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Abstract We compute the completed TMF((3)-cohomology of the 7-connected cover
BString of BO. We use cubical structures on line bundles over elliptic curves to construct an
explicit class which together with the Pontryagin classes freely generates the cohomology
ring.
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1 Introduction and statement of results

Characteristic numbers play an important role in the determination of the structure of cobor-
dism rings. For unoriented, oriented and spin manifolds, the cobordism rings were calculated
in the 1950s and 1960s by Thom [31], Novikov [24] and Anderson et al. [1] with the help of
Stiefel-Whitney, HZ- and KO-Pontryagin numbers. However, it is known that for manifolds
with lifts of the tangential structure to the 7-connected cover BString of BO these numbers
do not determine the bordism classes.

Locally at the prime 2, the Thom spectrum MSpin splits into summands of connected
covers of KO and an Eilenberg—MacLane part [1, Theorem 2.2]. A similar splitting is conjec-
tured for MString where KO is replaced by suitable versions of the spectrum TMF': the Witten
orientation provides a surjection of the string bordism ring to the ring of topological modular
forms [11, Theorem 6.25] and there is evidence [23, Section 7] that another summand of
MString is provided by the 16-connected cover of TMF((3). In order to provide maps to
this possible summand one has to study TMFy(3)-characteristic classes for string manifolds
which is the subject of this work.
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512 G. Laures, M. Olbermann

In [19] the TMF | (3)-cohomology rings of BSpin and BString were computed. It turned out
[19, Theorem 1.2] that the TMF 1 (3)-cohomology ring of BSpin is freely generated by certain
classes p;. These deserve the name Pontryagin classes since they share the same properties
as the HZ- and KO-Pontryagin classes. In the case of BString, there is another class r coming
up which together with the Pontryagin classes freely generates the TMF{(3)-cohomology
ring when localized at K (2) for the prime 2.

The theory TMF'1(3) is a complex orientable theory. Its formal group is the completion of
the universal elliptic curve with I'; (3)-structures. Its relation to TMF((3) is analogous to the
relation between complex and real K -theory: a I'1 (3)-structure is a choice of point of exact
order 3 on an elliptic curve. A I'g(3)-structure is the choice of subgroup scheme of the form
Z/3 of the points of order 3. Given such a subgroup scheme there are exactly two choices
of points of exact order 3 and they differ by a sign. Hence the corresponding cohomology
theory TMF((3) is the “real” version of the complex theory TMF'1(3). It can be obtained by
taking homotopy fixed points under the action which changes the sign of the three division
point. It is not a complex orientable theory.

The theory TMF'1(3) admits a genuine equivariant Z/2-action which turns it into a Real
theory in the sense of Atiyah [4], meaning an equivariant theory where the Z/2-action is
induced by complex conjugation. We construct this action in Sect. 2 with the help of the
work of Hu and Kriz [10]. The associated fixed point spectrum is TMF(3). This allows us
to lift the Pontryagin classes to TMFy(3) for Spin-bundles. Our first result is:

Theorem 1.1 There are classes m; € TMFo(3) 3% BSpin which lift the products vgi pi for
the TMF 1 (3)-Pontryagin classes p;. Moreover, we have

TMF(3)* BSpin = TMFo(3)*[1, 7, .. ].

The generator r in the calculation of the TMF'; (3)-cohomology of BString has the property
that it maps to a generator of K (Z, 3) under the canonical map. In fact, it has been shown in
[19, Theorem 1.3] that any class with this property can serve as a generator. However, in order
to obtain a class r which is already defined in the theory TMF((3) one has to provide a more
geometric construction. We use the theory of cubical structures on elliptic curves which also
played a role in [3] in the construction of the Witten orientation. We show that a convenient
choice of a generator r is the difference class which compares the Witten orientation with
the complex orientation. It turns out that this class admits a lift to the equivariant setting. Our
main result is:

Theorem 1.2 For a string bundle & over a space X there is a natural stable class
r(€) € TMFy(3)°X
with the following properties:

(1) r is multiplicative: r(§ ®n) =r(€) @ r(n).
(i) There is an isomorphism

TMFo(3) [F, 71, 72, ...] —> TMFo(3) BString

where Tm?)) denotes (L g 2)TMF LB3N'"2/2 and, in abuse of notation, the class r is
the K (2)-local and reduced version of the class r corresponding to the universal bundle
over BString.
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TMF ((3)-Characteristic classes for string bundles 513

(iii)) The Chern character of the elliptic character [22] of r is given by the formula
O (7, x; — )

ch(A(r(§))) = H D (7, —w)

where the x; are the formal Chern roots of § @ C, w = 2mi /3 and ® is the theta function

oy (=g (1 —g"e™)
D (1, x) = (e/* — /%) -
nl:[l (1—g"?

— 2
= X exp (— Z @sz(t)x%).

k=1

The paper is organized as follows: in Sect. 2 we first remind the reader of the theory TMF 1 (3)
and construct its Real version in the category of Z/2-equivariant spectra. Its homotopy fixed
points spectrum provides a model for TMF(3). This allows us to construct Pontryagin
classes in the equivariant setting for string manifolds. Theorem 1.1 then follows from the
homotopy fixed point spectral sequence. In the third section we use cubical structures to
show that the difference class of two MU (6)-orientations of TMF|(3) can be taken as the
remaining generator in the cohomology of BString. This involves the computation of a specific
coefficient of a cubical structure which is carried out in Appendix 2. In the fourth section, this
classis lifted to the equivariant setting. Since the realification of the difference class r provides
a permanent cycle in the homotopy fixed point spectral sequence the main theorem follows.

2 Real topological modular forms and Pontryagin classes

In this section we will construct Pontryagin classes for the Z /2-equivariant spectrum of I'1 (3)-
topological modular forms and prove the first theorem. We start reviewing level structures
for elliptic curves and proceed with the associated spectra of topological modular forms. The
method of Hu and Kriz (compare [10]) allows a construction of 7MF'1(3) in the category of
Z,/2-equivariant spectra.

Let M be the stack of smooth elliptic curves. A morphism f:S — M determines an
elliptic curve C¢ over the base scheme S, see Deligne and Rapoport [5]. There is the line
bundle w of invariant differentials on M. A modular form of weight k is section of w®X.

For an elliptic curve C over aring R let C[n] denote the kernel of the self map [n] which
multiplies by n on C. If n is invertible in R then étale-locally C[n]is of theformZ/n xZ/n. A
choice of a subgroup scheme A of C[n] which is isomorphic to Z/n is called a I'g (n)-structure
and a choice of a monomorphism from Z/n to C[n] is a I'{ (n)-structure.

Moduli problems for I' (n)-structures with n = 3 or n > 5 are representable by a smooth
affine curve whereas for I'g(n)-structures they are not (compare [5, Corollary 4.7.1]). The
case n = 3 can be made more explicit: locally, a curve C can uniquely be written in the form

C: y2+a1xy—|—a3y=x3 2.1)

in a way that the distinguished point P of order 3 is the origin (0, 0) and the invariant
differential has the standard form @ = dx/(2y + a;x + a3z). This means that the ring of
modular forms of level 3 has the form

Mr,3), = Z[1/3, a1, a3, A7'] (2.2)

where A = ag’ (af’ — 27a3). See [23, Proposition 3.2] for more details.
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514 G. Laures, M. Olbermann

For each étale map f :Spec(R) —> M with elliptic curve Cy there is a spectrum E
which is a complex orientable ring spectrum whose formal group Spf E’ BU (1) is equipped
with an isomorphism to the formal completion of C 7, see [8]. The spectrum TMF(3) can be
obtained this way. Its coefficient ring is M, 3)x and it carries the universal curve C together
with the universal point P of order 3.

Let MU be the complex bordism spectrum in the 2-local category. Choose x; € mo; MU
which generate the bordism ring

MU, = Zoylx1, x2, .. .].
Let
@ :MU>.< I M[‘1(3)>,<

be the map which classifies the formal group law associated to the Weierstrass curve (2.1)
with its standard coordinate as described in [29, Chapter IV]. Note that this map already takes
values in the ring Z)[a1, az]. Define polynomials f; € Z)[s, t] in two variables s, t by

¢(xi) = filar, a3).

We may assume f; = s, f3 = t since for p = 2 the Hazewinkel generators are v; = a
and v = a3 (cf. [20, Lemma 1]). The sequence r; = x; — fij(x1,x3) fori =2,4,5,6...1s
regular in MU . and the map

MU /ry, ra, 15,16, ... —> TMF1(3)4

is an isomorphism after inverting A. Hence, TMF(3) is a (strict) MU-module which is
obtained by killing off a regular sequence and localizing at an element of MU, (see [7,
Chapter V]).

If we invert v; instead of A, we obtain another module with homotopy Z2)[v1, vzil ]. Both
modules are generalized Johnson—Wilson spectra E(2) in the sense of [19, Definition 2.3]
since A coincides with a power of v, modulo the ideal (2, a;), compare [19, Proposition 2.4].
Many theorems about the standard E (2) carry over to generalized E (2)—often the vanishing
of the higher v is not needed in the proofs.

Convention 2.3 In the sequel it is not important if the discriminant A is inverted instead of
vy only. All of our statements hold for both modules and we will not distinguish between
them in the notation. The inverted class will be called the periodicity class P in the sequel,
and is a polynomial in v; and vy. Also, all spectra and homotopy groups will be localized at
the prime 2.

Next we would like to construct the Z/2-equivariant version of TMF(3). For an object
E in the category of Z/2-equivariant spectra over a complete universe, we write E, for the
coefficients in integral dimensions and we write E, for the coefficients in all dimensions
k +la for k, [ € Z and « the sign representation. Let MU be the Real bordism spectrum. Hu
and Kriz [10, Proposition 2.27] showed that the canonical map from MU, to MU splits by
a map of rings ¢ which sends the generator x; of MU, to a class of dimension i (1 4 o).

Moreover, the action of Z/2 on MU which changes the coordinate x to [—1](x) corre-
sponds to the Z/2-action on TMF(3) with homotopy fixed point set TMF(3): it comes
from the map on the moduli stack which takes the point of order 3 to its negative. A detailed
argument is given in Appendix 1.

As in [10, p. 332] we may kill the sequence ¢(r2), t(r4), t(rs), ... 1in MU, (with r; defined
above) in the category of MU-module spectra and invert the periodicity class. We have
constructed the Real spectrum TMF (3).
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TMF ((3)-Characteristic classes for string bundles 515

It will be useful to construct an equivariant version of the K (2)-localization Tﬂﬁ«’l\(3) =
— Xk
Lk 2)TMF1(3), whose coefficients are TMF(3) = (TMF; (3)*)?2 o) Set

M(2, t(v1)) = M(2) Apu M(e(v1)),

where the Koszul spectrum M(f) is the fibre of the canonical map from MU to MU[8~!].
Define the MU-function spectrum

TMF; (3) = Fy(M(2, 1(v1)), TMF; (3))
= FMu(vy)-11 (M2, LN)[e(v2) ™1, TMF; (3)).

It follows from [21, Chapter XXIV, Theorem 5.3, (5.2)] that TI\@T@) is the Bousfield
localization with respect to MU/ (2, ¢(v NIt(v2)~1] and its coefficient ring is given by the
completion with respect to the ideal I = (2, t(vy)).

Lemma 2.4 Leti* be the forgetful functor from 7./ 2-equivariant to non-equivariant spectra.
(i) i*TMF;(3) = TMF,(3)

(i) i*TMF,(3) = TMF;(3)

(i) TMF,(3)2/2 = TMF (3)"%/> = TMF((3)

(iv) TMF,(3) '~ = TMF,(3) '~ & TMFo(3)

Proof Non-equivariantly, we have i *"MU = MU, so the first statement follows from what we
said before. For the second statement, we also need the fact [25, Theorem 2.1(a)] that K (2)-
localization can be replaced by localization with respect to the spectrum MU /(2, vi)[v, h.

For the third one, observe that the spectrum TMIF(3) satisfies the strong completion
theorem, that is, we can replace it with cTMF(3) = F(EZ/2+, TMF(3)). This has been
shown for classical Johnson—Wilson spectra by Kitchloo and Wilson in [17, Appendix A]
using results from [10]. It is easy to check that the arguments given there also apply to all
generalized E (2) for which v; is invertible. It follows that the homotopy fixed point spectrum
TMF, (3)"%/? coincides with the fixed point spectrum TMF (3)%/? up to homotopy. For the
last statement observe that we have equivalences

TMF, (3) = Fuy(M(2, ¢(v1)), F(EZ/2¢, TMF,(3)))
= FyuM(2, ¢(v1)), Fvu(MU A EZ/24, TMIF1(3)))
= FMuMU A EZ /24, Fyu(M(2, t(v1)), TMIF1(3)))
~ F(EZ/2., TMF;(3)).
O

Since TMIF;(3) = F(EZ/24, TMF(3)) there is a Borel cohomology spectral sequence
[13, Section 2]

E\ = C"(Z/2, F(Z/2+, TMF;(3))*™"%) = TMF; (3) ™.

The integral degree part of the spectral sequence can be identified with the homotopy fixed
point spectral sequence

Ey = C"(Z)2, TMF1(3)°) = (TMF (3)"%/2yr+s

which Mahowald and Rezk [23] used to compute . TMF((3). However, when we use the
whole (Z + Za)-grading, the multiplicative structure of the spectral sequence is easier to
understand.
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516 G. Laures, M. Olbermann

One has F(Z/2,, TMF;(3))* = TMF(3)*[cT!], where o is the composite
stz =S Az2) 22N S AZ20)=72)24 —> pry =8 — TMF, (3)
of degree 1 — «. Thus we have an isomorphism

E| = TMF;(3)*[c T}, al,

where a has degree «. By the calculation given in Appendix 1, the group Z/2 acts by
a; — —a;. In the spectral sequence we have permanent cycles a, o3, vio which corre-
sponds to t(vy) € TMF(3)~'~* and vyo3 which corresponds to ((v2) € TMF; (3) 73732,
We will use the notation ¢(v;) respectively ¢(v) also for the cycles vio and vyo> respec-
tively. For later use we note that the permanent cycle v% o corresponds to the invertible class
y = ()38 e TMF1(3)_17_“. The non-zero differentials are induced by d (oc™hH =
2a,d3(072) = 1(v)a>, d7(6™*) = 1(v2)a’. All of this follows from [13, Section 2] using
naturality of the Borel spectral sequence.

Let p; € TMF 1(3)4iBSpin fori = 1,2... be the Pontryagin classes. Recall from [19,
Theorem 1.2] that they are uniquely determined by the following property: the series p(t) =
1 + pit + pat?...is given by

(1 —1p*(xiX}))
1

m

1

when restricted to the classifying space of each maximal torus of Spin(2m). Here, p is the
map to the maximal torus of SO(2m) and the x; (and X;) are the first TMF 1 (3)-Chern classes
of the canonical line bundles L; (resp. L;) over the classifying spaces of the tori.

We can use the MU-orientation of TMIIF (3) to define Pontryagin classes in TMIF; (3)Z/ 2
cohomology. However, the construction is less explicit than in the complex case. We start
with some preparations.

Lemma 2.5 The composite

g: BSpin —— BSO —— BU
is surjective in Tﬂﬁl\@)—cohomology.

Proof Recall from [14, Theorem 1.1(iii)] and [15, (1.6)] that both BU and BSpin have even
K (2)-homology and that the map g is injective in K (2)-homology, thus surjective in K (2)-

cohomology. In particular, this holds for the generalized K (2) given by TAﬁl\G) /(2,v1),
see also [19, Remark 3.1].

By [12, Proposition 2.5] (which also applies to generalized E(2)) it follows that
Tl\ﬁl\(3)*(BU ) and Tl\ﬁl\@)*(BSpin) are pro-free, i.e. they are completions of free
R = Tl\ﬁl\(?a)*—modules with respect to the ideal m = (2, v;). We also deduce that
KQ)*X = TMF,(3) (X)/(2, v) for X = BU and X = BSpin.

Now it suffices to prove that any homomorphism f : M — N of pro-free R-modules which
is surjective modulo m is surjective. This is Nakayama’s lemma. It follows by tensoring f
with the short exact sequences mX/mA*t!l — R/mk*t!l — R/mk and applying induction,
noting that m* /m**+1 is a free R/m-module. O

Proposition 2.6 The images of the classes

m; =08 p; € TMF(3)~% BSpin
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TMF ((3)-Characteristic classes for string bundles 517

— —32i — —32i
in TMF1(3)  BSpin lift to TMFo(3)  BSpin.
Proof We abbreviate E = TMF1(3). The proof is given by the commutative diagram

2i

<

(L(P)—l@)%(ﬂra) BU — (4o gy — F-32py

| T

(p—léia)‘“ BU — = FHgy —Z> F-3igy (ﬁEfZ/z)—ni BSpin

—~ v ~ .
E% BSpin ——>= E 3% BSpin,

12

12

which we will explain below. We lift the class m; € E —32BSpin along the bottom left

edge to the top left corner, and then the image along the right top edge in (EZ/ 2) _32L§Spin
is the desired class. Let BP = Lk @)BP. Again we have an equivariant version BP. We
write BU for the Z/2-equivariant space of finite-dimensional real subspaces of C* with the
complex conjugation as involution. By [10, 2.25, 2.28] the periodicity class P as defined
in Convention 2.3 has an equivariant lift ¢(P) € BP* and there is a canonical isomorphism
(L(P)_1@)21(1+a) BU = (P_lél\’)‘h BU. Since P™'BP — E is surjective on coefficients,
we have a surjection (P_IET’)* BU — E*BU. The map E*BU — E*BSpin is surjective
by Lemma 2.5.

The top right diagonal map in the diagram is restriction to fixed points E*BU —>
(EZ/ 2) *BO composed with restriction from BO to BSpin. Note that restriction to fixed points
is only possible for integral degree equivariant cohomology. This is why we proceed as in
[18, Section 5] and multiply with powers of the invertible class y € E~'7-¢ which non-
equivariantly corresponds to the class v% . O

Proof of 1.1 We equip BSpin with the trivial Z/2-action. Since the spectra TMIF(3) and
TWFI\@) satisfy the completion theorem, so do the function spectra F'(BSpin, TMF(3)) and
F (BSpin, Tmii)). It follows that we have two Borel spectral sequences and a comparison
map between them. Also, both spectral sequences for the function spectra are modules over
the spectral sequences for a point. The integral degree parts of the spectral sequences are the
homotopy fixed point spectral sequences

E}' = C*(Z)2, TMF(3)' BSpin) = (TMF1(3)"%/?)*' BSpin
and
51 ] 1 . ——— hZ/2\5t! .
EV = (Z/Z, TMF,(3) Bspm) - (TMF1(3) ) BSpin
respectively. By [19] we have
TMF (3)*BSpin = TMF, (3)*[[7'[1 T2, ..
and
TMF1(3) BSpin = TMF,(3) [r1, 72, . . .

We first consider the second Borel spectral sequence: Its E-term is

E) = (TAﬁT(s)*Bspm) [0t al.
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From Proposition 2.6 we know that that the Pontryagin classes 7; are invariant—a more
geometric proof of this property is given in Appendix 1—and survive the homotopy fixed point
spectral sequence. Thus the Pontryagin classes are permanent cycles in the Borel spectral
sequence, and the integral degree part converges to

— %
TMF()(3) IIJI'], o, .. ]]

By induction the comparison map between the two Borel spectral sequences is injective
on all E,-terms. It follows that the ; are also permanent cycles in the first Borel spectral
sequence, so that the integral degree part converges to

TMFo(3)* [y, 72, .. .]-

and Theorem 1.1 is proven. O

From the Borel spectral sequence it follows that TMF (3)3%) — TMF;(3)%% is injective
for all j, see also [17, p. 1011]. This implies that TMFo(3) 3% BSpin — TMF1(3) 3% BSpin
is injective and the lift of 7; € TMF{(3) 3% BSpin to m; € TMF(3) 3% BSpin is uniquely
determined.

Corollary 2.7 The total Pontryagin classes 7; = 1 + mt + Y A satisfy the Cartan
formula, i.e. for all spin bundles & and n over a space X we have

m(§ @ n) =m (§)m(n) € (TMFo(3)" X)[1].

Proof This property of the TMFy(3)-Pontryagin classes is inherited from the TMF(3)-
Pontryagin classes. O

3 Cubical structures and the difference class

After the construction of the Pontryagin classes we now consider the remaining generator r
of the TMF'1 (3)-cohomology of BString. In [19, Theroem 1.3] this class has been specified
by the property that it maps to a generator under the canonical map to the cohomology of
K (Z, 3). However, not all of these choices will have a lift to TMF((3). In this section we will
give a specific choice of the class which allows the desired lift. It measures the difference of
two specific orientations of TMF'1(3).

We start by recalling the construction of the o -orientation o : MU (6) — E for any elliptic
spectrum E using cubical structures from [3, Section 2].

Let C be an elliptic curve over a base scheme S. The ideal sheaf Z(0) = Zg associated to
the zero section S — C defines a line bundle over C. For G a (formal) group scheme over
S and all subsets J C {0, 1, 2} there are maps

0;:G=GxsGx5G— G
(80-81.82) > D &i-

jeJ

For a line bundle L over G we define the line bundle ®3(L) over G> by

ow= ® (o).

J<{0,1,2}
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Recall from [3, Definition 2.40] that a cubical structure on L is a global section of ®@3(L)
satisfying certain properties. The theorem of the cube [3, Theorem 2.53] implies that each
elliptic curve has a unique cubical structure on Z(0). On the other hand, if C denotes the
formal group of the elliptic curve, and E is an elliptic cohomology theory such that C =
Spf EOC P>, then we have

Theorem 3.1 [3, Corollary 2.50] Cubical structures on the restriction of Z(0) to C3 are in
bijection with ring spectrum maps MU (6) — E.

In particular, the cubical structure on C defines a distinguished cubical structure s on C,and
a distinguished ring spectrum map o : MU (6) — E.
If C — S is given in Weierstrass form

Y’Z+aXYZ+asYZ? = X3+ o X?Z + au X Z? + agZ>,

that is, as the subset of P2 of all¢ = [X : Y : Z] satisfying the above equation, the cubical
structure on Z(0) is given by the section s(cg, c1, ¢2) = t(co, c1, c2)d(X/Y)g of O3(Z(0))
over C3, where

Xo Zo||X1 Z1||X2 Z»
X1 Z1| | X2 Z» XO ZO
t(co, c1,02) = X v 7 )
0 0 0
X Y1 Z\|ZoZi1Z,
X, Y Zp

Here c; = [X; : Y; : Z;], and d(X/Y )¢ is a section of the bundle p*w, where p : C3—> S
is the projection. Note that 7 is a function on C3 with divisor

D=—>"c =01+ > [ci+c; =0]—[co+ci +cy=0]

i i<j

where [¢; = 0] denotes the largest closed subscheme of C3 where ¢; is equal to the zero
section of the elliptic curve, and so on. The function  is a trivialization of the corresponding

line bundle Zp, and one has an isomorphism
0% (Z(0)) = Ip ® p*w.

See [3, Appendix B.4.3].

We want to use the Thom isomorphism E*MU(6) = E*BU(6) to obtain a class in
E*BU (6), therefore we need to choose a Thom class. Each complex orientation of E induces
a Thom class, and defining a complex orientation of E is equivalent to defining a coordinate
on the formal group C. It thus makes sense to use the same notation x for a coordinate on the
formal group C and an element of E*BU (1) and a ring spectrum map MU — E. By abuse
of notation, we also denote the composition MU (6) — MU — E by x.

The coordinate x defines a trivialization of the bundle Z(0). Using this trivialization,
cubical structures on the restriction of Z(0) to c3 correspond to cubical structures on the
trivial line bundle over C3 (or equivalently power series in three variables satisfying cer-
tain properties). Ando et al. show that the latter can be identified with ring spectrum maps
BU(6)+ — E, where we have identified the space BU (6)+ with its suspension spectrum.
This uses composition with the map

f= H(l — L) : (CP*®)? — BU(6) (3.2)
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520 G. Laures, M. Olbermann

which is the unique lift up to homotopy of a corresponding map
[Ta-L:@P®)?’ - BU

which classifies the exterior tensor product of the virtual bundle 1 — L over each factor. Here
L is the canonical line bundle on CP*°. Note the isomorphism E* (CP>®)3 = E* [x0, x1, x2]
after a choice of coordinate.

Now we consider the formal group of the Weierstrass curve: the zero section of C is
[X:Y :Z]=1[0:1:0], and we choose the function x = X/Y as a coordinate on C. We
also define the function z = Z/Y. These new “variables” x and z are coordinates for the
affine chart ¥ = 1 of P2, which contains the zero section (and C ). The intersection of C with
this affine chart consists of all points with coordinates (x, z) such that

2 3

Z+aixz+azz” = X3+ azxzz + a4xz2 + aez”.

The restriction of z to C is a formal power series

3 5

zZ(x)=x —a1x4+(a%+a2)x — (af—|—2a1a2+a3)x6—|—---

in the coordinate x, which is obtained by solving the previous equation for z. One also has a
formal expansion of the addition +F on C:

X0 +F X1 = X0 + X1 +aixox1 —az (xgxl +xox12) 4.

The trivialization x of the restriction of Z(0) leads to corresponding trivializations d(X /Y )g
of the restriction of p*w and

(x0 +F x1)(x1 +F x2)(x2 +F X0)
x0X1x2(x0 +F X1 +F X2)

u(xp, X1, x2) =

of the restriction of Zp. Also

X0 20| |X1 <1 X2 22
; X1 Z1||X2 22| X0 20
xo 1 2o
x1 1 zi|zoz122
x 1 2

becomes a section of the trivial bundle, hence a quotient of two formal power series in
X0, X1, X2, since z; = z(x;).

Finally the power series 5 is the cubical structure on the trivial line bundle which corre-
sponds to o under the Thom isomorphism with Thom class x. Since the Thom isomorphism
E*BU(6) — E*MU(6) is given by multiplying with x, we denote the cohomology class
corresponding to the inverse image of o by

o
ry = —.
X
In the literature such a class is called a difference class of the two Thom classes o and x. The

corresponding reduced class % — 1 is denoted by 7y in the sequel.

t(x0,%1,%2)

Proposition 3.3 The cubical structure ry = RTED)

€ E*[xo, x1, x2] is given by

1 — (ajar — 3az)xox1xy — (a1a3 — a% + 5a4) (x%xpcz + xox%xz + Xoxlx%) + -
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This can be calculated with a computer algebra system. However, later we will only use that
the coefficient in front of xgx;x2 equals a3 when reduced modulo (2, ay, az). This can easily
be calculated by hand, since modulo (2, a;, az) the formal group law and the series z read
X0 +rx1=x0+x1+ a3x3x12 + higher terms,
z(x) = 3+ a3x6 + higher terms.
See Appendix 2 for details of this computation.

In the following we consider the elliptic spectrum TMF'1(3) whose corresponding elliptic
curve has a canonical Weierstrass form. Therefore we obtain a distinguished class ry = % €
TMF(3)*BU(6).

There is a commutative diagram of fibrations:

K (Z,3) — > BString —> BSpin (3.4)

K(Z.3) —— BU(6) — BSU
where c is induced from complexification of vector bundles. We denote

r =c*ry € TMF(3)*BString.

Remark 3.5 1t is interesting to note that since o : MU (6) — TMF(3) factors [2] through
the realification map MU (6) — MString, both complexification and realification appear
in the definition of the class r. However, the class r does not factor through the map
BString — BString which is given by the composition of complexification and realification—
this would be multiplication by 2 in the H-space BString, and so cannot produce a generator
in cohomology.

Next we will show that the reduced class 7 = r — 1 defines a generator in the TMF | (3)-
cohomology of BString.

Theorem 3.6 Let 7t; be the Pontryagin classes of Proposition 2.6. Then the map
TMF, (3)*[[17, Ty, T2, .. ]] —> TMF, (3)*BS2‘I’ing

which sends the formal variables in the source to classes with the same names in the target
is injective. Moreover, it is an isomorphism for the completed cohomology theory:

TMF1(3) [F, 711, 702, .. ] = TMF1(3) (BString).

Before proving the theorem consider the following commutative diagram, where every-
thing is localized at the prime 2:

(CP>)3 3.7)

K(7,3) —— BP(1). —— BP(1),

- |

K(Z,3) — kug = BU(6) — ku, = BSU.
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Here, the spaces in an Q-spectrum E are denoted by E, . The rows of the diagram are the
obvious fibrations which arise from multiplication by v; on the spectra BP(1) and ku. The
inclusion CP*® — MU(1) — MU, and the ring map MU — BP — BP(l) induce the
complex coordinate

CP® — BP(1),.

The upper vertical map in the diagram is obtained by composing the threefold product of this
coordinate with the multiplication maps for the spaces BP(1 ),

The spectrum ku is complex connective K -theory. It is complex oriented by 1 — L with the
canonical line bundle L over CP°. The 2-typicalization of this orientation factors through
MU — B P (1) which gives the lower vertical maps of the diagram. Note that the composition
of the two vertical maps in the middle column coincide with the 2-typicalization of the map
f which has been used in Eq. (3.2) for the identification with the cubical structures. The
map and its typicalization coincide on the product (CP')? since they are products of Euler
classes.

The K (2)-homology of CP* is a free module on canonical generators 8; € K (2),CP>
for i > 0, which are dual to the elements x' € K (2)*CP*>®. We denote the image of §; in

K(Q2), (BP( 1) 2) by b;, and we abbreviate b;) = b,i. With this notation we have just proved

that the image of the class ,81®3 € K(2),(CP*)3 under the vertical composite coincides with
its image under the map f.

Lemma 3.8 A class in K(Z)*BP(I)6 maps to a generator of K(2)*K (7, 3) if its restriction
to (CP®)? pairs non-trivially with %* € K (2),,(CP®)?.

The following proof is based on work by Ravenel-Wilson [27] and Ravenel-Wilson—
Yagita [28] and is described in Section 8.5 of the latter. It appears in similar form in Su’s
Ph.D. thesis [30].

Proof For a ring spectrum there are addition maps
E,xE,—E,
and multiplication maps
Em X En - Em—}—n'

The direct sum K (2),(E,) over all homological degrees and all spaces in the spectrum is
thus equipped with three operations: the usual addition +, an operation * induced by the
addition maps for the £, and an operation o induced by the multiplication maps for the E .
Ravenel-Wilson call such a structure a Hopf ring.

The image of ,8{8’3 in K (2).BP(1) 6 is b?g), so it suffices to show that a class is a generator
if it pairs non-trivially with bz’g).

By [28] the middle row of Diagram (3.7) gives rise to a short exact sequence of bicom-
mutative Hopf algebras

K(2)"(BP(1),) — K(2)*(BP(1),) — K(2)"(K(Z,3)),

and all three algebras are isomorphic to power series algebras on the indecomposables. We
want to compute the first map on indecomposables. We dualize and compute the induced
map in homology on primitives.
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The homotopy of the spectrum B P (1) contains elements v’f for k > 0. Using the
Hurewicz map, we have corresponding elements [v’f] = [v1]°%* € K(2)o(BP 1>—2k)' The
map K(2)*(BP(1)6) — K(2).(BP(1) ) is o-multiplication with [v1].

From [27, Theorem 5.3], it follows that the primitives of K (2)*(BP (1) ) form the free
K (2),-module with basis elements

[Ulf_l]ob(jl)ob(jz)o---ob(jk)ob(()), where k> 1 and ijl <j2 < e <jk.

The primitives of K (2).(BP(1), ) ) form the free K (2),-module with basis elements
I:vlf_z:| Ob(jl) Ob(jz) o--- Ob(jk) obqy, where k>2 and 0<j5 < jp<:-- <,

and b3 o b fori > 0.

The spectrum K (2) A BP(1) has two formal group laws, one inherited from each factor,
and a canonical isomorphism between them. We need to see what happens with this structure
when we replace the spectrum BP(1) by the spaces BP(1). .

We extend the operations o and * to power series over the Hopf ring K'(2)«(BP(1) ) ina
variable ¢ by defining

at' obt! = (a o b)t't,
at’ x bt' = (a * b)ti, and
at' x bt/ = at' +bt! for i #j
fora,b € K(2)+(BP(1) ) Similarly for power series rings in several variables.
We can consider elements of K(2), as elements of our Hopf ring K (2)*(BP( ) ) by

multiplying them with 1 € K (2)o(BP(1), ) Hence the formal group law from K (2) g glves a
power series

stk t € K(2)«(BP(l) )[[s t].
The second formal group law
S +ppyt = Zaijsitj € BP(1).[s, t]
i.j
induces an operation

s+payyt = * [ajjlos”t?
i,j>0

on power series over our Hopf ring. Finally the isomorphism gives a series b(s) = >_ b;s'
which satisfies the equality [27, Theorem 3.9]:

b(s +x@) 1) = b(s) +ray b(@).
Setting s = # in the last equation, the well-known two-series of the group laws for K (2) and
BP(1) give us Zq bqvgt“q = [v11b(¢)°? and so v%’b(,-) = [vl]bz’fH) for alli > 0, as well as

0= [vl]b(o)
We can now see explicitly the map K (2).(BP(l) ) — K (2)«(BP(1) ) on the generators

for the primitives: The generators [v1 1o b o b( )0 robgyo b(o) are mapped to the
generators [vlf_l] o bjy o b(jy o---0b obq with k > 2. The generators b( 1y © b

are mapped to v%i biyb(o), 1.e. a product of an invertible element and of one of the remaining
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generators [v’f_l] o b(jyobgjy o---0bg) oby) with k = 1. Finally the last generator b;’g)
1s mapped to zero.
By dualizing, we see that a class in K (2)*(BP(1) 6) is mapped to a generator of the

indecomposables for K (2)*K (Z, 3) if it pairs non-trivially with the primitive 55> O

(ON
Proof of Theorem 3.6 We denote the reduction of r by (2, v;) by the same name r €
K (2)*BString. By [15, Theorem 1.5] there is an epimorphism of Hopf algebras
p: K(Q2)*BString — K()*K(Z, 3)

which arises from the diagram

K (2)*BString > K(2*K(7.3) 2 KQ)*K(Z.3)

as both maps have the same image and the right map is a monomorphism. Since r = ¢*ry,
we have with Diagram (3.4)

p(r) = j*ry.

In [26, Section 12] Ravenel and Wilson prove that the Hopf algebra K (2),.K(Z, 3) is a
divided power algebra, and the dual Hopf algebra K (2)*K (Z, 3) is a power series algebra
on one generator. By [19, Theorem 1.3] it is enough to show that p(7) is a free topological
generator for K (2)*K (Z, 3), that is,

K(2)'K(Z,3) = K2 [p@].

The image of ry in K (2)*(CP*)3 has an invertible coefficient in front of xoxjx2 by
Proposition 3.3. Hence Lemma 3.8 shows the claim about the Tﬂﬁl\(3)-cohomology of
BString.

For the TMF (3)-cohomology we see that the composition

TMF\(3)*[F, 71, 702, . . .| —> TMF1(3)*BString — TMF1(3) BString

is injective, so the first map must be injective. O

4 The TMF ((3)-cohomology of BString

In this section we show that the class ry € TMF(3)*BU(6) lifts to an equivariant coho-
mology class. As we will see below, the involution on the classifying space BU induces an
involution on BU (6), and we denote the resulting Z/2-space by BU(6). We show that ry lifts
to an equivariant map BU(6) — TMIF(3). Restricting this map to the fixed points in both
source and target, we conclude that the class r comes from a class in TMFy(3)*BString. This
finally allows us to prove Theorem 1.2.

To make the above induced involution on BU (6) precise consider the first stages of
the equivariant Whitehead tower of BU. For a Mackey functor M, write K (M, V) for the
Eilenberg—MacLane space, that is, the V'th space in the Q-spectrum of HM (see [6, 2.4] for
details). Let BU(4) = BSU be the homotopy fibre of the first Real Chern class (ibid. Section 5)

c1:BU - K(Z,1+ ),
let BU(6) be the fibre of
¢y BU4) — K(Z,2(1 + @)),
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and let BU(8) be the fibre of
c3 : BU(6) — K(Z,3(1 +)).

Note that non-equivariantly BU(6) coincides with BU (6) and the first five homotopy
groups vanish. After taking Z/2-fixed points, the spaces BU(2k)%/? are (k — 1)-connected
(see ibid. Proposition 3.6(a)). We have BU%/2 = BO,BSU%/2 = BSO and fibrations (see
ibid. Corollary 2.12)

BSUZ/? — BU%? - K(Z,1 +a)%* = K(Z/2, 1)
BU(6)%/? — BSU%? — K(Z,2(1 + «))?? = K(Z/2,2) x K(Z, 4)
BU(8)%/? — BU(6)%/* — K(Z,3(1 + «))*/* = K(2/2,3) x K(Z/2,5).

Lemma 4.1 BU(6)%/? is the homotopy fiber of p1 : BSpin — K (Z, 4).

Proof Since BU(6)%/? is 2-connected, the map BSO — K (Z/2, 2) in the second fibration is
the second Stiefel-Whitney class w», and since in the third line BU(6)%/? — K (Z/2,3) is
an isomorphism on 73, the map BSO — K(Z, 4) in the second line is p;. O

It follows that there is a map which fits into the diagram

BString — — > BU(6)%/> — BU(6)

L

BSO ——— BSUZ/2 — BSU.

Since the composite of the lower horizontal maps is the complexification map so is the upper
one. Hence, if we equip BString with the trivial Z/2-action, we have an equivariant map

BString — BU(6)
which non-equivariantly is the complexification.

Lemma 4.2 The forgetful map
EFI+IBU6) —> EXXBU (6)

is an isomorphism for every MU-module spectrum E such that E = c¢E and E*(1+0 = E2*,
In particular this applies to E = TMIF(3).

Proof Since the spectrum E is suitably complete, we can replace it with cE = F(EZ/24, E).
Now the argument follows [17, Theorem 2.3] and we repeat it here: set X = ((CP°°)3, Z =
QXY X and Y = BU(6). Note that Y is a space in the Real connective K -theory spectrum, so
there exists a Z/2-space Y’ such that Y = QY equivariantly. Recall the map f : X — Y
from Eq. (3.2). It is equivariant and the ordinary homology of Y is generated as an algebra
by its image, see [3, Theorem 2.9]. Thus the equivariant map from Z to Y obtained from f
is surjective in ordinary homology and, by the Atiyah—Hirzebruch spectral sequence, split
surjective in M U-homology.

The Z/2-space Z admits a James filtration and hence equivariantly splits into a wedge of
spectra of the form X* [16, Theorem 6.2]. The latter space has an equivariant cellular decom-
position into Real cells, i.e. disks in some C" with complex conjugation as the involution.
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The spectral sequence for MU, Z corresponding to this cellular filtration collapses, and we
see that

MU A Z = \/ skt pp,

Since we may assume that the connectivities of the summands increase it is a free MIU-module
of finite type. Choose a subsequence 1, 2, ... of k1, k2, ... so as to obtain an equivariant
map

\/ ATV — ¥ A MU

which is a non-equivariant homotopy equivalence. This gives an equivariant equivalence of
MU-module spectra

\/ =AU EZ2 | AMU — EZ/2, AY AMU.

Let F' (and Fyy) be the equivariant function spectrum (resp. the MU-module function spec-
trum). Then we have the equivalences

E*Y = ¢B*Y = E*(Y A EZ/2.)
=~ F(Y ANEZ/2+,B)* = Fyu(Y A EZ/24 AMU, E)*
*
~ Fa (\/ AU+ 70 A MU, E) =[] Fuw(EZ/24 A MU, By—Ail1+e)

= [[FEz/2, By A = [TE AT = EX (1, 92, ))

with generators y; of degree f; (1 + «) which also freely generate the non-equivariant coho-
mology.

The fact that ’]I‘MIE‘I(3)*(1+°‘) >~ TMF(3)** follows easily from our description of the
Borel spectral sequence below Lemma 2.4. O

Proof of Theorem 1.2 Set E = TMF1(3). Consider the function Z/2-spectra F'(?, E) whose
fixed points F(?, E)%/? are the spectra of equivariant functions. For the trivial Z/2-space
BString, the latter is equivalent to the function spectrum F (BString, EZ/?) over the trivial
universe. By Lemma 2.4 we have a strong completion theorem for E and the homotopy fixed
point spectral sequence converges to the homotopy of the fixed point spectrum:

E, = H*(Z)2, E*(BString)) = m, F (BString, E)*/* = (E%/?)* (BString)

The class ry : BU(6) — E isrepresented by an equivariant map BU(6) — E by Lemma4.2.
Taking fixed points and comgosing with the map from BString we have a map r : BString —
EZ/2_ Tt follows that r € Ez’* is a permanent cycle. The multiplicativity of » under direct
sums follows from the multiplicativity of the Thom classes o and x respectively.

For the calculation of the E"%/2 = TAﬁO\G)-cohomology of BString, we can employ the
homotopy fixed point spectral sequence

E}' = C5(2)2, E'BString) = (E"%/*)*BString.
We have
E*BString = E*[F, w1, 72, .. ]

and Z/2 acts by a; +— —a;,r > r, T — T;.
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We know that 7 is a permanent cycle and so are the Pontryagin classes (by the naturality
of the spectral sequence). Hence the spectral sequence converges to

I:ZhZ/Z*[[F,m,nz,...]]

and the second part of Theorem 1.2 is proven.
It remains to show the displayed formula for the character of the characteristic class r.
The elliptic character at the cusp oo is the composite

TMFo(3) — TMF1(3) — K[g31(q)-

It coincides on homotopy groups with the g-expansion map at oo for modular forms.

Itis known by [9, Appendix I, 5.3 and 6.4] that for bundles with vanishing first Pontryagin
class, we may replace (in terms of g-expanded characters with ¢ = ¢>77) the function
o (7, z) by the Weierstrass ®-function ®(z, z). Moreover, the complex orientation MU (6) —
MU — E corresponds to the elliptic genus of level I'1(3), that is, to the function

. O(1,2)P(7, —w)
=i w

where w = 2mi /3. Hence, we have the commutative diagram

BString —— BU(6) ——— > BU

lr lm:; l"’

EM/2 E HC[v*](g)*
for which the last vertical arrow with target the Eilenberg—MacLane spectrum with coeffi-
cients in the periodic ring of complex Laurent series in the formal variable ¢ = ¢>™'7 is given

by the formula

d(7, —w)

1/’(Z) = m

O

Acknowledgments The authors would like to thank Nitu Kitchloo, Bjorn Schuster and Vesna Stojanoska
for helpful discussions. They are also grateful to the referee for a very careful revision.

Appendix 1: The invariance of the Pontryagin classes and the difference
class

We would like to give a geometric proof for the invariance of the Pontryagin classes and the
difference class.

An isomorphism of Weierstrass curves over a ring R with projective coordinates [X : Y :
Z)land [X' : Y’ : Z'] respectively is in general given by

X =ulX+rZ, Y =su’X+u’Y+tZ, 7' =7,

whereu € R*,r, s, t € R. We denote by x respectively x the coordinates on the correspond-
ing formal groups given by the restrictions of the functions % and % respectively. On the

formal group, the function z = % becomes a power series in the coordinate x. This implies
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, ulx +ru3z

X =
1+ tu3z4+sulx
where g is a power series in one variable with vanishing constant term and invertible linear
coefficient. It is an isomorphism of the formal group laws induced by the coordinates x and
x' respectively.
In particular we are interested in the universal triple (C, w, P) of an elliptic curve with
invariant differential and level structure consisting of a point P of order 3. This is

= g(x),

C:Y’Z+a1XYZ+a3YZ> = X3

over E* = TMF(3)* = Z)lai, a3, A~ withw = 2Y+adl—Xx+a3 and P = (0, 0).

As (C, w, P)istheuniversal triple and (C, w, — P) is another such triple, there exists aring
endomorphism of TMF(3)* = Zp)lai, a3, A~ such that the pushforward of (C, w, P)
is isomorphic to (C, w, —P). In fact this endomorphism is an automorphism of order 2: it
sends a; — —ay, a3 — —as.

The reason is that (C, w, — P) is isomorphic to (C~, o', P = (0, 0)), where

C™: (YN)Z —aX'Y'Z —asY'(Z)* = (X')°,
dx’
2V —a1 X' — a3’

/
w =

via the isomorphism
X' =X, YV=a1X+Y+a3Z, Z'=7Z.
Note that the new coordinates [ X’ : Y’ : Z'] are the coordinates of the negative of the point
[X:Y:Z].
The new coordinate on the formal group is
X
14+ a1x +azz(x)

But since we have just taken the coordinate of the negative point on the elliptic curve, we
also have

X =g =

glx) =X,

since the inverse on the formal group corresponds to the Chern class of the complex conjugate
of the canonical bundle over BU (1), i.e. x = [—1](x). Note that this implies g(g(x)) = x.

We can consider both coordinates x and x’ = X as ring maps MU — TMF(3). By
composition with MU (6) — MU, we obtain x, x’ : MU(6) — TMF(3), and together
with o : MU(6) — TMF(3), we obtain ry = Z,r;; = % : BU(6)1 — TMF(3). Let t
denote the involutions on MU (6), BU (6)+, TMF 1 (3) respectively. From our considerations,
it follows that the left diagram

MU ——= TMF(3) MU (6) —Z> TMF;(3)
MU ——= TMF(3) MU (6) —Z= TMF;(3)

commutes up to homotopy: the three maps MU — TMF(3) correspond to the element
x" = g(x) = x. The fact that the right diagram commutes up to homotopy follows from the
construction of ¢ in [3]. Therefore ry : BU (6)+ — TMF(3) is up to homotopy invariant—
both compositions 7 o ry and ry o T are homotopic to ry,.
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In the remaining part of this appendix, we consider maximal tori. We show that the
Pontryagin classes are invariant, and we also show (again) that ry has the same image in
TMF | (3)*BString as rb =ry - % (Both x and x’ are generators for the free rank one
TMF(3)* BU-module TMF(3)*MU, so that there is a unique invertible element = of
TMF | (3)*BU whose product with x’ is x.)

Set E = TMF(3). Using the complex coordinate x, we have isomorphisms and an
injection

E*(BU) = E*[c1,¢2,...] > E*(BU(1)®) = E*[y1, y2, .. ],

where BU (1)® = colimy BU(1)" and where each ¢ is mapped to the kth elementary
symmetric polynomial in the y;. This is induced by the map

> (Li = 1): BU()™® — BU.
Let

X
Q(x) = —— =1+aix +azz(x) € E*[x].
g(x)

By Hirzebruch’s theory of multiplicative sequences, in E*[[y1, y2, ...] the element = cor-
responds to H,fil Q(yx), which is symmetric in the yi, so that it defines an element in
E*[oj(y1,y2,...) | j = 1] = E*BU. Here 0 (y1, y2, .. .) is the jth elementary symmetric
polynomial of the y;.

We now consider the restriction to BString under the map BString — BSO S BU.
Unstably, we consider a maximal torus T = U (1)?V*! in U(2N + 1) and its Weyl group
W = ¥on41. We have

E*BT = E*[y1,..., yan+1],
where y; is the Chern class of the canonical line bundle L; over the ith factor, and
E*BUQN + 1) Z E*[c1, ¢a, ..., cone1] = E*BT'V,
where W acts on E*[yi, ..., yon4+1] by permuting the y;. The Chern classes ¢; =
0j(y1, y2,...) are the elementary symmetric polynomials of the y;.

Comparing the unitary and special orthogonal groups and their maximal tori, we obtain
the diagram

E*BUQ2N + 1) = E*[[Cl, C2yvn,s C2N+1]] —— > E*BSOQ2N + 1)

| |

E*BT = E*[y1, y2, ..., yaNn+1] —— E*BT = E*[x1, x2, ..., xn].

The maximal torus in SO (2N + 1) consists of matrices

Ry,
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cos¢ —sin¢
sing cos ¢
matrices. Under conjugation by

where Ry = ( ) The standard maximal torus in U (N) consists of diagonal

T
T 9
1
where T = % (_ll ll) , the matrix A corresponds to the diagonal matrix diag(e'?', e~'%1,
el =i 1), so that we can assume that the map BT — BT is induced by
UMDY > U™ @) e @z gy .

On the classifying spaces, the induced map BU (1) — BU (1)*N*+! pulls back Lys_; to

Ly and Lo to Ly for k < N, while the pullback of Loy is trivial. It follows that in
cohomology,

V21> Xpy Yok > X = g(xx) fork < N and y;y41+ 0.
For the image of the class {7, we have

Q(ka—l) — Q(xg) = X—k’ Q(ka) — Q(g(xk)) _ g(xk) _ g(Xk)
8 () g(gr))  x

and Q(yan+1) > 1. It follows that [, Q () + 1.

We conclude that the image of = in E*BString is trivial, so that Z/2 acts trivially on
r € E*(BString).

Since the action of Z/2 on E* BT sends each x; — X;, we see that all x; - x; and therefore
also all Pontryagin classes are invariant elements of E*(BString).

Appendix 2: Computation of a coefficient of the cubical structure

We prove the part of Proposition 3.3 which is used in the rest of the paper. The calculation
uses the notation introduced in Sect. 3.

Proposition 6.1 Modulo the ideal (2, a1, a>), the cubical structure corresponding to ry has
the form 1 4+ azxox1x2 + terms of higher total degree.

Proof We compute modulo terms of higher order and use the notation »_ . . for summation

cyc
over cyclic permutations of the indices 0, 1,2and >_ for summation over all permutations:

sym
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X0 20| |X1 21| [X2 22
t X1 21| [X2 22| |X0 20 xox1x2(x0 +F x1 +F Xx2)
]/‘U = — = M
u xo 1 zo (xo +F x1)(x1 +F x2)(x2 +F X0)
x1 1 z1|z0z122
x2 1z

[Teye (o - z(x1) = x1 - 2(x0)) - [1oye X0 - (X0 +F X1 +F X2)
(chcxl - z(x0) — X0 - Z(xl)) THeye 2x0) - Tleye (0 +£ x1)
Hcyc (X12—|— a3xi5 - X(% - a3x8) ) (chc x0+2cyc a3x(% 2)

(chc x1x3 + azx1x§ — xx3— agxox?) ey (14 azxy) - [Ty (x0 +x1 +azxix?)

where we have divided numerator and denominator by xgxf’xg in the last step. In the resulting

fraction, the two terms of lowest order of the numerator have the form

H( Xt = x5) ZXO +H i —x3) Zagxoxl

cyc cyc cyc cyc

2.4 (xis —xg) (13 = 1) (g —x3) | - [ D0 |-

cye cyc

and for the denominator we obtain the two lowest order terms

meo — X0X} H(xo + x1)

cyc cyc

3 3 2.2
lexo — x0x7 | - Z(xo + x1)(x1 + x2)azxyxs

cyc cyc
lexo xoxl Z a3x0 H(xo + x1)
cyc cyc cyc
6 6
az(x1xg — xoxy) | - | [(xo + x1).
cyc cyc

Note that the leading terms of numerator and denominator agree, so that the quotient has the
form 1 + -~ where v is the difference of the terms of second lowest order in numerator and
denominator and w is the common term of lowest order. Now we do the computation modulo
2 and obtain the equality

ol PR R DI R DISE B DI

sym cyc sym cyc
2.2.2 2
ngxl | xgXx1Xy + ngxl3 + Zx8x1x2
sym cyc sym
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+ ngxl : Zx3x1+x5‘x12+x3x12x2

sym sym

+ ngx% + xgxf’ + xgxlzxz + xgxf’xz
sym
= ngxfxz + xgxf’xzz + xgxf’xz = X0X1X2 - ngxf + xé’xlzle + x(5)x12
sym sym

= XXX - Zxé'xlz . Zxo = XQX|X2W.

sym cyc
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