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Abstract. We study the Morava K -theory of the exceptional Lie
groups at the prime 2, and of certain projective Lie groups at a
variety of primes.

61 Introduction

In this paper we consider K(n)*(G), the Morava K-theory of certain Lie groups.
Specifically, we compute K (n)*(G) for G = G2, Fy, Eg, E7, Eg, PE7 and PSp(m)
at the prime 2, and PEg and PU(m) for odd primes. In particular, together with
[Hol, [Y2] (see also [Hu]) and certain elementary observations, this completes the
computations of the Morava K-theory of all the connected, simple, simply connected
compact Lie groups with the sole exception the groups Spin(m) at the prime 2.
Our principal tool in every case is the Atiyah-Hirzebruch spectral sequence

H*(G; K(n)") = K(n)"(G).

If this spectral sequence has E;:(pn_l) 4o = EZ for some positive integer r then
the connective theory k(n)*(G) has at most v, torsion. This observation was
used in [Kal] to show for odd primes that k(n).(X) has at most v, torsion for
any simply connected H-space X. Our work thus examines the v,, torsion for the
above mentioned simply connected groups at the prime 2 and for certain non-simply
connected groups at general primes. As Kane observes, Hodgkin shows in [Ho| that
k(1)*(G) has higher vy torsion at the prime 2 for G = E7 and Es. Kane also
notes in [Ka2] that there is v,2 torsion at the prime 2 for G = PFE7; however, our
results prove that in all other 2-primary cases k(n)*(G) has at most v,! torsion for
PSp(m), the exceptional groups and their projective counterparts, while similar
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results also hold at the appropriate primes for various projective unitary groups
(see §6 for details).

This paper is arranged as follows. In the next section we collect a number of
common observations about our computations and methods. In §§3 to 6 we then
proceed to compute the spectral sequences for, respectively, the exceptional groups,
their projective versions, the projective symplectic groups and the projective unitary
groups. Precise statements of our results can be found in the relevant sections.

It may be of use to record at this point where the previous computations
of K(n)*(G) for various Lie groups G may be found. The paper of Hodgkin [Ho]
computes the integral complex K-theory of the connected, simple, simply connected
compact Lie groups. These are all torsion free and as algebras are exterior of rank
equal to the rank of the individual groups. From this the first Morava K-theory
of such groups is easily deduced: K(1) is of course the mod p reduction of the
Adams summand of p local complex K-theory. The complex K-theory of non-
simply connected Lie groups is studied in the work of Held and Suter [HS]. For the
higher Morava K-theories, these are computed for all the connected, simple, simply
connected compact Lie groups at odd primes by Yagita in [Y2], where computations
of their BP and P(n) theories are also made. Some of the computations for the
exceptionals at the prime 2 appeared in the first author’s thesis [Hu|, where the
corresponding odd primary calculations are also repeated. For the non-exceptional
groups, the K (n)-theory of SO(2m + 1) is extensively studied in [Rao], and a few
remarks on the behaviour of K (n)*(Spin(m)) can be found in [Hu]. We see in the
next section that the Morava K-theory of groups G with no torsion in H*(G;Z) is
essentially trivial.

62 Methods

As remarked in the introduction, our main tool for studying K (n)*(G) is the Atiyah-
Hirzebruch spectral sequence (AHSS)

H*(G; K (n)*) = K(n)*(G).

The following four results provide the computational control we require.

Lemma 2.1 Let X be a finite CW complex for which H*(X;Z) is free of p torsion.
Then the AHSS for K(n)*(X) collapses for all n € N. O

This result is standard and follows, for example, from a simple rank counting ar-
gument.

Lemma 2.2 Let X be a finite CW complez. If the AHSS for K(n)*(X) collapses for
some n > 1, then so does that for K(n+1)*(X). Moreover, rank g (,)-K(n)*(X) >
rankqH*(X; Q).
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Proof Rank counting shows that ranky(,)-K(n)*(X) < rankg, H*(X;F,) with
equality if and only if the AHSS for K (n)*(X) collapses. As X is finite, [Rav]
(2.11) tells us

rank g ()« K (n)"(X) < rankg 41y« K(n + 1)"(X).

The first result now follows. The second, which provides a lower bound for all
these ranks, follows for example by considering the Bockstein spectral sequence for
K(n)*(X). O

It is well known that the Atiyah-Hirzebruch spectral sequence for K(n)*(X) is
a spectral sequence of K (n)* algebras. As the Morava K-theories all have Kiinneth
isomorphisms, it is easy to check that the spectral sequence for K(n)*(G), where
G is an associative H-space, is a spectral sequence of K (n)* Hopf algebras, the
Hopf algebra structures on E3* and EZ’ being those given by or related to the
Hopf algebra structures on H*(G; K(n)*) and K(n)*(G) respectively. Our third
lemma provides a useful restriction on the behaviour of differentials in our spectral
sequences (cf. Lemma 6.3 in [Br]).

Lemma 2.3 If x € E™? and d.(z') = 0 for all 2’ € E*° with u < m, then d,(z)
18 primaitive.
Proof Let us write v for the coproduct in E** and 1 for the reduced coproduct
given by

P(E)=2z®1 + 10z + ¥(z).

Thus an element y is primitive if and only if ¢)(y) = 0. Note that ¢(z) =, y; ® 2
where the degrees of y; and z; are both strictly positive and strictly less than the
degree of x. So, in the case hypothesised,

Q/JdT(QZ) :(dr ®dr>¢(x>
=d,®d.)(z®1 + 1@z + Xy ® 2)
=(d;r)®1 + 1@ (dx) + 0. =

This last result will be used many times to demonstrate the triviality of a
differential in the AHSS. To show that a given differential d,. is trivial we examine
the dimension of each d,(z;) as x; runs through the generators of E*. If there are
no primitive elements in any of these dimensions then (2.3) shows that d, must be

Zero.

Finally, we note a result of Yagita [Y1] identifying the first non-trivial differ-
ential in the Atiyah-Hirzebruch spectral sequence.
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Lemma 2.4 The first non-trivial differential in the Atiyah-Hirzebruch spectral se-
quence for K (n)*(X) is dypn_1)4+1 and is represented by a unit multiple of Milnor’s
operation Q.. O

Recall that the cohomology operation @,, is defined inductively by

1

Qo=0 Q=P 'Q_1—Q 1P if p>2,
Qo=5¢", Q. =5¢"Q,1+Q_15¢ if p=2.

63 The exceptional groups

We begin our study with the compact, connected, simply connected, simple Lie
groups. We recall that the only such groups to have 2 torsion in their integral
cohomology are

Go, Fy, Eg, E7, Es and Spin(m) for m > 7.

Thus, by (2.1), the Atiyah-Hirzebruch spectral sequence for every other compact,
connected, simply connected, simple Lie group collapses and k(n)*(G) for such G
contains no v,, torsion. We concentrate in this section on the remaining exceptional
groups.

The following proposition, all of whose contents are to be found in [Mi], lists the
ordinary mod 2 cohomology and Steenrod algebra action on the groups concerned.
We use the notation that an element x, lies in dimension r. For a group G we
denote by P(G) a basis for the module of primitive elements.

Proposition 3.1

(a) H*(Go;F3) = Falz3]/(z51) ® A(xs) and P(G2) = {x3, x5, v5%}.

(b) H*(Fy;F2) = Falzs]/(23*)@A (25, 215, 123) and P(Fy) = {3, x5, 152, 215, 723}

(c) H*(Es;F2) = Falas]/(v5*) @ A(ws, 29, 215, T17, T23) and P(Eg) = {3, x5, 152,
X9, T17}-

(d) H*(E7;Fo) = Falxs, x5, 19/ (231, 251, 29Y) @ A(215, 217, T23, T27) and P(E7) =
{23, 75,752, X9, T52, T17,To> }. Furthermore, the reduced coproduct acts on the
other generators as follows:

’IL(ZE15) = ZE32®ZL'9 + 1’52®.’E5,
@E(:Egg) = IE32 X x17 + 1’92 X x5,
V(zar) = 25" @ T17 + Ty @ To.

The Steenrod algebra acts by
qufﬂg = Ts,
Sq'zs = 3%, Sq*zs = x,
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Sqlwg = 5652; SQSJUQ = 17,

Sq19315 = 93321‘52; Sq2x15 = T17, 56181‘15 = X23, 56]129315 = X27,
5419317 = 93927

Sq13€23 = 36323392; Sq4x23 = 27,

2xy? and all other operations are zero.

Sqtaer = g
(e) H*(Es;F2) = Falxg, x5, g, 15/ (25'%, 2%, 2%, 213) @ A(217, 223, T27, 229) and
P(Eg) = {3, 5,752, 09, 152, x5, 217, 09%, 254, 255}, In this Hopf algebra the

reduced coproduct acts on the other generators as

D(ris) = 18 @19 + P @5 + 15 @13,
Y(re3) = 22 @117 + 29 @15 + 15 @ a3,
V(Tr) = 22 @T17 + Ty @9 + TP @ 13,
7»[71(55’29) = 1’34 ® x17 + 3354 KTy + 3338 ® xs5.
The action of the Steenrod algebra is as follows.
Sq¢*xs = xs,
Sqtas = 152, Sqtrs = xg,
Sq1$9 = 33527 Sq8$9 =17,
Sqtais = 513323352, S¢*x1s = w17, SqPx15 = w3, Sq*x15 = w7,
Sqtair = Ty, Sqttas = @,
Sqtazes = T3 1‘92; Sq4x23 = T27, SqPrgs = xoy,

2 2 _
Ty, Sq“rar = x29,

2
2

1 _ .2
Sq xa7 = x5
Sqlwag = 22 and all other operations are zero.

O

We consider now the computations of K (n)*(G) for these G at the prime 2 and
for n > 1. The case of n = 1 is essentially that of mod 2 K-theory, whose integral
version has been fully calculated by Hodgkin, [Ho|. The integral K-groups K*(G)
are torsion free and so the K (1) result can be immediately read off. In all cases
K (1)*(G) is an exterior algebra over K (1)* of rank equal to that of the Lie group
in question; the Atiyah-Hirzebruch spectral sequence fails to collapse for any of the
exceptionals. Moreover, as noted in the introduction, for G = FE; or Eg there is
more than one non-trivial differential in the spectral sequence for K (1)*(G) (indeed,
both these cases have v,? torsion, but no v, torsion). We turn our attention to the
cases K(n)*(G) with n > 2.

Proposition 3.2 There are no non-trivial differentials in the spectral sequence for
K(2)*(G) with G = Go,Fy or Eg. Hence, by (2.2), the sequences for K(n)*(G)
collapse for these groups for all n > 2.

Proof The possible non-trivial differentials in the spectral sequence for K (n)*(G)
are dog(on—1)41 With s = 1,2,.... Thus, for n = 2 the differentials we must consider
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are dr, dy3,dqg, . ... Just as outlined at the end of §2, we examine for each group the
ring generators, x, say, of E3* = H*(G;F3)®K(2)* in order of increasing dimension
and inspect whether there are any primitive elements firstly in dimensions r + 7,
then in dimensions r 4+ 13, and so on. In each case we find that the generators and
primitive elements fail to occur in dimensions that would allow the possibility of a
non-trivial differential and so the sequences all collapse by (2.3). O

The same method of argument readily gives the following result for F7 and Eg.

Proposition 3.3 There are no non-trivial differentials in the spectral sequence for
K(4)*(GQ) with G = E7 or Eg. Hence, by (2.2), the sequences for K(n)*(G) collapse
for these groups for all n > 4. O

We consider next the cases of K(2)*(E7) and K (3)*(FEr). Using (2.4) and the
Steenrod action listed in (3.1) we compute the first potentially non-zero differentials
in the corresponding Atiyah-Hirzebruch spectral sequences. We find

s if i = 3,
Qz(wi) :{

0 otherwise,

Ty if i =3,
and Qs(z;) =

0 otherwise.

In the spectral sequence for K (3)*(E7) the differentials we must consider are dis,
dag, ds3, and so on. The differential dy5 is given by the calculation of Q3 and we
can compute E7§ as

*k

i = K(3)"[z5)/(x5") © Ays, To, 215, T17, Y21, T23, T27)
where yg represents the old x3® and yo; stands for the old z3wy?. From (3.1)(d)
we can compute that a basis for the module of primitive elements is given by
{x5, Y6, T9, T52, T17, Y21 }. Consequently, as in the proofs of (3.2) and (3.3), the dif-
ferentials from this point on are all zero. Following the coproduct formulse through
these calculations yields the following summary of our results on K (3)*(E7).
Theorem 3.4 The Atiyah-Hirzebruch spectral sequence for K(3)*(E7) at the prime
2 has only one non-trivial differential, namely di5. The Eo-term has algebra struc-
ture

K (3)*[s)/(x5") ® Ay, T9, T15, 17, Y21, T23, T27)
in which the classes x5, ys, X9, x17 and ys1 are primitive and the reduced coproduct
on the remaining generators acts by

V(w15) = Yo ®@x9 + 3352 & Ts,
1;(9323) = Ys Q® x17,
15(:1:27) = :z:52 ® x17. O
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Turning to the case of K(2)*(E7), the differentials in question are now dz, d3,
dy9, d2s, and so on. Calculating the operation ()2 we compute the Eg-term as

(3.5) K(2)*[wo]/(zg") @ A(z5,Y6, Y13, T15, T17, T23, T27)

where yg once again represents the old z5? and y;3 represents z3z:2. The elements
{x5, Y6, 9, Y13, T17, To® } Provide a basis for the module of primitives. At this point
we find that the differential di3 is potentially non-zero on the element x5, perhaps
sending it to v,2zy2.

Lemma 3.6 The differential dy3 is trivial.

Proof Note that whether dy3(z5) is trivial or not, d;3 must act trivially on all the
generators other than xs: if dy3(z5) = 0 then dy3 is zero everywhere by consideration
of the primitives as before, while if dy3(x5) # 0 then there can be no more differential
action in the spectral sequence since

rank g(2)- K (2)*(E7) > rankq H*(E7; Q) = 27

by (2.2) and the classical computations of the rational cohomology of Lie groups. So
in particular, di3(723) = 0. Suppose di3(w5) = v,2x,> and consider the coproduct
and dq3 on xa3:

0 = di3(z23) =d139(223)
=di3(25® @ 17 + 142 @ T5)

2.2 2
=V, Ty ®xg .

But of course 24> ® 4° is not zero in this algebra and so di3(z5) must be zero after
all. O

Repeated application of (2.3) now demonstrates that there are no more differ-
entials in this spectral sequence and (3.4) gives the final E -term for K(2)*(E7).
Theorem 3.7 The Atiyah-Hirzebruch spectral sequence for K(2)*(E7) at the prime
2 has only one non-trivial differential, namely d7. The E.,-term has algebra struc-
ture

K(Q)*[ﬂfg]/($94) ® A(CUE); Y6, Y13, L15, 17, 23, 3327)

in which the classes x5, yg, Tg, Y13 and x17 are primitive and the reduced coproduct
on the remaining generators acts by

<

(x15) = Y6 ® x9,
(x23) = Y6 ®x17 + 9392®$5,

(x27) = 51392 & xg. O

< S
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Next we turn to the case of Eg. By (3.3), we need only consider the cases
K (2)*(FEs) and K (3)*(Es); we begin with the latter. The following summarises the
action of Milnor’s operation Q3 on H*(Es; F3) and is calculated from the Steenrod
action given in (3.1).

.2 _ .4 _ .8
Q313 = 19 Q315 = T3 Q319 = 13

_ .2 10 6 -0 4,2
Q3115 = 215 + o3 +x5 Q317 = Q3123 = 15 T4

_ . 8.2 _ . 8,4
Q3727 = T3 Tg Q3199 = T3 Ty .
We rechoose generators as follows:

_ 2 _ 9
Y23 = To3 + T5Ig Yo7 = T27 + X3

_ 4
Y29 = T29 + Ty Tg.
Then

H*(Es; Fo) = Falas, 5, 79, 215, ) /(75" 1%, 26", 713) @ A(217, Y23, Yo7, Y29),

where
_ .2 _ .4
Q313 = Tg Qs3x5 = Ty
_ .8 _ .2 10 6
Q3x9 = T4 Q315 = 15 + T3 + @5
and @3 is zero on all other generators.

Consider the subalgebras

A =Fs[w3, x5, 29/ (30, 25>, 24")
B =A® Fa[z15]/(213)

and write d 4 and dpg for the restriction of the differential Q3 to A and B respectively.
If we put ys0 = 7152 + 5% + 23 then
B=A D AZL’15 D Aygo D A$15y30 as A modules.

Obviously, da(A) C A, dp(Ax15 ® Aysg) C Axys © Ayse and dp(Azi5y30) C
Al’15y30. Hence

H(B) =H(A)® H(Az15 ® Ayso) ® H(Az15Y30),

where
H(A) = Falws]/(wg") @ A(wig, war, was, w33).

Here, wg, w1, w21, wes and w33 represent the old elements x5%, z:2, 13742, 25> and
x55wg Tespectively.



HIGHER v,, TORSION IN LIE GROUPS 9
Also, H(Ax15y30) = H(A)z15y30 and H(Ax15 ® Ayso) = 0. Thus
H(B) = H(A) ® H(A)z15y30,
where it is easily seen that (z15y30)% = 0. Therefore
H(B) = Falws]/(wg") @ Alwig, war, was, w3, was),

where wys = T15Yy30 = 3315(33152 + 3356 + 33310).
Putting this all together, we have

k3%

16 — K(3)*[w6]/(w64> ® A(w107$17: W21, Y23, Was, ?/277929,1033,1045)-

The next differentials to consider are dss, d47 and so on, but these are all forced to
be zero for dimensional reasons. Following the coproduct formulse through these
calculations yields the following summary of our results on K (3)*(Es).

Theorem 3.8 The Atiyah-Hirzebruch spectral sequence for K(3)*(Eg) at the prime
2 has only one non-trivial differential, namely di5. The Eo.-term has algebra struc-
ture

K (3)*[we]/(wg*) @ Alwig, T17, Wat, Y23, Was, Y27, Y29, W33, Was)

i which the classes wg, w1, 17, W21, Was and wsz are primitive and the reduced
coproduct on the remaining generators acts by

15(923) = we @ T17 @E(?Jz?) = w1ip ® T17
P(1y20) = wg” @ 17 P(wss) = wsz ® wg? O

Lastly, we consider the calculations for K(2)*(FEs). The Steenrod action on
H*(Eg;F53) given in (3.1) provides the following description of the action of Q2,
effectively the first non-zero differential in the Atiyah-Hirzebruch spectral sequence.

Qo3 = x5 Qox5 = x5* Q219 =0
Qar15 = x3'ws? Qar17 = x5° Qawas = w3 + 230 + x5l wy?
Q2$27 = '73385(352 QQ.’BQQ = .’13312.
We rechoose generators as follows:
Yis = T15 + T3 Y17 = 17 + T5' 25
Y23 = Ta3 + TsLy Yor = To7 + x5

_ 8
Y29 = T29 + T3 T5.
Then

H*(Eg; Fy) = Folxs, 5, 2o, Y15, ¥17)/ (23'C, 255, 29", U15, Y12 + 23°257)

® A(y23, Y27, Y29),
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where
Qa3 = 9352 Qa5 = 9334 Q2Y23 = yé
Q279 = Q2y15 = Q2y17 = Qa2y2r = Q2y29 = 0.
Consider the subalgebra

A = Fslzs, x5, y17]/ (230, 250, 15 + 5°25°),

with the differential d4,: A — A defined by
daxs = x52 daxs = x34 dayi7 = 0.
This gives H(A) = A(we, y17, w33, w41), where wg = 32, w3z = 320 and wy =
x32s.
We also consider
B = Fay15]/(y15) @ Ayas)
with the differential dg: B — B defined by
dpyi15 =0 dBya23 = Y13
Then H(B) = A(y15,ws3), where wsz = y12923.
Thirdly, we consider

C =Fylwo)/(74") @ Ayar, y20)-

This has the trivial differential de = 0 and so H(C) = C.
Thus the Fg-term of the Atiyah-Hirzebruch spectral sequence is given by

E*=K2)"®H(A)® H(B) ® H(C)
= K(2>*[939]/($94> ® A(we, Y15, Y17, Y27, Y29, W33, W41, W53)-
The module of primitives is generated by the set {ys, z9, Y17, :L'92, Y29, W33, W41, W53 }-
The next differentials to consider are of the form dgpiq for £ = 2,3,4,... .
Examination of the degrees of the generators and the primitive elements shows all
these must be zero, again using (2.3). Thus the spectral sequence collapses from the

Fg-term onwards. Following the coproduct formulae through the above calculations
yields the following summary of our results on K (2)*(Eg).

Theorem 3.9 The Atiyah-Hirzebruch spectral sequence for K(2)*(FEs) at the prime
2 has only one non-trivial differential, namely d7. The E..-term has the algebra

structure
K(2)*[x9]/(7g") ® A(we, Y15, Y17, Y27, Y29, W33, W1, W53)

in which the classes wg, Tg, Y17, Y29, W33, W41 and wsz are primitive and the reduced
coproduct on the remaining generators acts by

U(yis) =we @xg  and  P(yar) = T4® ® Tg. 4
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The table below summarises our results on the K (n)-theory of the exceptional
Lie groups for the prime 2. The factors represent the heights of individual generators
in the relevant E..-terms and the bold face figures indicate that the respective
spectral sequences fail to collapse.

Table (3.10)
Ranks of K (n)*(G) over K(n)*

Group dim p | K(1)| K2) | K3)| K(n)n>4
Go 14 2 22 4.2 | 4.2 4.2
F 52 | 2 | 2¢ |4.23| 4.9 4.93
Eg 78 2 26 4.25 | 4.2° 4-2°
E; 133 2 27 | 4.27|4.27 43 . 24
By 248 2 28 1 4.28|4.2%9|16-8-4%2.24

84 The projective exceptional groups

In this section we present calculations for the Morava K-theory of the projective
groups AdFEs = PEg = Fg¢/Zs and AdE; = PE; = FE;/Zs. For PFEg the only
prime for which our results will differ from those for Fjg is 3, while for PE; the only
prime to consider is 2. We note the existence of fibrations

E6—>PE6—>BZ3 and E7—>PE7—>RPOO

We shall need calculations of the ordinary cohomologies for these groups. The
following proposition and (4.4) later on PE; provide the necessary detail; once
again, the material can be found in the survey article [Mi].

Proposition 4.1 H*(PEs; F3) = Fa[ra, 23]/ (25°, 75%) ® A(x1, 23, x7, T, T11, T15)
and P(PEg) = {z1, z2,25%}. Furthermore, in this Hopf algebra the reduced coprod-
uct acts on the other generators as follows:

1;(373) =2x2 ®xy,
’IE 1‘7) = 3323 X X1,

3
1‘8) = Ty X T2,

< €

2 4 5
T11) =T @ Tg — Ty” @ Ty + Tg @ Ty — Ty @ T3 + TgTo QX1 — Ty @ X7,

<

(
(
(29) = T2 ® T7 — T5° @ T3 + T3 @ T1 + T, @ 21,
(
(

3 6 3
T15) =Ty @ Tg + T3 @ Ty + Ty ® T3z + TsTy” @ 1.

sy
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The Steenrod operations 3 and P! act as follows.

_ _ 2 _
Br1 = 2 Brs = —x, Bxr = x3

_ _ 6 2 _ 2
Brg = T2 Bri1 = =Ty — x"T3 Bris = —xg
Play = 23 Plas =27 Plog = —a,0

Plzy = 215
ﬁl’g = ﬁl’g = 731331 = 7311’7 = 731339 = P1$15 = 0. ]
We now state our results on the Morava K-theory at the prime 3 of PFEg.

Theorem 4.2 The Atiyah-Hirzebruch spectral sequence for K(n)*(PEg) collapses
form > 2.

Proof For n = 2 the differentials in the AHSS are digs+1, thus we must consider
dy7, d33 and so on. However, as the largest primitive is of dimension 6, none of
these differentials can take primitive values and hence, by (2.3), must all be zero.
The result for K (n)*(PEg) for n > 2 now follows by (2.2). O

The calculation for K(1)*(PFEs) can be read off from the results of Held and
Suter [HS] on the K-theory of PEs. However, a direct calculation is possible using
the methods developed here for the other Lie groups.

Theorem 4.3 The Atiyah-Hirzebruch spectral sequence for K(1)*(PEg) at the
prime 3 has only one non-trivial differential, namely ds. The Eo-term has algebra
structure

K(1)*[z2]/(z5°) @ A(yr, Yo, Y11, W13, Y15, W19)

in which the classes xo,y7, w13 and wyig are primitive and the reduced coproduct on
the remaining generators acts by

<

(yo) = 22 ®yr,
(y11) = 22 ®yg — 51322®2/7;
Tﬁ(yw) = —T2 ®wis.

<

Proof We compute the first possible differential, d5, by its association with Milnor’s
operation Q; = P'3 — #P!. This differential turns out to be non-zero.

Quzy =z, Qir2 =0 Qi3 = 5" — 13
Q1377 = _3726 Q15138 =0 Ql.’lfg = —.’L‘27 + :1323.’138
lell = 3728 + «'13241'8 + «'1382 Q1$15 = —ZE26:E8.

We make the following change of basis to allow simpler computation of the
differential ds. We replace the generators x7, xg, 9,11 and z15 by the elements
yr = a7 + 135> ys = —xg + T, Yo = g + T, T3
Y11 = T11 — Ty a3 + T3y Y15 = T15 + T T
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for then we have
Qix1 = x5°, Qir3 = ys, and Q is trivial for all other generators.

Hence the Fg-term of the spectral sequence is given by the algebra

K(1)*[z2]/(z5°) @ A(y7, Yo, Y11, W13, Y15, Wi9),

where w13 represents the old x1x26 and w19 represents the old x3y82.

The remaining differentials are of the form dys41 with s > 2. The element x5
is induced from the generator of H?(BZs; F3) and so must represent a permanent
cycle. As usual, induction on the degrees of the elements shows that the images of
the remaining generators must be primitive, but xo is the only primitive in even
degrees and hence all these other differentials are zero. The sequence thus collapses
from the Fg-term onwards, giving the stated result. O

We turn our attention now to the group PFE; and examine its Morava K-
theories for the prime 2. We appeal to the work of [HS] and [Ka2] for the case
n = 1 and our calculations concentrate on the case of higher n. The following gives
the mod 2 cohomology for this group. (The final claim of the theorem can be seen,
for example, by considering the spectral sequence for the fibration F; — PE; —
RP>.)

Theorem 4.4 H*(PE7; Fy) = Falxy, x5, 7o)/ (1% 2% 29*) @ A(26, 215, T17, T23, T27)
and P(PE7) = {z1, 2,2, x5, T6, To, T5, 17, To> }. In this Hopf algebra, the reduced
coproduct acts on the other generators by

1;(5615) = Te®x9 + 5852®335,
@[;(3323) = 6@ x17 + $92®1‘5,
P(xa7) = 3352®21717 + 9:92®a:9.

Moreover, the quotient map E7 — PFEy; in cohomology carries each generator x;
fori=1>5,9,15,17,23,27 to the element of the same name as that used in §3. O

Theorem 4.5 The Atiyah-Hirzebruch spectral sequence for K(n)*(PEz) collapses
for alln > 2.

Proof It suffices to show that the Atiyah-Hirzebruch spectral sequence collapses for
n = 2. The differentials here are d7, dq3, d19 and so on. The first of these, d7, must
be zero on each generator, as can be seen from the usual analysis of primitives. For
the second differential, d;3, examination of the primitives fails to rule out a possible
action sending x5 to some non-trivial multiple of z42. However, this is ruled out by
the naturality of the Atiyah-Hirzebruch spectral sequence with respect to the map
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E; — PEx; explicitly, by the result (3.6). Once we see that di3(x5) = 0 then the
module of primitives shows the whole of dy3 to be trivial. Finally, d19 and all higher
differentials are zero for dimensional reasons: the highest dimension primitive is in

degree 18. U
65 The projective symplectic groups

The projective symplectic groups PSp(m) are the quotients of the symplectic groups
Sp(m) by their centres Zs. Since projective symplectic groups have only 2 torsion,
the prime in this section will always be 2. The main results are Theorems 5.3
and 5.4, which describe the Morava K-theory of the groups PSp(m) additively.
The latter parts of the section are concerned with the P(n)*-module structure of
P(n)*(PSp(m)) where we obtain only partial answers.

The mod 2 cohomology of PSp(m) was computed, as a Hopf algebra, by Baum
and Browder [BBJ; the following summary of their results is quoted from [Mi].

Theorem 5.1 Let m = gm’ where ¢ = 2" is the highest power of two dividing m.
Then
H*(PSp(m), FQ) = FQ[’U]/’U4q X A(bg, b7, “aey b4q_1, “aey b4m_1>

where v 1s in dimension one, b, is of dimension r and “~ 7 indicates that an element
is missing. The action of the mod 2 Steenrod algebra is given by

~ k
Sq*byp i3 = <j)b4k+4j+3

Sq'byryz =0if j Z0(4) unless r > 1,j = 1 and 4k + 3 = 2¢ — 1: Sq'by,_1 = v%.
The reduced diagonal is given by

k—1
P(barys) = ; (f) baivs @ v (k> 2)
¥(b7) = bs @ v*
P(b3) =0 O

For simplicity we shall distinguish two cases: (1) n > r and (2) n < r. The first
case is essentially trivial in the sense that there are no differentials in the AHSS

(5.2) E5" = H*(PSp(m); Fa) ® K(n)" = K(n)*(PSp(m)).

Theorem 5.3 The spectral sequence for K(n)*(PSp(m)) collapses on E5* whenever
n > r. In other words, there is an isomorphism of K(n)*-modules

K(n)"(PSp(m)) = K(n)* @ H*(PSp(m); Fz).
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n+

Proof Since Q,,b; = 0 by (5.1) and Q,v = v? f = 0, we have £y, = E3*. Next
we show that v is a permanent cycle. As v is primitive any potential image of v
under some differential d,- has to be primitive too. Since there are no even degree
primitives in the target area of a potential differential, d,.(v) = 0 for all r.

By the same argument, d,.(b) = 0 for any primitive b, which are those in degrees
4k + 3 with k a power of two, except for b;. In particular, b3 is a permanent cycle.
This suffices to start the following induction on k. Suppose d,(by43) = 0 for all
[ less than k. Then d,(byxy3) is primitive by (2.3) and hence zero for the lack of
primitives in the appropriate (even) degrees. O

The other case is not much more complicated either.

Theorem 5.4 If r > n then, as K(n)*-modules,
K(n)*(PSp(m)) = K(n)* @ Falu]/(u®") @ A(w) @ A(bs, br, ... ,54(1_1, ey bam—1),

where u is in degree two, and w in degree 2712 — 271 £ 1.

A comment on degrees of elements may be in order here. When writing “z has
degree k” we actually mean it to have degree k modulo the degree of v,, since
the natural grading on K(n)* is the cyclical grading modulo |v,| = —2(2" — 1).
Of course the degrees as we state them serve also to record the skeletal filtration
numbers of representatives of these elements.

Proof The difference to the previous calculation is that we now have a non-trivial
differential, namely
n+1
dont1_1(V) = 0,Qnv = vyv° .
The theorem asserts that this is the only non-trivial differential. Since (),, vanishes
on the b’s, the Fonti-term is as in the statement of the theorem, where we wrote

T2 _ontl . .
2 27741 To see that v? is a permanent cycle, consider the

u for v2 and w for v
fibre bundle

Sp(m) — PSp(m)——BZj

where i is the map which picks up the class v in cohomology (see [BB]). Follow
up the map ¢ by the obvious map to CP° classifying the canonical line bundle
over BZsy. Then the two-dimensional generator of the cohomology of CP* maps
to v2, and comparison to the Atiyah-Hirzebruch spectral sequence for CP> gives
the result. Thus all the even powers of v are permanent. The result now follows by
an induction identical to that used in the proof of (5.3). O

We conclude the section with a few remarks on P(n)*(PSp(m)), where we can
offer only partial results. In the P(n)*-AHSS differentials also have odd horizontal
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degree, so, by the same argument as above, it collapses on E5* as long as n > r.
To determine the structure as P(n)*-module, the following lemma, due to Yagita,
is useful.

Lemma 5.5 ([Y2], Lemma 2.1) Let X be a finite complex. Let x; € H*(X;F,) be
permanent cycles in the AHSS for both P(n)*-theory and K (n)*-theory. Then in
the Eo-term for the P(n)*-theory spectral sequence the P(n)*-module generated by
the x; is P(n)*-free. O
We immediately deduce

Theorem 5.6 For n > r, there is a P(n)*-module isomorphism

P(n)*(PSp(m)) = P(n)” © H*(PSp(m); Fy). U

For 1 < n < r there is a P(n)*-analogue to (5.4) too, in the sense that the AHSS
collapses after the first differential dyn+1_1. This is proved in exactly the same way
as before. The P(n)*-module structure however becomes more complicated. We
have only been able to determine it in the first non-trivial case, which is that of

n=r.

Proposition 5.7 For m = 2"m’ with m’ odd, there is a P(r)*-module isomorphism

P(r)*(PSp(m)) = P(r)*@)FQ[%(“ ) ® Alw) @ Albss -+ Bag1ye s bame1)

P(r+ 1"z, zu,... zu® 1}

where deg(u) = 2, deg(w) = 2" + 1 and deg(x) = 2" 1.

Proof The argument is completely analogous to the one used repeatedly in [Y2],
e.g. Lemma 5.4. The first non-zero differential is dyr+1_1, and K37, is isomorphic
to the right hand side in the statement of the proposition. Here the classes u
and w correspond to v? and v2r+1+1, respectively, as in (5.4). To prove that the

spectral sequence collapses on EJ; we use downward induction on the horizontal

degree. Assume that every element in E;;fil persists to the F..-term for s > t,
and let y € E;;OJrl. Then d,,(y) = 0 for any m > 2”71 by the inductive hypothesis.
Since the Atiyah-Hirzebruch spectral sequence for P(r)*-theory is confined to the
fourth quadrant, this means that y is in EX¥. Now y will be of the form y; + 2,
where y; is in the first summand of the Ey-+1-term and y- in the second. If 3
is non-zero, then y is also a non-trivial permanent cycle in the K (r)*-AHSS and
thus the P(r)*-module it generates is free by (5.5). If y; = 0, consider the map
o @ EXX(P(r)) — EX(P(r+1)) induced by ¢ : P(r) — P(r+1). The P(r + 1)*-
module generated by i (y) is free, hence the P(r + 1)*-module generated by y is
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free, too. This completes the inductive step, and we conclude EZ", = E37. It
remains to show that the isomorphism is as P(r)*-modules. For that it suffices to
construct an element x € P(r)*(PSp(m)) with v,z = 0. Consider the exact triangle

P(r)"(PSp(m))—"=>P(r)*(PSp(m))
LI i
P(r+1)"(PSp(m))

The element idv = @Q,v is non-zero, hence dv # 0; let x = dv and by exactness,
vpx = 0. U

§6 The projective unitary groups and other quotients of SU(m)

In this section we want to study the Morava K-theory and P(n)-theory of central
quotients of SU(m). Recall that the centre of SU(m) consists of elements of the
form A - Id with A™ = 1, and the groups in question are quotients of SU(m) by
(central) subgroups Z, where ¢ divides m. The method shall be the same as in the
previous sections, namely a (brute force) calculation of the Atiyah-Hirzebruch spec-
tral sequence. (6.1) below, due to Baum and Browder ([BB]), gives the cohomology
of these groups; we quote once again from the survey [Mi].

Theorem 6.1 Let Z; be a subgroup of the centre Z,, of SU(m), and let p be

a prime dividing £. Let m = p™m/, £ = p°l’, where m’ and ¢’ are prime to p,

and set G = SU(m)/Zy. If p > 2, or p = 2 and s > 1, there exist generators

2z € H¥* Y G;Fy), 1 <i<m,i#p", andy € H*(G;F,) such that

(a) H*(G;F,) 2 F,[y]/(yP) @ A(21, 29, -, Zpry - - -, 2m) as algebras;

(b) ¥(z1) = 6pe21 @y + 37075 ((21) 2 @y for i > 1, where 6ps = 1 if r =
and zero else, ¥(z1) = 0, ¥(y) = 0;

(c) Pkz; = (izl)ziJrk(p_l), Bzpr—1 = ypr_l, and in addition, fz1 =y if s = 1.7

If p=2 and s = 1 the above has to be modified as follows: in (a), one has y = 23,

and in addition

(d) Sq?**1z; =0 except for Sq'zy = 23 and Sq*zyr—1 = 23 ifr > 1. O

Let G be as in the statement of the theorem. A basis for the module of primitive

elements in the mod p cohomology of G is given by

(i) Zl:yvypv"wypril if’l":S;

T This last operation seems to be missing in the original paper [BB] as well as in [Mi].
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s -1
(i1) 21, Zp11s Zp241s -+ oy Zpr—141; Yo UP, .o, yP if r # s.
Furthermore, using parts (c) and (d) of the same theorem, one readily verifies
(iii) Qry =0, Qrz; =0 aslong as k >0, i > 1;
k
(iv) Qrz1 =yP if s =1, and zero otherwise for p odd;
k
(v) Qrz1 = 22" if s =1, and zero otherwise for p = 2.

As in the previous section, degree arguments imply:

Lemma 6.2 Suppose G is as above and n > r > 0. Then we have the following

* . modules:

isomorphisms of K(n)*, respectively P(n)
(a) K(n)*(G) = K(n)" @ H*(G; Fy).

(b) P(n)*(G) = P(n)* ® H*(G; Fy).

Proof We begin with the K(n) result. Under the stated assumptions the first
differential is trivial. Any subsequent differential has length at least 4(p™ — 1) + 1,
and thus vanishes on the primitives z; and y for dimensional reasons. Now use
the inductive argument of (5.3) to see that the spectral sequence collapses. This
shows (a); the same argument works for the P(n) case and the isomorphism as

P(n)*-modules follows from (5.5). O

From now on we shall assume that p is odd, the case p = 2 being similar. To simplify
further and avoid cumbersome notation, we consider only projective unitary groups
in detail, although the arguments work in greater generality (see our remark 6.4).
So let m = £ (p odd), with m = p"m’ where p does not divide m’, and r» > 0. Notice
that the assumption on n in (6.2) may then be relaxed to n > min{1,r — 1}, but
for smaller n dimensional arguments alone no longer suffice to compute differentials
in the AHSS, or rather show their vanishing; one has to use the fact that this is a
spectral sequence of Hopf algebras more efficiently. The following theorem is stated
in terms of P(n), which of course implies the analogous statement for K(n).

Theorem 6.3 The P(n)*-AHSS for P(n)*(PU(m)) collapses if n > 0, and there
is an isomorphism of P(n)*-modules

P(n)*(PU(m)) = P(n)* ® H*(PU(m); F,).

Proof We know this already when n is at least » — 1; we also know that the first
differential v,, ® @,, vanishes for n > 0. The only primitives in the cohomology of
PU(m) being z; and ypk, 0 < k < r, one sees immediately that y is a permanent
cycle. We claim that the z’s are permanent cycles, too. Suppose not. Let d be the
first non-trivial differential and z; the lowest degree generator on which d does not
vanish. Then d(z;) is primitive, by (2.3), thus d(z;) = ay?” for some k > 2 and
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some « € P(n)*, which we shall suppress from notation. Let jo be the smallest
positive integer such that z; ® ¥/ is a summand in v¥(z;4;,). For j = 1 we have
Jo = 1;if 7 > 1, jo is the smallest positive integer such that (34;3_01—1) % 0 mod p.
This is easily computed as follows: let j — 1 = Zé a,p” be the p-adic expansion of
j —1; pick the first coefficient, a,, say, which is smaller than p —1 and set jo = p*°.
Now 14 has to be smaller than k (since otherwise j = p* and degd = 1), hence
jo < pF!
degree 2p

. The next even degree primitive after ypk, if one exists, being yff’kJrl in
#+1 one inductively concludes that for I < jo, d(zj4;) has to be primitive

and hence zero. Furthermore,
V(24 4,) = d¥(zj44,) = d(Az; ® y7° + other terms) = /\ypk ® y'°

where X is some non-zero constant, the “other terms” giving zero since they involve
only lower degree generators. But there are no classes * € H*(G; F,) with ¢(z) =
ypk ® y® for any a < p*, by inspection, and we arrive at a contradiction. The
ismomorphism P(n)*(PU(m)) = P(n)*®@ H*(PU(m); F,) as modules follows again
from (5.5). O
Remark 6.4 The same proof goes through for G = SU(m)/Z, if m and ¢ have the
same p-exponent, i.e., if » = s in the notation of (6.1).
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