Characteristic numbers from 2-cocycles on formal groups

Gerd Laures

ABSTRACT. We give explicit polynomial generators for the homology rings of
BSU and BSpin for complex oriented theories. Using these we are able to
provide an alternative proof of the result of Hopkins, Ando and Strickland for
symmetric 2-cocycles on formal group laws.

1. Introduction and statement of results

Hopkins, Ando and Strickland have recently shown (see [AHS98][Hop95]
[HMMO98]) that for any complex oriented theory E the ring E.BSU carries the
universal symmetric 2-cocycle on the formal group of E. In this paper we give an
alternative proof of their result which is based on the following choice of polyno-
mial generators for E,BSU: Let L be the canonical line bundle over CP* and let
Bi € E9; CP> be dual to ¢ (L)". Let

f:CP>* xCP>* — BSU

be the map which classifies the product (1 — L1)(1 — Lz). For each natural number
kand 1 <4 <k — 1 choose integers n}C such that

) Si(t) = weat(})o (F )

Then our first result is

THEOREM 1.1. Define elements
k-1
(2) d, = Znif*(ﬁi ® Br—i) € FEap, BSU.
i=1
Then for any complex oriented E we have
(3) E*BSU = W*E[d27d37d4’...}.

It must be emphasized that the conceptual basis and the proof of the above
theorem owes many ideas to the work of [AHS98|. However, the present approach
is more elementary and does not use the language of schemes. We also show how
the generators relate to the map from FE,BSp.

Next we investigate the homology ring of BSpin for mod 2 K-theory. Our
main result is

THEOREM 1.2. Let w be the canonical quaternian line bundle over HP* and
let z, € K, (HP>;Fs) be dual to ca(w)’. Setting dby, = dox, + 2, € K.(BSpin;Fs)
for all k we have

Ko(BSpZ’I’L,FQ) = Fg[dgk“@’ 7& 2§] (9 Fg[di, /87 /16’ .. ]

1991 Mathematics Subject Classification. 55N22, 57T25, 19164, 55N15, 55N34.
1



CHARACTERISTIC NUMBERS FROM 2-COCYCLES ON FORMAL GROUPS 2

Moreover, each zy, is decomposable in Ko(BSpin;Fs).

As a consequence, we are able to give a new proof of the result of [HAS99]
that the ring K. (BSpin;F/2) carries the universal real symmetric 2-cocycle for the
multiplicative formal group.

2. The homology of CP> and binomial coefficients of formal group laws

Recall from [AdaT74] that for any complex oriented ring theory E we are given
a class z € E2CP> such that

E*CP> = n*E[z].
The H-space structure of BS! =2 CP> induces a comultiplication
p*: E*CP>® — E*CP®QFE*CP™; x —x +py
and a ring structure map
E.CP* @ E,CP>® — E,.CP> x CP> X% E,.CP>.
Let 8y = 1,51, B2, ... be the additive basis of E,CP> dual to 2%, 2!, 22, . ...

DEFINITION 2.1. The binomial coefficients of the formal group law F

k
€ To(ivi—i)E
(i,j>F TR
are defined by the equation

(z+ry)* = Z (:j]) zhyl.

irj F
With this notation we easily see
LEMMA 2.2.
i+j k
BiBi = (i, ) B-
k=0 F

EXAMPLE 2.3. Let E be integral singular homology. Then F' is the additive
formal group law G, and

Y [ (%) ifiti=k
1,7 Ga_ 0 else

Hence HZ,CP® is the divided power algebra I'[3;].
Next let E be K-theory with its standard orientation F' = G,,. Then

(@+g, )" =(r+y—vlay)’ = zk: Z (i) (j) O M T

s=0 t=0
and hence
k B k 2k—i—3j k—iej
(u>G - <2k—i—j) ( k—j )( ?)
| L.
_ k! (—v)k_“J

(i4+7—k) (k- (k—1)!
Finally, let E be complex bordism MU. The coefficients of the universal formal
group law FGL are the Milnor hypersurfaces H; ; of type (1,1) in CP* x CPJ and
hence

k k
(1), X Tl
’ FGL

iyt =i =1
J1+-dg=3J
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We close this section with an observation which will help finding the binomial
coeflicients in the situation of positive characteristic. Let F' be a formal group law
with coefficients in an F,-algebra. Then we define

1\? . .
THpryY = Z ( ) x'yl.
i %)) R
J
Since 2? +,r y? = (z +r y)P we obtain a new formal group law pF, i.e. it satisfies
the associativity condition. The group law pF' carries the name Frobenius of F'. Be
aware that the grading has changed

()
i.7) p

EXAMPLE 2.4. Let H,, be the Honda formal group law of height n. Then the
[p]-series of pH,, read

=2p(i+j—k)

PI(?) = 2"y, - tpr, @ = (@, - @) = ()P = ok
Hence pH,, again is the Honda group law of height n over the ring T, [v;P].
LEMMA 2.5. Let k = Z?:O kip' be the p-adic expansion of k. Then mod p

(z',kj)F_. 2 H(zs,ys>,,sF

igpO+4--Finpn=i s=0
GopO+-inp=j

< 7k) <k7>F
plpj F Z] p

(x +F y)k = H(Ccpé +psF y ks — H Z ( i, jq) xispsyjsps

s=0 s=01s,5s

> H(w)

igpO4--Finpn=i s=0
JopC+-+inp"=j

In particular

O
3. The homology ring of BSU and symmetric 2-cocycles on formal
groups

In the following let f : CP*® x CP*® — BSU be the map which classifies
(1—=L;1)(1—Ls). Even though f is not a map of H-spaces we may use it to produce
interesting classes in E.BSU. Let a;; € Eo(;1 ;) BSU be the image of 3; ® 3; under
the induced map f,.

LEMMA 3.1. The following relations hold for all i, j, k
(4) apo=1 ; ag=ay=0 foralli#0
(5) @ij = i

l l
(6) Z:t <s,t> Faj—s,k—tail = Z <s,t> Falkai—s,j—t

l,s,t
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PROOF. The first relation is obvious. Let 7 be the self map of CP* x CP*>®
which switches the two factors. Then the second relation immedately follows from
the fact that f7 is homotopic to f. To do the last consider the two maps g, h from
(CP>)*3 to (CP>)** given by

9(z,y,2) = (y,2z,2,y%)
hMz,y,z) = (zy,z2,y)
Their effect on our generators is
l
(7) stos00) = X(!,) srossnes
l,s,t ’ F
l
(8) hi(Bi ® B; @ Br) = Z ( t) Bi ® B ® Bi—s @ Bj—t
R

l,s,t

This can be verified by pairing the left hand side with the cohomological monomials
in the the z;’s.The maps g and h become homotopic in BSU when composed with

u(f x f) since
(u(f % £)g) €univ = (1 = L2)(1 — Ls) + (1 = L1)(1 — L2 L3)
= (1= LiLy)(1 = L3) 4+ (1 = Ly)(1 = La) = (u(f x f)h)" Euniv
The desired relation now follows from the above by applying u(f X f).« to the right
hand side of (7) and (8). O

There is another way to look at the classes a;; and the relations of 3.1. First note
that £ A BSU, is itself a complex oriented ring theory with
rEaBsU, = (LAN)«xE

In abuse of the notation we will simply denote this orientation by « in the following.
Hence, we may view

(CP>® x CP®), It BSU, "\ E A BSU,

as a power series

fla,y) =14 > bia'y’ € (EABSUL)°(CP® x CP™)
i,5>1

for some b;; € Eo(;45)BSU. Of course, we have

bi; = Zbij(l A« (B @ Bj, 2yt
kol

<(1 AN)Bi @ (LAN)65,1 +Zbkl$kyl>

ol
= ((AAN)(Bi @ 8;), fr(n A1) = (wf(LAN)«(Bi ® b)) = aiy.

The power series f is a symmetric 2-cocycle or 2-structure on the fomal group law
F in the sense of [AHS98]3.1.[HAS99|1.2: This means that the relations

(9) f(z,0) = [f(0,y)=1
(10) f(may) = f(y,x)

hold. In fact, one easily checks that these are equivalent to 3.1.



CHARACTERISTIC NUMBERS FROM 2-COCYCLES ON FORMAL GROUPS 5

REMARK 3.2. There is another way to look at symmetric 2-cocycles: any such
f defines a commutative central extension

Gpn—FE—F

of F by the multiplicative formal group. Here, E is the product F' x G,, and the
group structure is given by the formula

(a’ )‘) : (b7 M) = (a +0b, f(a’7 b))\M)
The equation 11 is then equivalent to the associativity of the multiplication. These
objects have been extensively studied; for example Lazard’s symmetric 2-cocycle
lemma classifies central extensions of the additive formal group by itself

G, — F — G,.

DEFINITION 3.3. For any complex oriented E let Co(E) be the graded ring freely
generated by symbols a;; ’s subject to the relations of 3.1. We write o for the canon-

ical map from Co(E) to E,BSU.

Here, we denoted the generators of Co(E) and E.BSU by the same letters
to simplify the notation. We will see below that the map « is an isomorphism.
Equivalently, given any 2-cocycle f’ on the formal group F over an 7, E-algebra S
then there is a unique algebra homomorphism

p: E,BSU — S

with ¢ f = f’. Hence, E,BSU carries the universal symmetric 2-cocycle on F
which is the result of [AHS98].

Consider the canonical map of H-spaces ¢ : BSU — BU. Writing g for the
map from CP> to BU which classifies 1 — L we see from the homotopy equivalence

t+g:BSU x CP>* — BU

that ¢ is an inclusion in homology. It is well known [Ada74] that E.BU is a
polynomial algebra with generators b; = g¢.3;. Alternatively, let ¢’ be the map
which classifies L — 1. Then the classes ¢’; = b} again give polynomial generators
of E,BU. Since the map ugy(g X ¢')A is null the generators b; and b} are related
by the equation

i bt = (i biz') "L
i=0 i=0

ProprosITION 3.4. We have the formula

k

In particular, modulo decomposables in E,BU
i+
kN
L*al‘j = Z ( > ke
k=0 \BJ/F
PROOF. Decompose f by writing
funiv = 1—L1— Lo+ L1Lo=(L1Lo—1)4+(1—L1)+ (1 — Loy)
= (9'nep= +gp1 + gP2) Cunio
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and calculate

pPV (G @ gp ®gpa) D B €85, © B, ® By, ® Biy ® B,
i1 +igtizg=i
J1t+iz+iz=J

i1+J1
k
E : E : (Z ) b;cblébj?,
i14+ig=i J=0 1,J2 P

Jj1+iz=Jj

Now choose n}, and dj, as in 1.1 and set

k—1
def i (kY k k _J p fork=p°
e(k) = Zlnk<z> —g.c.d.{(1>,...7(k1>}—{ 1 else

For a graded ring R we write R4 for the elements in positive degrees and
2
Q(R) = R/R’.
COROLLARY 3.5. In Q(E.BU) we have t.dy, = €(k)bj,.
PRrOOF. Using the identity
s+t _(s+t
8t ) g B s
we compute with the proposition

k-1
. k
tedy, = g NpleQij = E n%(z) . = €(k)b)..

i+j=k i=1

Before proving 1.1 we need two more lemmas.

LEMMA 3.6. For all s,t we have
(ert

Ast = mds+t € Q2(5+t) (02(E))

PRrROOF. The third relation of 3.1 reads modulo Cs(E)%

Amn = Ast
n—t m

for all m+n =s+t, m <s. We conclude

s+t
(3) dsyt = Z Mgt

e(s+1)

LEMMA 3.7. (i) For all s > 0 and prime numbers p the map
Q2psts : Qaps (Hi(BSU;Fy)) — Q2ps (H.(BU;Fp))

is null.
(ii) Let py denote the Poincaré series of a graded vector space. Then we have

pi(Q(H,(BSU;F,)) = (1 —t2)~! — %
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PRrROOF. (i) For a Hopf algebra A let us write P(A) for the group of prim-
itives. It is enough to show the dual statement that the map

Popst” : Pops (H*(BU;F,)) — Pops (H*(BSU; Fp))
vanishes. The p®-power of the first Chern class generates the source since
FEon) =2 €+ ()

and the dual is one dimensional. This class obviously vanishes in

H*(BSU;F,).
(ii) Asin [Sin67] 1.4 and 1.5 one sees
pi(QUHL(BSU;Fp))) = p(P(H.(BSU;Fy))) = pe(QUH (BSU;Fy)))

= p(QFplez,c3,...]) = (1 =)~ —¢°
]

PROOF OF 1.1. The proof will fall into several steps: First consider the case
when F is rational ordinary homology. Then by 3.5 the composite

Q[da,ds, ...] — H.(BSU,Q) =~ H,(BU,Q) — Q[b},b),...]/b

is a surjection and consequently is an isomorphism. Thus there cannot be any
relation between the monomials in the d;’s and the statement follows from the
homotopy equivalence

t+g:BSU x CP* = BU.

by counting dimensions in each degree.

Next observe that the class di must generate Qoi(H.(BSU;F))) for all k > 2:
by 3.7(ii) this vector space is one dimensional for any prime p. Pick a generator e
of the latter. Then a multiple n of e coincides with di. If k is not a prime power
the integer n is invertible since the element dj. is sent to the generator by under the
map to BU. For prime power degrees the integer n again can not be a multiple
of p since else a multiple of e is mapped to by by 3.5 which contradicts 3.7 (i). In
particular, we have shown that the canonical map

Fp[dg, dg, .. ] — H*(BSU, Fp)
is a surjection which in turn means that it is an isomorphism. The theorem now
holds for integral singular homology.

Next let E be complex bordism MU. Since the Atiyah Hirzebruch spectral
sequence collapses we may choose an isomorphism of m, M U-modules

MU,BSU~E, = Ey = H,(BSU; 7, MU).

It is enough to show that a monomial in the dj’s reduces to the corresponding
monomial on the 0-line of the Fa-term H,(BSU;Z) since then the canonical map

T MU|dy,ds,...] — MU,BSU
is an isomorphism. This follows from the fact that the map induced from the
complex orientation from MU,BSU to H.(BSU;Z) respects the di’s and is the
projection onto the 0 line of the spectral sequence.
Finally, for arbitrary complex oriented E we may simply tensor the isomorphism
T MU|dy,ds,...] — MU,BSU
with 7,F and the result follows from the universal coefficients spectral sequence
[Ada69]. O

COROLLARY 3.8. The map o : Co(E) — E,BSU is an isomorphism.
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PrOOF. Consider the obvious map ¢ : 7, E[d2,ds,...] — Ca(E). Since its
composite with « is an isomorphism ¢ must be injective. Moreover, 3.6 tells us that
the a;; can be written as polynomials in the d;’s. Consequently ¢ is an isomorphism
and so is a. O

It is hard to give an explicit formula for the ni. However, in the situation of
positive characteristic we are better off.

LEMMA 3.9. (i) It is possible to choose ni,s =0 mod p for alli not equal to
ps—l .
(ii) If n is not a prime power it is possible to choose nt, =0 mod p for all i not
equal to p*»™ . Here, vp(n) is the exponent of p in the prime decomposition
of n.
PROOF. p*!/(p* — p*~1)! is once more divisible than p*~!!. Hence (pfil)/p is
not divisible by p and we find a,b € Z such that
s P’
a<p ) + bﬁ =1.
1 P
s—1
Hence we take n})s = pa and ngs =0b.
A similar argument works for the second statement: Since (p,,:(n)) is not divis-
ible by p we find natural numbers ag, ay,... ,a,_1 such that

n n
ao (pl/p(n)> + z : aip(i> =1
i=1,... , n—1; i;ép”p(")

which gives the result. O

4. The homology ring of BSp

In this section we are going to determine the canonical map from BSp to BSU
in E-homology for complex oriented theories. The calculations will prove useful in
things to come.

The (trivial) fibration det : U(n) — S1 with fibre SU(n) allows an identifica-
tion of E*BSU (n) with E*BU(n) = n*E[ci, - - , ¢,] divided by the ideal generated
by the first E-Chern class ¢; of the determinant bundle. The determinant restricted
to the standard maximal torus of U(n) is just the multiplication map. Hence in
formal Chern roots we compute

ci(det) =x1+F ... +F Tp.
In particular, for the E-cohomology of HP*> = BSU(2) we have
c1(det) = x1 +F 2 = ¢1(w) + terms of higher order
Here, w is the canonical quaternian line bundle over HP>°. This gives the
PROPOSITION 4.1. E*HP>™ = 1*E[cy(w)].
Observe that in general ¢;(w) does not vanish: for K-theory we get
T+, T2 =T1+ T2 — 1172 = (W) — c2(w)

and the first two Chern classes hence coincide.
Let z; € Ei,;HP™ be dual to co(w). Abusing the notation denote the image of
z; under the canonical map

E.HP* = E,BSp(1) — E.BSp.
by the same letter. Then one easily verifies

PROPOSITION 4.2. E,BSp 2 m,E[z1, 22, .. .].
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We next consider the standard fibration p : CP?**! — HP* with fibre CP?.
The quaternian line bundle w splits on the total space

p'w= L@ L.

Here, L is the canonical complex line bundle. Moreover, since ¢ anti commutes with
j we see that

jL= L.
When passing to infinity the fibration fits into the commutative diagram

HP> b BSU

pT T(l—Ll)(l—Lz)
(anI)A
CP>*® ——— = CP>® x CP*

because
(AAD*A*(1— L) (1 —Ly)=1—L—-L+LL=(1-L)+(1-L).
Hence, in homology the map
E.CP*® — E,HP*® — E,BSU

sends (i to the kth coefficient of the power series
f(z,—Fpx) Z a;jz'(—

Here, f(x,y) is the universal symmetric 2—cocycle on the formal group law F. It is
not hard to see that p is a surjection in homology. Thus we should be able to lift
each zx to E,CP*and compute its image from there. In fact, we have the following
nice formula:

THEOREM 4.3. The map p : CP{°® — HP A E is given by the power series

j=0
As a consequence, the map h is determined by the equality of power series
Zaijxi(_Fﬁ) = f(z,—px) = hp(x Z zja:J —rx)?
i,
PROOF. It remains to compute the image of §; under p,:
<p*ﬁi,0§> = <5i7p*cg> = (Bi,c2(L+ L)) = (B;, (x(—Fx))’).
Hence, f; is sent to 3, (Bi,#I(—Fpx)?) z; and the claim follows. O

Let us see how this formula works for K-theory. Setting y = —px the left hand
side becomes the symmetric polynomial

(12) Zaijmiyj Za“ zy)' + Zau iyl + 2lyh)
1,7 1<J

Let @ be the Newton polynomial expressing the power sum in terms of the ele-
mentary symmetric functions ey, eo. That is,

t +t5 = Qr(en, e2)
and set gx(a) = Qk(a,a). Then since
z+ (—rz) = a(w) = e(w) = z(-r)
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we have
ko k _
2" +y" = qr(c2(w)).
The polynomials g, satisfy the Newton identities
qk = a(qr—1 — qr—2) for all k > 2, ¢ = a, g2 = a® —2a
and a simple induction shows

=0 )+ (L0 e

S

Hence equation (12) reads

g ai;x'y’ = E agrCs + E a;jCyqi—i(c2)
%, k

= Z( + g—l)j-"((;_ﬁ_ i) + (;_ fﬂ)mz‘%

We have shown
COROLLARY 4.4. The map hy : K.BSp — K.BSU is given by the formula
o fr—i—1 r—1
Zr > Qpr + ;(—UJ_Z((], o 1) + (j B T))aij
5. The K-homology ring of BSpin and real symmetric 2-cocycles
In this section we are going to prove 1.2. First we need
THEOREM 5.1 ([Sna75]8.4 8.11). (i) The canonical map
K.(BSpin;Fy) — K,(BSO;Fs)

is an algebra isomorphism.
(ii) The composite of

K. (pt;F2)[bg, by, bg, . ..| — K, (BU;Fy) 25 K,(BSO;Fy)

is an algebra isomorphism. Moreover, each pibari1 lies in the image of

K*(pt; Fg)[bg, b4, e ,bgk].
LEMMA 5.2. The composite
K.(HP®;Fy) " K,(BSU;Fy) % K.(BSO;Fy)

sends z; to bJQ- modulo the ideal generated by b3,b3,. .. ,b?_l. Hence zj is decom-
posable in K, (BSpin;Fs).

PROOF. Since the diagram

cp* —1>cp

|

BU — BSO

commutes we get
9(z) = g(—¢, 7) € K (BSO,F2)[z].

Hence using 3.4 we compute

fla,—g 1) = g+ (—¢, 2)g@)g(—¢, 2) =g(x)* = Zngzi
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and with 5.2

fla—¢,w) = Y zr'(-¢g,2)"
Hence the assertion follows by induction since 27(—¢ )7 = 2* + o(z**"). The
last claim is a consequence of 5.1(ii). O

DEFINITION 5.3. For any natural number i let 1; be the set of indices of the
1-digits of i in its binary decomposition. Declare a new product n x m of natural
numbers n,m by

lpsm =1, U1,

EXAMPLE 5.4. Let i = 3, i;27 be the 2-adic expansion of i. Then by its
definition v5(4) is the minimum of the set 1, and hence

i = (i —2v2(0)) 5 2v2(0),
The importance of the x-product comes from the

LEMMA 5.5. For the multipicative formal group law we have modulo 2

(1) =vin=ivs
(1,11> - (0,11> - (1,10> - <0?0) -
(0) = () = (1) = (oi0) =

the lemma holds for ¥ = 0,1. Hence for arbitrary k& we see with 2.5 that the
binomial coefficient is non zero iff ks = is*js for all s and the assertion follows. [

PROOF. Since

and

It is interesting to note
COROLLARY 5.6. Modulo decomposables we have

o d23+1 fOTi:j:2S
Gij = dixj else

PROOF. Modulo decomposables (6) gives

Qi jxk = Z (],lk) a;; = Z (;]) Al = Qjxj k-

! l
In particular if i x j # 2°
Qi = a2u2(7‘,*j))i*j = azuz(i*_j),i*j72u2(i*_7‘) = di*j.
Here we used 3.9. O

PROOF OF 1.2. We may assume that we have chosen the n} as in 3.9. By 5.1
it remains to show that the map

Fg[dk“{ }é 25} ®F2[d2,d’8, . ] — Fg[bg,b4, . ], dk — L*(dk), dlzk (g L*(dzk + h*Zk)

is an isomorphism. By 3.4 and 5.5 we have

2" 2"
_ _ / _ /12
L*d2r+1 = L*GQT,QT = bs*tb2’"75b2"7t - bsb L
s,t=0 s=0

and hence with 5.2

L*d127~+1 = blgr mod (bg, b4, cee 7b2r,2).
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The claim follows since a similar relation holds for the other di’s by 3.5:

L*dk = L*a2u2(k)’k72u2(k) = b;f mod (blbg, . ,bk—l) for k 75 2°.

Since the composite
cpP>® x cP* -1 Bsu =¥ BSpin
is null we have for any complex oriented E the relation
(13) flyy) = f(=rz,—ry) € E.BSpin[z,y]
EXAMPLE 5.7. Explicitly, the relations (13) read for F' = G,
; (s i 1> (ti 1)ast = ay; for all 7, j

as one checks easily.
Recall from [HAS99] the

DEFINITION 5.8. For any complex oriented E let C5(E) be the ring which car-
ries the universal real symmetric 2-cocycles on F. That is, C5(E) is the quotient
of the graded ring Co(E) by the relations implied by the equation 13. We write (3
for the canonical map from C5(E) to E.BSpin.

We are going to show that § is an isomorphism for mod 2 K-theory. Note that
this statement is wrong for mod 2 singular homology. However, for general F we
have

LEMMA 5.9. The map

(t4+9)« : E.BSU @, g E.CP* — E,BSU x CP* — E,BU

is an isomorphism of E,BSU-modules.

PrOOF. The diagram

BSU x BSU x CP= 24 BU « BU x BU =~ BU x BU

1Xg ©

BSU x CP*® —————— BU x BU —— BU
commutes. U
A complex 1-structure on F simply is a power series g(x) with leading term
1. The universal ring C1(E) of these objects can be identified with F,BU in the
obvious way. A real 1-structure is such a power series g which satisfies the real
relation
9(x) = g(=rpz).

Let us write C7(E) for the universal ring of real 1-structures. That is C](E) is
C1(E) subject to the real relation. It is clear that the map ¢ : Cy — Oy for which
(f(@,y) = 9(x +r y)g(@) g(y) "
induces a map on the real universal rings which we denote with the same letter.

For mod 2 K-theory we have

PROPOSITION 5.10. The obvious map from C7 to K.(BSO,F3) is an isomor-
phism.
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PRrOOF. This is an immediate consequence from 5.1 as the composite
Falb2, ba,...] — C1(KF3) — C(KFs)
is easily checked to be surjective with the real relations. ]
There is a ring inbetween C7 and C§ which will be useful in the sequel: let T'(z)

be the power series g(x)g(—¢, x)~1 and let C’{/ be the quotient ring of Cy subject
to the relation generated by the set I’ consisting of the coefficients of

(14) T(x+g, yv) =T(@)T(y).
Then we have

. . / . . . .
LEMMA 5.11. (i) The canonical map ' : C5 — CT is an injection.
(ii) T is an even power series.

PRroOF. For (i) observe that we have

Sty o gl@tyg@)gly) _ T(z+y)
fl=z,—y) 9=z —y)g(—2)9(—y) T(x)T(y)
when ommiting the formal addition from the notation. Hence it suffices to check
that the ideal ICy generated by f(z,y)f(—x, —y)~! is the intersection of the ideal
I'Cy with Cy. By 5.9 there exists a retraction homomorphism

of C5-modules. Hence any

a:Ziksk € Cy
k

with s, € Cf/ and i, € I’ satisfies
a=pla) = Zik p(si) € ICy
k

and the first part of the lemma follows.
For the second we have with T'(z) = Y t;2* and 5.5

T(x+y) = g;tz (J’Zk) aly* = Jzk: tjsnaly"
and hence with T'(z + y) = T'(z)T (y) for each odd n

tn =tien =t1t, =0
since t1 = 0. O

LEMMA 5.12. The power series S(z) = f(x, —x)f(x,z)~" with coefficients in
CY satisfies the relation

) - S50

PROOF. The cocylce relation (11) gives
S@)Sly) _ fletye+y)fle—2)fly,—y)f(=z,—y)
Sz +y) f=z, 2 +y)f(y, —y)f (2, 2)f(y,9)

fle+y,x+y)flz,y)f(-z,~y)
f(x,x)f(y,y)
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and
fa? ) = f@+y,yf@*y) _ fayfEtya+y)fy)fl@r+y)
’ fy,y) Fy,y)f(x+y,2)f(z, )
_ [y ity r+y)flzy)
fy,y)f(z, )
Hence the claim follows from the real relation f(z,y) = f(—z, —y). O

COROLLARY 5.13. 8 : C5(KF3) — K, (BSpin;Fs) is an isomorphism.
PROOF. The composite of
F*KFQ[dk“C 7é QS] ®ﬂ-*KF2 W*KFQ[ 217 /8’ /16’ .. } — CS(KFQ)

with § is an isomorphism. Hence, § must be surjective. It remains to check that
the map ¢ from C7 to C7 is an injection. First we claim that the power series S(z)
of 5.12 is even. Since f(x,z) is even we only need to investigate f(xz, —z). Using
the injection ¢/ of 5.11 we get

! fla,—2) = g(a)g(~2) " = T(x)g(~z) 7%
Since T'(z) was even by 5.11(ii) the assertion follows. Next define the ring homo-
morphism & from C7 to C§ by demanding
kg(z?) = S(x)~".
Then we see with 5.12
kg(x? + 92 S(x)S(y
) = o S )

Thus the universal property of C shows that we have constructed a left inverse to
the map ¢. O
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