsoids displaying modulus of (3× 3)-dimensional generating smooth tvAR(1)

spectral matrix f (u, ω) obtained with rExamples2D(..., example = ‘tvar’), (x-axis = time,

y-axis = freq.).
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Example: Smooth time-varying AR(1) spectrum

Figure: 3D ellipsoids displaying modulus of noisy time-varying segmented multitaper

periodogram X(u, ω) obtained via pdPgram2D(), with d = B = 3 Slepian tapering functions, s.t.

X(u, ω) is HPD. The time-frequency grid is of size (128× 128) based on a generated

nonstationary time series trace of length 214. 33



Example: Smooth time-varying AR(1) spectrum

Figure: 3D ellipsoids displaying modulus of time-varying nonlinear tree-structure

wavelet-denoised spectrum f̂ (u, ω) obtained via pdSpecEst2D(), with metric =

"logEuclidean" and order = c(7,7).
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(Reserve: Examples of denoising in HPD space - 2D)

TVAR Target TVAR Noisy TVAR Denoised

Figure: Left: target smooth tvar surface (time-varying AR(1) spectrum) on a (64× 64)-grid.

Middle: noisy HPD observations from a Riemannian signal plus i.i.d. intrinsic normal noise

model. Right: (tree-structure) wavelet denoised surface with pdSpecEst2D(), (based on the

Riemannian metric, average-interpolation order (3, 3) and oracle penalty λ).
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(Reserve: Examples of denoising in HPD space - 2D)

Blocks Target Blocks Noisy Blocks Denoised

Figure: Left: target piecewise constant blocks surface on a (64× 64)-grid. Middle: noisy HPD

observations from a Riemannian signal plus i.i.d. intrinsic normal noise model. Right:

(tree-structure) wavelet denoised surface with pdSpecEst2D(), (based on the Riemannian

metric, average-interpolation order (1, 1) and oracle penalty λ).
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(Reserve: Examples of denoising in HPD space - 2D)

Smiley Target Smiley Noisy Smiley Denoised

Figure: Left: target piecewise constant smiley surface on a (64× 64)-grid. Middle: noisy HPD

observations from a Riemannian signal plus i.i.d. intrinsic normal noise model. Right:

(tree-structure) wavelet denoised surface with pdSpecEst2D(), (based on the Riemannian

metric, average-interpolation order (3, 3) and oracle penalty λ).
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2D finite-sample performance

Simulated data examples:

• 5 HPD test surfaces γ : [0, 1]× [0, 1]→ P3×3 according to: “blocks”, “smiley”,

“bumps”, “tvar”, “dti” available in R-package pdSpecEst via rExamples2D.

• Observations generated from i.i.d. intrinsic signal plus noise model (w.r.t. δR):

Yij = γ
1/2
ij Eij γ

1/2
ij , 1 ≤ i , j ≤ N,

with target HPD signal γij = γ(i/N, j/N) and noise Eij
d
= Exp(ζij ), s.t. ζij are i.i.d.

mean-zero normally distributed Hermitian matrices.

• Estimation methods:

• Wav-δR , Wav-δL; tree-structured wavelet-thresholding under affine-invariant δR and

Log-Euclidean δL metric.

• NN-δR , NN-δL: (benchmark) 2D nearest-neighbors under δR and δL.

• NW-δR , NW-δL: (benchmark) 2D kernel regression under δR and δL.

• (Single) tuning parameter selection: universal threshold (only for Wav-δR ,

Wav-δL), semi-oracle and oracle minimizes intrinsic ISE w.r.t. true target.
38



2D finite-sample performance
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Figure: Mean relative intrinsic ISE for M = 2 000 (SE ∼ 10−3) simulations. The MISE is

computed w.r.t. δR or δL relative to “oracle Wav-δR ” or “oracle Wav-δL” estimates (depending on

the metric). Bars > 1 are less efficient than “oracle Wav”, bars < 1 are more efficient.
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Example: Rat LFP spectral estimation

Rat seizure LFP data: Local field potential (LFP) 32-dimensional vector-valued time

series data sampled at 1K Hz, 30 min. before and 180 min. after induced stroke, (i.e.

12.6× 106 observations). In this example, we display spectral behavior (up to 80Hz)

within/across column 2 channels (L1-C2, L2-C2, L3-C3, L4-C4).

L1

L2

L3

L4

C1
C2

C3
C4

C5
C6

C7
C8

Figure: Visualization of (4× 8)-dimensional spatial LFP recording locations in the rat’s brain.
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Back to: Motivation 2 : ”raw” time-frequency HPD periodograms

Figure: Log-autospectra of (4× 4)-dimensional time-segmented tapered HPD periodogram matrices

(diagonal) and cross-coherences (off-diagonal), pre-smoothed with B = 4 Hermite tapers. 41



Example: Rat seizure data - wavelet smoothed t-v-periodograms

Figure: Log-autospectra (diagonal and cross-coherences (off-diagonal) of (4× 4)-dimensional nonlinear

wavelet-denoised spectrum obtained with pdSpecEst2D(), (affine-invariant metric, subdivision order (3, 5)). 42



Comparison with some of the existing approaches

• Estimating Cholesky square root spectral matrix (Dai et al, Rosen et al, Krafty et al):

Not equivariant under permutation of the elements of the time series (not unitary

congruence equivariant), however, does easily allow for different smoothing of different

entries of the spectral matrix (our approach would also, but not presented here).

• Non-wavelet approaches on the Riemannian manifold:

Hinkle et al (2014) defines the notion of an ”intrinsic” polynomial on the Riemannian

manifold (RM) but does not apply this to SPD or HPD estimation

Boumal et al (2011) on penalised-spline regression also works with a linear smoothing

approach (with a computationally intensive choice of smoothing parameter)

Yuan et al (2012) on curve denoising of symmetric PD tensors in DTI becomes

computationally demanding for local polynomic regression of higher order on the RM

Holbrook et al (2016) delivers a pointwise (Bayesian) spectral matrix estimator on the RM

that is computationally too expensive if computed at each frequency

• Existing wavelet approaches:

Rahman et al (2005) delivers a wavelet refinement approach based on

midpoint-interpolation in the tangent space (not on the RM) which (i) is not unique as it

depends on the ”base-point” on the RM; (ii) does not allow for exact reconstruction of

polynomials (hence no rates of convergence)

43



Comparison with some of the existing approaches

• Estimating Cholesky square root spectral matrix (Dai et al, Rosen et al, Krafty et al):

Not equivariant under permutation of the elements of the time series (not unitary

congruence equivariant), however, does easily allow for different smoothing of different

entries of the spectral matrix (our approach would also, but not presented here).

• Non-wavelet approaches on the Riemannian manifold:

Hinkle et al (2014) defines the notion of an ”intrinsic” polynomial on the Riemannian

manifold (RM) but does not apply this to SPD or HPD estimation

Boumal et al (2011) on penalised-spline regression also works with a linear smoothing

approach (with a computationally intensive choice of smoothing parameter)

Yuan et al (2012) on curve denoising of symmetric PD tensors in DTI becomes

computationally demanding for local polynomic regression of higher order on the RM

Holbrook et al (2016) delivers a pointwise (Bayesian) spectral matrix estimator on the RM

that is computationally too expensive if computed at each frequency

• Existing wavelet approaches:

Rahman et al (2005) delivers a wavelet refinement approach based on

midpoint-interpolation in the tangent space (not on the RM) which (i) is not unique as it

depends on the ”base-point” on the RM; (ii) does not allow for exact reconstruction of

polynomials (hence no rates of convergence)

43



Comparison with some of the existing approaches

• Estimating Cholesky square root spectral matrix (Dai et al, Rosen et al, Krafty et al):

Not equivariant under permutation of the elements of the time series (not unitary

congruence equivariant), however, does easily allow for different smoothing of different

entries of the spectral matrix (our approach would also, but not presented here).

• Non-wavelet approaches on the Riemannian manifold:

Hinkle et al (2014) defines the notion of an ”intrinsic” polynomial on the Riemannian

manifold (RM) but does not apply this to SPD or HPD estimation

Boumal et al (2011) on penalised-spline regression also works with a linear smoothing

approach (with a computationally intensive choice of smoothing parameter)

Yuan et al (2012) on curve denoising of symmetric PD tensors in DTI becomes

computationally demanding for local polynomic regression of higher order on the RM

Holbrook et al (2016) delivers a pointwise (Bayesian) spectral matrix estimator on the RM

that is computationally too expensive if computed at each frequency

• Existing wavelet approaches:

Rahman et al (2005) delivers a wavelet refinement approach based on

midpoint-interpolation in the tangent space (not on the RM) which (i) is not unique as it

depends on the ”base-point” on the RM; (ii) does not allow for exact reconstruction of

polynomials (hence no rates of convergence)

43



Concluding remarks

Demo Shiny-app: https://jchau.shinyapps.io/pdSpecEst/

• Intrinsic 1D wavelet regression in the Riemannian manifold is discussed in: Chau,

J., and von Sachs, R. (2017). Intrinsic wavelet regression for curves of

Hermitian positive definite matrices. (under revision), ArXiv:1701.03314.

• The paper Intrinsic wavelet regression for surfaces of Hermitian positive

definite matrices now on ArXiv:1808.08764, too.

• An R-package pdSpecEst (v1.2.2) containing tools for data analysis of SPD or

HPD matrices is available on CRAN. Install the latest (developmental) version via

devtools::install_github(’JorisChau/pdSpecEst’).

• And: Looking for students to continue this line of research !

44
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1D Finite-sample performance

Table 2: Several implemented wavelet and benchmark estimators in 1D and their properties.

Abbr. Method Metric U-equiv.∗ A-equiv.† Always PD

Wav-δR Tree-struct. wav’s, (N = 5) Riemannian 3 3 3

Wav-δL ” ” Log-Euclidean 3 7 3

Wav-δC ” ” Cholesky 7 7 3

Wav-δE ” ” Euclidean 3 7 7

NN-δR Intrinsic nearest-neighbors Riemannian 3 3 3

CS-δR Intrinsic cubic splines3 Riemannian 3 3 3

LP0-δR Intrinsic loc. poly.’s4, (p = 0) Riemannian 3 3 3

LP3-δL Intrinsic loc. poly.’s5, (p = 3) Log-Euclidean 3 7 3

∗, †: equivariance resp. under congruence transformation by unitary matrix U ∈ Ud , Uf̂X U∗ = f̂UXU∗ , or by

general linear matrix A ∈ GL(C, d), Af̂X A∗ = f̂AXA∗ .

3Boumal, N., Absil, P-A. (2011). Discrete regression methods on the cone of positive-definite matrices.

IEEE ICASSP, 4232-4235.
4Yuan, Y. et al. (2012). Local polynomial regression for symmetric positive definite matrices. JRSS-B,

74(4), 697-719.
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1D Finite-sample performance

0.0 0.5 1.0 1.5 2.0 2.5 3.0
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||f(
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Figure: Euclidean norms of (3× 3)-HPD test curves generated with rExamples() in R-package

pdSpecEst.

Simulation study Repeat a large number of times:

Step 1. Generate stationary time series from test spectrum via Cramér representation.

Step 2. Compute initial HPD multitaper periodogram based on d = 3 tapers (Slepian).

Step 3. Apply wavelet or benchmark estimation to HPD periodogram.

Step 4. Compute integrated squared Riemannian error (ISRE) w.r.t. target spectrum.
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1D Finite-sample performance
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Figure: ISRE (log-scale) of M = 1 000 simulation runs for wavelet and benchmark estimators of

"bumps" test function. Note: Euclidean results are not shown as the estimates are not always PD

and the ISRE is not defined.
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1D Finite-sample performance

'two−cats', n = 210 'two−cats', n = 211 'two−cats', n = 212

W
av

−
δ R

W
av

−
δ L

W
av

−
δ C

N
N

−
δ R

C
S

−
δ R

LP
0−

δ R

LP
3−

δ L

W
av

−
δ R

W
av

−
δ L

W
av

−
δ C

N
N

−
δ R

C
S

−
δ R

LP
0−

δ R

LP
3−

δ L

W
av

−
δ R

W
av

−
δ L

W
av

−
δ C

N
N

−
δ R

C
S

−
δ R

LP
0−

δ R

LP
3−

δ L

0.1

1.0

Estimation method

IS
R

E

Universal

Semi−oracle

Oracle

Figure: ISRE (log-scale) of M = 1 000 simulation runs for wavelet and benchmark estimators of

"two-cats" test function. Note: Euclidean results are not shown as the estimates are not always

PD and the ISRE is not well-defined.
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