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Introduction

This work originated from the question:
what is the E.-structure of the K-local spin bordism theory?

The work determines the structure by giving a multiplicative splitting of the
spin bordism into E-cells. The answer to the question leads to a construction
of the Witten orientation for topological modular forms in the K-local E-
setting and creates new isomorphisms of Conner-Floyd type. The work consists
of two major parts, one in which the splitting formula is developed and one
which deals with its applications to real K-theory and to local topological

modular forms.

The splitting of the spin bordism. One of the most important results
about spin bordism goes back to Anderson, Brown and Peterson. They showed
that two spin manifolds are spin bordant if and only if all Stiefel-Whitney and
K O-characteristic numbers coincide. Moreover, all spin bordism groups can
be computed from the additive 2-local splitting

MSpin= \/ ko{n(J)v \/ ko(4n(J)+2)Vv\/S*HZ/2.
n(even n()odd iel
Here, J is a finite sequence of non negative integers, n(J) is the sum over all
entries and I is some index set. However, the formula does not capture the
ring structure of the spin bordism. This problem has been around for the
last 30 years because the Eilenberg Mac Lane part is very hard to track in
practice. Fortunately, when we restrict our attention to the part which can be
detected by K-theory this term disappears. More precisely, the localization of
spin bordism with respect to mod 2 K-theory K(1) is a sum of K O-theories.

The generator ¢ of the -1st homotopy group of the K (1)-local sphere van-
ishes in KO and so it does in M Spin. These considerations lead to an E..,-map
from the E.-cone T¢ over ¢ to the K (1)-local MSpin. One may hope that

this map already is an isomorphism since the homotopy groups appear to be
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the same. However, when taking into account the Dyer-Lashof operations we
see that in KO-homology we get a free f-algebra in one generator for 7; and
one in infinitely many generators for M Spin. When analyzing the action of
the Adams operations and collecting all results we end up in the multiplicative

splitting:

[e.e]
MSpin = T. A \TS".
i=1
Here, T'S° is the free E -spectrum generated by the sphere spectrum. The
proof of this splitting formula takes the major part of the work. The difficulty
is the determination of the #-algebra structure and a good control of the be-
haviour of the map from 7. For that, we need to understand the ABP-splitting

map in KO-homology and to conduct some 2-adic analysis.

Consequences of the splitting formula. As a first immediate corollary

we obtain the f-algebra structure of the spin bordism itself:
T MSpin 21, KO T{f1, fo, ...}

That is, the homotopy of MSpin is the free f-algebra over 7, KO in infin-
itely many generators. Moreover, we give an algorithm for constructing the
generating classes.

Dispite this beautiful formula for the #-algebra structure it turns out that
M Spin can not be made into a K O-algebra even in the K (1)-local world. (The
question if it can be made into an K O-module spectrum in the category of
spectra was asked by Mahowald and answered by Stolz in [Sto94].)

The splitting formula allows a cellular decomposition of KO-theory when
viewed as a relative F.-CW complex via the A—map. Moreover, we give a new

proof of the formula

which was obtained by Hovey and Hopkins in [HH92]. It is not hard to see
that the difficulties in proving this Conner-Floyd isomorphism appear in the
K(1)-local setting. Thus the splitting formula can be applied and promptly
furnishes the result.

Finally, the splitting is applied to topological modular forms. To motivate

the results we first recall some facts about elliptic cohomology theories. For a
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more detailed treatment the reader is referred to the overview articles of Segal
[Seg88] and Hopkins [Hop95].

A brief review of elliptic cohomology theories. In his analysis of the
Dirac operator on loop spaces [Wit88] Witten introduced a bordism invariant
for spin manifolds whose Pontryagin class p; /2 vanishes. This so called Witten
genus associates to each O (8)-manifold an integral modular form. One may
hope that the theory allows a generalization to families of O (8)-manifolds.
From the topological point of view, this means that there is a multiplicative
transformation of generalized cohomology theories from the bordism theory
MO (8) to some new cohomology theory E. For spin bordism KO-theory
plays the role of a family index theory via the fl-genus. Hence the theory E
can be thought of as a higher version of KO-theory.

There are several candidates for such a theory E. The first was introduced
by Landweber, Ravenel and Stong in [LRS95]. It has coefficients in the ring
of modular forms of level 2 over Z[1/2]. For this and other elliptic theories
in which 2 is invertible the Witten orientation was first constructed by the
author in [Lau99]. The difficulty appears at the prime 2 since MO (8) is not
well understood yet.

There are elliptic cohomology theories for which 2 is not a unit (see [Fra92]
et al.) These theories E share the property that they are complex orientable
and the associated formal group comes from the formal completion of an ellip-
tic curve. The homotopy inverse limit of all these so called elliptic spectra is
denoted by tm f since its coefficients allow an interpretation in terms of topo-
logical modular forms. This new theory tmf is not complex oriented but it
maps to any elliptic spectrum in a canonical way. Hence, an O (8) orientation

of tm f furnishes the desired orientation of any other elliptic spectrum.

The applications to topological modular forms. In [HAS99] Hop-
kins, Ando and Strickland show that the construction of a Witten orientation
can be reduced to finding one for the K (1) and K (2) localizations of tm f. Here,
the theory K(n) is the nth Morava K-theory at the prime 2. In [Hop98b]
Hopkins shows that ¢mf can be obtained from 7¢ by attaching one more E-
cell. In particular, there is an F.-map from T; to tmf. It thus suffices to
relate the cone T, to the bordism theory MO (8). Since in the K(1)-local
category MO (8) coincides with M Spin this is done by the splitting formula.
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During the time when this work had been finished Hopkins found another
approach to the Witten orientation which even works in the unlocalized setting.
However, a splitting formula for the unlocalized O (8)-bordism seems to be out
of reach from the today’s point of view.

We use our splitting formula to explicitly list the F.-cells which are needed
to obtain tmf from MO (8): loosely speaking, the cells kill the free part of
MO (8) and turn the Adams operation % into the Atkin-Lehner operator for
trivialized elliptic curves. Furthermore, we are able to establish the Conner-

Floyd isomorphism

in the K(1)-local category. In the last chapter deeper results on the structure

of tm f are necessary which we reproduce from the work of Hopkins [Hop98b].

How this work is organized. In the first chapter we supply the technical
framework for the splitting formula. We recall the basic properties of the K (1)-
local category and then turn to E-spectra. We take the classical point of view
and work with operads. However, all constructions can be made in the brave
new world of [EKMM97] or in the category of symmetric spectra of Smith
[HSSO00] as well. As a consequence calculations become more manageable.
However, the invariance of the E . -structure under localization is not available
in the literature and we felt to provide a proof here.

In the second chapter we review Dyer-Lashof operations in K-theory. The
f-algebra structure of T'S° was first computed by McClure by using Dyer-
Lashof operations in singular homology. We give a new proof of his result by
looking at the representations of the symmetric groups and using results of
Hodgkin and Atiyah.

In the third chapter we construct the map from the cone 7, to M Spin and
look at his behaviour in K O-homology. For that, we give explicit generators
for the homology rings. Then we use Bott’s canabalistic classes to compute
the image of the generators under the ABP-splitting map.

The fourth chapter is devoted to the computation of the #-algebra structure
of various bordism theories. Partial results were obtained earlier by Snaith in
[HS75] by looking at representations of the symmetric groups. Unfortuately,
all calculations of Snaith were made in characteristic 2 and hence are not of any

use for us. Moreover, it seemed to be difficult to generalize his long calculations
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to higher orders of 2. Hence, we take a different approach and look at tom
Dieck operations instead. A fixed point formula of Quillen and a ‘change of
suspension formula’ help to compute the action of 6 for the spin bordism.

In the fifth chapter we compute the action of the Adams operations to
decribe spherical classes. The splitting theorem is then a consequence of earlier
results and some 2-adic analysis.

In the last two chapter the promised applications are given.

Acknowledgements. The author would like to thank Mike Hopkins for
posing the question at the Oberwolfach Homotopietagung 1998 and for shar-
ing the notes [Hop98b| that freely. He is indebted to Matthias Kreck and
Haynes Miller for their encouragement and for interesting discussions. He is
also grateful to Matthew Ando, Alexander Schmidt, Pete Bousfield and Peter
May for their help in getting various points straight.
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CHAPTER 1

E.-spectra and localizations

This chapter reviews the basics of the category of E -spectra and their
properties under localization. We will work in the category of May, Puppe et
al. which is described in [LMS86] or [Lau93]. We use operads to describe
E-structures. This classical approach to E.-spectra has the advantage that

every object is fibrant which keeps calculations easy to survey.

1. The category of spectra

In this work a topological space is a compactly generated weak Hausdorff
space. We write 7 for the category of topological spaces and 7, for its based
pendant. To talk about the category of spectra we first fix a real inner product
space U of countable dimension, a so called universe. A prespectrum X is a
collection of pointed spaces Xy indexed by the finite dimensional subspaces

V C U equipped with maps
owyv - SWﬁV A XV — XW

for all V- C W. Here, the space W — V is the orthogonal complement of V' in
W and S"~V denotes its one-point compactification. One requires that oy is
the identity and that the associativity condition (1 A oy.y)ow,y = ow,p holds
whenever U C V C W. A spectrum is a prespectrum with the additional
property that the adjoint maps

TW,V . XV — QW_VXW

are homeomorphisms. A map of (pre-) spectra f : X — Y is a collection of
maps fy : Xy — Yy commuting with the structure maps.

A construction of Lewis shows that the forgetful functor from the category
of spectra Sy to prespectra admits a left adjoint L, called the spectification.
The spectification is easy to visualize in case that each oy is a closed inclu-

sion:

LX = (V = colim Q" Xy).
WOV

13
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The morphism set Sy(X,Y') has a natural topology as subspace of the product
of mapping spaces 7 (Xy, Yy). Moreover, for each pointed space () we may

form the spectrum
X9V - T(Q . Xv)
and its adjoint
XANQ=LVr~XyAQ).

These constructions are natural with respect to all variables and we have the

relationship
T*(Q7SU(X> Y)) = SZ/I(X N Qv Y) = SM(X7 YQ)

The category S becomes a closed model category if we define the fibrations
and weak equivalences spacewise. That is, a map f from X to Y is a fibration
(or w.e.) if for for all V' the maps fy : Xy — Yy are so. The resulting
homotopy category is equivalent to the stable category of Adams for any infinte
dimensional U.

This coordinate free approach to spectra enables us to change universes in
a continuous way. Suppose U and V are universes and let £(U, V) denote the
(contractible) space of linear isometries from U to V. Any f € L(U,V) defines

an adjoint pair of functors:
X =LW s SYTUOANXY) X Ve Xy

with U = f~1T/. Since the functors continuously depend on the isometry f this
construction can be generalized as follows. A map from a space A to L(U,V)
gives rise to a functor Ax  : S — Sy and its adjoint F[A4, ):S&y — Sy.
The construction is natural in A and reduces to the above if A is a point.

Moreover, the half smash product has the following properties:

(1) the identity map idy € L(U,U) serves as a unit
id X = {idy} x X =X
(i) for any X € &, and for any A — L(U,V), B — L(V, W) the map
BxA— LVW)xLU,V)— LU,WV)
satisfies

(BxA)xX=Bx(AxX).
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(iii) for any X € Sy, Y€ Sy and for any A — L(U,U'), B — L(V,V')
the map

AXB— LUU)x LV, V) — LUV, U &V
satisfies
(AXB) X (XAY)Z(AxX)AN(BxY).

Elmendorf took all spectra over all universes together into a big category S.
A morphism from a spectrum X over U into a Y over V is given by a pair, an
isometry f : U — V and a map of spectra from f, X to Y. It is convenient

to topologize S(X,Y) in a way that we have
T/LUV)(ASX,Y)) ZSy(AxY).

Here, 7 /L(U,V) denotes the category of spaces over L(U, V).
These constructions are useful once it comes to smash products. If X is
indexed over U and Y over V then the spectification of the (partial) prespec-

trum
UXV&—)XU/\YV

is indexed over U x V. This product is associative and symmetric up to coherent
equivalences and turns S into a symmetric monoidal category with unit I =
(5°,0). To get an internal product in & we can choose an isometry f :
U xU — U and take the pushforward f,(X AY). A more canonical object

is the spectrum
LUXUU)x (XANY).

However, it still is only associative up to coherent equivalences in the homotopy
category. To talk about ‘ring-like’ objects in &, we need to introduce the

concept of an operad.

2. Operads and E,-spectra

An operad in a symmetric monoidal category M = (M, I, ®) is a family
of objects Ty, T1, ... € M together with right >,-actions on each T}, and ¥,, x

2, X ..., -equivariant structure maps
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These maps should satisfy certain associativity axioms. A pointed operad is an
operad together with a map I — T which behaves like a unit when composed
with structure maps.

Instead of dealing with the details here we give the most important class
of examples of pointed operads: the endomorphism operad End(X) for each
object X in M. TIts n’th object is the morphism set M(X®" X) and the

structure maps are given by compositions

@ fii® @ fi, = fulfi @ ® fi,).

If M is enriched over M’ we obtain an operad in M’. For instance, the linear
isometry operad £ = End(Uf) is an operad of spaces and so is End(X) for any

spectrum X indexed over U. Moreover, the canonical projection
p:End(X) — L

is a map of pointed operads, meaning a collection of maps which is compatible
with all structure maps. It associates to a map of spectra f : X — X the
underlying isometry p(f) : U™ — U.

An operad 7 over L is called an E.-operad if each of the spaces is con-
tractible and the symmetric groups act in a free fashion. This way, the operad
L becomes an F, operad itself. An E,-ring spectrum is a spectrum X to-
gether with a map 7' — End(X) of pointed operads over L.

There is another way to decribe the action of 7" on X which will proof
useful later. Let GG be a group which acts on &/ and X be a G-spectrum. Then
for any G-equivariant map A — L(U,V) let A xg X be the coequalizer of
the two maps

1xp

(AxG)xX”—Xl>A>4X and (AXG)XXZAx(GExX)—AxX.
The spectrum
TX = \/ T, %z, X
n>0
is the free F,-algebra generated by X over the operad T'. This way, T" becomes
an endofunctor of §;. More precisely, T is a triple (or a ‘monad’) since it comes
with a unit 7 : id — T and a natural transformation y : 7?2 — T. The latter

is built from the structure maps data of the operad T'. An algebra over T' is a
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spectrum X together with a morphism & : 77X — X making the diagrams

T¢ nx
T°X —TX X —TX
“Xl lg X lg
3
TX — X X

commute. An E_-map between E..-spectra is a map of spectra which com-
mutes with the action of 7. Later we will also use the notion of an H..-
spectrum which is defined in the same way but the diagrams need only to

commute up to homotopy.

ExAMPLES 2.1. (i) The sphere spectrum is an E-spectrum since it is
the free object T'(x) generated by a point.

(ii) Let G be one of the classical groups O, SO, Pin, Spin or one of their
complex analogues U, SU, Spin® or Sp ect. Then the geometric bar con-
struction [May77] gives simplicial toplogical spaces B.(GV,SV) and
B.(GV) for each V' C U. Their geometric realizations BGV (B(GV,SV)

resp.) allow multiplication maps
p: BGV x BGW — B(GV x GW) — BG(V & W)

which are commutative and associative on the nose. The spectification
of

Th:V — B(GV,SV)/BGV

is called the Thom spectrum MG. For f € L, and for subspaces
Vi, Va, ..., V, define the structure maps

Th(Vi) A ... ATh(V,) 24 Th(Vi @ ... o V) S Thi(fvie... V)

and spectify to obtain an F..-structure on MG.

(iii) Other examples are less elementary. An investigation of the infinite loop
spaces shows that connective real and complex K-theory ko and k are
represented by FE,.-ring spaces and hence are E..-ring spectra. More-
over, the stable Adams operations 9" act as E,.-maps after completion.
Recently it was proved that the periodic theories KO and K are com-
mutative S-algebras in [EKMM97] and symmetric spectra in [JoaO1].
Since we work in a different category we will go through an argument

below.
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We write S for the category of E-spectra. The free functor T is left
adjoint to the forgetful functor U : S}, — 8. Hence, inverse limits in S, are
inherited from &;. Colimits are more difficult. It can be shown that for any

diagram (X,) of T-algebras the ordinary coequalizer of

d,
T(colim UTX,) —= T(colim UX,)
dy

admits a T-algebra structure which satisfies the universal property of a colimit
in . Here, dy is induced by the T-algebra structure on each X, whereas d;
comes from the natural transformation . The argument uses the fact that UT
preserves reflexive coequalizers which can be checked spacewise. Alternatively,
the existence of colimits follows from a general fact about categories of algebras
over a triple (compare [BW85]).

The E-category S admits a closed model category structure with the
following data: a map is fibration (resp. weak equivalence) if and only if U f is
one.

Finally, note that for E_-spectra E and F the product F A F € Syyy is
an F-spectrum in the following way: E A F'is an algebra over the product

E-operad T x T via
(L x L) g, (EANF)" = (L, xE"NL, x F")/%,
— L, Xx, E"NL, x5, F" — ENAF.

3. The Bousfield localization with respect to K (1)

The concept of localization comes up in various branches of mathematics
as an instrument of simplification. It can be applied to problems which itself
are local in nature. For example, an abelian group GG may be localized at a
prime p if one is only interested in the p-torsion of G. Also, sometimes it
happens that a non local problem can be localized in different ways and the
local solutions lead to a global solution of the original problem. In this section
we consider the localization with respect to some homology theory E. It is
devoted to attack problems in stable homotopy which can be solved by means
of the theory E.

A map f: X — Y is called an F-equivalence if the induced map f, in

E-homology is an isomorphism. Since £ does not distinguish between honest
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isomorphisms and E-equivalences it is useful to have a category in which E-
equivalences are invertible and no other information is lost. The existence of
this F-local category was proved by Bousfield in [Bou79]. He even showed
that it can be realized as a full subcategory of the stable category HoS,,.

In detail, a spectrum Z is E-local if each E-equivalence f induces a bijection
in cohomology f* : Z*Y — Z*X. The inclusion functor of the full subcat-
egory C of E-local objects in HoS;, admits a left adjoint Ly : HoSy — C,
called the Bousefield localization functor. Hence, the unit of the adjunction
n: X — LgX is an E-equivalence and associates an E-local spectrum to any
spectrum X.

The Bousfield localization has the following elementary properties:

(i) Lg takes E-equivalences to isomorphisms.

(ii) Lg is idempotent: Lg Lr = L.

)
)
(iii) Lg preserves homotopy inverse limits.
(iv) Lg preserves cofibre sequences.

)

(v) If F is a ring spectrum and X is a module spectrum over F then X is
E-local: X =& LgX.

We want to take F to be the first Morava K-theory. At the prime 2 the theory

K (1) coincides with mod 2 K-theory KZ/2 = K N SZ/2 for the following

reason: the 2-typicalization of the multiplicative formal group law G, is the

Honda formal group as the 2-series are the same. Hence, the localization with

respect to K (1) can be obtained as a process in two stages:

Li@y = Lszj2 Lk,

Note that for the localization it makes no difference to work with complex or
real K-theory ([Mei79]). The latter was investigated by Adams, Baird and
Ravenel. They showed that the K O-local sphere is closely related to the image
of J spectrum: Let J(3) be the fibre of

77/)3 —1: KOZ(Q) — KOZ(Q).

Here, 1)? is the third stable Adams operation. Then there is a fibration of the

form
LKOZ(Q)S — J(Q) — 2715’@.

The rational part vanishes once we localize with respect to the Moore spec-

trum SZ/2: for any X the localization Lgz/,X is the function spectrum
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F(X715Z/2°°, X). One should think of the localization with respect to SZ/2

as a completion since there is an exact sequence [Bou79|
0 — Ext(Z/2%,m1,X) — m.Lgz/2 X — Hom(Z/2*, 7,1 X) — 0.

Summarizing, we see that the K (1)-local sphere coincides with the completed

image of J-spectrum Lgz/2J(2). Moreover, we get the fibration
3-1
LS — LxyKO "= Ly KO.

which enables us to calculate the homotpoy groups of the K(1)-local sphere. In
addition, it turns out that K O(,)-theory is smashing. This means that for any
X the spectrum Lo, S A X is a KO(g)-localization of X. Hence, smashing

the sequence above with X gives the fibre sequence
X —KOAX "I KonX

in the K (1)-local category.

4. FE_-structures on localizations

We now show that the localization functor with respect to an arbitrary
theory E can be chosen to preserve F..-structures. For the category of S-
modules this fact can be found in [EKMM97]. Since for the category Sy it
is not available in the literature we sketch a proof here.

To make the statement plausible let E be a spectrum. Then one usually
constructs Lg as follows: Let {i, : X, — Y,} be the set of stable CW-
inclusions such that each i, is an E,-equivalence and the number of cells of Y,
is smaller or equal to the number ¢ of elements in the coefficients of £. Then

the first approximation of Lg is the pushout

(f)
\/a \/f:Xa—>X Xo —— X

l (iar) l
\/a \/f:XaﬂX Yo — L}EX
If L} is applied often enough we set LgX = (L})'X. More precisely, we

have to take colimits when passing through limit ordinals and let ¢ be the first

cardinality greater than c.
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Now if X is an F_-ring spectrum we simply replace the maps i, by the
free E-maps T, and take all colimits in the E.-category. In order to see

that this strategy works we need the

LEMMA 4.1. (i) T preserves E,-equivalences.
(ii) T preserves h-cofibrantly generated maps between h-cofibrantly generated

spectra.

The second statement means the following: given a map g : A — B of
prespectra with the property that each of the maps gy and each of the structure
maps of the prespectra A and B are h-cofibrations. Then the application of
T to the spectification of g is generated by a map of prespectra with the
same properties. An h-cofibration is a map which has the homotopy extension

property up to homotopy for all spaces.

SKETCH OF A PROOF. We may assume that T is the linear isometry op-
erad. For (i) let f: X — Y be an F,-equivalence. Then clearly £, x f"
is so. Moreover, the projection onto the second factor £, x £, — L, is a

Y,-equivariant homotopy equivalence. Hence, we have natural equivalences
L, Xy, X" = (EX, x L,) xs, X" 2 EY, . As, (L, x X"")

The Lerray-Serre spectral sequence applied to the right (relative) bundle over
BY.,, shows that T,,f = L, Xy, f"" is an F,-equivalence.

For (ii) observe that a map f : X — Y is a h-cofibration iff the projection
p from the mapping cylinder My to Y is a homotopy equivalence under X
[tDKP70]. Hence we see that T,,p : T,,M, — T,,B is a homotopy equivalence
under T,,A. We are left to show that

T.M, = coim(T,,(ANI;) «— T,A — T,B)
is homotopy equivalent under 7, A to
My, 4 = colim(T, AN Iy «— T,A — T,B)
This is provided by the maps
T ANTL, = T,(ANILY)
(f,x1, ..., xn,t) — (f,z1,t,... 2, 1)
(fyxr, ... ty-tn) — (f,x1,t1,... ,2p,ty)

which are homotopy inverse to each other under 7,,A A {0} .. O
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Let D be the above diagram with T%,, instead of i,,. Then each of the maps T,
is h-cofibrantly generated and an F,-equivalence. Hence the usual pushout in
Sy is a homotopy pushout. Thus the new localization map
n:X — LpX & colirTnD
SM

is an F,-equivalence as it is a direct summand of
TX — Tcolim D = colimT'D.
Su S(,{T

The latter is an FE,-equivalence by the lemma and excision. Similarly, pass-
ing through limit ordinals will preserve E,-equivalences since it does so after
appying 1.

We are left to show that LgX is E,-local. Let us be given an extension
problem

g

Y — 7

Ve
lf L7
~

LpX

in which g bs an FE,-equivalence. Without loss of generality we may assume
g is a CW-inclusion of a subcomplex Y in a CW-spectrum Z. Consider first
the case that the number of cells of Z is not greater than c¢. Then one verifies
that f already maps to L% X for some s < t. Moreover, T'g is part of the
glueing maps for L3 X. Hence there is an obvous extension. For the general
case one decomposes the map ¢ into smaller pieces and uses Zorns lemma as
in [Bou79] to get the desired result.

The construction actually shows a bit more: if a map g : ¥ — Z is an

E.-map between E_.-ring spectra then clearly Lgg is so.

EXAMPLE 4.2. In order to show that KO is an E-spectrum in the K(1)-

local category we merely observe that the map
ko — ko[37'] = KO

is a K (1)-equivalence (compare 3.1.3) and the completed KO is K(1)-local.
Here 3 € mgko is the Bott class. Furthermore, the stable Adams operations

act on KO by E,-maps. A similar result holds for the complex K-theory.



CHAPTER 2

0-Algebras

This chapter is devoted to the algebraic objects which come up as the
homotopy of K(1)-local E-ring spectra. A f-algebra is an algebra together
with a single operation 6. The classical theory of such f-algebras goes back
to Grothendieck and Atiyah who investigated the exterior power operations in
the representation theory and in K-cohomology rings. These power operations
were later generalized by McClure and Hopkins to Dyer-Lashof operations
for arbitrary K(1)-local E.-spectra. Their general properties were recently
studied by Bousefield in [Bou99][Bou96b|[Bou96a] from an axiomatic point
of view.

We first review Atiyah’s and Hodgkin’s work on power operations. Then
we give a new proof of McClure’s result on the structure of 7'SY. Finally, we
turn to the spectrum 7; and work out the computations of Hopkins. There
is hardly any new result in this chapter. However, the new treatments and
proofs provide a convenient framework for things to come.

We work in the category C of K (1)-local spectra and omit the localization

functor from the notation.

1. The K-homology ring of T'S"

Since Atiyah’s work on power operations we know that there is a close

relationship between operations in K-theory and the K-homology ring of
75"~ \/ BS,,.
n=0
The latter can be computed.

THEOREM 1.1. There is an isomorphism of rings

7T*K A TSO = W*K[91,¢927947 .. ]

The ring of the right hand side is to be understood as object in the category

of 2-complete 7, K-algebras. For instance, the power series ) 6522" is a valid

23
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class. The proof of the theorem uses the following result of Hodgkin which can
be found in [Hod72]:

PROPOSITION 1.2. Let RY., be the represenation ring and I3, the aug-
mentation ideal. Equip RY, C RY) with the IX,-adic topology. Then we

have
T K7Z/2" NBY,, = Homeys(RY,, m.KZ/2")
T KZ)2" NTSY = 7,KZ/2"[01,0,04,...].
Here, Hom denotes the group of continuous homomorphisms.

Hence, the theorem follows from the

LEMMA 1.3.
K NBY,, = liinw*KZ/Q’" A B, = Homys(RY,, 7. K)
K ANTS? =~ li;nW*KZ/T ATS?
PROOF. For any spectrum X the K(1)-local K A X can be written as the
homotopy inverse limit of the sequence
KZ)2NX «— KZ/ANX «— KZ/8NX «— ...
Hence, there is a short exact sequence

0 — lim'm, 1 KZ/2" AN X — 1, K AN X — limm,KZ/2" AN X — 0

and it suffices to show that the lim'-term vanishes. This is obvious for the
case X = T'S° from Hodgkin’s result and follows for the classifying spaces

since they are direct summands of T'S°. O]

We are going to describe the elements 65 in more detail. The class 6; comes

from the unit of the operad T’
SO~T18% — TS~ SOANTS® — KATS.

For the others we consider the dual representation ring Hom(RY,,,Z5) of all
homomorphisms. It admits an interpretation as the group of elements of degree

n in the ring of symmetric polynomials in indeterminants ¢; of degree 1: let

Apy € Lolti,te, ... |0k ® RY,
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be the function
Apn(ty,ta, ...t g) = Trace(gT®").

In this notation we regard RY,, as the character ring and g lies in »,,. The
letter T denotes here the diagonal matrix (¢,%s, ... %) acting on C*. Atiyah
showed that the map

A Z; HOI’Il(REn, ZQ) — Z; h;n[tl, tQ, Ce ,tk]gk

given by > fn — > (1 ® f)Ay, is a ring isomorphism.

EXAMPLE 1.4. ¥, admits two irreducible representations: the trivial 1 and

the sign representation o. One readily verifies
Ak’2:€2®0+(€%—62)®1

for all k > 2. Here, the e;’s denote the elementary symmetric functions. The
augmentation ideal of RYy = Z[o]/0? — 1 is generated by 1 — 0. We claim
that all homomorphisms are continuous. Obviously €7 is so. Hence it suffices
to check es:
n n n—1
es(1 — o) ];:d ( k;) 2

In these terms, we can inductively define the 6;’s by declaring the powers
Sums ook = thk to be the k-th Witt polynomial in the 6;’s

or, equivalently,

[e.9] [e.9]

[]a - tiz) =] - 6,2m).

i=0 i=0
Atiyah explained how such an element 6 leads to an operation

1®9k

0" kX Y0 Ky X > KX @ RepY, % KX

For instance, the power sums o}, give rise to the Adams operation *. Hence,
the formula for 6, may be interpreted as
P (z) = 2 + 26°(z)

for all x € KX. This was the first topological example of what is called a
f-algebra. Later McClure [BMMS86] has shown how the 6; come up by an
operation of Dyer-Lashof type.
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2. The category of f-algebras

We now turn to the algebraic picture and work in the category of 2-complete

groups.

DEFINITION 2.1. A 0-algebra is a commutative algebra A over a ring R
with unit together with a function 8 : A — A such that

(1) = 0
f(a+0b) = 6(a)+0(b)—ab
0(ab) = 0(a)b®+a®0(b) +20(a)d(b).

For a f-algebra A we define the operation v : A — A by the equation
Y(x) = 2% + 20(z). One easily checks the

PROPOSITION 2.2. v is a ring homomorphism and commutes with 6.

EXAMPLES 2.3. (i) Z is a f-algebra via

0(z) = ’ —2:1:2 and (x) = z.

Similarly, the ring C' = T (Zy, Z2) of continuous functions on the 2-adics
is a f-algebra with ¥(f) = f.
(ii) There is not any #-algebra of characteristic 2: when setting (a,b) = (1, 1)

(and (1,0) resp.) in the addition formula we see that 1 equals 0 for any
of such.

(iii) For any space X the ring KX is a f-algebra via the operation 6* as
explained before. The properties of 6 immediately follow from the nat-
urality and the fact that the Adams operation ¥? = ) is a ring homo-

morphism. We will see more examples from topology below.
The following observation carries the name Wilkerson criterion [Bou96a]:

PROPOSITION 2.4. Let A be torsion free and v an algebra endomorphism
of A with the property that 1(a) = a* mod 2. Then A has a unique 0-algebra
structure with Yz = x? + 20x for all x € A.

The forgetful functor from #-algebras F to complete p-modules admits a

left adjoint T": if M is free on one generator x we define

TM = Rlz,z1,2o,...]
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and set 0(x;) = x;41, 0(x) = z1. This algebra will be denoted by R ® T{z} in
the sequel. If M is free on generators {x;};c; we set
TM =R® Q) T{r;} = R® T{x}ics.
el
For the general case we first observe that F has coequalizers and tensor prod-
ucts and thus colimites: if f,g: A — B are #-maps, then the ideal generated
by the set

{f(a) —g(a) ;a € A}

is closed under the operation of 6:

0(f(a) — g(a)) = (f(0a) — g(0a)) + (f(a) — g(a))g(a).
Hence, the quotient ring is a coequalizer in F. Tensor products of #-algebras
are obtained by choosing free representations and taking cokernels successively.
Similarly, the free functor 7" of a general module M is obtained by presenting
M as the cokernel of a map of free modules.
The free algebra T{z} has another basis which is constructed as follows.

In each #-algebra A there is family of natural operations 6,, which satisfies
V= (0pa)*" +2(0,0)*" " + -+ +2"0,a

Here, 9" is the iteration of ¥. These operations can be inductively defined by

the equations (compare [Bou96al)

Opa = 0°"(0oa) + 0" (01a) + -+ 0 (0,_10a).

—1
2" n—1

= S ue (U ) e

i=1
For instance, for our #-ring K X the classes #,, coincide with Hodgkin’s opera-

tions #9» considered earlier.

LEMMA 2.5. 0(0;) = Ory1 + € with a polynomial € depending only on

0o, 01, ... ,0. In particular, we have
T{0} = Zs[00, 61,0, .. .]

Proor. Compute

k+1 k k k
ST = (D2 = Y we T = 0 26 + 200
1=0 =0 =0 =0
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3. Dyer-Lashof Operations for K(1)-local F.-spectra
We have seen that the ring mo K AT'S? carries a free f-algebra structure in a
generator ¢, by interpreting the elements as operations in K-theory. There is a
more intrinsic description of the #-algebra structure which works for arbitrary

K(1)-local E-spectra E.

An E_-structure £ on E determines a power operation
P:E°X — E'T, X
by setting
Ta T¢
Plz): T,X —TX —TE —FE

for each x € E°X. For X = 5% and n = 2 this gives a map P(z) : BYy, — E
for each z € moE. The classifying space BY,, reduces to two copies of S? in
the K (1)-local world. To see this, consider the map

(6,Tr) : BYg, — pty V (E%,), 2 S%v SY

which consists of the constant map € = const, and the transfer Tr. It is
a weak equivalence in C: the transfer of a one dimensional trivial bundle is
the bundle corresponding to the representation in which ¥, acts on C? by
permuting coordinates. Since this bundle comes from 1 + ¢ we obtain the

isomorphism
(LA, 1ATr), : 10K A BSo, & Zooy ® Znes — Lo & L.

as one easily checks.
We follow the lines of [Hop98b] and define maps

0, :85° — By,

(") eo)-(30)

For e: 8%~ Be, — BY,, we have ee = 1, Tre = 2 and thus

by requiring

e =1 —20.
With 0(x) = P(x) 6 and 1 (x) = P(z) v the last equation gives
Y(z) — 20(x) = P(x) e = 2?
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which is Atiyah’s equation. This also justifies the sign in the definition of 6.
It is needless to mention that 6 is natural with respect to F,.,-maps.

PROPOSITION 3.1. The operation 6 turns moE into a 0-algebra.

PrROOF. First assume that mgFE is torsion free. Then it suffices to check
that v is a ring homomorphism. Recall from [BMMS86] the formulae

Plx+y) = Px+Py+Tr'(zy)
P(zy) = PxPy.

Thus we must show that 1 induces a ring map in E-cohomology. That is, the

stable map 9 should commute with the diagonal map
A= ANY)AL € mpBYo, A BYo,.
Since € commutes with A, we have
(ene)Ary=Arep = Ay = (eNe)(PAY)AL.
Moreover, the map f = (T'r A Tr)A, 4 is null: in K-theory we have
1= (Tr(1)?) = (1 + 0)2) = 0*(2(1 + 0)) = 20°Tr(1) = 0.

Also the composite ATr vanishes for trivial reasons. Since (¢,77r) is a
K (1)-equivalence and E is local we have established the commutativity of v
and A, . This finishes the proof for the torsion free case.

For general E let z,y be classes in myFE. Consider the E,-map
T(x,y): T(S°Vv S — E.

In order to establish the addition and multiplication laws it suffices to show
that moT(S°V.SY) is torsion free. There are many ways to see that the Hurewicz

map

moT(S°V SY) — moK AT(S° Vv S%) & 1o K ® T{x,y}
is injective. For instance, the computation in the Adams-Novikov spectral
sequence based on K at the end of this section gives an argument. O
With 2.3 we have

COROLLARY 3.2. Any K(1)-local Ey- spectrum with coefficients in a Fy-

algebra s trivial.
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EXAMPLE 3.3. For a pointed space X consider the function spectrum K.
Since it is an F,-ring spectrum we have a #-algebra structure on mp X = K X.
From the definition of the power operations we see that the operations ¢ and

6 coincide with the second Adams operation 1)? and Atiyah’s operation 2.

The ring of all operations contains the subring myK A T'S° as explained

earlier. Its f-algebra structure is determined by the

THEOREM 3.4. In moK A TS° we have the equality V(ow) = ogkt1. In
particular, T, K N TS is the free 0-algebra in 0.

PROOF. The equation looks like the relation among Adams operations

Y22 = 2" Indeed the formula will follow once we have established

(Wf)(x) = ¥*(f(2))
forall z € KX and f € mgK N BX, . In this context f is regarded as an op-

eration as explained earlier. The equality is part of the following commutative

diagram
X
/
/ ¢A1
T 2
BYa A X A ESy p X2 ) By p K
|
| INfAL IA(FAL)? \
\
EY,, :é\ BSZ, AX 08 By, A (BS, AX) o
|
|
| 1NA |
I
! n z2n n
Ol EYy, ZA2 (EXny ZAn D GO R ) Y X/J\2 (EETHJIE/; Km™)?
\
\ I3 ¢ |
|
N
1AA 2n 1AZ2n 2n
B22n+ ANX EEQn-i- Z/Q\n X E22n+ 2/2\71/ K
¢
v
K

Here, we assumed that f lies in the K-Hurewicz image which is allowed by
induction. Then the composite over the left curved side of the outer square
is (¢ f)(z) whereas the right side gives 1?(f(x)) by what we said earlier. The

last statement is immediate from 1.1 and 2.5. ]
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An alternative proof of the proposition is given in [BMMS86]. McClure used
the ordinary Dyer-Lashof operations in singular homology instead of represe-

nation theory to obtain the result.

COROLLARY 3.5. For every K(1)-local E.-spectrum w,E NTS® is the free

0-algebra on the generator 6.
Before proving the corollary we need a lemma which is easily checked.

LEMMA 3.6. Suppose E, F are E.-ring spectra and x € moE N F' lies in

the Hurewicz image of moE. Then we have
HEI = QE/\Fx € moE N F.

PrROOF OF 3.5: The case £ = K of the corollary was shown in the theo-

rem. For £ = S° we consider the Adams-Novikov spectral sequences
Extr, gk (m. K, 1K) — .50
Extr, g (m K, 7. K NTS?) = =, TS°

They converge by the theorem 6.10 of [Bou79]. To compute the Fy-term of

the second observe that for the isomorphism
mnKANTS" 21, K® T{6,}

all classes 6, are spherical by the lemma. Hence, the spectral sequence for
1. TS° takes the form

EXtK*K(ﬂ-*K; W*K) X T{el} — W*SO X T{gl}

and we are done.

Finally, the general statement follows from the Kuenneth isomorphism:
TnEANTS’ 2 1, E®, ¢ (m.S°@T{0,}) = 7.E®T{0,}
for arbitrary K(1)-local E..-spectra E. O

The corollary can be found without proof in [Hop98b].
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4. The spectrum 7T;

In the last paragraph we computed the #-algebra structure associated to
the homotopy of the free spectrum generated by the sphere. Now we proceed
with our basic calculations and investigate the sphere spectrum with one more
E-cell attached to. The cone is taken over a class in the homotopy of S°
which plays an important in many contexts in topology.

Recall from section 1.3 that we have a cofibre sequence
s° — K0~ Ko.

Since 1% acts trivially in moKO the element 1 € moKO = Z, gives rise to a

non trivial class ¢ € 7_1.5°. Obviously, ¢ topologically generates m_,5° = Z,.

REMARK 4.1. The class ( = (; belongs to a family of homotopy classes
gn : S_l I LK(n)SO

which play an important role in the reassembling of spectra from their
monochromatic parts, that is, in Hopkins’ chromatic splitting conjecture. The
higher (,, correspond to the determinant map on the Morava stabilizer group

S, under the homotopy fixed point spectral sequence
E2 = H*’*<Sn, En*)Z/n — W*LK(n)SO.
The interested reader is referred to [Hov95].

DEFINITION 4.2. We define Ty to be the homotopy pushout of the diagram

TS — = Ty — S0

oo

S0 T

The theory T corepresents the functor which associates to any F in C*
the set of all null homotopies of ¢ in E. This set is non empty for KO-theory.

A choice of a null homotopy defines a map of cofibre sequences

§0 > Cc —"s g0

bk

SO KO KO

This diagram immediately gives
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LEMMA 4.3. HoCT(T;, KO) = Z,
PROOF. Any two choices of a map ¢ can only differ by a multiple of 16. [

We assume from now on that we made a choice of a map ¢. Then this map

defines a splitting (i, ¢}) of the exact sequence
0 — mKO 25 10KO A Cp 25 KO — 0.
Let b be the image of 1 € 1o KO under the composite
10KO 5 10KO A Ce =55 myKO ATC: =% 10KO AT,
COROLLARY 4.4. (compare [Hop98b|) The KO-linear extension of b
b, : M KOANTS® — 71, KO NT

is an isomorphism of 0-algebras. Thus m, KO N T¢ is the free 0-algebra in the

generator b.

PRrooOF. Our choice of a null homotopy defines an E-map from 7, to
KOATS®. Tts KO-linear extension is the inverse of b, as one easily checks. [

The class f = 1(b) — b is fixed under * since
V(b)) = b)) = (b)) — U (b)
= Y(b) — ¥ (b)
= Y(b+1)—(b+1)=1(b) —b.

In fact, it turns out that f is represented by a unique spherical class and we

have

THEOREM 4.5. (compare [Hop98b|) There is an isomorphism of 0-

algebras
I = KO T{f}.

This result will not be used for the splitting theorem. For the proof the
reader is referred to the work of Hopkins. He also shows in [Hop98b] how the

Bott class behaves under the K O-Hurewicz map
i T KOT{f}=2nT — n.KONT, =271, KO ® T{b}.

We have
i(v) =097 =o? i —2 2% € T{b}
. )

n=0
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In particular,
i(v*) = v* mod 2

Note that the image of 7 is clear since it is spherical.



CHAPTER 3

The ABP-splitting and 2-adic functions

In this chapter we construct an E-map from the cone T¢ to the K (1)-local
spin cobordism theory M Spin and investigate its behaviour in K O-homology.
Using the Anderson-Brown Peterson splitting we determine the 2-adic func-
tions associated to the class b and to generators of the K O-homology ring of
M Spin. The established formulae will play an important role in the proof of

the multiplicative structure of M Spin.

1. The 2-adic functions associated to the class b

As a start we remind ourselves of the definition of the K O-characterstic
classes. The first KO-characteristic class of a complex line bundle L over a

space X is defined by
(L) =L —2¢c KO(X).
This class is only part of a series of characteristic classes

() =) (&)’ € KO(X)[s]

s=0
which are naturally defined for arbitrary oriented stable bundles and which

are multiplicative:

ms(§ +n) = ms(§)ms(n)

For the complex bundle L we have 7,(L) = 1+sm!(L). In fact, these properties
determine 7, because the group KO BSO(m) injects into K (BT!2!) under the
complexification of the map which is induced by the restriction to the maximal
torus T!Z! (compare [ABP66]).

It is possible to express 7/(£) in the exterior powers of . Explicitly, the

equation

To(&) = DA€ — dim)t = (1+1)74mE Ny (A1
i=0 1=0

35
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is easily verified for the new generator ¢t of KO(X)[s] which is given by the
equation s = t/(1 +t)%.

We write 7/ € KO BSpin for the jth KO-characteristic class of the uni-
versal stable Spin bundle. Without changing the notation we also consider the
same class as an object of KOM Spin via the Thom isomorphism. For any

non ordered sequence of positive numbers (partition) J = (ji,... ,j,) we set
7l =i g MSpin — KO.
In these terms the Anderson-Brown Peterson splitting says

THEOREM 1.1. (compare [ABP66]|) There is a countable set of cohomol-
ogy classes z; € H*(M Spin,Z/2) such that the map

(77, 2) : MSpin — \/ ko{n(J))v \/ ko(4n(J)+2)v\/E*'HZ/2
n(J)even n(J)odd €1
1¢J 1¢J

15 a 2-local homotopy equivalence.

COROLLARY 1.2. The map (x7) : MSpin — Vigs KO is a K(1)-

equivalence.

PRroor. This is an immediate consequence of the the unlocalized ABP-
splitting, 1.3 below and the vanishing of the group K(1).HZ/2 [Ada74]. O

PROPOSITION 1.3. The (n —1)-connected cover ko (n) — KO is a K(1)-

equivalence for all n € N.

PrOOF. We first look at complex K-theory and set n = 0. Then 2-locally
we may equip k with the B P-orientation which induces the 2-typicalization of
the multiplicative formal group law. The BP-formula (compare [Rav86])

nr(v1) = n(vy) + 2t

may be transported via the orientation map from mBP A BP to mK (1) A k.
Hence, v coincides with the Bott class v in m K (1) A k. Since vy is invertible

we conclude
KONk KQ)ANkfv 2 K(1)AK.

Next we turn to the real case. It is not hard to check that the well known

cofibre sequence [Mei79)|
SKO -5 KO — K
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also exists in the connective world. Furthermore, observe that the Hurewicz
map from 5 to m K (1) A ko factorizes over the complexification map
m KO — m K and hence annihalates 7. Thus we obtain a commutative dia-

gram

K (1) ANko— m, K(1) Nk ——= m, o K(1) A ko

l

K1) AKO— 1, K(

<
IR

)/\K —>> 7T*,2K<1)/\KO

in which the first vertical arrow is injective and the last one surjective.

For a general n just observe that the fibre of ko(n) — ko(n—1) is a
suitably suspended copy of the integer or mod 2 Eilenberg-MacLane spectrum
and hence vanishes K (1)-locally. O

COROLLARY 1.4. ( is null in m_1 M Spin.

PROOF. 2-locally the ABP-splitting gives a map from ko to M Spin which
induces an isomorphism in my. Hence it suffices to show that { vanishes in ko.
The latter coincides with the periodic KO in the K (1)-local category by what
we said before. In KO the class ¢ vanishes by its definition. H

In the last section we have chosen a null homotopy ¢ of ¢ in KO. Hence the

last corollary supplies us with an F.,-map
¢ Te — MSpin

which will be the object of study for the rest of this section. We are interested

in the image of the class b under the induced map

pu i M KO NT, — mKO A MSpin = 7. KO AKO.
1¢J

To describe each component of its image we recall the
PropoSITION 1.5. [Rav84|[Hop98b| Let ¢ be the map
mKONKO — T(Z5)+£1,7.KO)
which associates to a class f € m KO N KO the continuous 2-adic function
S 1A i
fA): 8" — KONKO — KOANKO — KO.

Then ® is an isomorphism.
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REMARK 1.6. The map ® even becomes an isomorphism of #-algebras if

we set ¢ = id for the ring of continuous functions as we did before.
We are now able to state the result.

PROPOSITION 1.7. The 2-adic function nga*b 18 the unique continuous ho-

momorphism h which sends 3 to 1 for J =0 and vanishes for all other J.

PRrROOF. The commutative diagram
CC *L> KO
® . ?
TCe —— Ty — MSpin —= KO

tells us that all 7/p,b must vanish except for J # (). For J = () we compute
with a = ¢/ (1)

Drlpb)(3) = (1A a)(E) = (1 AP (1A L)a
= (¥*,a) = (t+n(16),a) =n
[

Since ¢ induces a map of #-algebras the last result completely determines its
behaviour in KO-homology. Unfortunately, the ABP-splitting does not tell
us anything about the f-algebra structure of the spin bordism. Hence other

methods are required in things to come.

2. The KO-homology ring of BSpin

We now provide polynomial generators of the real and complex K-

homology of M Spin. We first need the Thom isomorphism for homology.

LEMMA 2.1. Let E be one of the theories ko, k, KO, K, K7/2". Then the

Thom isomorphism in cohomology induces the ring isomorphism
7. i mE A MSpin — 7, E A BSpin., .

PROOF. Since the homology commutes with direct limits it is enough to
show that

Ty : Teysn 2 A M Spin(8n) — m.E A BSpin(8n)

is an isomorphism. This is well known for the connective theories and follows

for the non connective by inverting the Bott class. O
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Hence, it suffices to look at the classifying space BSpin. A further simplifica-

tion is given by the following result of Snaith.

LEMMA 2.2. (compare [HST5]) The canonical map from BSpin to BSO

is a K(1)-equivalence.

Let L be the canonical line bundle over CP*°. Equip K-theory with the
orientation in the way that the Euler class of a line bundle L is given by
x=v"1—L*) ' As usual, define additive generators 3; € m; K A CP{° as

the dual of the classes z*.

LEMMA 2.3. Let f: S' — S be the map which sends a complex number
z to its square. Then Bf : BS' — BS! has the following impact on the

generators:

J

B0 =30y, )2

Here, we omitted the Bott class from the notation.

PROOF.

(Bfbr,a?) = (B Bfa?) = (B, [2](2)) = (Br—y. (2 — 2)7)

) <ﬁk_j’§(_1)j_i (Z) 2i$j_i> =0 (%i k) »
0

The main result of this paragraph is the

PROPOSITION 2.4. Let S' be the mazimal torus of Spin(2) and let u; be
the image of B; in moK A BSpin. Then

K N BSpin, = 7, K [uy, ug, u12, . . . |.

!There is quite an ambiguity about the standard orientation in K-theory in the liter-
ature. Many authors prefer taking 1 — L rather than its dual. We use Bott’s definition
[Bot69] here and let v = L* —1 € my K be the periodicity class. Since we are only interested
in real bundles the difference is not essential in the sequel. Our approach merely has the
advantage that the Todd series then describes the change of orientations: when surpressing
the Bott class from the notation we have

TH TH TH
td(.’L’H> = — = = .
1—e chrxg  exps Ty
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Moreover, let by, € moK N BSO, = oK A BSpiny be the image of the class
By € moKK AN BSO(2)y. Then we have

_ k—j J 2j—k
up = ;(—1) ](2j g k)z i=kp,
Hence, m, K N\ BSpiny is a polynomial algebra in by, by, bs . ... Finally, since
moKKO N BSpiny = 7oK N\ BSpin,

the same classes also freely generate m, KO N BSpin.

Before proving 2.4 we need some preperation. A 2-adic number A can be

written in its 2-adic expansion
A=) (N2~
k

This way, each a; becomes a continuous function with values in {0,1} C Zs.

It turns out
LEMMA 2.5. (compare [Hop98b]) The map
Zolag, an, ... ]/ (ad — ap) — T (Zy, Zs)
1s an isomorphism of rings.
Hence one readily verifies with 1.2 and 1.5 the

LEMMA 2.6. (i) mK A MSpin = lim, 7. KZ/2" A M Spin.
(ii) The Bockstein sequences
T KZ/2' N M Spin=— m,KZ/2" N M Spin —= 7, KZ/2' N M Spin .
are short exact for all i > 1.
PrRoOOF OF 2.4. By the first part of the lemma it suffices to check the
corresponding result mod 2¢ for all 4 > 0. Using the second part of the lemma
and the 5-lemma we only need to show the statement for mod 2 K-theory.

This is a well known result of Snaith [HS75]8.5 .

The second statement follows from 2.3 and the commutative diagram

Spin(2) 5 ST = 51 2 50(2)

| |

Spin SO
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We mention another set of generators which by birth comes with a lift to the
ring m, K A BSU,. The hasty reader my skip to the next section since these

generators will not be needed for the proof of the main theorem. Let
f:CP* xCP*® — BSU

be the map which classifies the product (1 — L;)(1 — Ly). For each natural

number k£ and 1 <7 < k — 1 choose integers n; such that

k—1
-k k k
. = g.c.d. .
So(;) = meat(D) (L)
Then we show in the appendix

THEOREM 2.7. For any complex oriented E define elements
k-1

de = > npfu(B; @ Brei) € T E A BSU,.

=1

Then we have
m.ENBSU, = m.E[dy, ds,dy,...].
It is interesting to note

THEOREM 2.8. (compare [Lau00]) Let w be the canonical quaternian line
bundle over HP™ and let z, € m. K NHP® be dual to cy(w)’. Set diy, =
doy + 2z, € T K N BSpin, for all k. Then we have

7K ABSping, = m,K[dylk # 2°] @i mK[d,, dy, dig, . .-

Moreover, each zy is decomposable in mo K N BSpin, .

3. Stable canabalistic classes in KO

In order to express the class ¢.b in any set of generators of 7o KO A M Spin
we are going to compute the 2-adic functions associated to each generator
explicitly. Recall from [Bot69] the definition of the canabalistic classes 6%(€) €
KX. They are defined for complex vector bundles ¢ over compact spaces X.

These classes are characterized by the following two properties

(i) OF(L) =1+ L*+ - -+ (L)1 = =" for all line bundles L

1-L*

(ii) 6%(& x &) = 0F(&) 0%(¢') for all complex bundles &, £'.




42 3. THE ABP-SPLITTING AND 2-ADIC FUNCTIONS
In particular, we have the equality
0" (& +n) = k"0 (€).

Assume in the following that k is an odd number. Then we can turn each 6*

into a stable operation by setting

k
06" i € KX

The formulae for line bundles and sums of vector bundles stay the same. The

complex classes 0¥ do have a real counterpart for spin bundles ¢ which we also
denote by 0%(¢) € KO X. If the underlying spin bundle admits a reduction
to the special unitary group then the complexification of these real classes
coincide with the complex classes [Bot69]p.87f.

In the following we write or If(\aBsz'n for the universal canabalistic

classes. We will see in a moment that they come up in the ABP-splitting map.
LEMMA 3.1. The diagram

o KO N M Spin = Homcts([/(\é M Spin, Zs)

(AT, l P l

commutes. Here, the upper horizontal arrow is the duality map. The right

horizontal arrow takes a homomorphism o : KO M Spin — Zs to the map
A
A a(MSpin =5 KO 2% KO).

The lemma is easily checked. The above diagram may be composed with

the diagram of Thom isomorphisms

70K O A BSpin, ——= Hom (KO BSpin, Z»)

| |

1K O A MSpin —> Homy, (KO MSpin, Z)
Consider the J-component of the ABP-splitting map
o, () E = (1 Al 1 KO A BSping, —T (25 £ 1,7,).
PROPOSITION 3.2. For all a € moKO A BSpiny we have

0,(a)(k) = <a,ékw(7ﬂ)> .
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PROOF. Let &g, be the universal spin bundle over BSpin(8n). Then we

have the well known relation

¥¥(2n) = 0%(§n)2n
between the Adams operations and the canabalistic classes (compare [Bot69]
p.89.) Here, z, € KO MSpin(8n) is the Thom class. Let § € mgKO be the
Bott class and for any a € moBSpin(8n) set g = 7 'Z(a). Then compute
0,(a)(k) = 7" (9)(k) = g(* (57" 207 (sn)))

= g(k™"" 870" (En) 2a " (77 (€30)))

= 7°g(0" (&sn)¥H (7 (&)

= (@, 0" (&n)v (n ()
Thus the claim follows after stabilization. O

We are now well prepared to compute the 2-adic functions which correspond

to the generators u,, defined in the last section.

THEOREM 3.3. The 2-adic function © j(u,) vanishes for all non empty J

which do not contain 1. For © = Oy we have the formula

3ot =

or, equivalently,

O (u,) (k) = (—kl>” i <2¢ —: - 1>_

=1

We first need the

LEMMA 3.4. Let L be the canonical line bundle over CP*°. Then the com-
plexified real canabalistic classes satisfy
Q-2)-(1—2)*
(1—z)—(1—2)"1"

EOF(L?—1)@C =

PRrooOF. We decompose the spin bundle 1 — L? into a sum of bundles which

admit a reduction to the special unitary group by writing

1-L)=(L-L)+1-L*=(1—-L)(1—-L)—(1—L)?
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To determine the real canabalistis classes of the latter we compute the complex
canabalistic classes in K CP* x CP> = Zs[z, y]

0"((1 — L1)(1 — Ly)) = 6°(1 — Ly — Lo + Ly L)
o 0M(Ialy) (- LD - L)1 - (L)) al(@ +g,, Y)

OM(L)OF(Ly) (1= LN - L1 - LiLy)  ae(@)an(v)
Here, gi(x) is the polynomial

1—(1—x)k
T e R
Thus we obtain
5 k a([2](z)) Gz ()
(1 - L) C = - .
et = aan’ ww (0, 2)a(BI)
An elementary calculation finishes the proof. Il

PrRoOOF OF 3.3: The proposition gives
O (un)(k) = <umékwk(7rj) ® c>

= (B 0512 = 1y (2 - 1) & C).
Hence, © ; vanishes for all non empty J which do not contain 1. Moreover, for

J = () we get with the lemma

n _ Ak (T2 n_ —1(1_95)k_(1_$)_k
zn:@(un)(k:)x _Z<5n,9k(L —1)®C>x Sl

n

]

Using our calculations we can determine the 2-adic functions which correspond

to the other generators very easily. For instance, consider the map
f:CP* xCP* — BSU — BSpin

which classifies the product (1 — L;)(1 — Ly). Then we have for the generators
ai; = [+(Bi ® B;) € magips) K N BSping

COROLLARY 3.5.

- Tl = M
Z@(au)(k‘) y = a()qn(y)

1,J
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Proor. Compute
O(ay)(k) = (aij, 00 € C) = (B ® 5, [0 & C)
k(z +a,, Z/)>

= (3@6,00((1 - L)1~ L) @ C) = <@' )

]

The computations of the K O-homology of the ABP-map enable us to com-
pare the generators to the class ¢,b. At this point, the reader may easily verify
that ¢.b corresponds to u4 and to a; 2 modulo 2. We will not go through the

calculation here since we will work out a closer relationship later.
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CHAPTER 4

The 0-algebra structures of bordism theories

In this chapter we determine the #-algebra structure of the unitary, special
unitary and spin bordism theories. This problem was partially answered by
Snaith in [HS75] who used group theoretical methods to compute the action
of # modulo 2 for the classifying spaces. However, in order to give a complete
description of the f-algebra structure we need integral information: each time
when applying 6 we loose a power of 2. That is, the image of # on a mod 2"
class is only well defined modulo 2"~!. Hence, in order to show that a class
generates a free summand we must know 6 integrally. Unfortunately, Snaith’s
(and Priddy’s [Pri75]) method does not generalize that easily to the integral

situation. So we use a completely different approach here.

1. The 6-algebra structure of 7oK N MU

We start by investigating the H-structure of the spectrum (K A MU )BSi

by computing the value of Z,;; = v xpp under the operation
P :mo(K A MU)PS = (K A MU)BS" — (K A MU)°BS, x BS'.

Here, x, denotes the MU-Euler class and v € my K is the Bott class. In this
section it is important not to surpress the Bott class from the notation.

Our strategy is to calculate the operation on each factor of the product z ¢
separately. This means the following: the complex bordism theory and the
K-theory admit HZ -structures or, equivalently, H..-structures on the wedge
V; ¥ MU and \, X% K respectively. Hence so do the corresponding function
spectra. The associated operation P is the well known tom Dieck-Steenrod

operation
P:MU"BS' — MU*BY., x BS".

for complex bordism and the Atiyah power operation for K-theory
[BMIMS86|. Hence, we know how to compute the operation on each factor

and only have to relate their product to the class Pz ;. To state the result,

47
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we use the standard notation and write DX for the gadget EYy Ax, X2. We

also write
0:D(XANY)— DX ANDY

for the diagonal map. Then we have the following “change of suspension”

formula:

LEMMA 1.1. Suppose E is a HS -ring spectrum and F is a Hy-ring spec-
trum. Then for any based space X, o : X — YUE and B : XX — F we

have
ye P(a(X796)) = P(a)S™4P(B) : X ABYy, — YEAF
with yg = P(X%1) € E'BY,..

PROOF. It is easy to check that the diagram

A d
DYeX X BYy, ASIX 25 BY,, A X A B, ASEX
DXA x l lA/\A
d
D(X A 24X) DX A DY?X

commutes. Moreover, when we write P for the external Steenrod operation

and give E A F the H% -ring structure which is induced from the isomorphism
V,ZEAF)(\,ZYE) A F.
then we get
yp P(aT78) = P(EaX™p)) = P(X'Ax(a AZT))
= A'P((ZAx)*(a A B)) = A*(DZAx)*P(a A )
= A"(DEAx)"6"(P(a) AP(B))
= (X"Aps, Ax) (AANA) (P(a) AP(B))
= P(a)S™P(B)
In the first and third line we used [BMMS86| p.250f. O
LEMMA 1.2. Let E be a H2 -ring spectrum which is complex oriented by

a H:-map f : MU — E. Then P(X%1) is the Euler class yr of the sign

representation.

PRroOOF. This immediately follows from [BMMS86|p.257. O
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We next show how the operation works in complex bordism.

LEMMA 1.3. For all n > r > 0 we have the formula
Yo P(eau) = vipeme (@ve +¢, yuo) € MU BE, x CP".

Here, Gy, is the universal formal group law.

PrOOF. For the sake of simplicity we omit the index MU from the nota-
tion. Choose s arbitrary and recall from [Qui71]3.17) the formula

Yy IP(z) = Z Y a(y)sa(z) € MUPRP® x CP”
l(a)<n

which relates the tom Dieck-Steenrod operation to the Landweber-Novikov
operations s,. Here, a is a sequence of non negative integers and () = > a;.

The power series a® = af'a5? - - - are defined by the equation

Tte Y= x+Zaj(x)yj.
Jjz1
Let i : CP™~! — CP" be the inclusion and ¢; be the total Conner-Floyd Chern

class. Then we have for the Euler class z = e(L*)

si(2) = s (in(1)) = 1y (L*) = z.(z tizl) = thzj+1.

j>1 j>1
Since the Landweber-Novikov operations are natural the same formula holds

for x instead of z. Hence we get

VP =yt 4yt Y a(y)adt!

j=1
= yrot+y e (@ te, v) —y) =y w (@ e, )
The claim follows by passing to the limit

MU*CP" x BYy =1lim MU*CP" x RP”.

In the following let g(x) be the invertible power series

g(z) = Zbixi; bp =1
i=0
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with coefficients in moK A MU = Zs[by, b, ...]| . It is well known (compare
[AdaT74]) that the two Euler classes Ty and @ = Tk are related in (K A
MU)°BS! by the formula

Tyy = g(x).

A similar relation holds for 7y and y = Jx in (K A MU)°BY,. Observe that

in the notation of 2.1.4, the class y corresponds to 1 — o under the isomorphism
K°BYy = RY) ¥ (Zylo] /o> — 1)) X Zy & Zs(1 — o).
LEMMA 1.4. The power sum oy = Y t? € myK N BXy, satisfies
(2, y") = 2"
PROOF. Since y"™! = 2"y the formula follows from
(09,y) = <e% —62,1—O'> —({eg, 1 —0) =2
Here we used the explicit description of Ay in 2.1.4. O

We are now able to state the main result.

THEOREM 1.5. The 0-algebra structure of moK N MU is determined by the

equations

i i o g(x)g(2 — )
izzoiﬂ(bi)x (2—x2) =¢(g(x)) = T2

PROOF. The first equation is clear since for K-theory the operation v

coincides with the second Adams operation and
Vo =[2e, (v) =22 —a”

To do the second consider the curve b(z) = z g(vz) and regard K A MU as a
H?Z -ring spectrum via the equivalence K A\/; S*MU = \/,X* K AMU. Then

we have the formula
SUBLEMMA 1.6. ¥(zyp) = b(zk) b(20™ — 2g).

PROOF. First note that b(zg) is the MU Euler class. Moreover, the K-
Hurewicz map 7,MU — w,K AN MU classifies the formal group law e

since

evu (L1 @ La) = blex (L1 ® Ly)) = blex(L1) +¢  ex(L2))
= (b (emv (L)) ¢, b (emu(La)) = emu(Ly) g, enu(La)
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Hence when pairing the equality of 1.3 with o9 we get with 1.4
b(2v™ )" (amw) = (Y Plemw), o)
= <y?/[_U1!EMU($MU +oa,, Ymu ), 02>
= b2u " eyu(rme +o, b(2v™h))
= b2u )" b(xg) b0 — k).
Since the coefficient ring 7, K A MU is a division algebra and the module

(K A MU)*BY; A CP" is free we may cancel the term b(2071)"~! on both
sides. The claim follows by passing to the limit. H

Our change of suspension formula 1.1 reads for X = BS}, o = zpy and
B=3%
yMUP(U IMU) = P([EMU) P(ZQU) = P(ZL’MU) yKP(U) = P(JTMU) YK ’U2

In the last two equations we used [BMMS86] p.274f. Hence we obtain with

the sublemma

$a)la(e) = vlasm) = bloaw) { L2, o0

Ymu
- 2v”! g(x)g(2 — x)
= b(ar)b(207! — ) = () DI T )
(zx)b(2v xk)b(%_l)v Y(x) o)
The result follows by canceling () on both sides. O

COROLLARY 1.7. In mgK N MU we have the formula mod 2

0(b) = (1+b1)b? + Z bi(bar—i + bor—it1)

1=0

In particular, for r > 0 this gives modulo 2 and decomposables
e(br) = b27° + b2r+1

PROOF. Since myK A MU is torsion free and 20(z) = ¢(x) — 22 it is
enough to compute the action of 1 on the generators. Let D; be the operator
(d*/k! da*)|;—o. Then we get mod 4

r - o 9(@)g(2 —7)
(Db = Dartblg()) = Do == 55—

- (1+2b1)(Z(—1)jbibj+2 Z 7 bib;)

i+j=2r i+j—1=2r
The result follows after some elementary transformations which are left to the

reader. ]
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The last formula was already obtained by Snaith for the #-algebra mo K A BU .
modulo 2 and decomposables in [HS75] 6.3.6. To get his result from the above

one we need the

ProOPOSITION 1.8. The Thom isomorphism
Te : MoK AN MU = molK N BU,
15 a map of 0-algebras.

PRroOOF. Consider BU as the direct limit of all BU(V) for finite dimensional

subspaces V' of the universe. Then the diagonal map
Th(V) -2 Th(V) A BU(V), — Th(V) A BU,

induces a map of spectra A : MU — MU A BU, which is an E_-ring map
by its construction. Moreover, the Thom class
7: MU — MSpin® — K
is well known to be an H..-ring map by [BMMS86|p.280. Thus the composite
IATAL pAl

KAMU Y8 K AMUANBU, Y8 K A K ABU, M5 K ABU,

is an H,-ring map. This map induces the Thom isomorphism in homotopy. [J

2. The f-algebra structure of 7oK A MSU

We next turn to the special unitary bordism theory. The result will not be

needed for the proof of the splitting theorem. Once more let
f:CPPANCPY — BSU, — K NBSU,
be the map which classifies (1 — L1)(1 — Ls) and
flzy) =Y aya'y’
1]
be the associated power series.

THEOREM 2.1. The 0-algebra structure of mo(K AN MSU,) is determined
by the equations

Z@D(azj)(%@ — x))’(y(Q — y))ﬂ = f(z,y) = flz,y) f(2— x,y).

f(2,y)
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PrOOF. The first equation is clear. To see the second, observe that the

decomposition (1 — Ly)(1 — Lo) = (L1Ly — 1) + (1 — L1) + (1 — Lo) implies
9(x) g(y)
b f(,y) = W@t 9)
Here the map g : CPY® — K ABU, corresponds to 1—L and ¢+ : BSU — BU
is the inclusion. Since ¢, is an injection (compare appendix A) it may as well
be omitted from the notation. By naturality and 1.5 we compute
9@ +¢, ) 92— (44, 1)
9(2) '

V(g(x +¢,, v) = p"(g(r)) =

and hence

Y@ vgly)  g(2)g(2 —2)g(y)g(2 — y)
VI = e te v 99 e 992 — (@ s, )
= fl) f2 - o) 22 ISR S )

y)g( f(2,y)

<

y) _
9(y)g(2)
Here we used the identities

2—(r+g, ¥)=2—2)+a 5  2+4, yY=2—y.

which are easily checked. l

COROLLARY 2.2. In mgK N MSU we have modulo 2 and decomposables of

lower index
0(aij) = agiaj + azit12;-

PROOF. In view of the theorem it is clear how to proceed. We compute
mod 4 and decomposables
f(xay)f 2—.T,y
Uf(z,y) = ( )
f2—-y)
= (1+ Z aijx'y’) (1 + Z (=) 'ayz'y’ + 2a;2" 'y ) (1 + 2 Z )
ij>1 ij>1 j>1

= 1 -+ Z ((1 + (—1)i)aij + 2ai+1,j)xiyj

i,5>1

The result follows by looking at the coefficient in front of z%y%. O

REMARK 2.3. It is not hard to give an explicit formula for the action of ¢

on the nose but we will not go through the tedious calculations here.
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3. The 0-algebra structure of 7o KO A M Spin

The #-algebra structure of mgKO A M Spin is determined by 2.1 and the

surjective map of #-algebras
oK N MSU — moK N M Spin = 71g KO A M Spin.

Alternatively, we may use the Thom isomorphism 1.8 and look at the surjective

f-algebra map
oK N BU, — moK N BSO, = 1K N BSpiny = mgK N\ M Spin.

In each case the analysis of the spin -algebra structure is ultimately based on
the f-algebra mg K A MU. In 1.5 we found an implicit formula for the action of
0 on the free generators b;. To identify free #-algebra summands we also need

to know the action of the powers #7 which we do next.

DEFINITION 3.1. For a monomial m = b;, ---b;, in mgK N MU we define

its length l(m) to be the maximum of the set of indices {i1,... ,ix}. For a

2
general element x of the form ZSGS m2% with my # my whenever iy = iy
and s # s' we define lengths

li(z) = sup{l(ms)—is se€S}

l(z) = sup{l(ms)27"|s € S}.

LEMMA 3.2. The two lengths I, , k = 1,2 have the following properties
(1) maz{ls(ab),ls(a+b)} < max{ls(a),ls(b)} .
(ii) lo(a) < li(a) if li(a) > 0

PROOF. The easy proof is left to the reader. H

Next we consider the action of # and 1 on the generators. In 1.7 we have seen
that the [;-length of 0(b;) (and ¥(b;)) is at least 2i + 1 (and 2i respectively.)

In fact, the following result shows the equality.

LEMMA 3.3. For each i we have
(i) L(v(b:)) =2

(ii) 11 (0(b;)) =20+ 1

(iil) l(0(x)) < 2i if ls(z) < i.
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PROOF. Since I(1)(by)) = (1) = 0 we may assume that the equality is true

for all numbers lower than 7. Then we have with 1.5

now)) = o) 3 ()2 o)

= h( ), (‘Z})kalbj):i

k+l=ij

The second estimation follows from the first
11(20(b:)) = (b7 4 20(b;)) = 11 ((bs)) = 2i.

To show the last statement let & = > _m,2" be an element with ly(z) < i.
Then there is a N > 0 with the property that the length of each my is strict
smaller than 2% (i —27"). Hence we have with the multiplication formula 2.2.1
for 6

L(0(my)) < L(0(my)) < 251 —277).
Using 6(2a) = 20(a) — a* we conclude
L(0(z)) < sup,a(B(me2™)) < sup,max{ly(20(m,)),2i — 2N
= max{sup,2 "l (0(m,)),2i — 21N} = 2i — 217N < 2.
0

It is convenient to work with Landau symbols. We let o;(k) represent classes

whose [;-length is strict smaller than k.

LEMMA 3.4. For all i > 0 we have the formula
O(bi + 02(7)) = boiy1 + (1 + b1)bo; + 02(24).
PrROOF. By 1.7 the class
a=0(b;) — (bair1 + (14 b1)bs;)

is a sum of monomials of length at most 2i — 1 modulo 2. Moreover, by the

previous lemma we have

21— 1
2

Thus the claim follows from the third part of the lemma. O

la(a) = l2(02(27) + 201 (20 — 1)) < max{2i,

} = 2i.
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The last formula is particularly nice when it comes to the spin groups. Before
stating the result we work out the relations that appear by passing from the

unitary to the special orthogonal groups.

LEMMA 3.5. Leti: CP*® — CP* be the map which classifies the conju-

gate tautological bundle L. Then we have the formula

= (3 )

t=1

Proor. Compute

<i*ﬁs,xt> = <6S, (z*x)t> = <ﬁs,xt(x — 1)’t>

- <ﬁ (T 1>> (1)

LEMMA 3.6. In mgK A BSO, we have for all k

borr1 = k bog + terms with lower index € oK N BSO, .

PROOF. Since L and L are isomorphic as stable oriented real bundles the

previous lemma gives

2%-+1
) 2k +1
0 = iyboqo — bopyo = ;1 (—1) (j 1 )bj

= —(2k 4 1)bogy1 + (2k + 1)kbox, + terms with lower index.

We have seen earlier that the map
U Zoslbg, by, ...| — moK AN BU, — moK AN BSO,
is an isomorphism. Hence we can define for all z € 7o K A BSO,.
li(z) = 1;(v ).
PROPOSITION 3.7. In mo K N BSO, we have the formula for all © > 0
09 (by; + 09(21)) = bait1; + 09(277 1),

PROOF. Since b; vanishes in moK A BSO, the formula inductively follows
from 3.6 and 3.4. O

Now we can state the
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THEOREM 3.8. mgKO N M Spin is the free 0-algebra generated by the set
of all ugxyyq for k > 0. Moreover, each generator ugigiys can be altered by any

element of strict smaller ls-length.

PRrROOF. It is enough to show that the ring homomorphism
L0V uspsa| k, j > 0] — Zalba, ba, bg, . . .]

is an isomorphism modulo 2. We know from 3.2.4 that wuy, coincides with by
up to a class of ls-length strict smaller than 2k. Hence, the proposition 3.7

gives
0 ugkia = basrrangny + 02(271 (2K + 1)).

Since each even number can uniquely be written in the form 2 - 27(2k + 1)
for some j, k there is an obvious correspondence of the highest terms of the

generators. This finishes the proof of the theorem. O

REMARK 3.9. We could have proved the theorem without using the Thom
isomorphism. For that we merely observe that the class by, € mg K A M Spin
can be lifted to a class of the form by +x € 1o K A MSU with ly(z) < 2k and

proceed as above.
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CHAPTER 5

The splitting theorem

In the previous chapters we computed the f-algebra 7o KO A M Spin and
determined the values of the free generators under the ABP-map. Now we
show that all except of one generator can be chosen to be spherical. The only
missing generator is hit by the class b under the map coming from the cone.

These results lead us to the proof of the splitting theorem.

1. Spherical classes

The spherical classes can be identified with the elements of 1 KO A M Spin
which are invariant under the action of the Adams operation with the help of

the exact sequence
3_
0 — oM Spin — KO N M Spin v o KO N M Spin — 0.

Note that it is enough to look for classes which are invariant under ¢ for any
topological generator g of Z5 / + 1 = Zs.

Unlike the #-operation the action of 17 is not compatible with the Thom
isomorphism. We denote the operation on the base 7o KO A BSpin by ¢% and
the one on the Thom spectrum 7oK O A MSpin by 19, in the sequel. Before

describing these we need the

LEMMA 1.1. Forall k € Z5/£1 the two selfmaps ¥* A1 and k* (LAF)
of mgn KO N KO coincide.

PRrROOF. It is enough to check the corresponding statement for complex
K-theory. Since 7y, K A\ K is torsion free we even may rationalize. A general
element of 7, K A K ® Q takes the form a = ) a,u®v"* if u,v denote the
left and right Bott classes. Hence we compute

(W A1) (a) = 3, as(ku)v™s = k" 3, agu® (k~0)"* = k" (1 A* ) (a).
O]
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LEMMA 1.2. The operation 1[)3)’371 15 given by the formula

U = ;HZ ] ( )(‘z) 37 (—1)1 ;.

PROOF. It suffices to show the equation in moK A BS? after replacing the

classes u; with (3. The previous lemma tells us that for all ¢, 7 the equality
(6" Bi,07) = (B0
holds. Hence we obtain

(v B’ ) = (B, (1= (1= 2))) = (Biy, (2 — 3+ 3)7)

T

PRroOPOSITION 1.3. We have the formula

M uz E &]wB Ui— 7"

Here the numbers a; are determmed by the equation

> 3 — 61+ T2 — 43 + 2t
> ael =
— 3 — 6z + a2

PROOF. Since the map
KO A MSpin — HOmcts([/(\é M Spin, Zs) @) HT(ZQX/j:, Zs)
1¢J
is injective by 1.2, 1.5 and 3.1 of chapter 3 so is the duality map =. Hence
it suffices to show the equality after pairing each side with an arbitrary class
a = b € KOMSpin. Let f : BS' — BSpin be the inclusion of the

maximal torus of Spin(2). Then we compute with 3.3.4:
<wM Ui, G > = <Uz>w?\4(7*b)> = <T>:1ui7 égngB(b)>
— (w0 0)) = (B, (L2 = 1) 2 O (30)) )

= a; (B frWR(0)) = <Zajw3‘1ui_j,b>

J=0 J=0
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It will prove useful to introduce another measure for the monomials of the ring

DEFINITION 1.4. Let the degree d of a monomial uy;, - Uasy - - - Ugg,, be Zk i
and let the degree of a sum of such be the maximum degree of the monomials.

We will write o(n) for terms of degree strict smaller than n.

ProrosiTioN 1.5. We have modulo 2 for all ¢
(i) ¥ ug = ua +o(i — 1)
(i) 93 s = Uai + tgg—a +0(i — 1)

Proor. Counsider first the case that 7 = 2k is even. Then we obtain modulo
2 and o(i — 1) with 3.2.4 and 4.3.6

w%_ Ugk = Ugk + Z (8ks_ 2) (j) Ugk—2 + Z (Sks_ 4) <j) Ugk—4

s+t=2 s+t=4
= Ugk t Ugk—2 + Ugk—a = Ugk-

Similarly, for i = 2k + 1 we get mod 2 and o(i —

¢%71U8k+4 = Usktq T Z (8k+ 2)( >u8k+2 + Z (Sk) (t>u8k

s+t=2 s+t=4
= Ugk+t4 T Ugk4+2 = Uk+4-

To see the second statement observe that Z?io ajzi =1+z*+ ... and hence

with the previous lemma

O3 g = 0% g 4+ 0 gy + 0(i — 1) = ugs + ugg_g + 0(i — 1),

Now we are well prepared to show the

THEOREM 1.6. For each odd k > 1 there exists a z, € mgKO N MSpin
which is invariant under the action of the Adams operations and which coin-

cides with ug, modulo elements of strict smaller ly-length.

ProoFr. We first construct the class z, modulo 2. When we write A for

the homomorphism %, " — 1 then the previous lemma reads

AU4¢ = Ugi—q4 + O(i — 1).
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Moreover, we have for all s, ¢
Alugsugr) = A(uge) Altgr) + A(ugs)uar + s Alugy)
= Ugs_gUsp + Ugs Uge—g +0(s +1 —1).

In particular, we obtain modulo terms which are the A-image of classes with

degree at most n +m + 1 and with length at most 2 max(n, m + j)
Usn U, = Usn—gUamya + 0N+ M) = -+ = Ug(n_j)Us(mj) + 0(n + M),

Setting n = k — 1,m = 0 and j = (k — 1)/2 we thus find a class x of length
strict smaller than 2k with the property that

Augy +x) = uij +o(k—1).
We can get rid of the highest term by adding UZ]‘ e
A(ugg + ujjyq + 1) = uj; + (Augjpa)® +o(k — 1) = o(k — 1).

Now we have won since the remaining terms are of the form w4, 4, with degree
strict smaller than k£ — 1. They can be removed in the same fashion as above:
Setting j = n+ 1 we see inductively that wug,uy,, lies in the A-image of classes
with length strict smaller than 2k.

Actually we have shown a bit more. Let S, be the set of pairs (4, j) with
t+7 < k+r—+2. Then modulo 2 we can choose z; to be of the form

2k = Z Ugilgj = Ugy, + 02(2K)
(4.5)€lo

for some Iy C Sy. In the general situation it suffices to inductively construct
sets I, C S, such that

21(48) = ZQT Z UgiUy;
r=0

(4,9)€lr
is invariant modulo 2°*!. Suppose that we have already found Iy, ..., I,_;.
Then Az,(csfl) is a sum of terms of the form 2'u,u,, with n +m < 4k + 4t + 3.
The lemma 1.8 below tells us that we may assume that n and m are multiples
of 4. Since the monomials in the generators uy; are linearly independent and
Az,(f_l) vanishes modulo 2° we are left with terms of the form 2°%u4u4; with
t+ 7 < k+ s+ 1. These can be removed with the method above. O]
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LEMMA 1.7. Let R be a complete, local ring with mazximal ideal m and
a € m be given. Letvy =) nwpy s be a convergent series in Rlwy,ws, . .. ]
with nék) € R* and a® | n for all s,k. Then there are mgk) such that

(k)

Wi = 2820 ms Vgrs and a® divides mgk) for all s,t.

PROOF. Suppose the elements m® are already constructed modulo m/

and let n{® = a1® with o+ | I for all s > 0,k > 0. Then we have modulo
it

nék)wk = U — az lgk)wHS = U — Z(a Z lgk)m§k+s))vk+r.

s>0 r>0 s+t=r,s>0

Since the coefficients m{® are unique the claim follows. O

LEMMA 1.8. Each u, can be written as a convergent series of the form
3. astgs with 247" | ag for 4s > n.

Proor. We know from 3.2.4 and 4.3.6 that we can write u,, in the form
> ; kjboj with 247 | k; for 4j > n. Hence, the previous lemma gives with
a = 16, vy = uy, and wy = by,

Up = Z( Z kjmﬁj))ms and 2% | mi.
s jtt=s

O]

Note that the proof of the theorem created an algorithm which produces the

spherical classes z;,. The first two ones can be chosen as follows modulo 2:
2
zZ3 = U12+U8—|—U8U4—|—U8+U4
2 2
Zs = U + Uqo + U12Ug + U16U4 + UpaUyg + ugUy + Uy

It is not possible to alter the class uy by terms of strict smaller l5-length in a
way that it becomes a spherical class. However, the sum uy + u2 happens to
be invariant modulo 2. Hence u4 behaves in the same way as the class b which
was defined earlier. A closer relationship between the two classes is established

in the next section.

2. Some 2-adic analysis and the proof of the splitting theorem

In chapter 3 we constructed an Eo,-map ¢ : T, — M Spin and investigated

its behaviour in K O-theory. In 3.1.7 we calculated the image of the #-algebra
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generator b € 1o KO AT, under the image of /¢, for all 1 & J. The resulting

continuous functions determine ¢,b since the map

TI'J *
10 KO A MSpin "5 (DT (25 +1,2,)
1¢J
is an isomorphism. In the same chapter we also calculated the 2-adic functions

which correspond to the algebra generators uy,. In this section we compare

the 2-adic functions and prove the
THEOREM 2.1. ¢,.b = uy + 09(2).
A weaker statement is shown in the following
LEMMA 2.2. Mod 4 the class p.b coincides with —uy.
PRrOOF. With y = —2x + 22 the formula 3.3.3 reads

kY Ou)(k)a" = (1+ y)u—k)/Q%

= ()

s,t

Moreover, observe that for all integers n = ) ,2° we have mod 16
3" =1+ 29 + 8y

as one easily verifies. Thus we obtain for £ = 3" mod 4

Ou)(k) = k> ((1—Sk)/2) (til)

s+t=2
B (1—Fk)/2 1—-k/k 1/k
B ( 2 "o ) TEG
= ap+ 201 — oy — ag = —n.
The result now follows from 3.1.7. ]

It is clear that ¢,b is some convergent series in the uy,-monomials. One might
hope to get along with the indecomposable classes uy; itself. For this purpose,
we mention that the group of continuous functions has a simple basis which is

given by the binomial functions:
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PROPOSITION 2.3. (compare Mahler [Sch84]) Let f : Zy — Qy be con-

tinuous. Then there is a convergent series of the form

fla) = i an (2) .

n=0

Moreover, the null series a,, € Qg is unique.

Another basis is given by the family x — (32) since it coincides with the

binomial basis modulo 2.

PROPOSITION 2.4. Let f : Z5 /1 — Zy be an even continuous function.

Then f admits an expansion of the form

f= Z a, O (Uyn)
n=0

for some null series a,, € Zo. Moreover, the expansion is unique.

PROOF. The continuous function g(z) = f(2x —1)(2x —1) : Zy — Qq
admits a Mahler expansion

g(x) =) an (22:1) - zm:am((zxz;b 1) * (22;%_—11)

m

Hence, there is a null series a/, such that for all k € ZJ

m

We claim that for each m the function

ety =i(1) = (1)

can be expressed in terms of the ©(us,). With ¢(z) = (22 — 2*)(1 — x)~" the

formula 1.7 reads
t(x) Z O(uy)(k)a! = k(1 —2) = (1= 2)™*) = pm(k)a™

Using 1.8 we hence constructed an expansion of f with a null series a,, € Qs.
Its intergrality and uniqueness now easily follows from the isomorphism of
groups

ZQ[U47U8,U,12, .. ] = @T(Z;/ + 1,22).
1¢J
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The proof of the proposition provides an algorithm for the coefficients in the

expansion of the function associated to b. Note that we may write the latter

in the form
log(z)
b(z) = 2y £1 ZLo.
(@) = gy B/ £ — I
Here, the 2-adic logarithm is given by the formula
log(1 _ S (g < 1.
oB(1+2) = 3(-1)" - for o

It is elementary to check that the logarithm always is divisible by 4 and that
log(3) = 4 modulo 8. Hence, the quotient log(z)/log(3) is well defined. By
3.1.7 it coincides with b(z) since the 2-adic logarithm satisfies the usual prop-

erties. Before carrying out the program of expanding b we observe
LEMMA 2.5. Ii(ps) < [5] =1 for all s > 1.

PROOF. It is easy to see with 1.7 that
s—2
s = 20(us-1) + Y O(u;)
=0

Hence the assertion follows from 2.4 and 1.8. O

PROOF OF 2.1. Let a be the linear operator which takes a continuous

function f on ZJ to the even function
a(f) Ly ) £1 — Lo; k= k7' (f(k) = f(=k)).
Then we have for all k =2z — 1 € ZJ
log(k) = 2 'a(klog(k))
= Z(_l)n+12n__1 i(_l)n—s (n) (204(335+1) _ CY(QES)).
n s
n>1 s=0
It is well known that

" = Z amn(m) with @, = S(m,n)ml!.
m

m<n

Here, S(m,n) is the Stirling number of the second kind. Furthermore, the

(o) =22 (") (2

expansion
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shows with 1.7, Pascal’s equality and the lemma that

ll(@((;))) < Li(pam + Pom_1) <m — 1.

The number m! is divisible by 2m~(™) Here, ¢(m) is the sum of the number

of digits in the 2-adic decomposition of m. This gives
lg(amna((x))) < gmmrem) (i, 1) < 1
m

for all m. Since for n > 5 the number 2"~! /n is divisible by 4 all summands
in the expansion have lr-length at most 1/4 or [-length at most 2. Hence b
is an expression in terms with [o-length strict smaller than 2 and terms with

[1-length at most 4. Thus the assertion follows from 2.1. O

Now we can show in its full glory the main

THEOREM 2.6. The E,.-map

(p, 23,25, 27,...)  Te N /\TSO — M Spin
k=1
s an isomorphism.

PrRoOOF. The map is a KO-equivalence by 1.6, 2.1, 2.3.5, 2.4.4 and 4.3.8.
H
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CHAPTER 6

The relations of spin bordism to real K-theory

1. The 6-algebra structure of w,M Spin

A first consequence of the splitting formula is the

COROLLARY 1.1. Let f € moMSpin be the image of f € mT,. Then we

have an isomorphism of 0-algebras
T MSpin = 1, KO & T{f, 23, 25, 27, . . . }.
PrOOF. This immediately follows from the theorem and 2.4.5. O

REMARK 1.2. The formula for the homotopy ring of spin bordism evokes
the hope that M Spin can be made into a KO-algebra spectrum. We have
seen earlier that M Spin splits into a sum of KOs and hence is a KO-module
spectrum (in contrary to the unlocalized M Spin [Sto94].) However, there
does not exist any map of ring spectra from KO to M Spin even in the K(1)-
local world: any such would give a self map of KO when composed with the

0

A-map 7. The induced map in KO-homology factorizes over the free ring

mo KO A M Spin and thus coincides with the augmentation
€ : ToKONKO — 1gKO C mgKO N KO

by 3.1.5 and 3.2.5. Even rationally, there is no self ring map of KO which

induces the augmentation map in K O-homology.

2. The E-cellular structure of the fl—map

In the following we always assume that we have chosen z; in a way that
the constant Az, is null. It is well known that the A—map is an F,-ring map.

It hence coincides with the E,-map
MSpin = T, A \TS* " KO

since it does so when restricted to C¢ vV \/ T'S°.
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REMARK 2.1. The E..-property of A actually is a consequence of the split-
ting theorem and the H.,-property of A: it is enough to show that the map
(¢, %) coincides with A InK O-homology they agree since they have the same
values on the f-algebra generators b, z3, z5,.... Hence the claim follows from

the following proposition which is interesting in its own right.

PROPOSITION 2.2. (i) There are no phantom cohomology operations in
KO-theory.t
(ii) KO°KO = T(Z5 |+, Z2)" = Hom (1o KO A KO, 7y KO).
In particular, any self map of KO is determined by its behaviour in
KO-homology. That s, the map

KO°KO — Homy,(meKO A KO, mKO A KO)
1S 1njective.
PROOF. Let G* be the Pontrjagin dual Hom.,(G, Zs=) of a 2-profinite
abelian group GG. Then the pairing
To(K A KO, Zy<) @ K'KO — Zye
induces an isomorphism (compare 2.3 of [Bou99])
K'KO = mo(K NKO, Zyoo)# = T(Z5 ) £1,7,)".

Hence any map from KO to K is determined by its behaviour in K-homology
and there are no phantom maps. Thus it suffices to show that the complexifi-

cation
KO’ KO — K°KO

is an isomorphism. It is well known that the real and the complex (completed)
representation ring of each group Spin(8k) are the same (compare [And64)).
Using 3.1.2 we just saw that the complex inverse system is lim'-free. Hence so

is the real and we have
KO°M Spin =2 K°M Spin.
This gives the assertion. O

The corollary 1.1 suggests how to obtain K O-theory by attaching E..-cells
to M Spin.

'For the unlocalized version of this statement see [And83].
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COROLLARY 2.3. The diagram
N2 TS° —— T
(f,23,25,---) l l
M Spin A—> KO
18 a homotopy pushout of E-spectra.

Before deducing the corollary from the splitting theorem we need a tool

which is basic in the calculation of homotopy pushouts.

THEOREM 2.4. (Eilenberg, Moore)
Let P be the homotopy pushout of the diagram

Y — X — 7
in SG. Then there is a natural spectral sequence of the form

2 WX
E,, = Tor;’q (m.Y, 1. Z) = Ty P.

ProoOF. The spectral sequence is well known. The construction in the
category of S-algebras [EKMM97| verbatim carries over to the category Sf.
Alternatively, one may use theorem IV.6.2 [EKMM97] and observe that the
category 8% is Quillen equivalent to the category of S-algebras. O

LEMMA 2.5. The T{f}-module T{b} is free* with basis all monomials of
the form

(0;,0)(0;,b) - - - (0;,.b) with is # iy for s #t.
PRrOOF. Compute modulo 2,0b,0%b, ... 0 1b with 2.2.5
OFf = 0F((b) — b) = 0% (D) — 6°b = (0%b) + 6D
Of = (Okb)* + Opb.
Hence, it is elementary to check that the map

B Falf.0if.... . 0uf](0:0) — Fafb,61b, ... ,6,]
Ic{1,...,n}

is an isomorphism. O

2In [Hop98b| Hopkins says that the map T{f} — T{b} is étale but the author is

unsure of the meaning of this property for the map between infinitely generated rings.
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PrROOF OF 2.3: Let P be the homotopy pushout of the diagram. We
prove that the induced map from P to KO is a K-equivalence. The Eilenberg-

Moore spectral sequence
Tor™KMTS (2 K A M Spin, 7, K) = g K A P

pq

collapses since by the splitting theorem and the lemma 7, K A M Spin is flat.
This gives

K NP =1, K NMSpin @ gaprso Tl = 7, K @ T{b} @r¢py Zo.
Hence it suffices to show that the latter is the algebra
K NKO=T(Z; £, mK) =T (Zy, 1. K).
Observe that in the ring of continuous functions we have for all n
S %y = b= yrpb =Y 2 (Gueb)* "
k=0 k=0
and hence by induction on n modulo 2

0.0 = a,.

Hence the claim follows from 3.2.5 and the calculation made in the proof of
the lemma.
There is a more direct proof of the corollary which uses a result of Hopkins:

he shows that the right square of the diagram

TSOANNTS® s 790 A T —— Tx

(fv(zwsy---))l fl l

M Spin T KO

is a homotopy pushout. In fact, this is clear by the same argumentation as
above. The splitting theorem gives the homotopy pushout property of the left

square and hence furnishes the result. Il

3. Another additive splitting and the Conner-Floyd isomorphism

We have seen earlier that M Spin additively splits into a sum of KO-
theories. Using the multiplicative splitting theorem we are now able to write

down an additive splitting which recovers more structure.
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COROLLARY 3.1. For all spectra X there is a natural isomorphism of
moM Spin-modules
T MSpin N X 21, KONX Q@ T{f, 23, 25,...}.
Here, the module structure of the right hand side is given by the isomorphism

of 1.1.

PRrROOF. Choose a projection pr of the free T{f}-module T{b} onto the
summand T{f}. Then the composite

mleNX — mKONTANX 27, KONT @, ko T KONX

1®pr

~ mKOANXQT{d} —mKONXQT{f}

is a natural transformation between cohomology theories. Hence the result

follows from the splitting theorem. O
This result immediately implies the well known

COROLLARY 3.2. (Hopkins, Hovey [HH92|)

For all spectra X the natural map
T MSpin A X @, mspin T KO — T, KON X
induced by the A-orientation is an isomorphism.

REMARK 3.3. Hopkins and Hovey prove the general Conner-Floyd isomor-
phism for M Spin and KO by localizing at each prime. The essential work is
done at the prime 2 since for odd primes the original method of Conner and
Floyd applies. Let § € mgM Spin correspond to the Bott class of the first ko-
summand in the ABP-splitting. Then they show that 371M Spin is K-local.

Hence there is a natural isomorphism
(M Spin A R). X ®mspinar). (KO A R),
= (LgMSpin A R). X ®(Lxmspinrr), (KO N R),
for all ring spectra R. When setting R = SZ/2* we get with 3.1
(LxMSpin A SZ/2"). X @1, mspinnszy2r)., (KO NSZJ2Y),
= LxayMSpin A SZ)2° N X @r 1, Mspinnszy2r TLxayKO A SZ/2"
~ 1, KOASZ/2" N X

The general statement now can be finished as in section 6 of [HH92].
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CHAPTER 7

The relations of spin bordism to tmf

This section deals with the applications of the splitting formula to the
K (1)-local topological modular forms. It is quite surprising that each result
of the previous chapter completely carries over from real K-theory to tmf: we
describe the Witten orientation by attaching F.-cells to MO (8) and prove

the Conner-Floyd isomorphism as we did for the A-orientation.

1. The ring of divided congruences

An elliptic curve over a field F' is a non singular curve defined by a Weier-

stra} equation
Cw Y2 + arzy + asy = 2° + axx® + aux + ag

with ay, as, a3, aq,ag € F. We will consider curves which are defined over rings
rather than fields and which have mild singularities. Unfortunately, the theory
of such generalized elliptic curves demands a great effort and becomes rather

abstract. At this moment we put up with the following two examples.

ExampLE 1.1. (i) The curve
36 1

1728 1728
is defined over Z,[j!] since the series

1 _ G 6s93s r—s—1
j—1728_;2 377

converges 2-adically. It is the universal curve with prescribed j-invariant:

Cj:y2~|—xy:x3—

for any elliptic curve over a field F' in Weierstral form there is a certain
rational function j in the a; which only depends on the isomorphism class
of that curve. Moreover, for any given 1728 #£ j € F this j-invariant of
Cj is j (compare [Sil86].)
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(ii) Another important curve is the Tate curve which is defined over Z[q]
by the equation
Crate - y* + 2y = 2° + B(q)z + C(q).

Here,

B(q) = —1/48(Ea(q) — 1)
Clq) = —1/496(Es(q) — 1) + 1/864(Eg(q) — 1)
with the Eisenstein series
Ey, = 1 — 4k/Bay, i(z A1 g
n=1 d|n

and the Bernoulli numbers Byy,.

Consider the ring homomorphism
B — 12
1728E3

It has the following meaning: the rational functions in j are precisely the

N Dolj =Ll 5 e

modular functions of weight zero and the map A gives their Fourier expansions.

We state for later purpose the

LEMMA 1.2. The g-expansion map X\ is an inclusion of a pure subgroup.

That is, its cokernel is torsion free.

PRrROOF. It suffices to show that A is injective modulo 2. Let us be given a

polynomial

PG = i

>0

whose g-expansion Ap is divisible by 2. Then it inductively follows from
AT =q+0(¢).
that all coefficients «; are even. O]

There are some more quantities for elliptic curves in Weierstrafl form which

we are going to use (compare [Sil86)):
b2 = CL% -+ 4(12
b4 = 2@4 + a1as

b6 = CL% -+ 4666
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by = a%aﬁ + 4dasag — arjasay + a2a§ — ai
cy = by—24b,
ce = —bi+ 36byby — 216bg
A = —bibg — 8b3 — 27b% + 9bybybg
w = dr/Qy+ aiw + az) = dy/(32* + 2a97 + a4 — ary)

Two curves in Weierstrafl form over a ring R define the same object iff there

is a change of variables of the form
r = w4+
y = uly +ulsy’ -t
with 7, s,t € R and v € R*. Under these transformations we have

4

/ —
u-cy = cy; u606:cﬁ; T

/
W = Ww.

Thus the quantities ¢4 and ¢g are invariances of elliptic curves together with
their nowhere vanishing differentials w. Such objects are called modular forms

over R. For instance, we have
c1(Crate) = Es; c6(Crate) = —Fp
and
ca(ACj) = B}/ EG; c6(\Cy) = —E{/ E;.
LEMMA 1.3. There is an isomorphism r between the curves Crqe and AC;
over Zs[q].
PROOF. The g-expansion of E4 and Eg show that the quotient

admits a root

u=+/Es/Es € 1+ 4qZs[q].

Hence the quantities

u?—1 u—1 1—u
12 7 2

lie in Zs[q]. Since
u = {*/04()\03-)/04(011@,5@) = {}/06()\Cj)/c6<CTate)

one easily verifies that this gives the desired isomorphism. O
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It is well known that the Eisenstein series £, and Fg generate the graded ring
of modular forms over the complex numbers. Over the 2-adic integers, the ring

of modular forms is given by
mfs wf Zslca, cg, A/ (17284 — ¢ — ).

It is a subring of the ring D of divided congruences: the elements of D are
those 2-adically convergent series > f; of (inhomogeneous) modular forms over
Q. such that the g-expansion Y fi(¢) = A(>_ fi) has coefficients in Z,'. This is
the ring where all congruences between modular forms take place: for example,

the congruence

E, =1 mod 240
corresponds to the class

(Ey,—1)/240 € D.

The presence of congruences means that mf, is not a pure subgroup of D.
However, we can make it into one by introducing a new parameter v which

keeps track of the grading:
Acimfo — D*); fr f(vT Crae, vda/2y + 2).
That is,
M(ca) = Eafv';  Ai(cs) = —Eg/0°.

Moreover, A, admits a factorization

At mf, == Zo[j 7t w] ELN D[v*].

Here, we set

ey = w t(eg) = —/1—1728/jw°
MG = AT A(w) = o/VE

LEMMA 1.4. A\, is pure.

'Katz shows in [Kat75] that D is the coordinate ring of the moduli problem, which is
given by elliptic curves together with isomorphisms of their formal groups with the multi-
plicative formal group. Its relation to the K (1)-local topological modular forms will become

apparent later.
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PrROOF. The composite of A\, with the isomorphism
D[v*] — D[v*], v /Eyv
is the map A[v*] and hence is pure by 1.2. O

It is well known that an elliptic curve defines a formal group. If the curve is
given in Weierstrafl form the addition close to the origin gives a formal group
law with coefficients in Z[ay, as, ... , ag]. The formula
Fw(z,y) = z4+y—ary— a2’y +zy’)
—(2a32°y — (ayay — 3az)2*y* + 2azvy®) + - - -
is taken from [Sil86]. In particular, there are group laws Gj and éTate attached

to the curves C; and Crgt., respectively.

PROPOSITION 1.5. The formal groups associated to C; and Crq. admit

multiplicative reductions.

PROOF. For the Tate curve this result is well known (compare [Sil86]): an

isomorphism over the power series ring Z[q, u] is given by

r = ZnGZ q"u/(1 = q"u)* = 22”21 ) ) .

Yy = Dper /(1 —q"u)’ =30 nq" /(1= q")

Let f: é’m — @Tate be the resulting strict isomorphism and set

x(x) = 2/ \(w) = /By /v, p(x) = \/ca(Cy)a = x/y/1 — 1728/ 5.

Then by 1.3 we have a strict isomorphism over D[v*]

(weC/¢") — (

~ ~ A~ A~ by -1 ~
XGon =5 Gy =L Crare = NG 25 226,
Hence, the strict isomorphism over Qy[j 1, w¥]
XDy, logyg, 1 *Gm — PG,

g-expands integrally. Thus the result follows from the lemma 1.4. O
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2. Elliptic cohomology theories and Artin-Schreier classes

In this section we are interested in complex oriented theories whose formal
group laws come from elliptic curves. We first recall some basic notions from
[Qui71] or [AdaT74].

Let E be a multiplicative cohomology theory. Then E' is called complex
orientable if there is a class x € E2CP> which restricts to 21 € F252 under
the inclusion map of the bottom cell. Any choice of z is a complex orientation
of E. An orientation of E supplies a system of Thom and Euler classes for
complex vector bundles. The Euler class of a tensor product of line bundles

defines a formal group law
Grlz,y) ™ e(L, ® Ly) € E*CP® x CP® =~ m,E[x, y]
with @ = e(Ly),y = e(La).

DEFINITION 2.1. (Hopkins)
An elliptic spectrum is a triple (E,C| k) consisting of
(i) a ring spectrum E with m,qq2 = 0 and for which there is a unit in mFE.
(These assumptions guarantee that E is complex orientable as one can
verify with the Atiyah-Hirzebruch spectral sequence.)
(i) a generalized elliptic curve C' over myE
(iii) an isomorphism k of the formal completion of this curve with the formal

group G g associated to E.

EXAMPLE 2.2. There are elliptic spectra K[j7!] and Krg. for which the
elliptic curves C; and Cpqe and the isomorphisms from 1.5 are part of the
data:

L de L i
KX Y KX, Zo[jY) = 2ol 0] @pgp, MUX

Krae. X “ K.(X,D)= Dv* @y, MU.X.

Note that the spectra come to us together with their real companians KO[j ]
and K Orge which are similarly defined with real K-theory.
There is another theory we like to mention. The 2-series of the formal

group law associated to the universal Weierstrafl curve Cy, takes the form

[2](z) = 22 — a12* + O(z?)
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and hence satisfies the Landweber exactness conditions (compare f.i.[Fra92])

if a; is inverted. Hence we obtain the theory
W.X Y Zlar, ... agla7] @nu. MUX

Note that here the coefficients a; of the curve Cy have the degree 2¢ and the

transformation

gives a curve over moW.

Let E be any elliptic theory and assume that its elliptic curve is given in
Weierstrafl form. Then similarly, we can choose a unit u € moE' and transform
the curve C over myE into a curve over 7, F with a; € my;E. The [2]-series of

the formal group law then shows the relation
ap=vmod2 € mKAE.
Hence the localization map
E — Ela; ]
is a K (1)-equivalence. Thus in the K (1)-local category a; becomes a unit and

gives rise to the class

A
j_l =3 S 7T0E
Cy

which will prove useful in things to come.

DEFINITION 2.3. Let E be a K(1)-local theory. A class b € myKO N E is
an Artin-Schreier element if 1°b = b+ 1.

In [Hop98b] Hopkins constructs an Artin-Schreier class for any elliptic F
as follows: he first looks at complex K-theory and sets
iy los(eu/v")
log(81)
The 2-adic logarithm is well defined by the relation

€ 7TOK/\E.

1=cysmod 8 cemsKANE

(% a
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which is easily verified. In fact, for the theory W the class b gives rise to a
unique real class and hence it does so for any E. Moreover, it is an Artin-

Schreier element:

5, _ log(ca/(81v")) _ log(es/v") | log(81) _
Yo=- log(81)  log(81) - log(81) bril

3. E-elliptic spectra and the Atkin-Lehner operator

An E-structure on a complex oriented theory E provides unstable oper-

ations (compare [Hop98b]:) let
f : 7TOE — R

be a ring map and H C f*Gg be a closed finite subgroup. Then there is a new

map
wH : 7TOE — R

and an isogeny f*Ggp — ¢*Gpg with kernel H. If the formal group is isomor-
phic to the multiplicative and H is the canonical subgroup of order 2 then we
may take f to be identity map. In this case ¢y coincides with the operator v

defined earlier.

DEFINITION 3.1. (Hopkins)
An E-elliptic spectrum is an E.-spectrum E with the following data and
properties:

(i) E is an elliptic theory

(i) each isogeny described above extends to an isogeny of the elliptic curve

associated to E.

We would like to make the elliptic theories K[j7!] and K. into Eu-
elliptic theories. Consider the quotient C;/H of C; by the subgroup scheme H
of 2-torsion points. It is well known that C;/H is an elliptic curve and there
is an isogeny

V[ Cj e OJ/H
with kernel H. This gives a ring map

U Lj ] = Lo[5]
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which sends 57! to j7'(C;/H). This map carries the names Atkin-Lehner
operator [AL70] or Frobenius operator [Kat77][Gou88]. For the Tate curve

we can describe the operation ¥ more explicitly: the isogeny 7 is given by
Tate(q) = Gy /q" — Gn/q*" = Tate(¢*); 1+ 2

and hence 1(q) = ¢*. It is obvious that there is a power series | with

V(i) =571(d®) = 1) (a).

Its geometric interpretation shows the 2-adic convergence of [ 2.

LEMMA 3.2. The formulae

YT =171 and U(q) = ¢
impart the structure of 0-algebras to Zs[j~ '], D and Zs|[q].

PRrROOF. For any power series a with coefficients in Zy we have mod 2

Yva = Z a;q* = Z al¢® = a’.
Hence the assertion follows from 1.2 and the Wilkerson criterion. O

In [Hop98b] Hopkins constructs a universal relation which must hold in the
homotopy of any K (1)-local E.-elliptic theory E. This relation can be incor-
porated into an E-cellular complex M which maps into . It turns out that
the K-theory of this complex imparts an E.-structure to K. in a way that
the associated f-algebra is the one given above.

To construct M and the universal relation consider the element
f=vb—b e mgK N E.

Since it is invariant under the Adams operations it is a modular function.
Hence we may consider f as a 2-adic analytic function in j~! which maps to

the original f under the canonical map
Zg[jil] — 7ToE.

By the naturality of the Frobenius operator the value of ¥ on f is determined
by the f-algebra structure of Zy[j}]..

2A alternative proof for the convergence will be given in the next section with the help
of formula 4.1.5.
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LEMMA 3.3. (Hopkins)
The map

Lo|f) — Zs[j™]

18 an isomorphism.

PROOF. The beautiful proof given in [Hop98b] is based on well known

congruences for the Ramanujan 7-function. O
Let h be the 2-adically convergent power series with

h(f) =0(f) € Za[57"].

Then this gives a universal relation for the #-algebra structure of any K(1)-

local F, ring spectrum.

PROPOSITION 3.4. (Hopkins)
Set

y =0(f) = h(f) € mT¢
and let M be the E,.-homotopy pushout of the diagram
T, & TS° = Tx = S,
Then we have isomorphisms of rings
TKONM =7, KO NT: r, korrsoy THKO
and
M =1, KO[j ']
Proor. Hopkins shows that the map
Yy KO NTS® — 1 KO NTe

is flat. Hence the first claim follows from the Eilenberg-Moore spectral se-

quence. For the second the spectral sequence and the lemma give
Tor™ "™ (7, KO @ T{f}, 7.5°) = Tor" "} (. KO @ T{f},Z,)
> T KOQT{f} Orgy Lo = mKO[f] = m KO[j™']
O

COROLLARY 3.5. There is an additive K (1)-local homotopy equivalence be-
tween M and KO[j1].
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Proor. Consider the natural transformation of homology theories
TMANX — T MANKONXZ27,KOANM Q. ko TEKONX
= mKONT: @r.korrsoy T KO @r ko T KON X
>~ mKOANX@T{b} @rip T{f} @rpyy Zo

Y n KO A X[
It is an isomorphism on the coefficients. O

COROLLARY 3.6. The canonical map
oK ANM — D, b b(Krge)/v=1

15 an 1somorphism of 0-algebras. Hence, Krye is an E.-elliptic theory and
the map
KO74e = KO®D — KOANM

1s a homotopy equivalence.

PRrROOF. Rationally, the inverse of

2 Dt eQ =D Q

ToK AM®Q Qi ™, v
is given by
D®Q%mf*®Q@>7roK/\M®@

as one easily checks with the formulae of the first section. Next consider the

diagram of left Z,[j~!]-modules

(s®1)
T(Zo, Zo) ® Z[j~"] — w0l A M
1®A l lb’_)b(KTate)
(Z)’_’Ck(KTate)
T (Zy,Z)[q] T (Zs,Z5)[q]

Here,
s 1T (Lo, Ly) — oK N Ty — moK N M
is the 1)3-equivaraint section of the projection
ToK ANM — oK NK =T (Za,Zs), f—0
constructed in [Hop98b]. It sends the Mahler basis to certain classes

Ci € 7TOKO ANM = T{b} ®T{y} ZQ.
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The right vertical arrow is the map of f-algebras which sends b to the Artin-
Schreier element of Kpy.. We claim that it is pure. This follows from the fact
that the left vertical map is so and the top and bottom arrows are isomor-
phisms. Hence, myK A M consists of inhomogeneous modular forms > f; with
the property that for each A € ZJ the sum > \'f; g-expands integrally. How-
ever, it is well known that the ring of divided congruences is invariant under

these Adams operations (compare [Kat75]). This finishes the proof. O

REMARK 3.7. Let tmf be the homotopy inverse limit of all E-elliptic
spectra over all maps which preserve the FE_-elliptic structure. Then the

canonical F,.-map
M — tmf

is an E .-homotopy equivalence. This follows from a calculation of the homo-
topy of tmf [Hop98a]. Hence we will write tm f instead of M in the sequel. It
might be possible to provide an E.-elliptic structure to the theory K[j~!] and
to show the universal property of M by taking homomotpy fix points under

complex conjugation. Note however, that the equivalence
tmf = KO[j™']

is only additive. This follows for instance from the fact that the idempotents of
the ring D are trivial whereas the ring 71y KOA KO[j '] has many idempotents.
Hence, the situation is similar to the one of the elliptic cohomology which was
defined by Kreck and Stolz in [KS93|.

4. Witten’s map of 6-algebras

Next, we are looking for orientations which induce maps of #-algebras. For

the theory K[gq] we can do the following: let

0(q,u) = (1 —u) H (1 —q"u)(1— q"ufl)

_ an\2
ol (1—q")

be the normalized #-function. Then for xx = 1 — u the power series

0(q,u) € m.K[q,2x] = K*CP>[q]

defines a new orientation t of K[q].
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LEMMA 4.1. Let ©, be the composite
oK AN MU -5 moK A K[q] — T(Z5,Z5)[q].-
Then for all k € Z5 we have

> Oub)(k)a' = 0(q, (1 —2)")/a
i>0
PRrROOF. The proof is very close to the one of 3.3.3. So we only give a
sketch here. Let zx be the ordinary K-theoretical Thom class. Then for line

bundles zf is related to the new Thom class z; by the formula
2z = 2k0(q,1 — vx) /7K

and hence

0 210(q. (1 — 2)")
1-— (1 — ZEK)k

WF(z) =

This gives

; éké) s 1—1'Kk i
o = (52l

i>0 i>0

= 0(q, (1 —2)")/a.

PROPOSITION 4.2. The t-orientation induces a map of 0-algebras

K ANMU — m. K N K][q].
PrROOF. We need to show that the diagram

n K AMU —= 0. K A MU

| 2 |

K AN K[q] L . K N K[q]

commutes. Let

g(x) = Z bir' € moK N MU|[x]
i=0
be the power series considered earlier. Then with 4.1.5 it suffices to check the

equality

g1+ V1 —2)9(1 —+/1—2)

9(2) )

D b(tbi)a’ = t(

i>0



88 7. THE RELATIONS OF SPIN BORDISM TO tmf

With the last lemma this equation reads

0>, (1= 2)") _ (g, —v/T—2)0(g, VT—2")2

x (1++vV1—2)(1—+v1—2)0(q,—1)

which is easily verified by expanding the #-series. O]

Unfortunately, the t-orientation does not lift to Kpqe without further restric-
tions on the bundles. To see this, recall from [HBJ92] or [Sil98] the relation

of 6 to the Weierstrafl o-function

o(u,q) = e’G”Qu’l/QG(u, q)

2mix

where ©u = e and

Gy =—By/4+ Y (D d)g".
n=1 d|n
Moreover, the o-function admits an expansion of the form
2
o(u,q) = = exp(— Z @G%x%)

with the divided Eisenstein series
Gaor = (—Bop/4k) Eqy.

and hence expands in m f, @ Q[x]. We conclude that G is the only term which
keeps us from lifting ¢. Since this term disappears for bundles with vanishing
first Pontryagin class p; we are lead to the following construction. Let £ be a

real bundle and
S = (SF)tk
k=0
be the formal sum of its symmetric powers. If £ is spin we have a Thom class

2(6) € KOTh(¢) € KOTh(€)[q]

This Thom class can be altered by any unit. For instance,
de = .
awr(§) 26 © Q) S (dimé — &)
k=1

is another Thom class. Since 2y is natural and multiplicative it defines a ring

map

W : M Spin — KO[q].
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The map W leads to the so called Witten genus in homotopy
W* . Qf]fm = 7T4kMSpin — 7T4kKO[[q]]

which is by the topological Riemann-Roch formula

W.(M)® C = o* / AT M)ch(R) Sy (TM — dim TM) & C).
M k=1

LEMMA 4.3. The diagram

MSU — MSpin ., KO[q]

| |

MU Klq]

commutes.

ProoFr. This is readily verified with the Chern character (compare
[HBJ92].) O

In particular, our calculation in Chern classes shows that W lifts to a map
MO (8) = MSpin — KOgque
which we denote by the same letter.
LEMMA 4.4. The map

W, :mgKOANMO (8) — moKO A KOrqe — ToK Orgte = moKO Ntmf

is a map of 0-algebras. Moreover, the K(1)-local Witten genus
W :myMO (8) — D

lifts to motm f.

PrROOF. The induced map from MSU to MSpin is surjective in K-
homology. Hence the map

W, : 7TOKO/\MO <8> —>7TOKO/\KOTate

is a map of f-algebras by 4.2 and 4.3. This shows the first claim. For the

second, observe that the map
W :mgKOANMO (8) — moKO ANtmf = D

is compatible with the Adams operations. O
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REMARK 4.5. We will soon see that there is a (K (1)-local) O (8)-manifold
with Witten genus j~!. Hence, the lemma shows the existence of the Atkin-

Lehner operator, or, equivalently, the 2-adic convergence of the series [.

5. The E -cellular decomposition of the Witten map

In this section the Witten orientation becomes a map of F..-ring spectra.
For that, an explicit lift of the Artin-Schreier class of tmf to MO (8) is needed.
This requires some geometry.

The ABP-splitting map induces an isomorphism
(A, 73 : mgMSpin = 7. & 7.

Hence there are 8-dimensional Spin manifolds with A—genus 1. We want to
make a convenient choice of such a Bott manifold. The quaternian projective
space HP? admits a metric of positive scalar curvature and so its A—genus
vanishes. Hence any Bott manifold can be altered by a multiple of HP?. Since
the signature sig(HP?) is 1 we can find a Bott manifold 9 with vanishing
signature.

To make B explicit, consider the Kummer surface
3
R = {(20, 21,22, 25) € CP*| p(2) = 0}; p(2) = Y 2.
=0

The homogeneous polynomial p defines a section in (L*)* which transversally
intersects the O-section in K. Hence this line bundle gives the normal bundle
of £ in CP?. The surface & intersects [CP'] in 4 points. Thus the image of its
fundamental class [f] is 46, € H,CP? under the map induced by the inclusion.
With these data it is elementary to check that

A(R) = 2, sig(R) = —16.
This gives the relation
B = R?/4 — 64HP>.
The following observation the author learned from Matthias Kreck.

PROPOSITION 5.1. The sequence

2
ms MO (8) — mgM Spin —= 7Z
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is exact. Moreover, any O (8)-manifold is spin bordant to a multiple of
m < 9 — 224 HP”.
PRrROOF. It is elementary to check that
pi(&?) = 4608; p;(HP?) =4
and hence

pi(OM) = 0; sig(M) = —224.

Kervaire and Milnor [KM63] showed the existence of an almost paralleliz-
able manifold 9’ with signature 224. Hence, 90 is spin bordant to an O (8)-
manifold. Since its A—genus is 1 any other class in the kernel must be a multiple
of 91 and the claim follows. O

PRroroSITION 5.2. The class

v log(M/u)

KON MSpi
10g(81) € 7o A pn

1s an Artin-Schreier element.
We first need to show that the quotient is well defined.
LEMMA 5.3. The class v* — 9N is divisible by 16 in 7s KO A M Spin.
Proor. Compute for all A € Z5
Pt —om) = (M —1)v* = 0 mod 16.
and
P (! =) = ().
To evaluate the latter we compute with the topological Riemann-Roch formula
(&) = (7 (vge), [R]xo)
- <A(Tﬁ2)ch(ﬂ(2)(yﬁz) ® C), [R2]> — 2304.
This gives
73 (M) = 576 = 0 mod 16.

Hence, the assertion follows from the ABP-splitting and Adams’ description
of m, KO N KO [AdaT74]. O
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PROOF OF 5.2: Since the quotient is well defined by 5.3 we can compute
as before

gy _loa@/(E1)  log(M/v!)  log(s1)

Y
log(31) logB1) log(8)

]

REMARK 5.4. Since the Kummer surface admits an SU-structure on its
stable tangent bundle one might hope to obtain an Artin-Schreier class in
moKO N M SU this way. For that, consider K as an object of

K ANMSU C 7, K N MU = 7, K[by, by, ...].
To determine the polynomial we can first work out its Chern numbers to obtain
A =18(CP")? — 16CP?,

Then Miscenko’s formula gives

N CP' oy log(1—wy)
nz;ng(x) = logg, (b(x)) = logg, (x) = —.

A comparison of coefficients furnishes the equality
R = 48by — 24b7 — 24vb; + 20% = —24a; , + 2v° € m K A MSU.
Hence v — #2/4 is divisible by 8 and so
M =o' mod 8 € wsK A MSU.

Thus we can set up the logarithm and lift the Artin-Schreier class to MSU.
As a consequence of the splitting formula of M Spin and the lemma below we

have
COROLLARY 5.5. Tt is a direct E-summand in the K(1)-local M SU.

At the prime 2 the theory M SU additively splits into a sum of suspensions
of Pengelley’s indecomposable theories BoPs [Pen82] and BPs. One sum-
mand BoP contains the unit and comes with a map into ko which is surjective

in homotopy. It would be interesting to know the precise relationship between
the K (1)-local BoP and the theory T¢.

LEMMA 5.6. Letb and b’ be two Artin Schreier elements of 1o KOANM Spin.

Then there is an FE.-self homotopy equivalence k of M Spin which carries b to
.
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PrROOF. We may assume that b is the Artin-Schreier element considered

earlier. The short exact sequence
3_
0 — moM Spin — KO N M Spin v o KO N M Spin — 0

tells us that b and o' can only differ by a class a € moM Spin. Let k be the
E-self map of

M Spin =T A /\TSO
which is the identity on each T'SY and restricts to
t+ad:Ce — MSpin
on Ty. Then its inverse is defined in the same way with a replaced by —a. [

COROLLARY 5.7. The Witten orientation can be realized as an Eo,-ring

map

W :MO(8) — tmf.
Moreover, there is a choice of classes z3,z5,... € moMO (8) such that the
diagram

N2 TS° T
(y,z3,25,.‘.)l l
MO (8) v, tmf

is a homotopy pushout of K(1)-local Ew-ring spectra.

PrROOF. The lemma gives a splitting
(8. () s Te AN NTS® — MO (8)

for which the Artin-Schreier class b € 7oK O AT maps to bW, Let dj, € motmf
be the images of the free generators under the Witten genus. Consider the

E-map
MO (8) =T, A \TS® — tmf

which is the canonical map on 7; and is given by dj on the free components.
Its induced map of #-algebras in K O-homology coincides with the Witten map
on the generators. We have seen in 4.4 that W gives a map of #-algebras and
so the two coincide. Since any such map is determined by its behaviour in

K O-homology (compare 2.2) we proved the first claim.
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For the second one, observe that W induces a surjection by 3.3
Oy oLy — meMO (8) e, motm f.
Hence, there are classes t;, € moT¢ with the property
Ps(te) = Wa(Ze)
and the classes
def

2 = Zr — ty € mgMO <8>

are annihilated by the Witten genus. Thus the claim follows from 3.4 once we

have shown that the self map
(id, (z)) : Te A \TS® — T A \NTS°

is an isomorphism. This is clear since its inverse is given by (id, (Zx +tx)). O

COROLLARY 5.8. For all spectra X the natural map

T MO (8) N X ®r, mos) Tstmf — madmf A X

mduced by the Witten orientation W is an isomorphism.

Proor. We have by 6.3.1, 3.3 and 5.7

T MO (8) N X ®r, mos) Ttmf

& T KONXQT{f 23,25,...} QT{f,23,25,.. } T{f}/0(f) —h(f)}
=~ 1. KO A X[f]

Hence it is homology theory. O

REMARK 5.9. One may ask if the isomorphism of Conner-Floyd type still
holds if MO (8) is not localized. For that, one needs to know if M ' MO (8)

is K-local. This question will be investigated somewhere else.



APPENDIX A

The homology ring of BSU and 2-structures on formal
groups
Let L be the canonical line bundle over CP* and let 3; € E5;CP> be dual
to ¢ (L)". Let
f:CP*® xCP>* — BSU

be the map which classifies the product (1 — L1)(1 — Lg). For each natural

number k£ and 1 <7 < k — 1 choose integers n}g such that

0 Sa(8) - weat(B) ()

Then we will show

THEOREM 1.10. Define elements
k-1

i=1

Then for any complex oriented E we have

(3) E*BSU = W*E[dg,dg,d4,...].

Recall from [AdaT74] that for any complex oriented ring theory E we are
given a class z € E2CP> such that

E*CP* = 1" E[x].
The H-space structure of BS! = CP> induces a comultiplication
p* E*CP® — E*CP¥QFE*CP™; x> x+py
and a ring structure map
E.CP* @ E,CP* — E,CP> x CP> % E,CP>.

Let By = 1,51, 32, ... be the additive basis of E,CP> dual to z2°, 2!, 22,. ...
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DEFINITION 1.11. The binomial coefficients of the formal group law F

k
(u)F € Tirin
are defined by the equation

(@+ry) =) (Zk) inyj.

.3

With this notation we easily see

LEMMA 1.12.
i+j k
BBy =Y (Z > O
k=0 NV F
ExaMPLE 1.13. Let E be integral singular homology. Then F' is the addi-

tive formal group law G, and

(k) G iri+i=k
] @a_ 0 else '

Hence HZ,.CP®> is the divided power algebra I'[3].
Next let Ef be K-theory with its standard orientation F' = G Then

(T4e v =(@+y—v oy = zk: i: (i) (‘;) (—)shgh-stty bt

s=0 t=0

(ij) . (2k _ki _ j> (%k__ij_j) (—p)k=i

Finally, let E' be complex bordism MU. The coefficients of the universal formal
group law F'GL are the Milnor hypersurfaces H, ; of type (1,1) in CP* x CP?

and hence
I k
(z' ) = > 1[Hua
)/ Far

iptig=i =1
1tin=

In the following let f : CP* x CP* — BSU be the map which classifies
(1 = Ly)(1 — Ly). Even though f is not a map of H-spaces we may use it to

and hence

produce interesting classes in E,BSU. Let a;; € Eo;45BSU be the image of
B; ® B; under the induced map f..
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LEMMA 1.14. The following relations hold for all i, 7,k
(4) Qp,0 = 1 ) ag; — A0 = 0 fOT’ all i 7£ 0

(5) aij = aj

[ l
(6) Z (s,t> Faj—s,k—tail = Z (s,t) Fa'lkai—s,j—t

l,S,t Z,S,t
PRrOOF. The first relation is obvious. Let 7 be the self map of CP*° x CP*°
which switches the two factors. Then the second relation immedately follows

from the fact that f7 is homotopic to f. To do the last consider the two maps
g, h from (CP>)*3 to (CP>)** given by

9(v,y,2) = (y,2,2,y%2)
h(d],y,Z) - (xy,z,x,y)

Their effect on our generators is

(7) (B @ B; @ Br) = Z (slt) Fﬁjfs ® Br—t @ B @ B

l,s,t
l
s, t

(8) ha (B ® B; @ Br) = Z(

l,s,t

) B ® Br @ Bims @ B4
F

This can be verified by pairing the left hand side with the cohomological mono-
mials in the the z;’s.The maps g and h become homotopic in BSU when

composed with u(f x f) since
(u(f < £)g) Cuniv = (1 = La)(1 — Ls) + (1 — L1)(1 — LoLsg)
= (1= LiLo)(1 = Lg) + (1 = L1)(1 = La) = (u(f X f)h)"Euniv

The desired relation now follows from the above by applying u(f x f). to the
right hand side of (7) and (8). O

There is another way to look at the classes a;; and the relations of 1.14. First

note that £ A BSU, is itself a complex oriented ring theory with

Teapsu, = (LAN)xE

In abuse of the notation we will simply denote this orientation by x in the
following. Hence, we may view

nAl

(CP® x CP®), 1% Bsu, ™ B A BSU,
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as a power series
flzy) =1+ Y bya'y) € (EABSU.L)"(CP® x CP>)
ij>1

for some b;; € Ey;y;BSU. Of course, we have

bij = Y by(LAn). (B ® B, 2"y
k,l

= <(1 A)Bi @ (LA 1+ bkl“f'ki‘/l>

= ((LAN(Bi@ 5), A1) = (f(LAN)(B: @ F;) = aiy.

The power series f is a 2-structure on the fomal group law F' in the sense of
[HAS98|3.1.: This means that the relations

(9) f(z,0) = f(0,y) =1
(10) flz,y) = [y, )
(11) f(y,z)f(:c,y+F Z) = f(l’ +F y,z)f(x,y).

hold. In fact, one easily checks that these are equivalent to 1.14.

DEFINITION 1.15. For any complex oriented E let Co(E) be the graded ring

freely generated by the a;;’s subject to the relations of 1.14. We wirte o for the
canonical map from Cy(E) to E,BSU.

We will see below that « is an isomorphism. KEquivalently, given any 2-
structure f’ on the formal group F over an m,F-algebra S then there is a

unique algebra homomorphism
p: E,BSU — S

with ¢ f = f’. Hence, E,BSU carries the universal 2-structure on F' which is
the result of [HAS98].

Consider the canonical map of H-spaces ¢ : BSU — BU. Writing ¢ for
the map from CP> to BU which classifies 1 — L we see from the homotopy

equivalence
t+g:BSU x CP* — BU

that ¢ is an inclusion in homology. It is well known [Ada74| that E,BU is
a polynomial algebra with generators b; = ¢.(3;. Alternatively, let ¢’ be the

map which classifies L — 1. Then the classes ¢’'3; = b, again give polynomial
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generators of E,BU. Since the map ppy(g X ¢')A is null they are determined
by the equation

St = (S )
i=0 i=0
PROPOSITION 1.16. We have the formula

k
L Qi = Z (57 t> Fbgebifsbj*t

s=0,...,%; t=0,...,j
k=0,... ,s+t

In particular, modulo decomposables in E,BU

i+j k
L””:szd>fk

k=0

PROOF. Decompose f by writing
[ €umiv = 1 =Ly — Lo+ LiLy= (LyLy— 1)+ (1 = Ly) + (1 — Ly)
= (g'ucp= + g1 + 9p2) Euniv

and calculate

LyeQgj = L*f*(ﬁi®ﬁj)

= ,u* (g/,u(*cp ® gp1, @ gpay) Z Bi, ® B, ® Bi, ® Bj, ® Biy @ B
iq+igtig=i
J1+io+iz=j

t1+J1
- Z Z (Zl ]2) b bi2bj3

i1+ig=i k=0
Jj1+33=J

Now choose n}, and dj, as in 1.10 and set

)l ()

For a graded ring R we write R, for the elements in positive degrees and
Q(R) = R/RY.
COROLLARY 1.17. In Q(E,BU) we have v.dy, = €(k)bj.

ProoOF. Using the identity

()= ()
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we compute with the proposition

k1
‘ k
Lody = E Nyl Qij = E n}g(?/)b; = e(k)b},.

it+j=k i=1

Before proving 1.10 we need two more lemmas.

LEMMA 1.18. For all s,t we have

(s+t)
Agp = 6(5 :_ t) ds+t € QQ(ert)(C?(E))‘

PROOF. The third relation of 1.14 reads modulo Cs(E)?

(" o= (o

forallm+n=s+t, m <s. We conclude

(++) (++) )
e(s+1) dost = Z nSHe(s +1) G = Gt Z nSHe(s + 1) - s

m-—+n=s+t

LEMMA 1.19. (i) For all s > 0 and prime numbers p the map
Qaps s+ Qaps (H(BSU; Zp)) — Qope (H(BU; Zy))

18 null.

ii) Let p; denote the Poincaré series of a graded vector space. Then we have
(i)
pt(Q(H.(BSU;Zy)) = (1 — )t — 2

PrOOF. (i) For a Hopf algebra A let us write P(A) for the group of

primitives. It is enough to show the dual statement that the map
Popst™ 0 Py (H(BU; Zy)) — Pops(H(BSU; Zy))

vanishes. The p°-power of the first Chern class generates the source
since

s

A(E@n) =& &)+ ()

and the dual is one dimensional. This class obviously vanishes in
H*(BSU;Zy,).
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(ii) As in [Sin68] 1.4 and 1.5 one sees
p(QH(BSU;Zy))) = p(P(H(BSU;Zp))) = p(Q(H*(BSU; Zy)))
= n(QZyles,cs,. . ])) = (1 — 1) =7
L]

PrROOF OF 1.10. The proof will fall into several steps: First consider the

case when F is rational ordinary homology. Then by 1.17 the composite

is a surjection and consequently is an isomorphism. Thus there cannot be any
relation between the monomials in the d;’s and the statement follows from the

homotopy equivalence
t+g: BSU x CP* = BU.

by counting dimensions in each degree.

Next observe that the class dj, must generate Qo (H.(BSU;Z,)): by 1.19(i)
this vector space is one dimensional for any prime p. Pick a generator e of the
latter. Then a multiple n of e coincides with dj. If k is not a prime power the
integer n is invertible since the element dy is sent to the generator b, under the
map to BU. For prime power degrees the integer n again can not be a multiple
of p since else e is mapped to by which contradicts 1.19 (ii). In particular, we

have shown that the canonical map
Zp[d27 dg, .. ] — H*(BSU, Zp)

is a surjection which in turn means that it is an isomorphism. The theorem
now holds for integral singular homology.
Next let E¥ be complex bordism MU. Since the Atiyah Hirzebruch spectral

sequence collapses we may choose an isomorphism of 7, M U-modules
MU,BSU=E,, = Ey = H.(BSU; m,.MU).

It is enough to show that a monomial in the d;’s reduces to the corresponding
monomial on the 0-line of the Ey-term H,(BSU;Z) since then the canonical

map

. MU|dy, ds, ...] — MU,BSU
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is an isomorphism. This follows from the fact that the map induced from the
complex orientation from MU,BSU to H.(BSU;Z) respects the di’s and is
the projection onto the 0 line of the spectral sequence.

Finally, for arbitrary complex oriented E we may simply tensor the iso-

morphism
T MU[dy, ds, . ..] — MU,BSU

with 7, F and the result follows from the universal coefficients spectral sequence
[Ada69]. 0
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