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Empirical Processes of Multiple Mixing Data

The present thesis studies weak convergence of empirical processes of multiple mixing data.
It is based on the articles Durieu and Tusche (2012), Dehling, Durieu, and Tusche (2012),
and Dehling, Durieu, and Tusche (2013). A process (X;);en is called multiple mizing if the
covariances of two products f(Xy,)-...- f(X;,_,) and f(X;,)-...- f(Xp) with 0 < ip < ... <)
can be bounded, for all f in some normed function space C with sup,, |f(z)| < 1, by a term of the
type || f(Xo)|ls [| 116 Q(io — ity ip — ip—1) O %~1 with £,s > 1, 6 € (0,1) and a polynomial
Q.

We follow the approximating class approach introduced by Dehling, Durieu, and Volny (2009)
and Dehling and Durieu (2011), who established empirical central limit theorems for dependent
R- and R?valued random variables, respectively. Extending their technique, we generalize
their results to arbitrary state spaces and to empirical processes indexed by classes of functions.
Moreover we study sequential empirical processes. Our results apply to B-geometrically ergodic
Markov chains, iterative Lipschitz models, dynamical systems with a spectral gap on the
Perron—Frobenius operator, and ergodic torus automorphisms. We establish conditions under
which the empirical process of such processes converges weakly to a Gaussian process.

As our limit theorems are stated in the general context of empirical processes indexed by
functions, they involve entropy conditions using adapted bracketing numbers. We present
a range of classes that satisfy these entropy conditions. Examples of those classes are the
indicators of finite and semi-finite rectangles, of ellipsoids, and some parametric class of
monotone functions.

Furthermore, we consider the empirical process of random variables of a slower type of
multiple mixing. Here the decay of the covariances is only of a polynomial instead of an
exponential rate, which is required in the concept of usual multiple mixing. We establish an
abstract empirical central limit theorem with applications to causal functions of i.i.d. processes

such as linear processes and time delay vectors.

Keywords: Limit theorems, Weak convergence, Multivariate empirical processes, Multivariate
sequential empirical processes, Empirical processes indexed by classes of functions, Dependent
data, Multiple mixing, Markov chains, Dynamical systems, Spectral gap, Ergodic torus auto-

morphism, Chaining, Change-point problems

Mathematics Subject Classification (2010): 60F05, 60F17, 60G10, 62G30, 60J05, 28D05

vil



Processus empirique avec données a mélange multiple

Cette these présente des résultats sur la convergence faible de processus empiriques avec
données a mélange multiple. Elle est basée sur les articles Durieu et Tusche (2012), Dehling,
Durieu et Tusche (2012) et Dehling, Durieu et Tusche (2013). On dit qu’un processus
(Xi)ien est & mélange multiple si la covariance des deux produits f(Xi,) - ... - f(Xs,_;)
et f(Xi,) ... - f(Xp), avec 0 < dp < ... < iy, peut étre bornée par un terme du type
I £(Xo)lls || 1|6 Q(io — 41,y ip — Gp—1) B %a=1 avec £,5 > 1, § € (0,1) et un polyndme Q pour
tout f dans un espace de fonctions normé C, avec sup,, |f(x)| < 1.

Nous suivons ’approche utilisant des classes approximantes introduites par Dehling, Durieu
et Volny (2009) et Dehling et Durieu (2011) qui ont pu obtenir des théorémes limites centraux
empiriques pour des variables aléatoires dépendantes & valeurs dans R et dans R, respectivement.
En développant leur technique, nous généralisons leurs résultats a des espaces d’états arbitraires
et au cas de processus empiriques indexés par une classe de fonctions. De plus, nous étudions
le cas de processus empiriques séquentiels. Nous donnons des conditions garantissant la
convergence en loi du processus empirique vers un processus gaussien. Nos résultats s’appliquent
aux processus de Markov B-géométriquement ergodiques, aux modeles itératifs lipschitziens,
aux systemes dynamiques dont ’opérateur de Perron Frobenius prsente un trou spectral et
aux automorphismes ergodiques du tore. Comme nos théoremes limite sont énoncés dans
le cadre général de processus empiriques indexés par des fonctions nous introduisons une
notion d’entropie avec crochets adaptée a cette situation. Nous présentons plusieurs classes
qui satisfont ces conditions d’entropie. Parmi ces classes, on trouve I’exemple des indicatrices
de rectangles finis et semi-finis, des indicatrices d’ellipsoides et une classe paramétrique de
fonctions monotones.

De plus, nous considérons le processus empirique de variables aléatoires avec un mélange
multiple plus lent. Ici, la covariance décroit avec un ordre polynomial au lieu d’un ordre
exponentiel. Nous établissons un théoreme limite central empirique abstrait qui s’applique a
des fonctions causales de processus i.i.d., comme les processus linéaires et les vecteurs a temps

retardé.

Mots clés: Théoreme limite, Convergence faible, Processus empiriques multivariés, Processus
empiriques séquentiels multivariés, Processus empiriques indexés par une classe de fonctions,
Données dépendantes, Mélange multiple, Chaine de Markov, Systeme dynamique, Trou spectral,

Automorphismes ergodiques du tore, Chalnage, Points de ruptures
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Empirische Prozesse multipel mischender Zufallsvariablen

Die vorliegende Arbeit basiert auf den Arbeiten Durieu und Tusche (2012), Dehling, Durieu
und Tusche (2012) und Dehling, Durieu und Tusche (2013). Wir untersuchen die schwache
Konvergenz des empirischen Prozesses multipel mischender Zufallsvariablen. Ein Prozess heif3t
multipel mischend, falls die Kovarianzen zweier Produkte f(Xj,)-...- f(X;,_,) und f(X;,)-...-
f(Xp) mit 0 < iy < ... <y gleichméBig fiir alle f mit sup, |f(z)| < 1 aus einem normierten
Funktionenraum C durch einen Term der Form || f(Xo)|[s |15 Qio — i1, . .. ip — ip—1) Ola~la-1
mit £, s > 1, 6 € (0,1) und einem Polynom @ beschrénkt sind.

Dehling, Durieu und Volny (2009) entwickelten eine Approximationsklassen-Technik um
empirische zentrale Grenzwertsidtze abhangiger eindimensionaler und spater multivariater
Zufallsvariablen (Dehling und Durieu (2011)) zu beweisen. Unter Zuhilfenahme dieser Tech-
nik erweitern wir ihre Ergebnisse auf funktionenklassenindizierte empirische und sequentielle
empirische Prozesse abhingiger Zufallsvariablen in beliebigen Ereignisraumen. Unsere Grenz-
wertsidtze konnen auf B-geometrisch ergodische Markov-Ketten, iterative Lipschitz Modelle,
dynamische Systeme deren Perron—Frobenius Operator eine Spektralliicke aufweist und ergodis-
che Torusautomorphismen angewandt werden. Wir entwickeln Bedingungen fiir die schwache
Konvergenz des empirischen bzw. sequentiellen empirischen Prozesses solcher Prozesse gegen
einen Gaufy’schen Prozess.

Da wir durch Funktionenklassen indizierte empirische Prozesse betrachten, beinhalten unsere
Grenzwertsitze bestimmte Entropie-Bedingungen. Diese verwenden eine angepasste Art von
Bracketing Zahlen. Wir stellen eine Reihe von passenden Funktionenklassen vor, darunter die
Klasse der Indikatoren von endlichen und halb-endlichen Rechtecken, von Ellipsoiden, sowie
eine parametrische Klasse monotoner Funktionen.

Weiterhin untersuchen wir empirische Prozesse von Zufallsvariablen mit einer langsameren
Mischungsrate. In dieser Situation ist der Abfall der Kovarianzen nur von polynomialer anstatt
von exponentieller Ordnung. Wir entwickeln einen abstrakten zentralen Grenzwertsatz der auf
kausale Funktionen unabhéngig identisch verteilter Prozesse wie zum Beispiel lineare Prozesse

und Time Delay Vectors angewandt werden kann.

Stichworte: Grenzwertsitze, Schwache Konvergenz, Multivariate empirische Prozesse, Mul-
tivariate sequentielle empirische Prozesse, Funktionenklassenindizierte empirische Prozesse,
Abhéngige Zufallsvariablen, Multiple Mischungseigenschaft, Markov-Ketten, Dynamische Sys-

teme, Spektralliicken, Ergodische Torusautomorphismen, Chaining, Strukturbruchprobleme
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1. Introduction

1.1. Empirical Central Limit Theorems

This thesis is dedicated to the study of limit theorems for empirical processes of multiple
mizing data. Let (X;);en be a stationary real-valued process with marginal distribution pu.
The empirical measure i, is given by p, = n=! > 0x,, where &, denotes the Dirac measure
given by 0,(A) := 14(z). For a fixed interval (—oo, z], z € R, and an ergodic process (X;);en,
tn((—00,, x]) converges almost surely to u((—oo,,z]). This motivates the concept of a central
limit theorem for the empirical process or an empirical central limit theorem. We say that an

empirical central limit theorem holds if the empirical process Uy, = (Un(as))meR given by

Un(2) := v/ (pn((—00,2]) — pu((—00, 2])) (1.1)

converges in distribution to a tight centred Gaussian process. Here, we consider U, as an
element of the cadlag space D(R).!

Empirical CLTs find application in non-parametric statistics. For instance, the empirical CLT
can be used to derive the asymptotic distribution of the Kolmogorov—Smirnov goodness-of-fit
test. This test is used to determine if a stationary process has some given marginal distribution

1o, that is to test the hypothesis
Hy: “the process has marginal distribution pg”,
against the alternative
Hy: “the process has a marginal distribution different from pg”.

The associated test statistic is

D,, = sup \/ﬁ‘ﬂn((_oc%w]) - :UJO((_Ova])‘-
z€eR
By the continuous mapping theorem, the asymptotic null distribution of D, is given by
sup,eg |W(x)|, where W denotes the limit distribution of U,,.

Donsker (1952) showed that in the case of an independently uniformly distributed underlying

process (X;)ien, the empirical process (Un(:r:)) | converges in distribution to a Brownian

z€[0,1
bridge process W. An empirical CLT for dependent data was given by Billingsley (1968), who
considered ¢-mixing (or uniformly strong mixing) processes.

Dudley (1966) and Bickel and Wichura (1971) were among the first to study empirical

process CLTs for multi-dimensional independent and identically distributed (i.i.d.) data. Here

!The space of right continuous functions with left limits from R on R.



1. Introduction

U, is given by (1.1), where € R? and (—oc, ] denotes the multi-dimensional rectangle
(—o0,x1] X ... X (—00,24]. Philipp and Pinzur (1980), Philipp (1984), and Dhompongsa (1984)

treat weak convergence of multi-dimensional empirical processes of mixing data.

A process (X;);en is called a-mixing (or strongly mixing), if there is a sequence of non-negative

real numbers (a(n))nen+ such that a(n) — 0 as n — oo and
|P(ANB) —P(A)P(B)| < a(n)

for any k € N* and every A € 0(Xo,...,Xg) and B € 0(Xgin, Xktnit,--.).> p-mixing is a
stronger version of a-mixing and corresponds to the case, where o can be replaced by ¢(n) P(A)
with p(n) — 0 as n — oo.

Davydov (1970) showed that in the case of an a-mixing process, for every k € N*, the covari-
ance of every o(Xp, ..., Xx)-measurable real-valued function & and every o(Xgin, Xgtnt1,---)-

measurable real-valued function 7 can be bounded by
10 (B[E[%)* (B [n|™) /™ a(n)t=W/s+m) (1.2)

for all s,m > 1 such that 1/s+1/m <1 and E [£|*, E |n|"™ < cc.

We work with a different mixing property. We assume directly that a similar bound like
(1.2) with a(n) = 0™, 6 € (0,1) is satisfied for a very particular choice of £ and 7n, namely
€= f(Xip) - f(Xi, ) With 0 < ig < ... <igq < kandp= f(Xi,) ... f(X;,) with
k4+n <i, <...<ip, q<peN* where fis an element of some specific normed space (C, || ||¢c)
of real-valued functions. We say that (X;);cn is multiple mizing if there is a 6 € (0,1) which
does not depend on p such that for every k,q € N* the covariance | Cov(,n)| can be bounded
by

(B I (X0)[)* I £lle Qir — o, - ip — ip—1) 0" (1.3)

with s,¢ > 1, uniformly for all f € C with sup, |f(x)| < 1, where @ is a polynomial function
that depends only on p with total degree of @@ not larger than some fixed dy > 0. This bound
is in many aspects weaker than the bound (1.2) with exponential «, since we strongly restrict
the choice of £ and n and allow that (1.3) grows with the size of the gaps iy — ix—1 and the
C-norm || f||¢ of the function f (in our applications, || f||c is always large).

The multiple mixing property holds for instance in the setting of data arising from Markov
chains or dynamical systems with a spectral gap of the corresponding transfer operator on
some space of regular functions containing C. Durieu (2008a) established the multiple mixing
property of the ergodic torus automorphism.

Dehling, Durieu, and Volny (2009) developed a technique (cf. Section 1.3) to treat the
one-dimensional empirical processes of Markov chains with a spectral gap on the space of
bounded Lipschitz functions. Dehling and Durieu (2011) extend this result to multidimensional

data of multiple mixing data with applications to dynamical systems of ergodic automorphisms

*0({Xi:i€1}), I CN, denotes the o-algebra generated by {X; :i € I}.



1.1. Empirical Central Limit Theorems

of the torus and Markov chains with a spectral gap on the space of bounded a-Hélder functions.

In Part II of this thesis, we provide results for processes that satisfy a weaker version of the
multiple mixing property which we call slow multiple mizing. This concept allows us to treat
processes that only have a polynomial decay in (1.3) instead of the exponential decay given by
0™. We establish an empirical CLT for slowly multiple mixing processes that can be applied to

causal functions of i.i.d. processes such as linear processes and time delay vectors.

Dudley (1978) initiated the study of generalized empirical processes, that is the study of
the process given by \/n(un(A) — p(A)), where A is an element of some specific subclass of
B(R?).3 Ossiander (1987) used bracketing conditions to derive CLTs for empirical processes,
indexed by classes of L? functions. Pegkir and Yukich (1994) established function class indexed
Glivenko—Cantelli theorems for stationary processes using weighted random entropy conditions.

Let (X;)ien be a stationary process in a measurable space (X,.A) with marginal distribution
w and let F be a class of real-valued measurable functions on X. We denote the integral [ v fdu
with respect to a measure p by puf. The F-indexed empirical process Uy, = (Un( f )) is given
by

ferF

Un(F) == Via(um(f) — uf).  f€F. (14)

In this setting, we consider U,, as a random element in the space ¢>°(F) of bounded real-valued
functions on F.* We say that an empirical CLT or a CLT for the F-indexed empirical process
holds, if U,, converges in distribution in ¢*°(F) to some tight Gaussian process. Ossiander
(1987) established a CLT for the empirical process indexed by a class of functions for i.i.d. data.
An empirical CLT for a-mixing (or strongly mixing) data has been established by Andrews
and Pollard (1994). Doukhan, Massart, and Rio (1995) and Rio (1998) study the empirical
processes indexed by a class functions for S-mixing (or absolute regularly mixing) data. For
further results, see the survey article of Dehling and Philipp (2002).

In the setting of Markov chains and dynamical systems, the spectral gap method is a useful
tool to establish CLTs for processes (f(X;))ien, where f is an element of the function class B
on which one has the spectral gap.

If F is contained in B, one can deduce the finite-dimensional CLT from the one-dimensional
CLT via the Cramér-Wold theorem. If further one has sufficient moment bounds of the partial
sums Y . (f(X;) — pf), f € F, to establish the tightness of Uy, one can apply the classical
“finite-dimensional convergence plus tightness” approach to prove the empirical CLT for (Uy,) rc 7.
Collet, Martinez, and Schmitt (2004) proved an empirical CLT for expanding maps of the unit
interval this way.

The technique of Dehling et al. (2009) and Dehling and Durieu (2011) can be applied to
situations, where the one-dimensional CLT and the moment bounds are not directly available
under the functions f € F but for a different class of functions C. This is useful for instance

in the setting of a spectral gap on a space that does not contain the indexing class . As an

3%(Rd) denotes the Borel og-algebra, that is the o-algebra, generated by the open sets in R
40> (F) is equipped with the supremum norm ||U]|ec = sup;cx [U(f)]-



1. Introduction

example, Gouézel (2009) provides samples of dynamical systems that support a spectral gap
on the Lipschitz functions but not on the bounded variation functions.

Dehling et al. (2009) and Dehling and Durieu (2011) treat exclusively classical empirical
processes, that is the case, where F := {(—o0, x] : € R?}. This thesis extends the techniques
developed by Dehling et al. (2009) to empirical processes indexed by classes of functions. We
establish a CLT for F-indexed empirical processes of multiple mixing data with applications to
the ergodic automorphism of the torus. The general results of this work have been used by
Durieu (2013) to establish an empirical CLT for iterative Lipschitz models that contract on

average.

1.2. Sequential Empirical Central Limit Theorems

Beyond empirical CLTs, Part III of this thesis studies so called sequential empirical processes
of multiple mixing data. In the classical case of R-valued data, the sequential empirical process

is defined as the R x [0, 1] indexed process V,, = (Vin(2,1))(2,t)erx[0,1] given by

[nt]

Voo t) = [;g S (e ((—00, 2]) — pl(—00, ),
=1

where [-] denotes the lower Gauss bracket, i.e. [x] :=sup{z € Z : z < x}. The process V,, is
also known as the two-parameter empirical process.

The study of sequential empirical processes was initiated independently by Miiller (1970) and
Kiefer (1972). Kiefer and Miiller showed that for i.i.d. data, the sequential empirical process

converges in distribution to a mean zero Gaussian process K (z,t) with covariance structure

E (K(z,s)K(y,t)) = min{s, t} (u((—o0, min{z, y}]) — (=00, 2])u((—00,y])).

The limit process K is called Kiefer process, or Kiefer-Miiller process. In the style of the
preceding section, we say that a sequential empirical central limit theorem holds, if V,, converges

in distribution to a tight Gaussian process.

Sequential empirical CLTs play an important role in the statistical analysis of change-point
problems. Assume we have a sample X1, ..., X, of some stochastic process, say of i.i.d. random
variables. In most cases there will be some more or less strong oscillation around the expectation
of the corresponding random variables. It can happen that the mean value of X, ..., X~
differs notably from the mean value of Xy«11,...,X,, for some k* € {1,...,n —1}. A change
point test is used to test the hypothesis that this difference occurred only by chance against
the alternative that the underlying process has changed after the first k* realizations.

Let (X;);en be a stochastic process with marginal distributions (u;);en. We want to test the

null hypothesis
Hy: “the process is stationary”

against the alternative
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Hy: “there exists a k* € {1,...,n — 1} such that (X1,..., Xg+) and (Xg=41,...,X,) are

both stationary with different marginal distributions”.

For this change point problem, we propose the test statistic

k k
T, = —(1—-— - —
N Orgggnsgpn< n)x/ﬁ\uk(( 00, 2]) — pis1,0 ()],
where {1541, denotes the empirical distribution of Xj11,..., X, given by (n—k)~' 31", ., dx,
(for convenience, let pp and pin41, be the constant zero measure). In order to determine

the asymptotic null distribution of T, we study the ¢*°(R x [0, 1])-valued process R, =
(Rn(z, t))(x,t)eRx[O,l} given by

Ry (x,t) = V/nt(1 = t) (i (00, 2) = ppg41,0((—00, 2])).

If the sequential empirical CLT holds, we obtain under the null hypothesis Hj that

d
Ry, — (K(LL’, t) - tK(‘T7 1))(a:,t)€R><[0,1}’

where K is the centred Gaussian process with covariance structure
COV(K(J;7 t)? K(y7 8))

= min{s, } {Z Cov (1{xy<a}r Lixp<y) T Y Cov(Lixo<yy Lix,<o}) }
k=0 k=1

This process is also referred to as a Kiefer process. The proof is given in Chapter 12 (see
Lemma 12.1). Now, applying the continuous mapping theorem to the supremum-functional, we

obtain the asymptotic null distribution of the test statistic T},, that is

T, % sup  |K(z,t) — tK(z,1)|.
z€R, t€[0,1]

In fact this result remains true for general F-indexed empirical processes, see Proposition 12.1.

Berkes and Philipp (1977) established a sequential empirical CLT for strongly mixing random
variables. In a recent paper Dedecker, Merlevede, and Péne (2013) proved a sequential empirical

CLT for dynamical systems given by an ergodic automorphism of the torus.

In Part III, we extend our empirical process techniques to the sequential case and develop
a general sequential empirical CLT for multiple mixing processes. As results, we present
sequential empirical CLTs for Markov chains and dynamical systems with a spectral gap and
for ergodic torus automorphisms. These results are given in the setting of a generalized version

of sequential empirical processes indexed by a class of functions in the style of (1.4).
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1.3. The Approximating Class Approach for Empirical CLTs

The standard approach to prove empirical process CLTs uses techniques that go back to
Prohorov (1956). Prohorov’s Theorem states that a tight family of probability measures
is relatively compact. Thus any subsequence Y, of a tight sequence of random variables
Y, contains a convergent subsequence Y,,». Assume now, that one can show that the finite
dimensional distributions of a sequence of processes Y,, converge to the finite dimensional
distributions of some process Y. Then the finite dimensional distributions of the limit Z of the
convergent subsequence Y,,» must coincide with those of Y and thus Z and Y are identically
distributed. We conclude that every subsequence of Y;, has a convergent subsequence with
limit Y, which implies Y, % V.

A sufficient condition for tightness of a process (Y, )nen+ in the cadlag space D([0, 1)) is e.g.
that for every €, > 0, there exist some a,d > 0 and an integer ng € N* such that

supP(\Yn(0)| > a) <n, (1.5)
n>1

sup P( sup |V, (t) — Y. (s)| > 5) <, (1.6)
nzng [t—s|<6

cf. Theorem 15.5 in Billingsley (1968).

The “finite-dimensional convergence plus tightness” technique can be applied to the case,
where the underlying process is i.i.d.. One of the first who applied this technique to dependent
data was Billingsley (1968), who considered the classical empirical process of p-mixing processes
of [0,1]-valued random variables. In this setting the finite dimensional convergence of the
empirical process (U, )nen+ given by (1.1) is equivalent to a multidimensional CLT under the

class of indicator functions 14, t € [0, 1], that is
1 & d %
% Z(l[ﬂ,tl](Xi)a ceey 1[0,tk](Xi>> — N(O, E) for all k € N , T1,...,tk € [0, 1] (17)
i=1

Here N(0,Y) is a k-dimensional normal distribution with covariance matrix ¥ which may
depend on tq,...,t;. Since the application of a measurable function conserves the ¢-mixing
property of a stochastic process, (1.7) can be directly deduced from the CLT for ¢-mixing
random variables (cf. e.g. Ibragimov and Linnik (1971)) and the Cramér Wold device.

Billingsley (1968) verifies condition (1.6) to establish the tightness of (Uy)nen+ (note that
(1.5) is always satisfied for an empirical process). He uses the following fourth moment bound
for sums of p-mixing random variables (Lemma 1 in Chapter 22 in Billingsley (1968)): If
(&)ien 18 a p-mixing process with || € [0, 1] a.s., E&y = 0, and mixing coefficients ¢}, such
that > ;2 k%\/@k < 0o, then

4
> < K(?’LQ(E&%)Q + nEgg) for some fixed K > 0. (1.8)
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Since his proof is given for uniformly distributed random variables—which suffices to establish
the empirical CLT for [0, 1]-valued random variables with continuous distribution functions—
(1.8) yields

2K,

E<|Un(t) - Un(s)‘4> < ?(t — )% for all £ > 0 such that ¢ < n|t — s|. (1.9)

As a result of some maximal inequality (Theorem 12.2 in Billingsley (1968)) which involves
an application of Markov’s inequality on the fourth moments of the increments of U, (¢) with

respect to t, Billingsley shows that there is a § > 0 and a ng € N* such that

P< sup |Up(t) — Un(s)| > 45) <nd
te[s,s44]

for s € [0,1] and all n € N*, which implies (1.6).

The Approximating Class Approach of Dehling, Durieu, and Volny

In the classical approach, one uses finite-dimensional convergence and bounds for increments
of the empirical process indexed by the class of indicators of rectangles. However, there are
situations where the aforementioned properties are not directly available, but where one can
establish a finite dimensional CLT and moment bounds under a class of regular functions. This
occurs e.g. in the case of data arising from Markov chains or dynamical systems, for which the
Markov or Perron—Frobenius operator, respectively, has a spectral gap on a specific class of
functions (cf. Section 2.1 and Section 10.2).

The technique of Dehling et al. (2009) is qualified for such situations. It is based on the
assumption that a CLT and specific moment bounds hold for functionals of the underlying
process under some class of regular functions. Using a modified theorem of Billingsley (1968)
(Theorem 4.2), they obtain the (classical) empirical CLT without having to establish the
finite-dimensional convergence and tightness of the empirical process directly.

Billingsley’s Theorem 4.2 applies to random variables &,, 5,(;1), ¢ ¢ (where n,q € N*) with

values in a separable metric space (S, p) satisfying

(a) &9 -4 €@ asn — 0o, for all ¢ > 1,

(b) €@ LN ¢ as q— oo and
(c) limsupnéooP(p(&(f), n) >6) — 0 as g — oo for all § > 0.

It states that under these conditions &, converges in distribution to &.

Dehling et al. (2009) proved that this result holds without condition (b), provided that S is
a complete separable metric space (cf. Theorem 2 in Dehling et al. (2009)). More precisely,
they could show that in this situation (a) and (c) together imply the existence of a random

variable £ satisfying (b), and thus by Billingsley’s theorem &, , €.
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The theorem is illustrated by the following diagram.

(c): limsup P(p(£17, £0)>8)—0

gn - _ _ 771:)070 . (T_>60 77777777 57(,LQ)

d|n—o0 (a): d|n—o0
d

J¢ == 5((1)

Now, let (X;);en be a stationary process with values in a measurable space (X, .A) and let F
be a uniformly bounded class of real-valued measurable functions on X. Assume that U, is
measurable, and that there is a uniformly bounded class G of real-valued measurable functions

on X with the following properties.
(LA) Un(f) -2 N(0,0%) for every f € Vect(G).

(1.B) For every ¢ € N* there is a function m; : F — G with #m,(F) < oo such that
&) = (Un(me)) jer and & = (Un(f) jer satisty (c).”

In this situation one can show that (a) holds for some piecewise constant Gaussian process &)
(cf. Proposition 3.1). By Dehling et al. (2009) if the state space S of 57({1) and &, is separable
and complete this implies that €@ converges in distribution and that &, converges to the same
limit ¢ as €@, As the £(9) are Gaussian, their limit & must also be Gaussian and we conclude
that the empirical CLT holds (cf. Section 3.2).

An Approximating Class Approach for Empirical Processes Indexed by
Classes of Functions

Dehling et al. (2009) and Dehling and Durieu (2011) only consider classical empirical processes,
i.e. empirical processes indexed by a class F = {1[_0073;] : 2 € R} of semi-finite rectangles in
[—00,00]?. As in this case U,, takes values in the space (D([—o0, c]?),ds) of multidimensional
cadlag® functions on [—oo, 00]? equipped with the corresponding Skorokhod metric dg, they
can set (S, p) = (D([—o0, 00]?),ds). In this case, the separability of S and the measurability of
U, (w.r.t. the Borel o-algebra on D([—o0, o0]?)) are always guaranteed.

In the present thesis however, we generalize to arbitrary uniformly bounded indexing sets
F and consider U, as a random element in the non-separable space S = ¢>°(F) of uniformly
bounded real functions on F equipped with the supremum norm || - ||oo. It is well known that,

in general, U,, = (U, (f)) rer is not measurable and thus the usual theory of weak convergence

54 A denotes the cardinality of a set A.

6 For definition of (D([—o00,00]?),ds) see Neuhaus (1971, p.1286 ff.). Note that (D([—oo, o0]?),ds) is a complete
and separable space (more precisely, Neuhaus (1971) and Straf (1972) proved this for the space ([0, 1]%),
but—since [0, 1] and [—o0, 0] are homeomorphic—the metric on D([—o0, 00]%) can be naturally extended to
a metric on ID([—o0, 00]%) which conserves all relevant properties (cf. Dehling and Durieu (2011, p.1081f.))).
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of random variables does not apply. We therefore use the theory based on convergence of outer

expectations; see van der Vaart and Wellner (1996).

We call any (not necessarily measurable) function on a probability space (2, S, P) a random
element. If it is also measurable we call it a random variable. For a real-valued random element

X, the outer expectation or outer integral E* X is defined as
E*X :=inf{EY :Y is measurable, Y > X, and, EY exists}.

By Lemma 1.2.1 in van der Vaart and Wellner (1996) for a random element X there exists a
measurable cover function X* satisfying X* > X and E* X = E X*, provided that E* X < oc.
The outer probability P* of a probability measure P is defined as

P*(A):=inf{P(B): BE&,ACB,} AcCQ.

P* coincides with P on & and we have that P*(A) = E*(14) for all A C Q (cf. Lemma 1.2.3
in van der Vaart and Wellner (1996)).

Let (S, p) be a metric space equipped with the Borel o-algebra generated by the open sets.
We say that a sequence of S-valued random elements (&, )nen converges in distribution to a

measurable random element £ (write &, N €), if

E*(p(&n)) = E(0(§)), asn— o0

for all bounded and continuous functions ¢ : S — R.
For more details and properties of random elements see the book of van der Vaart and
Wellner (1996).

To deal with non-measurable processes in the setting of the theory of outer expectation, in
our paper Dehling, Durieu, and Tusche (2012) we established the following theorem which can
be seen as an extension of the theorem of Billingsley (1968) and its adaptation by Dehling et al.
(2009) discussed earlier.

Theorem 1.1. Let fn,fé@,ﬁ(q) (where n,q > 1) be random elements with values in a complete
metric space (S, p), and suppose that €@ s measurable and separable, i.e. there is a separable
set S C S such that P69 € S9) = 1. If the conditions

¢l <, €9 asn— oo, forallg>1, (1.10)
lim sup P* (p(ﬁn,ﬁﬁlq)) >6) — 0 asq—» o0, foralld>0 (1.11)
n—oo

are satisfied, then there exists an S-valued, separable random variable & such that €@ i)f as
q — 00, and
d
& — & asn — .

The proof is postponed to the appendix (see Section A.4).
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In the classical approach, F-indexed empirical process CLTs require some control of the
size indexing class F to establish the tightness. This size is usually measured by covering or
bracketing numbers. Let (V, ||-|]y) be a normed space of real-valued measurable functions defined
on a probability space (X, .A, u). Usually, the covering number of F is defined as the minimum
number N¢(e, F, || - ||y) of || - [[y-balls of radius € needed to cover F. The classical bracketing
number Nj(e, F, || - [lv) is analogously defined as the smallest number of || - [|y-brackets of
size € that cover F. Here, a || - |[y-bracket is defined a set [l,u] :={f : X = R:1 < f <u}
with [ < u € F and the || - ||y-size of [I,u] is given by |u — I||y.” Covering and bracketing
conditions are frequently formulated via the existence of the integral of certain functionals of
the corresponding covering or bracketing numbers, respectively. They are usually addressed to
as entropy conditions. For instance, van der Vaart and Wellner (1996) provide an empirical

CLT for the i.i.d. case under the condition that [ \/log(NH (e, F,| - |l2)) de < oo, where || - ||2

is given by | fll2 = ([ | f|?> du)!/2. This theorem essentially corresponds to an earlier result of

Ossiander (1987), who considered indexing classes of functions.

We apply the approximating class approach introduced above. To approximate the indexing
class F, we use the intersection G of some || - ||so-ball with some normed vector space (C, || - ||c)
of real-valued, measurable functions on X. As discussed earlier in this section, in order to apply
the approximating class technique, we need to show that for every m € N* there is a function

Tm : F — G taking only finitely many values, such that for all € > 0

lim sup P* (sup‘Un(Wmf) —Un(f)] > z-:) — 0 asm — oo. (1.12)
n—00 feF
To establish this property, we apply chaining arguments, eventually allowing us to estimate
the probability in (1.12) with the help of moment bounds of expressions of the type U,(g),
g € GU (G — G). Our technique is designed to work with processes (X;);en that are multiple
mixing with respect to C (cf. Chapter 2). In this situation, for every p € N* one has a moment
bound of the 2pth moments of U, (g) with g € GU (G — G), cf. Proposition 2.1. These bounds
involve logarithmic terms of the C-norm of g. We therefore use a different kind of covering
numbers that measure how well F can be approximated by the function class G in L*(u)-norm,
with a simultaneous control of the || - ||¢-size of the approximating functions.

We developed the following adapted notion of bracketing. Let £,A > 0, s > 1 and || - |5
be given by | flls = (fy [fI° dp)'/#. For a class G of measurable real-valued functions defined
on X, wecallaset {f : X — R:1 < f <u}an (6A4,G,| -|s)bracket, if | < u € G,
max{||ul|s, ||l||s} < A and ||u—I||s <e. We define the bracketing number N (e, A, F, G, ||-||s) of
F as the smallest number of (g, A, G, || - ||s)-brackets that are needed to cover F. In applications,
we usually require an entropy condition which involves these bracketing numbers with A given
by an exponential term of the reciprocal value of the first argument of the bracket. Examples

for classes F that satisfy such a condition are provided in Chapter 4.

Our definition is close to the definition of bracketing numbers given by Ossiander (1987) (see

"for two real valued functions f, g on X, we wrtite f < g if f(z) < g(z) for all z € X.

10
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also van der Vaart and Wellner (1996)), but different in a vital point. In Ossiander (1987), no
assumptions are made on the upper and lower functions of the bracket other than that they
are close in L2. Here, our moment bound (2.2) below forces us to require the extra condition
that uw and [ belong to the class G and that their C-norms are controlled. Obviously, our
bracketing numbers are always larger than the ones defined in Ossiander (1987) and naturally
our condition on the size of F are stronger. On the other hand, our results apply to dependent
data, while Ossiander (1987) and van der Vaart and Wellner (1996) treat i.i.d. data.

1.4. Overview of Main Results

In this thesis, we establish a collection of abstract empirical and sequential empirical central
limit theorem. These theorems are adapted for the situation where the underlying process
satisfies a multiple mizing condition. We call a stationary process (X;);en multiple mizing with
respect to some normed vector space (C, || - ||¢) of real-valued functions, defined on the state
space of (X;);en, if there are an s > 1 and a 6 € (0,1) such that for any p € N*, all covariances
of the type

Cov (f(Xi) -+ F(Xi, ) F(Xi,) - F(X3,))

can be bounded by a term

£ F1leQ(in — o, - yip — ip—1)0"0 s (1.13)

uniformly for all f € C with E f(Xo) = 0 and |f(Xo)| < 1 almost surely, ig < ... <1, € N, and
q < p (cf. Definition 2.1). Here @ is some polynomial, the exponent ¢ is greater or equal to 1
and || - ||s denotes the L3-norm given by || f|ls = (B |f(Xo)[*)"/*.

Examples for such processes are B-geometrically ergodic Markov chains, iterative Lipschitz
models that contract on average, dynamical systems with a spectral gap on the Perron—Frobenius

operator and ergodic automorphisms of the torus. These processes are introduced in Chapter 2.

In Part I we establish the following CLT for empirical processes of multiple mixing data that

are indexed by a uniformly bounded class of functions F.

Theorem 1.2 (An Empirical Central Limit Theorem for Multiple Mixing Processes). Let
(X)ien be multiple mizing with respect to some normed vector space C of measurable functions
with s > 1 and total degree of the multivariate polynomial @ not larger than do. If (f(Xi))ieN
satisfies the central limit theorem for all f € C and if there exists some uniformly bounded

subclass G C C such that for some v > max{1,dy} the entropy condition

1
/ e" sup N?(d, exp(CO~Y), F,G, |- |s)de < oo for somer > —1, and C >0 (1.14)
0

e<6<1

holds, then the empirical process U, = (Un(f))ser converges in distribution in £°°(F) to a

tight centred Gaussian process W.

11
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Under slightly stronger assumptions, involving an exponential decay of covariances of ¢(Xj)
and f(Xg) with f € C and ¢ € FU (F —G) as k — oo, we can also determine the exact
covariance structure of the limit process W.

We show that property (1.14) holds under reasonable assumption on the distribution function
of Xy for the classes of indicators of finite and semi-finite rectangles, bounded balls and
ellipsoids, balls of arbitrary metric, and some parametric class of monotone functions, where
we use some bounded subclass G of the real-valued bounded Holder continuous functions.

Among others, we have the following statements about our entropy condition (1.14). Let
1 denote a measure on R? with distribution function F and let G be the class of real-valued

a-Holder functions on R? that are uniformly bounded by 1.

(i) If there are some s € [1,00] and v > 1 such that the modulus of continuity wr of F
satisfies wr(x) = O(|log(x)|*7) as x — oo0,® then condition (1.14) holds (with the same
sand v) for F = {1¢y : t,u € RY ¢ < u}, the class of indicators of finite and semi-finite

rectangles on R,

(ii) Let F :={1p@ : 2 € [0,1]%,r € [0, D]?} for any fixed D > 0, where E(z,r) denotes the
ellipsoid E(z,r) := {y € R%: Z?:1(93i —y;)?/r? < 1}. If p has a bounded density with
respect to the Lebesgue measure, then condition (1.14) is satisfied for all s € [1, 00],y > 1.

(i) In the situation of (i), F can be replaced by {lpg,) : @ € R%r € [0,D]%}, if one
furthermore assumes that pu({z € R?: |z| > t}) = O(t=?) as t — oo for some S € (0,1).
(iv) Let d =1 and F = {f; : t € [0, 1]}, where the f; are functions from R to R which satisfy
- 0< fi(x) <1forallte|0,1] and z € R,
— fs< fiforall 0 <s<t<1,
— fi is monotone increasing on R for all ¢ € [0, 1], and
— G, (t) = pf: is Lipschitz,

If there are some s € [1,00] and v > 1 such that the distribution function F of p satisfies
wr(z) = O(|log(z)|~*7) as © — oo, then (1.14) holds (with the same s and 7).

As an application we prove an empirical CLT for ergodic automorphisms of the torus. Let
T¢ = R?/Z? denote the multidimensional torus identified with [0,1]¢ and let A denote a d x d
matrix with integer coefficients, determinant +1, and with no eigenvalue that is a root of
unity. Then T : T¢ — T¢ given by T2 = Az mod 1 induces a measure preserving ergodic
automorphism on T? equipped with the Lebesgue measure \.

We establish the empirical CLT for processes (¢(T"))ien+ with a Holder function ¢.

Theorem 1.3 (An Empirical CLT for Ergodic Automorphisms of the Torus). If (1.14) holds
for some uniformly bounded subspace G of C with dy equal to the size of the biggest Jordan block

8Recall that wr(t) := sup{|F(x) — F(y)| : |x — y| < t}, where | - | denotes the corresponding Euclidean norm.

12
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of A restricted to its neutral subspace, then U, given by

1 o e
U == }i:;(fo o)~ [fopar) ser
satisfies the empirical CLT.

This result can be applied for any of the indexing classes given in (i)-(iv) under different
assumptions on the distribution Ao p~!. For instance, we show that under the assumption that

the distribution function F of Ao ™!

satisfies wr(z) = O(|log(z)|™7) for some v > max{1,dp},
the empirical process indexed by the class of finite and semi-finite rectangles given in (i) satisfies
the empirical CLT. Under the stronger assumption that A o ¢~! has a bounded density, we
establish an empirical CLT for the empirical process indexed by the class of bounded ellipsoids,

given in (ii).

In Part II, we extend the concept of multiple mixing to the situation, where #%~%—1 in
the covariance bound (1.13) is replace by ©(iy — i4—1) for some non-negative function © with
Y2, 0(i) < oo (cf. Definition 6.1). We call a process that satisfies this condition slowly
multiple mixing. In order to treat slow multiple mixing processes we restrict to empirical
processes indexed by semi-finite rectangles. We have the following result for slowly multiple

mixing processes processes.

Theorem 1.4 (An Empirical CLT for Slowly Multiple Mixing Processes). Let (X;)icn be a
slowly multiple mizing process on R® with respect to the space of bounded real-valued o-Hélder
continuous functions with s > 1 and © : N — Rg such that there exists a p € N* with p > sd
and Y22, i*P720(i) < co. If, for every bounded R-valued o-Hélder continuous function f, the
process (f(X;))ien+ satisfies the CLT, and if the distribution function F of X is p-Holder with
B> asp/(p — sd), then there is a centred Gaussian process W = (W (t)) e[ oo 00)¢ With almost

surely continuous sample paths such that U, ~L W in the space D([—o0, 00]?).

This theorem applies e.g. to causal functions of i.i.d. processes. A causal function of an
ii.d. process (&;)icz is defined as the process (X;)ien given by X; := G((&;);<i), where G is a
measurable R%valued function. The dependence structure of (Xi)ien can be measured by the
physical dependence measure due to Dedecker and Prieur (2005) (see also Wu (2005)), which is
given by

1
6i,m = (E‘X’L - G(Ela 51’717 s aglv E(/)a 5/—17 ‘. )|m) m7
where (€])iez is an independent copy of (&;)iez and m > 1. We show, that (G((§;);<i))ien+
satisfies the empirical CLT, given that the assumptions of Theorem 1.4 hold with O(i) =
(83 (s=1)/5)"
As concrete examples we apply this result to linear processes and time delay vectors. Let

(a;)jen be a family of linear operators from the state space (X, ]| - ||x) of the & to R, For a

13
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linear process X; := Z;C:)o a;(&i—j), the condition on the dependence measure 0; ,, reduce to

[e.e]
b o s(2p—1)p
sup{la;(z)|:z € X, |z|x <1} =O@(?) withb> min -~ 2%
3 supll(o)l o € el < 1) = 07 min S
The last part of this thesis is dedicated to the study of sequential versions of empirical
processes of multiple mixing data. Here, we focus again on exponential decay of the covariances,
but also give an abstract theorem that can be applied in the case of slower mixing rates. For
exponential multiple mixing, it turns out that the only assumption that significantly changes,

is the CLT assumption on ( f (Xl))z o Here we need the stronger assumption that

[nt1] [ntg]
— (Z(fl(Xi) =)y D (fr(X0) - Mfk)) ~5H N(0,%) asn— oo

NG g — (1.15)

forall k e N*, f1,....fr €C, t1,...,t; € [0,1].
Our sequential empirical CLT is the following.

Theorem 1.5 (A Sequential Empirical CLT for Multiple Mixing Processes). Let (X;)ien be
multiple mizing with respect to some normed vector space C of measurable functions with s > 1,
total degree of the multivariate polynomial QQ not larger than do. If further the sequential
finite-dimensional CLT (1.15) holds and if there exists some uniformly bounded subclass

G C C such that the entropy condition (1.14) holds, then the sequential empirical process
Vi = (Val(f, t))(f,t)e]—'x[o,l} given by

[nt]
Vi) = =D () ~B (X)), (1) € Fx 1]
=1

converges in distribution in £>°(F x [0,1]) to a tight centred Gaussian process K.

We provide a mixing condition, that allows to deduce property (1.15) from the one-dimensional
CLT (cf. Lemma 11.1).? This condition holds for the ergodic automorphism of the torus
without additional assumptions and thus we can extend our empirical CLT for the ergodic
torus automorphism Theorem 1.3 to a sequential empirical CLT, where our assumptions are

the same as in the non-sequential version.

Further we give a direct proof of condition (1.15) for B-geometrically ergodic Markov chains
and dynamical systems with a spectral gap on the Perron—Frobenius operator (cf. Theorem 10.1).
As a result, we can also apply Theorem 1.5 in this situations.

Let (X;)ien be a Markov chain with Markov operator P and invariant measure v and let
(B, || - ||3) denote a complex Banach space of C-valued functions on the state space of the X;.

We assume that B satisfies the following conditions:

9Note that since we consider dependent data, this property can not be directly computed from the one-
dimensional CLT using the Cramér-Wold device.
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(a) 1x € B, |f| and f € B for all f € B, and for every point x in the domain of the functions
in B, the mapping f — f(z) is continuous on B.

(b) There is an m € [1,00] and some K > 0 such that ([ |f|™ dv)/™ < K| f||s for all f € B.
(c) Bis a Banach algebra, that is the inner multiplication “-” satisfies ||f - gllg < || fll5 - lgll5-

We say, that (X;);cn is B-geometrically ergodic if there is some x > 0, 6 € [0, 1) such that
IP"f —E f(Xo)|ls < [ fll56" for all feB. (1.16)

This property corresponds to a spectral gap of P on B.' We have the following sequential

empirical CLT for such Markov chains.

Theorem 1.6 (A Sequential Empirical CLT for B-Geometrically Ergodic Markov Chains). If
(Xi)ien is a B-geometrically ergodic Markov chain and if there is some uniformly bounded subset
G of the real-valued functions in B such that entropy condition (1.14) holds with s = m/(m — 1)
for some r > =1, v > 1, and C > 0, then the sequential empirical V,, process converges in

distribution in €°(F x [0,1]) to a tight Gaussian process K with covariance structure given by

Cov(K(f, t),K(g,u)) = min{¢, u} {Z Cov(f(Xo),g(Xk)) + Z Cov(f(Xk),g(Xo)) }
k=0

k=1

As an application, we consider iterative Lipschitz models. An iterative Lipschitz model is a

Markov chain (X;);en+ with a transition probability P of the form
P(va) = Zpl(w) 1A(E($)),
i=0

where {7} : i € N} is a family of Lipschitz continuous transformations of the state space of the
X; and {p; : i € N} is a family of [0, 1]-valued Lipschitz functions on that same space such that
Yoo pi = 1. We say that the Lipschitz model (X;);en contracts on average, if exists a p € (0, 1)
such that > 2 d(T;(x), T;(y))pi(x) < pd(z,y) for all z,y. Under certain technical assumptions,
such processes satisfy property (1.16) with respect to the space of weighted Lipschitz functions.
This space satisfies the conditions (a)—(c). Further it contains a space of bounded Holder

continuous functions entropy results apply.

The techniques used to establish Theorem 1.6 also apply in the case of a measure preserving
dynamical system. In this case, we consider the corresponding Perron-Frobenius operator
given instead of the Markov operator. Apart from that, we obtain the sequential empirical

CLT under the same conditions as in Theorem 1.6.

107 . the constant functions are the only eigenvectors with eigenvalue of modulus 1 and all other eigenvalues are
contained in a disc of radius strictly smaller 1.
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1. Introduction

1.5. Structure of this Thesis

The remainder of this thesis is structured as follows.

In Chapter 2, we introduce the concept of multiple mixing process. We establish an increment
bound of the 2p-th moments for multiple mixing processes and present some examples of such
processes.

In Part I, we establish a CLT for F-indexed empirical processes of multiple mixing data
(Chapter 3). We discuss a range of indexing classes that satisfy our entropy condition (Chapter 4).
As an example we demonstrate the application of our empirical CLT to dynamical systems
given by an ergodic automorphism of the torus (Chapter 5). This part of the thesis corresponds
mainly to the article Dehling, Durieu, and Tusche (2012).

Processes with a weaker mixing property (called slowly multiple mixing here) are discussed
in Part II. We provide an empirical CLT (Chapter 7) with applications to causal functions
such as linear processes and time delay vectors (Section 6.2). This part is based on the article
Durieu and Tusche (2012).

Part III contains the results from the article Dehling, Durieu, and Tusche (2013). Here, we
provide a sequential empirical CLT for multiple mixing data (Chapter 9) with applications to
B-geometrically ergodic Markov chains, dynamical systems with a spectral gap on the Perron—

Frobenius operator (Chapter 10) and ergodic automorphisms of the torus (Chapter 11).
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2. Multiple Mixing Processes

Let (X, .A) be a measurable space. For a positive measure A on X and a M-integrable complex-
valued function f on X, we use the notation Af := [, f d\. For s € [1,00), we denote by L*(\)
the Lebesgue space of s-th power M-integrable complex-valued functions on X. This space
is equipped with the norm || f||s = ()\(]f\s))l/s. Further, we denote the space of essentially
bounded complex-valued measurable functions on X with respect to A by L>(\) and the
corresponding (essential) supremum norm by || - ||«. Note that these norms depend heavily on
the choice of the measure \; however throughout this manuscript it will always be clear which
measure we refer to.

Let (X;)ien be a stationary stochastic process with state space (X,.A) and marginal distri-
bution p and let (€,] - |l¢) denote a real or complex normed vector space of functions on X

with values in R or C, respectively.

Definition 2.1 (Multiple Mixing). We say that a process (X;);en is multiple mizing with
respect to £ if there exist a § € (0,1), as s > 1, and an integer dy € N such that for all p € N*
there is an integer £ and a multivariate polynomial Q) of total degree not larger than dy such
that

|Cov (f(Xig) -+ F(Xiy 1), [(Xiy) - oo [(X3,)]
< FsIFIEQ i — o, - . ip — ip1)@ia o= (2.1)

holds for all f € £ with uf = 0 and || f|jc < 1, all integers 0 < ip <43 < ... < ip and all
ge{l,...,p}

An important property of multiple mixing processes is that, for all p € N*, they allow some
increment bound of the 2p-th moments of U, (f) with f € {f € C : || || < 1}. These bounds

are presented in the following section.

2.1. Moment bounds for Multiple Mixing Processes

Dehling and Durieu (2011) investigate moment bounds for multiple mixing processes. Here, we
state and prove a version their result (Theorem 4 in Dehling and Durieu (2011)). Note, that this
version contains a correction of a slight computational error in Dehling and Durieu (2011) that
occurs when the polynomials in the multiple mixing property are of a strictly positive degree,
and that lead to a wrong exponent in the logarithmic part on the r.h.s. of the corresponding
moment bound. Let (C, || - ||¢) be a normed real vector space of R-valued measurable functions

on X. We have the following moment bound for multiple mixing processes.
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2. Multiple Mixing Processes

Proposition 2.1. Let (X;);en+ be multiple mixing for some 6 € (0,1), dy € N, and s > 1 with
respect to C. If 1x € C, then for every p € N*, there exists a C, > 0 such that for all n € N*

E(Z F(x) uf) < G, S W I o2 i (| flle + 1), for all f € C with | flloe < 1,
=1 =1
(2.2)

where a := max{—1,dy — 2}.

Proof. Let f € C with || f|loo <1 and set g := f — uf. For non-negative integers ji, j2, ... and

q € N*, we use the abbreviation j; := ZZ:1 jg. Further, we introduce the following notation:

1,(0) := 0, Lip):= Y, |B(e(X0)g(X;;)..-9(X;;))], peN-.
0< 1, vmrfp<n—1
jp<n-1
By stationarity we have that
n P
E(Z g(Xi)> <plnl,(p—1) forall pe N*. (2.3)
i=1

We will show by complete induction, that for all p € N* there is a constant ¢, > 0 such that

p
L(2p) < ¢ ) 0" H|g(Xo)r og™ “ (llgllc +671), (2.4)
i=1
Li(2p—1) < ¢y )0 Mlg(Xo)lly log® *(llgllc +67"). (2.5)
i=1

To do so, we need the following technical lemma.

Lemma 2.1. Let

n—1
Tn(prq) ==Y > [E(9(X0)g(Xj1) ... 9(Xj5))|, peN, ge{l,....p}.
Jg=0 0<7J1,--,Jg—1:dq+15-:dp<Jq

Jp<n—1

Then for all p € N* and q € {1,...,p} there ezists a constant ¢, > 0 such that

Jn(p,q) < cpllg(Xo)|lr log? ™ (llgllc + 671) + nly(q — 1)1 (p — ),

where a := max{—1,dy — 2}.

Proof of Lemma 2.1. Let ng be a positive integer such that

log(llgllc +61) - log(llgllc +671)

1.
og@ 1) 05 log(6 )
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2.1. Moment bounds for Multiple Mixing Processes

Note, that therefore 0™||g|lc < 1 and ng > 2. Now, let

Ajiip = |Cov(9(X0)g(Xjp) - 9(Xje ), 9(X5)a(Xje, ) - 9(X5z))
By, = [E(9(X0)g(Xjp) .- 9(Xj: )| |E(9(X0)9(Xjpir) - - 9(Xjs—je)) |-

)

With this notation, we have

n—1

Tn(pa) < > Ajrgp + B,

jqu Ogjl»"'7jQ*17jQ+17--~7jP§jq
G <n—1

Since ||g]lcc <1 we have Aj, . ;, < 2||g(Xo)||1 and therefore

> Ajie < 205 + 1P| g(Xo) |1 (2.6)

0=<J15eJq—15Jg+1550p <Jq
Jp<n—1

Furthermore, using the multiple mixing property (2.1), we also have that

0 ni . .
> Aji.ip < llg(Xo) - llgllco’ > QU, - - Jp)-
OSjl7---7jq717jq+17---7jp§jq OSjl1"'7jq717jq+17"'7jp§jq
Jp<n—1

Since deg @ < dy, Q(j1,---,Jjp) can be bounded above by |Q|(j,)%, where |Q| is the sum of
the positive parts of all coefficients of (). This implies

0 Niv /- do—
> Aji,gp < 1Q119(X0) I llgllc8% (g + 1P T
OSjla---vjq—l,jq+17---7jp§jq
Jp<n—1
< 1@l llg(Xo) |67~ (jg + 1)+t (2.7)

where we used that [{0 < j1,..., 501, Jgt1s - > dp < Jqt| < (Jg + 1)P~L. Using (2.6) for j, = 0
to nol — 2 and (2.7) for j, > nol — 1, we obtain

n—1

Z Z Ajl:-~~7jp

jq:() OS]'I:--~7jq'—17jq+17~--7]'p§jq

Jp<n—1
nol—2 n—1
<2 ) g(Xo)lhGg + 1P+ 1@ lg(Xo) D ¢ (g + 1)pre!
Gq=0 Ja=nol—1
n—nol
< 2[lg(Xo)ll1(no = 1) +01Q| lg(Xo) - Y 67 (jy + not)**~"
Jg=0
(9]
< 2|lg(Xo)ll-(no — )P + ¢,0|@Q| |g(Xo)l» (ng — 1)PF0=1 Y 7 gla(jg)peo~t,

Jqg=0

for some constant b, > 0, depending only on p.
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2. Multiple Mixing Processes

Thus, since ng — 1 < log(||gllc +671)/log(6~1) and > 5=0 09r (j,)Ptdo—1 < oo, there is a
constant ¢, > 2 such that

n—1
> > Ajinip < 6 9(Xo0) - logP T+ (llglle +671),
jq:0 Ogjl7~~~:jq—17jq+17---7jp§jq

jr<n—1

with @ = max{—1, dy — 2}. On the other hand,

> Bj,...jp < In(g — DIn(p — q).
0<J1,--2dq—1,dq+1,--:dp<Jq
Jp<n—1
Therefore J,(p, q) < ¢p [|9(Xo)llr log? ™ ([lgllc + 6071) + nln(q — 1) In(p — q). O

Obviously we have I,,(0) = 0 and I,(1) = | E(g(Xo))| and thus (2.4) and (2.5) hold with
p=0, p=1. Now, with

p—1
Li(p) < llg(Xo) I og” * (llglle +07") + > nlu(g = Dlalp — a),
q=2

and Lemma 2.1 one can carry out the inductive step. With (2.5) established for all p € N*
(2.2) follows from (2.3). O

Let us now introduce some classes of multiple mixing processes, that will be investigated in

the following parts of this thesis.

2.2. B-Geometrically Ergodic Markov Chains

Let (X;);en be a time-homogeneous Markov chain on a measurable state space (X,.A) with
probability transition P and an invariant measure v. We assume that the Markov chain starts
with initial distribution v, i.e that the distribution of Xy is v. This makes (X;);cn a stationary

sequence. We also denote by P the associated Markov operator defined by

Pf= /X f() P, dy).

We assume that there exists a complex Banach space (B, || - ||g) of measurable functions
from X to C such that P is a bounded linear operator on B. We denote by £(B) the space of
bounded linear operators from B to B.

We call (X;)ien+ B-geometrically ergodic (cf. Meyn and Tweedie (1993) and Hervé and Péne
(2010)), if the corresponding Markov operator on B satisfies

(2.A) ||P"f — (vf)1x | < 6| f||g0" for some k >0, 6 € [0,1), and all f € B.

Remark 2.1. This property is also often referred to as strong or geometric ergodicity with

respect to B. Given that 1y € B, this property corresponds to a spectral gap property of P
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2.2. B-Geometrically Ergodic Markov Chains

acting on B, that is 1 is the only eigenvalue of modulus one, it is simple, and the rest of the
spectrum is contained in a disk of radius strictly smaller than one. Further, in this case there

exists a decomposition of the linear operator P in £(B), given by
P=T+N (2.8)

such that IIf = (vf)1x is a projection on the eigenspace of 1, NoIl = IIo N = 0, and

p(N) :=lim, ||N"||1£/(Z) <1, where || - ||z(5) denotes the operator norm w.r.t. B, given by

|1P(f)lls
P| = sup ————.
1Pl resoy  Ifls

To establish the multiple mixing property, analogously to Lemma 3 in Dehling and Durieu

(2011), we make the following three assumptions on the space B:

(2.B) 1x € B, |f| and f € B for all f € B, and for every x € X, the mapping f +— f(z) is

continuous on B.
Moreover for some m € [1, 00],

(2.C) B is continuously included in L (v), i.e. B C L™ (i) and there is a K > 0 such that
1 fllm < KI5 for all f € B.

Lastly, we use the condition that

(2.D) there exist some C' > 0 and ¢ € N* such that, if f € B and g € B are bounded by 1,
then fg € B and || fg|ls < Cmax{| fl|s, l9l5}"-

Remark 2.2. Note that if B is a Banach algebra,! condition (2.D) holds with ¢ = 2.

Lemma 2.2. Under the conditions (2.A), (2.B), (2.C), and (2.D), the Markov chain (X;)ien
satisfies the multiple mizing property w.r.t. B with dy =0 and s =m/(m — 1).

Proof. Let f € B such that ||f|lcc < 1 and set s = m/(m — 1). For all p > ¢ > 0, for all
ig < i1 < ... < ip, we write g = fPlt+1 7% (...]“P"1”*1_1'17*2 (fPiP_ipfl(f))...). By (2.D), ¢
belongs to B. Let o; denote the o-algebra generated by Xj,..., X;. Using Holder’s inequality,

we obtain

|Cov (f(Xio) - f(Xiy_1), f(Xi,) -+ [(X5,))]
N E{f<XZ-O> o f (X)) - (E [f<Xiq> - E[f(Xi, ) E[f(X,)lo5, ] | 03, 5] - \ "}

SB(CG) £X,) |

< F(Xig) -+ F(Xig)lls P75 (g) — (vg) Lt [Im. (2.9)

e (B,+,] - |l5) is a complete normed vector space, (B,+,) is an associative algebra over C or R (which
is always the case for spaces of C- or R-valued functions), and the inner multiplication “” in B satisfies

If-glls <IIflls - llglls
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2. Multiple Mixing Processes

Using (2.A), (2.C), and || f]|cc < 1, we infer

|Cov(f(Xig) - F(Xiyo), F(Xi,) - F(X3,))| < K| fllsllgllsf™ .

By (2.A), P has a decomposition given in (2.8) and thus
1P*flls < IN*Flls + Il 2yl fls < cllflls -~ for all k € N*

for some ¢ > 1 since N has a spectral radius that is strictly smaller 1. Now, using (2.D), we
obtain two constants C' > 0 and ¢ € N*, depending only on p, such that ||g|lz < C||f||%. This

completes the proof of the lemma. O

The following section introduces bounded Holder continuous and weighted Lipschitz functions.
We present some basic properties of this spaces that will be used later. Especially, we show
that the weighted Lipschitz functions satisfy condition (2.B), (2.C), and (2.D).

2.3. Holder Spaces and Weighted Lipschitz Functions

Let a € (0,1] and K = C or K = R. For a metric space (X, d), we denote the space of bounded
a-Hdélder continuous functions on X with values in K by H, (X, K). This space is equipped

with the norm

H : ”Ha = || : Hoo +m0¢(')7
where () — 1)
— r)—J\Y
ma(f): S Ay
T#Y

Note that this space is a Banach algebra. Further we introduce the space Hq g(X,K) of
Lipschitz functions with weights. Let oo € (0,1], 8 € [0,1] and 29 € X. Hq (X, K) is defined as

the space of continuous function from X' to K with the norm || - [|3;, ; = Na(-) + mas(-) < oo,
where
/()] |[f(z) = F(y)|
N, =sup ——————7 and m = su .
") = R TS e, o) o) = S (L dle, 20))
T#y

Observe that Ha,o(X,K) = Hao(X,K), || - a0 = 5| - I, and that Hq (X, K) is a subspace of
Ha (X, K) for every 8 > 0. Further, H,(X,C) satisfies the following basic properties.

Lemma 2.3. If v has a finite first moment (that is [, d(x,xo) dv(z) < co for some xg € X)
then for all a and 3 € [0,1],

(a) for every f € Ha(X,C) and g € Hap(X,C), we have that || fglln, s < [ 4all9la,5-
(b) (Ha,s(X,C), | - 13, 5) is a Banach space which satisfies condition (2.B),

(c) there exists a C > 0 such that ||f|l1/3 < CNg(f) for every f € Hap(X,C) (where we
agree to let 1/8 = oo for 5 =0),
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2.4. Iterative Lipschitz Models that Contract on Average

(d) for every bounded f,g € Hqg(X,C), we have that
1f 9405 < [ Fllocllgllaa s + 1lgllocll fll7ea 5-

The proof only requires straight forward calculations and is therefore postponed to the

appendix (cf. Section A.5). As a direct consequence one obtains

Proposition 2.2. If v has a finite first moment, then for all o € (0,1] and 8 € [0, 1] the space
B =Haps(X,C) satisfies (2.B), (2.C), and (2.D) with m = = if 3# 0 and m = o else.

In the following section, we present iterative Lipschitz models as an example for Markov

chains satisfying condition (2.A) w.r.t. the space of weighted Lipschitz functions.

2.4. Iterative Lipschitz Models that Contract on Average

Consider the following experiment. A mouse is confronted with a sequence of possible events
Ey, ..., E,. After each event, the behaviour of the mouse alters, the mouse “learns”. We
are interested in this learning process. Assume the “conscience” or the “state of learning” of
the mouse is represented by an element z of some appropriate space X which may change
during the experiment. The learning process the mouse undergoes after experiencing event FE;
shall be represented by a transformation 7; on X. Assume further, that the probability of the
occurrence of the event E; is given by p;, where pg, ..., pm, is a probability vector depending
only on the current learning state of the mouse. Such mathematical learning models have first
been studied by Bush and Mosteller (1951), Bush and Mosteller (1953) and Karlin (1953).

In this section we consider so called iterative Lipschitz models that contract on average.
Assume that (X, d) is a (not necessarily compact) metric space in which every closed ball is
compact and suppose that X is equipped with the Borel o-algebra B(X). Let {T;,i € N}
and {p;, ¢ € N} be families of Lipschitz functions that map from X to X and X" to [0, 1],

respectively, where the p; satisfy
o
sz(x) =1 forallzc X.
i=1

An iterative Lipschitz model is then given by a Markov chain (X;);cny with state space X and a
transition probability P of the form

P(z,A) =) pi(z)1a(Ti(z)), z€ X, AcB(X).
=0

Thus—as in the learning model—each step of the Markov chain corresponds to the application of
one of the transformations 7; which is chosen randomly with respect to the discrete probability
distribution given by pg(x), pi(x), ... depending only on the actual state = of the chain. We

further assume that this model has a property of contraction on average, that is that there
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2. Multiple Mixing Processes

exists a p € (0,1) such that
S d(Ti (@), Ti(w))pi(a) < pd(ary) for all 2,y € . (2.10)
=0

Such Markov chains have been studied e.g. by Barnsley, Demko, Elton, and Geronimo (1988),
Peigné (1993), Walkden (2007), and by Durieu (2013). As in these papers, we work with the
following technical properties in the setting of Markov chains.

For some fixed zg € X, suppose

— d(Ti(y), Ti(2))

sup pilx) < 00, 2.11
z,y,2€X, i—0 d(yvz) ( ) ( )
y#z
su — —Pilx) < o0, 212
:r,yep/\’ — 1+ d(y, z0)" ) 212
> d(T; ilY) — Pi
aup 3 T2 20) - I mElE] (2.13)

T€EX [T, 1+ d(w, z0) y,2E€EX y#z d(y, z)

Moreover assume that for all z,y € X, there exist sequences of integer (in)n>1 and (jn)n>1
such that
d(T;

in

o...0Ty (x), Tj,o...0T; (y) (L +d(Tj,0...0Tj (x), z0)) — 0 asn — oo (2.14)

with p;, (15, 0 ...0 T (x)) - ... - piy(x) > 0 and pj, (T}, ,0...0Tj(y)) - ... pj(x) > 0.

Note that conditions (2.11) — (2.13) are verified when the family of maps T; is finite and
(2.14) is verified when (2.10) — (2.13) hold and each p; is positive. See Peigné (1993) for a
discussion on these assumptions.

Under the conditions (2.10) — (2.14), Peigné (1993) proved that the Markov chain has
an attractive P-invariant probability measure v with existing first moment. We define the
stationary process (X;);en+ on X as the Markov chain with starting distribution v (i.e. Xy ~ v)
and transition probability P.

Now, according to Theorem 1 in Peigné (1993), we immediately obtain the following proposi-

tion.

Proposition 2.3. If (X;)ien+ is an iterative Lipschitz model with values in X and satisfies
(2.10) - (2.14), then P is a bounded linear operator on B = H, g(X,C) that satisfies (2.A) for
any o, B € (0,1/2) such that a < B.

An application of Proposition 2.2 and Proposition 2.3 to Lemma 2.2 yields the following

corollary.

Corollary 2.1. Assume that (X;);en+ is an iterative Lipschitz model with values in X and
satisfies (2.10) — (2.14) for some x € X. Then for all o, B € (0,1/2) with a < B the process
(X;)ien+ is multiple mizing w.r.t. Ho (X, C) with dy =0 and s = (1 — B)~1.
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2.5. Dynamical Systems with a Spectral Gap

2.5. Dynamical Systems with a Spectral Gap

Another example of multiple mixing processes are dynamical systems that satisfy the same
assumptions as the Markov chains introduced in Section 2.2, but where P is the Perron—
Frobenius operator instead of the Markov operator.

Let (X, A,v) be a probability space and let 7' be a measure preserving transformation of X',
that is v(T~!(A)) = v(A) for all A € A. The Perron-Frobenius operator P is defined on L!(v)
by the equation

v((Pf)-g)=v(f-(goT)), VfeL'(v),geL®Q).

The assumption on the Markov chain in section Section 2.2 can also be applied on the
Perron—Frobenius operator P. It is easy to see, that an analogue result to Lemma 2.2 holds

holds for dynamical systems

Lemma 2.4. Let B be a complex Banach space of C-valued functions on X. If a measure
preserving dynamical system (X, A,v,T) satisfies (2.A), (2.B), (2.C), and (2.D), then the

process (T%);en is multiple mizing w.r.t. B with s = m/(m — 1) and dy = 0.

Proof. Follow the proof of Lemma 2.2. In the computation of (2.9) instead of conditional

expectations use the following consideration. Let f,g € B with || f||co, [|g]lco < 00, then

Cov(f - f(TY, g(T”ﬂ)) — y(f T - g(TH)) = (- F(T) u(g(TZ‘r”))
=v(P"(P'f)- 1) 9) ~v(P'F - f)ve
=v((P (P £) = UPif - £) )
<[PED - ) = (AP ) Ll ol

O

In the preceding sections, the multiple mixing property was always established by using a
spextral gap property of the operator. However, there are multiple mixing processes that do
not necessarily have a spectral gap property. One example for such processes is the ergodic

automorphism of the torus, which we introduce in the following section.

2.6. Ergodic Automorphisms of the Torus

For d > 2, we define the d-dimensional Torus T? = R?/Z? as the quotient space of R? equipped
with the usual euclidean metric and the equivalence relation = ~ y if and only if x — y € Z%. In
the following, we will always identify T¢ with the d-dimensional intervall [0, 1]¢. If A is a square
matrix of dimension d with integer coefficients and determinant £1, then the transformation
T : T — T9 defined by

Tx=Ax mod 1
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2. Multiple Mixing Processes

is an automorphism of T? that preserves the Lebesgue measure A. Thus (T¢,B(T9), A, T) is
a measure preserving dynamical system.? It is ergodic if and only if the matrix A has no
eigenvalue which is a root of unity.® A result of Kronecker shows that in this case, A always

has at least one eigenvalue which has modulus different than 1.

Figure 2.1.: The graphics illustrate how the ergodic torus automorphism given by 7'(x,y) =
(3z + 2y,2x +1vy) mod 1 acts on a sample of 3,000 uniform distributed points in [0, 0.2]% in
four steps.

The hyperbolic automorphisms of the torus (i.e. A has no eigenvalue of modulus 1) are
particular cases of Anosov diffeomorphisms. Their properties are better understood than in the
general case. However, the general case of ergodic automorphisms is an example of a partially
hyperbolic system. A central limit theorem for regular observables of such automorphisms of
the torus has been established by Leonov (1960), see also Le Borgne (1999) for refinements.

For an ergodic automorphism of the torus given by A, one has a decomposition of R? as the
direct sum R? = E* @ E* @ E° of the stable subspace E*, the unstable subspace E¥, and the
central (or neutral) subspace E° of R?. These spaces can be characterized by the property that
there is some fixed Cs, Cy, C. > 0 and > 1 such that |A"v|pax < Csk™"|0|max for all v € E¥
| A™0|max > Cuk™|v|max for all v € E% and | A™0|max < Cen” |0|max for all v € E¢, where | - |max
is the maximum norm on R? and .J is the size of the biggest Jordan block of T restricted to E°.
Dehling and Durieu (2011) proved a CLT for the {1}y, : 2 € [0,1]?}-indexed empirical process
of the ergodic automorphism of the torus. They also showed that for any «a € (0, 1] the process
(Xi)ien= given by

Xo ~ A, X; = T(Xl'fl), 1 € N,

is multiple mixing w.r.t. the space Hq (T?, R) of R-valued bounded a-Hélder continuous functions
on the torus with s =1 and dy = J (see Proposition A.2). Note, that therefore one also has
the multiple mixing property for the process (¢(X;));en+ for every Holder continuous function
@ : T4 — Rf £ € N,

295(T?) denotes the Borel o-algebra on T¢.
31.e. if v is an eigenvalue of A, then there is no n € N* such that v™ = 1.
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3. An ECLT for Multiple Mixing Processes

Let (X;)ien be a stationary stochastic process with state space (X,.A) and marginal distribution
1 and let F be a uniformly bounded class of real-valued measurable functions defined on X. For
a measure A on (X, .A), we use the notation Af = [, f dA. We denote the space of bounded
real-valued functions on F by ¢°°(F). This space is equipped with the supremum norm and the
Borel o-algebra generated by the open sets. The F-indexed empirical process Uy, = (Up(f))fer

is the £°°(F)-valued random element given by

Un(f) :==Vn(pun(f) — nf), f€F,

where i, (f) :=n"t3 ", f(X;).! Recall that we can not assume that U,, is measurable here

and therefore have to use the theory of outer expectation and integrals (cf. Section 1.3).

The goal of the following section is to establish an empirical process CLT for processes
(Xi)ien that are multiple mixing w.r.t. some function space C (see Chapter 2). The content of
this part corresponds mainly to the article Dehling et al. (2012) and is supplemented by some

later results.

In what follows, we will frequently make two assumptions concerning the process (f(X;))ien+,
where f: X — R belongs to some normed vector space (C, | - ||c) of measurable real-valued
functions on X. The precise choice of C will depend on the specific example. Often, we take C

to be the space of all bounded Lipschitz or a-Hoélder continuous functions.

Assumption 3.I (CLT for C-Observables). For all f € C, there exists a O'J% > 0 such that
d

where N (0, O’ch) denotes the normal law with mean zero and variance JJ%.

Assumption 3.IT (Moment Bounds for C-Observables). For some s > 1 and a € R for all
p > 1, there exists a constant Cp, > 0 such that for all f € C with ||f|« <1

n 2p p . . .

B3 - uf)) <G Sl Iog (7l + ) (52)
i=1 i=1

Remark 3.1. Note, that if Assumption 3.II holds, then for fixed M > 0 inequality (3.2) also

holds uniformly for all f € Cas :={f € C : || fllo < M}. In this case, the constants C), may

differ from those for case where || f|lcoc < 1 is assumed. To see this, observe that every f € Cas

1U,, takes values in £°°(F) since F is supposed to be uniformly bounded.
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3. An ECLT for Multiple Mixing Processes

can be represented as f = M f; for some f; € C with ||f1]lcc < 1. Then inequality (2.2) for
general f € Cps can be directly deduced from the special case, where || f]|o < 1.

Both Assumption 3.1 and Assumption 3.II have been established by many authors for a wide
range of stationary processes. Concerning the CLT, see e.g. the three-volume monograph by
Bradley (2007) for mixing processes, Dedecker, Doukhan, Lang, Leén, Louhichi, and Prieur
(2007) for so-called weakly dependent processes in the sense of Doukhan and Louhichi (1999),
and Hennion and Hervé (2001) for many examples of Markov chains and dynamical systems.

Durieu (2008b) proved 4th moment bounds of the type (3.2) for Markov chains or dynamical
systems for which the Markov operator or the Perron-Frobenius operator acting on C has a
spectral gap. It was generalized to 2p-th moment bounds for multiple mixing processes by
Dehling and Durieu (2011), see Proposition 2.1 in this thesis. Note that the multiple mixing
condition implies the moment bound (3.2) with a = max{—1,dy — 2} (see Proposition 2.1).
This applies e.g. in the case of ergodic automorphisms of the torus (see Section 2.6 and
Proposition A.2). Further, the spectral gap property leads to the multiple mixing condition
with dy = 0, and thus to the moment bound (3.2) with a = —1, see Lemma 2.2 and Lemma 2.4.

Reminding ourselves of the discussion about the approximating class approach in Section 1.3,
Assumption 3.1 corresponds to property (1.A), while property (1.B) will be derived from
Assumption 3.IT and a specific entropy condition on our bracketing numbers, which are defined

as follows.

Definition 3.1. Let p be a probability measure on a measurable space (X, A), let G be a
subclass of a normed vector space (C, || - ||c) of real-valued measurable function on X, s > 1,
and €, A > 0. For two measurable functions [,u : X — R with [(z) < u(x) for all x € X we
call the bracket

Lul:={f: X —R:l(z) < f(z) <u(x), for all z € X}.
an (g, A,G,L°(u))-bracket if [, u, € G and if

Hu - ZHS < g,
maxc{|[ull, 1|5} < A.

For a class of measurable functions F defined on X, we define the bracketing number
N(e, A, F,G,L%(n))

as the smallest number of (g, A4, G, L*(p))-brackets needed to cover F.

3.1. Statement of Results

We can now state the first abstract main result of our work.
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3.1. Statement of Results

Theorem 3.1 (Empirical CLT). Let (X,.A) be a measurable space, let (X;)ien be an X -valued
stationary stochastic process with marginal distribution p, and let F be a uniformly bounded
class of measurable functions on X. Suppose that for some normed vector space C of measurable
real-valued functions on X, a € R, and s > 1, Assumption 3.1 and Assumption 3.1I hold.
Moreover, assume that there exist some uniformly bounded subclass G C C, some constants

r>—1,v>max{2+a,1}, and C > 0 such that

1

/ " sup N2(5,exp(05_1/7),}',Q,Ls(u))de< 0. (3.3)
0 e<6<1

Then the empirical process Uy, converges in distribution in (*°(F) to a tight centred Gaussian

process W.

The proof is given in Section 3.2.
Remark 3.2. (i) Note that the bracketing number N (8, exp(C6~1/7), F, G, L*()) might not be
a monotone function of §. This is the reason why we take the supremum in the integral (3.3).
(ii) The proof of Theorem 3.1 shows that the statement also holds if condition (3.2) only holds

for some integer p satisfying
(r+1)y

v —max{2+a,1}

p >

(iii) If for some ' > 0,

/

N(e,exp(Ce™7), F,G,15(n)) = O(e™") as e — oo,

condition (3.3) is satisfied for all r > 2r' — 1.

(iv) Examples of classes of functions satisfying condition (3.3) are provided in Chapter 4.
Among the examples are indicators of multidimensional rectangles, of ellipsoids, and of balls of
arbitrary metrics, as well as a class of monotone functions.

(v) Among the possible applications of Theorem 3.1 are dynamical systems with a spectral gap
on the Perron—Frobenius operator and B-geometrically ergodic Markov chains such as iterative
Lipschitz models that contract on average (see Section 2.2, 2.4, and Section 2.5). Durieu (2013)
applied Theorem 3.1 for iterative Lipschitz models that contract on average satisfying the
conditions (2.10) — (2.14). In Chapter 5, we provide applications of Theorem 3.1 to ergodic

torus automorphisms, indexed by various classes of indicator functions.

In the general setting of Theorem 3.1, we cannot precise the covariance structure of the limit
process W. The following lemma identifies the covariance structure of W under additional

conditions.
Lemma 3.1. In the situation of Theorem 3.1, assume that

i) Assumption 3.I holds with variance 0% given by
f

o} = Var(f(Xo)) +2) _ Cov(f(Xo), f(Xk)), (3.4)
k=1
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3. An ECLT for Multiple Mixing Processes

(ii) there are a p € (0,1) and a C" > 0 such that

|Cov (p(X0), f(Xk))| < C'llgllsoll fllc p*

forall f €C and all p € FU(F —G)

Then the covariance structure of the limit process W is given by

Cov(W(f),W(g)) =>_ Cov(f(Xo),9(Xx)) + Y _Cov(f(Xi),9(X0)) fgeF. (3.5)
k=0 k=1

The proof of Lemma 3.1 is given in Section 3.3.

As shown in Chapter 2, multiple mixing processes with total degree of the the polynomial
term not larger than dy € N satisfy Assumption 3.II with a = max{—1,dp — 2}. Thus, for

multiple mixing processes, we have the following version of Theorem 3.1.

Theorem 3.2 (Empirical CLT for Multiple Mixing Processes). Let (X;);en be a stationary
stochastic process on a state space (X, A) with marginal distribution p, and let F be a uniformly
bounded class of measurable functions on X. Assume that the process (X;);en is multiple mixing
w.r.t. to some normed vector space C of measurable functions on X with s > 1, total degree of
the multivariate polynomial Q in (2.1) not larger than dy and satisfies Assumption 3.1. If there
exist some uniformly bounded subclass G C C, some constants r > —1, v > {1,dp}, and C >0
such that (3.3) holds, then the empirical process U, converges in distribution in (*°(F) to a
tight centred Gaussian process W.

If further the variance UJ% in Assumption 3.1 is given by (3.4) and if there are constants
p € (0,1) and C" > 0 such that for all f € C and all p € FU (F — G)

|Cov (p(X0), f(Xi))| < Cllellsoll fllc A",

then the covariance structure of the limit process W is given by (3.5).

3.2. Proof of Theorem 3.1
)

As discussed in Section 1.3 we apply Theorem 1.1. First, let us construct a process UT(Lq
corresponding to fy(Lq) in Theorem 1.1 an the complete metric space S = £°°(F).
For all ¢ > 1, let
N, := N(279,exp(C27), F, G, L))

There exist two sets of functions {gg1,...,9¢n,} C G and {9:1,17 ... vgé,Nq} C G, such that

l9q,i — gfm ls <279, ||ggiille < exp(02%), Hg;,illc < eXp(C2%) and for all f € F, there exists an
i such that gq; < f < g; ;. Further, by (3.3),

> 2 HIN? < o, (3.6)
g1
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3.2. Proof of Theorem 3.1

For all ¢ > 1, we can build a partition F = Uffl Fy,i of the class F into N, subsets such that for
all f € Fyi, 9g1 < f < gj;- To see this define Fy1 = [gq,1, 9] and Fy; = [gq@gfl’i]\(u;;ll]:j).

In the sequel, we will use the notation mf = g4; and mf = g, ; if f € Fy;. For each ¢ > 1,

we introduce the process
1 n
uD(f) = pm(mgf) = ~ Y mgf(X0), [EF,
i=1

which is constant on each F ;. Further, if f € F,;, we have

WD) < pn(f) < pn(mlf)

We introduce

U (f) = Un(mgf) = Vn(ul?(f) — p(mef)), f€F.

Now we establish assumption (1.10) and (1.11) of Theorem 1.1 in two separate propositions.

Proposition 3.1. For all ¢ > 1, the sequence (U,SQ)(f))fef converges in distribution in £>°(F)

to a piecewise constant Gaussian process (U'D(f))jer as n — oo.

Proof. Since myf € G and G is a subset of C, by assumption (3.1), the CLT holds and Uéq)( )
converges to a Gaussian law for all f € F. We can apply the Cramér-Wold device to get the
finite-dimensional convergence: for all k& > 1, for all fi,...,fx € F, (UT(ZQ)(fl), cey Uq(zq)(fk))
converges in distribution to a Gaussian vector (U@ (f;),..., U@ (f)) in R¥. Since Ul is
constant on each element F,; of the partition, the finite-dimensional convergence implies
the weak convergence of the process. Indeed, consider the function 7, : RNe — ¢°°(F) that
maps a vector r = (x1,...,zy,) to the function 7 — R, f ~ x; such that f € F,;. For
fr € Fgr,- .-, fn, € Fy N, we have Ul = Tq(U,(Lq)(fl), Cee ,(Lq)(qu)) and thus the continuous
mapping theorem guarantees that Uﬁq) converges weakly to the random variable U@ =
T (UD(f1), ..., U(q)(qu)) which is constant on each Fg ;. O

Proposition 3.2. For all € > 0, n > 0 there exists a qy such that for all ¢ > qo

lim sup P*(sup | Up () — US(f)| > €) < n.
n—00 feF

Proof. For a random variable Y let Y denote its centring Y := Y — EY. If for arbitrary
random variables Y;,Y,Y,, we have Y; <Y <Y, then

Y - Y| < [V, - Y|+ E|Y, - Yi|.

Using ™ (f) < pa(f) < pa(wy e f) and Blun (o f) — ()] < 270 for all
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3. An ECLT for Multiple Mixing Processes

f € F, we obtain
()~ U9 (f HZ Ul (p) - plath 1><f>} UL — Urﬁq*K)(f)‘

= {Z\U#’*“(f) = US|+ |Unrg e ) - Ué'I*K)(f)\}
k=1
+ /n27 @K,

In order to assure § <27 q+K)\f < §, for fixed n and ¢, choose K = K, 4, where

Kpg = [log <4\F> log(2)™ 1} .

29

Here [-] denotes the lower Gauss bracket given by [z] := sup{z € Z : z < z}. For each
ie{l,...,Ny}, we obtain

Kn,q
sup | Un(f) — Ni< Z sup [US(f) = U0 ()|
fe‘rq,i =1 fe q,%
Kn €
+ sup [ Un(myre, ) = U0 ()] 4+ 5
fe}—q,i

By taking e = , 2k>1€k = 5 and we get for each i € {1,..., Ny},

4k(k+1

Kmq
P* ( sup |Un(f) — UY(f)| > e) <> P ( sup |[USHR(f) — U= (f)] > ek)
k=1 f

fe]:q,i E-/qu

=1,

+P (fsup Uy, ) — USTE) (g
E€Fq.i

)

Notice that the suprema in the r.h.s. are in fact maxima over finite numbers of functions, since
the functionals 7, and 7 (and thus U,SQ)) are constant on the F, ;. Therefore, we can work with
standard probability theory from this point: the outer probabilities can be replaced by usual
probabilities on the right-hand side. For each k, choose a set Fj, composed of at most Ni_1 /Ny
functions of F in such a way that F}, contains one function in each non empty Fj_1,; N Fy j,
i=1,...,Ny_1,j=1,...,Nj. Then, for each i € {1,..., Ny}, we have

an
P*<sup [ Un(f) ~ r>e><2 > P (JUER() - U] 2 o)

J€Fqi k=1 fEF,iNFyik

+ Y P, N - U ()2 7).

fefllv’iﬁFQ‘i’Kn,q

Now using Markov’s inequality at the order 2p (p will be chosen later) and assumption (3.2),
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3.2. Proof of Theorem 3.1

we infer

P ( sup |Un(f) = U(f)] = 6)

fEFi
Knq

1 , .
<Gy Y = 2 Pl = mn 1 fI 108 (Imginf — Tgrr1 flle + 1)
k=1 feF, NFyy Sk j=1

4 2p P . .
SCND SN 3 I D LT A
j=1

fE]:qyiqu+Kn,q

1og® (|| Mg 16, f — i, , flle + 1)

At this point, without loss of generality, we can assume that a > —1 (if not, take a larger a)

and thus the assumption on v reduces to v > 2 + a.

Note that by construction, for each k& > 1,

Imginf = Tgrr—1flls < lmgrnf = flls + Imgsnrf — flls <3-270F0
H7rq+kf_7r:1+kfus < 2~ (+h)
atk
Iosnf = Toriofle < 2exp(C23)
q+k
|mgrnf — Tgeaflle < 2exp(C277).
Thus,
P sup |Un(f) ~U(f) 2 €
fej:q,i
i1 e (k(k+1)2 . o o gtk
< 2%t sz Z #(Fgi N Fq+k)€Tnﬁp2ﬂ(q+ ) log PHai(2exp(C2 7 ) 4 1),

j=1 k=1

and if ¢ is large enough,

p* (Sup | Un(f) = U2 (H)] = 6)

fer

Nq
<> P ( sup | Un(f) = U2 (f)] > s)
=1

fe}—q,i
Ng p Kng 2
(R D)% ko @rrad) 22
<DIDS S #an Fynn) G e
=1 j=1 k=1

Here D is a new constant which depends on p, C, and C,. Since (Fy;)i=1,.. N, is a partition of

20y

F, we have

Nq
> " #(Fgi N Fun) = #(Fyr) < Ngsh—1Nosn
i—1
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3. An ECLT for Multiple Mixing Processes

and thus

p* (sup | Unl(f) = U(f)] = 6)

feFr
. K,
nd—p N gtk
’ 4po(2p+(a—7)J
<D E 2 Nq+k71Nq+kk‘ p2( ( )7) v
j=1 k=1
Jj—p +K Kn.q +k
n g 4+24¢q) 24 4 —a— +(24-2a)j) L=
< D’E o 2(10 Ny a) 5 E Nq+k71Nq+kk p2(( a—7)p+(2+2a)j) P
j=1 k=1

p—1  (j—p)2=2td o

2y gtk
4po(2+a—v)pLi=
WE Noik1Ngyih'2! P
j=1¢€ T k=1

atk

D/ o 9
+ Nysp1 Ny pktP2renrss (3.7)
e
k=1

where D' and D" are positive constants also depending on p, C, and C,. Note that we used
that we can assume without loss of generality that a > —1 and thus (2 4+ 2a)j < (2 4 2a)p in
the last inequality. As pm% — —oo when p tends to infinity, there exists some p > 1 such
that pm% < —(r+ 1) and thus by (3.6),

o0 o0 o)
ZNk_lNkk4p2p(2+a—w)§ < Z N}g_lk4p2p(2+a—7)§ 4 Zngk4p2p(2+a—'y)% < 0.
k=2 k=2 k=2

Therefore the first summand of (3.7) goes to zero as n goes to infinity and the second summand

of (3.7) goes to zero as ¢ goes to infinity. O

Proposition 3.1 and Proposition 3.2 establish condition (1.10) and (1.11) of Theorem 1.1
for the random elements U,,, Uq(zq), U@ with value in the complete metric space (> (F). This

completes the proof of Theorem 3.1. 0

3.3. Proof of Lemma 3.1

For f € F, let m,f, ¢ € N*, be the approximating functions defined in Section 3.2 The entropy

condition in Theorem 3.1, yields for every q € N*

If — 7 flls <279 (3.8)
Imgflle < exp(C27), (3.9)

where s > 1 is given in the assumptions of Theorem 3.1. Let b € (1,v). For all g € F, and
k € N* there exist some g € G satisfying

gk — glls < k7° (3.10)
b
lgklle < exp(CE~). (3.11)
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3.3. Proof of Lemma 3.1

Let U@ denote the limit process given in Proposition 3.1. By an application the Cramér-Wold
device, we deduce from (i) that for all f,¢g € F and g € N*

COV(U(q)(f),U(q) ZCOV 7o f (Xo), mq9(Xk)) +ZCOV T49(X0), 7o f (X))
k=0 k=1

Since the autocovariance functions of a converging Gaussian process converge to the autocovari-
ance functions of the limit process, the covariance structure of the limit process W of U@ is
given by Cov(W(f), W(g)) = limy o, Cov(UD(f), U9 (g)). It is therefore sufficient to show
that for all f,g € F

1> Cov(mef (Xo), mg(Xk) — Cov(f(Xo), 9(X)| (3.12)

k=0

+ ’Z Cov(wqg(Xo),Trqf(Xk)) - Cov(g(Xo),f(Xk))’ — 0 asqg— oo.
k=1

a
b

By symmetry, both series can be treated the same way. Let k(q) := 25. We consider the series

in line (3.12). We have

13" Cov(mef (Xo), mg(Xr) — Cov(f(Xo), 9(Xi)|

k=0
k(q) k(q)
< > |Cov(myf(Xo) = f(Xo), meg(Xp))| + Y _[Cov (f(Xo), m9(Xx) — 9(Xy))|  (3.13)
k=0 k=0
+ Y [Cov(mf(Xo) = f(Xo), meg(Xy))| (3.14)
k—k( )+1
T Z \COV (X0), qg(Xx) — 9(Xk))|- (3.15)
k=k(q

Let us treat the terms separately. Recall that both F and G are uniformly bounded in

|| - ||[co-norm and set

M = sup || fllco-
feFug

For the term in line (3.13), we know by Hélder’s inequality, (3.8), and the fact that b > 1 that

k(q) k(q)
> |Cov (my f(Xo) = F(X0), 7gg(Xr))| + Y| Cov (f(Xo), mgg(Xk) — 9(Xi))|
k=0 k=0
k(g)
<2M > (lmgf = flls + lImgg — glls)
k=0

< AMk(g)271 =27~ 24— 0 as q — oo.
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3. An ECLT for Multiple Mixing Processes

For the term in line (3.14), by condition (ii) and inequality (3.9) we obtain

7 |Cov(myf(Xo) — f(Xo). mg9(Xi))| < C'llmgf — flloolimaglle > o
k=k(q)+1 k=k(q)+1

< Kexp(C2% + log(p)2%) — 0 asq— oo,

where K denotes some finite non-negative constant and where we used that p € (0,1) and

b e (1,7). It only remains to show, that the term in line (3.15) goes to zero as ¢ — oco. We

have
> [Cov (f(Xo), mag(Xe) — 9(Xk)|
k=k(q)+1
< Y. |Cov(f(Xo), meg(Xx) — gr(Xy))| (3.16)
k=k(g)+1
+ Y [Cov(f(Xo),gr(Xx) — 9(Xy))|- (3.17)
k=k(q)+1

First, consider the term in line (3.16). By (ii), (3.9), and (3.11)

(e}

Z ’Cov(f(Xo),qu(Xk) - gk(Xk))‘
k=k(q)+1

<C Y e llmeg = gelle
k=k(q)+1
oo oo

SC'<H7Tq9|c 3 p'f) +c’( 3 |gk||cpk>
k=k(q)+1 k=k(q)+1

a q b
< Kexp(C’QV + log(p)%) + ' Z exp(Ckv + log(p)k:) — 0 asq— o0
k=Ek(q)+1

for some finite K > 0, where we used that p € (0,1) and b € (1,7) and thus the series on the
r.h.s. in the last line converges for each ¢ € N*. To treat the term in line (3.17), we apply
Holder’s inequality and (3.10), which yields

o o0
> |Cov(f(X0), gr(Xk) —g(Xi)) | <2M D gk — glls
k=k(q)+1 k=Fk(q)+1
o
<2M Z k" —0 asq— oo,
k=k(q)+1
since b > 1 and thus ) 2, k~? < 0o, which completes the proof. ]
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4. Entropy of Some Indexing Classes

In many examples that satisfy Assumption 3.I and Assumption 3.II, the normed vector space C
is the space of bounded Lipschitz or a-Hoélder continuous functions, see examples in Dehling et al.
(2009) and Dehling and Durieu (2011). In this chapter, we therefore restrict our attention to the
case where C is a space of bounded Hélder functions and give several examples of classes F which
satisfy the entropy condition (3.3). Further, we assume that (X, d) is a metric space equipped
with the corresponding Borel o-algebra. We choose C = H, (X, R) for some fixed a € (0, 1]. As
the approximating class we use the subclass G = H, (X, [0,1]) := {f € Ho(X,R): 0 < f <1}
of C.

Throughout this chapter, we use the following notations: For an increasing function F' from
R to R, F~! denotes the pseudo-inverse function defined by F~!(t) := sup{z € R: F(z) < t}
where sup () := —oo. The modulus of continuity of F' is defined by

wr(0) = sup{|F(z) — F(y)| : [z —y| < 0}.

Constants that only depend on fixed parameters p1, . .., pr will be denoted with these parameters
in the subscript, such as ¢, .. ,,. Furthermore the notation f(z) = Oy, . ;. (9(z)) asxz — 0
or x — oo means that there exists a constant c,, ., such that f(z) < ¢, . p.9(z) for all x
sufficiently small or large, respectively. Except in Section 4.5, in all examples we consider the
case where X is a subset of R? equipped with the Euclidean norm denoted by | - |, where d > 1
is some fixed integer.

In most of the examples, we use the transition function given in the following definition
which uses the notations

da(x) = ;relgd(x,a) and d(A,B) :== aeg,llfGB d(a,b),

for any element x € X and sets A, B C X, where we define inf ) = +oc0.

Definition 4.1. Let A, B be subsets of X such that d(A, B) > 0. We define the transition
function T[A, B] : X — R by

dB(.%')

B = )+ aatey

if A and B are non-empty, T[A,B] :==0if A= 0, and T[A,B] :=1if B=0 but A # 0.

Observe, that we have T[A, B|(X) C [0,1], T[A, B](z) = 1 for all z € A and T'[A, B](z) =0
for all z € B.
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4. Entropy of Some Indexing Classes

Lemma 4.1. For any subsets A, B of X such that d(A, B) > 0, the transition function T[A, B|

s a bounded a-Holder continuous function and we have

Bl <1+ (50 )

Proof. By the triangle inequality, we have for all x,y € X that
|d(z) — dp(y)| < d(z,y) and dp(z) +da(z) = d(A, B).
Therefore,

T[A, B](x) = T[A, B](y)|

|(dB(z) — dB(y)) (dB(y) + da(y)) + da(y)(dB(y) +da(y)) — dp(y)(dB(z) + da(z))|
(dp(z) + da(z)) (dB(y) + da(y))
)

_ ld(x) —dp(y)| n dp(y)  |(dB(y) — dp(x)) + (da(y) — da())|
dp(x) 4+ da(x) dp(y) + da(y) dp(x) +da(z)
<3 4,y
=2 4(A, B)
and thus
_ |71, Blw) — TIA, Bl
A, Bl = T4, B+ sup 20—
<14 sup [ [TABl@) — TIA, Bl(y)| IT[A, B](z) — T[A, Bl(y)|"®
THY d<m7 y)

< (am)

4.1. Indicators of Rectangles

Here, we consider X = R?. In its classical form, the empirical process is defined by the class
of indicator functions of left infinite rectangles, i.e. the class {1(_o 4 : t € R4}, where (—oo0, ]
denotes the set of points z such that z < t.} This case was treated under similar assumptions
by Dehling and Durieu (2011). We will see that Theorem 3.1 covers the results of that paper.

The following proposition gives an upper bound for the bracketing number of the larger class
F ={1gy : t,u € [—o0, +o0]d, t < u},

where (¢, u] denotes the rectangle which consists of the points x such that ¢ < z and =z < w.

1On R?, we use the partial order : @ < ¢ if and only if ; < ¢; forall i =1,...,d.
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4.1. Indicators of Rectangles

Proposition 4.1. Let s > 1, G = Ho(R%,[0,1]), and let u be a probability distribution on R?

with distribution function F.

(i) If F satisfies
wr(z) = O(|log(z)|™*") asx —0 (4.1)

for some v > 1, then there exists a constant C = Cr > 0 such that

N(e,exp(C’e_l/V),}', G, L*(n)) = Oy (5_2d5) as € — 0.

(ii) If ¥ is B-Hoélder continuous for some B € (0, 1], then exists a constant C = Cg > 0 such

that stronger bracketing condition
N(a,C&:*%,]—",Q,LS(,u)) =0y (572“) ase—0
holds.
Proof. (i) Let € € (0,1) and m = [6de™* 4+ 1]. For all i € {1,...,d} and j € {0,...,m}, we

define the quantiles
1 (J
t’L,j = F(Z; <m)
-1

where F @) is the pseudo-inverse of the marginal distribution function F(i).z Now, if j =

(1, ..., 7a) € {0,...,m}?, we write

tj = (tle’ s 7td7jd)'

In the following definitions, for convenience, we will also denote by t; _1 or t; _» the points
tio and by t;m+1 the points t;,,,. We introduce the brackets [l j,ux;], k& € {0,...,m},

j€{0,...,m} k < j, given by the bounded a-Hélder functions
lkj(z) =T [[tk+17tj—2]aRd \ [tkatj—l]} (2),

and
(@) = T [[tn1, G R oo, tya] | (@),

where we have used the convention that [s,t] = 0 if s £ ¢ and that the addition of an integer to
a multi-index is the addition of the integer to every component of the multi-index.

For each k < j, we have

kg —urglls < ([te—2, L] \ [tes1, tj—2])
d 3d
< D F@ (tiker1) = Foy(tig—2) + | Foy (tigirn) — Feoy(tigi—2)| < 2,
=1

Faiy(t) :=p(R x -+ x Rx (—00,t] x R x -+ x R).
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4. Entropy of Some Indexing Classes

and thus ||l ; — ukj||s < e. Moreover, since for a < b <V < d,
d([b, '], R\ [a, d]) = nf inf {la; = bil, |aj — |},

using Lemma 4.1 and (4.1), we have

—Q
kgl < 1437 (iilnf dmin{|ti7ki — tigrls [tigi—1 — ti7ji—2’}>
1 —Q
< 1+3¢ [inf {a: >0:3ie{l,.. .,d},Elt,F(,-)(t—irx) — F(l)(t) > }:|
m
1 -
< 143° [inf {$ > 0: cp|log(x)| ™7 > H
m
< 1+3%exp (a(cFm)%> :

where cp is given by (4.1). The same bound holds for ||ug ;|-

Thus, there exists a new constant Cg > 0 such that for all £ < j € {0,...,m}¢, [lk.js Uk 5]
is an (z—:,exp(C'Fs_%),g, L*(p))-bracket. It is clear that for each function f € F there exists
a bracket of the form [l ;, uy ;] which contains f. Further, we have at most (m + 1)?¢ such

brackets, which proves (i).

(ii) Parallel the proof of (i). When computing the bound for [/l j|%,, use that a S-Holder
function has | - |% as a modulus of continuity. Then one obtains |/l ;|2 < 1+ 3°m*/? and
thus ||l jlln, <1+ (3@(6d)a/ﬂ)5—sa/ﬁ_ -

Notice that under the assumptions of the proposition, condition (3.3) is satisfied and
therefore Theorem 3.1 may be applied to empirical processes indexed by the class of indicators

of rectangles, taking C to be the class of bounded Hoélder functions.

Corollary 4.1. Let (X;);>0 be an R%-valued stationary process. Let F be the class of indicator
functions of rectangles in R and let G = Ho(R?, [0,1]). Assume that, for some s > 1, a € R,
and v > max{2 + a, 1}, Assumptions 1 and 2 hold, and that the distribution function F of the
X; satisfies (4.1). Then the empirical process (U, (f))er converges in distribution in £>°(F)

to a tight centred Gaussian process.

Remark 4.1. By regarding the class of indicator functions of left infinite rectangles as a sub-class
of F, we obtain Theorem 1 of Dehling and Durieu (2011) as a particular case of the preceding

corollary.

4.2. Indicators of Multidimensional Balls in the Unit Cube

Here, we consider the class F of indicator functions of balls on X = [0, 1]¢, i.e.
Fi={lp@n 2 €[0,1]%r >0}

where B(z,r) = {y € [0,1]? : | — y| < r}. We have the following upper bound.
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4.2. Indicators of Multidimensional Balls in the Unit Cube

Proposition 4.2. Let pi be a probability distribution on [0,1]? with a density bounded by some
B >0 and let s > 1. Then there exists a constant C = Cqp > 0 such that

N(s, Ce % F, Q,Ls(u)) =0ap (5_(d+1)5) as € — 0,

where G = H([0,1]%, 0, 1]).

Note that the second argument in the bracketing number is different from the one appearing
in the condition (3.3). In this situation we have a stronger type of bracketing number than in
(3.3).

Proof. Let & > 0 be fixed and m = [¢~*]. For all i = (iy,...,iq) € {0,...,m}%, we denote by c¢;

the centre of the rectangle [%, %] X +ee X [idnzl, %] Then we define, for i € {1,...,m}? and

j €40,...,m}, the functions

(2) =T :B (c 7;2\@ 0,14\ B <ci,j7;1\/&): (2)

and

i j(x) =T :B (c j:fﬁ) ,[0,1]7\ B <c ‘7:;3\/&> (2),

where we use the convention that a ball with negative radius is the empty set.
By Lemma 4.1, these functions are a-Holder and, since d(B(z,r), R?\ B(z, 7)) = r' —r, we
have o
ligllhe, <1+ (?’m> <1430
’ Vd

The same bound holds for |lu; |7, . Since 1 has a bounded density with respect to Lebesgue

measure, we also have
) -
Wij —wigls < n <B (Cz‘, M\@) \ B (ci, J\@))
m m
; d . d
-2
(529 22)
m m

(T is the gamma function). Hence,

IN

/2

where ¢4 is the constant INCIPESH)

1
135 — wijlls < Cd,/§5

as € — 0, where cq g is a constant depending only on d and B.
Now, if f belongs to F, then f = lg(, ) for some x € [0, 1]¢, and 0 < r < V/d. Thus, there
exist some i = (i1,...,iq) € {0,...,m}% and j € {0,...,m} such that

11—1 1
xe[l ,1)><
m m

We then have [; ; < f < u; 5.

1 . 1
X [Zd ,Zd) and i\/&ﬁr§]+ V.
m

m - m m
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4. Entropy of Some Indexing Classes

Thus, the (m + 1)m? brackets [l; j,u; ], i € {1,...,m}% and j € {0,...,m}, cover the class
F. Therefore, N(ccll/ég,%*as,]:,g,Ls(u)) = Oy p(e™@%) as ¢ — 0, which implies that
there exists a constant Cyq g > 0, for which N(e,Cyqpe™**, F,G,L*(pn)) = OdVB(e_(dH)S) as
e —0. O

4.3. Indicators of Uniformly Bounded Multidimensional
Ellipsoids Centred in the Unit Cube

Set X = R%. Here, we consider the class of ellipsoids which are aligned with the coordinate
axes, have their centre in [0, 1]d, and their parameters bounded by some constant D > 0.
Without loss of generality, we assume that D € N*. For x = (21,...,24) € [0,1]% and all
r=(ry,...,mq) € [0, D] we set

~ (yi —i)?
E(z,r) = {yERd:Zyzyﬂlgl}.
i=1 g

We denote by F the class of indicator functions of these ellipsoids, i.e.
F = {lg@y 2 €[0,1]%r € [0,D]}.

We have the following upper bound.

Proposition 4.3. Let ;o be a probability distribution on R with a density bounded by some
B > 0. Then there exists a constant C' = Cq g p > 0 such that

N(s, Cs_Qas,f,g,Ls(u)) =04 (6_2d8) as € — 0,

where G = Hq(R?,[0,1]).

Proof. Let € > 0 be fixed and m = [¢~*]. For all i = (iy,...,iq) € {0,...,m}?, we denote by
I; the rectangle [% N R = %] Then, for i € {1,...,m}¢ and j = (j1,...,54) €

‘'m m

{0,...,Dm — 1}%, we define the sets
J d G (Y — w)? 1
Ui7j:UE<$’>: y € R* : min s <=
m zel; ]k m
zel; k=1
and

. d 2
= I _ d. (yr — k) 1
Lig=11E (x’m> B {y €R Iﬁeal)szl 2 S

z€l; Jk

We introduce the bracket [l; j,u; ;| given by
li,j(l') =T [Li’j_l,Rd \ Li,j] (.%') and ui,j(x) =T |:Ui’j+1,Rd \ Ui,j+2:| (x),

where we use the convention that an ellipsoid with one negative parameter is the empty set.
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4.3. Indicators of Uniformly Bounded Multidimensional Ellipsoids Centred in the Unit Cube

By Lemma 4.1, these functions are a-Holder. Further, we have the following lemma which is

proved in the appendix (cf. Section A.6):

Lemma 4.2. For all j € {0,...,Dm — 1}¢, x € R, we have

d <E (a: j) R\ E <x =7+1>> > D 2,
m m

As a consequence we infer that the distance between U; ; and R4 \ Ui j+1 is at least D 1m™2
and the distance between L; ; and RY\ L; j+1 is at least D~'m~2. Thus, by Lemma 4.1, we
have

”li,jHHa < 14 3aDam2a < 14+ 31)[_5720457

and the same bound holds for ||u; ;||2,, -
Now, to bound ||u;; — l; j||s we need to estimate the Lebesgue measures of U; ; and L; ;.
Recall that, if j = (j1,...,74) € Ri and x € R?, the Lebesgue measure of the ellipsoid E(z, j)

is given by

d
AE(2, ) = ca [ ] drs
k=1

where c¢q4 is the constant F(“d/Q 3 The set Ui j can be seen as the set constructed as follows:

d/2+1) -
start from an ellipsoid of parameters j/m centred at the centre of I;, cut it along its hyperplanes
of symmetry, and shift each obtained component away from the centre by a distance of 1/2m
in every direction; Uj; ; is then the convex hull of these 2¢ components (see Figure 4.1 for the

/\ i
@y =

Figure 4.1.: U; ; in dimension 2 Figure 4.2.: L; ; in dimension 2

<
ZaN
S
>

Let us denote by V; ; the set that has been added to the 2¢ components to obtain the convex
hull. We can bound the volume of U; ; by the volume of the ellipsoid plus a bound on the
volume of V; ;, that is

d . d .
Jk 1 25 +1
AU ;) SCdH%+ZEH7m .
k=1 k=1 £k
The set L; ; can be seen an the intersection of the 2¢ ellipsoids of parameters j/m centred at

each corner of the hypercube I; (see Figure 4.2 for the dimension 2). Its volume is larger than

3Here I' denotes the gamma, function.
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4. Entropy of Some Indexing Classes

the volume of an ellipsoid of parameters j/m minus the volume of V; ;. We thus have

d . d 1 27 4+ 1
)\(Li,j)ZCdkl;[liZ—ZmHlen.

k=1""" £k

Since p has a bounded density with respect to Lebesgue measure, we have

IN

p (Ui jro\ Lij—1)
BA(Ui j+2) — BA(Lij-1)

1i,j — wijlls

IN

We infer ||[l; j — u; j||s = ctli/g,(s), as ¢ — 0, where the constant ¢4 g only depends on d and B.
Now, if f belongs to F, then f = 1g(, ) for some z € X, and r € [0, D]?. Thus, there exist
some i = (i1,...,iq) € {0,...,m}% and j € {0,..., Dm — 1}¢ such that

-1 ig—1 i
m m m m

. -
ey < 222
m m

and for each k =1,...,d,

We then have [; ; < f < u; ;.

Thus, the D%m?2? brackets (lij wijl,ie{1,..., m}?and j € {0,..., Dm—1}%, cover the class
F. Therefore, there exists a Cq p,p > 0, such that N(e,Cq g pe~**, F,G,L*(n)) = (’)d7B(5*2dS),
as € — 0. O

4.4. Indicators of Uniformly Bounded Multidimensional
Ellipsoids

In Section 4.3, we only considered indicators of ellipsoids centred in a compact subset of RY,
namely the unit square. The following lemma will allow us to extend such results to indicators
of sets in the whole R?, at the cost of a moderate additional assumption and a marginal increase

of the bracketing numbers.

Lemma 4.3. Let p be a measure with continuous distribution function ¥, and s > 1. Fur-
thermore let F := {1g: S € S8}, where S is a class of measurable sets of diameter not larger
than D > 1, and G = Ho(R%,[0,1]). Assume that there are constants p,q € N*, C > 0, and a
function f: Ry — Ry, such that for any K > 0 we have

N (e, f(e), Fx,G,L*(n)) < CKPe™1, (4.2)

for sufficiently small e, where Frc :={lg: S €S, S C [-K, K|?}. If there are some constants
b, B > 0 such that

1

p({z € RY: |z| > t}) < bt 5, (4.3)
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for all sufficiently large t, then
N (e, max { f(e), V(i (7))} F LG L5 (1) = Oppepple™ @) as = =0,

where wy is the modulus of continuity of F.
The proof is postponed to the appendix (see Section A.7)

Proposition 4.4. Let F denote the class of indicators of ellipsoids of diameter uniformly
bounded by D > 0, which are aligned with coordinate azes (and arbitrary centres in the whole
space R?). If u is a measure on R with a density bounded by B > 0 and if furthermore (4.3)
holds for some 3 >0 and b > 0, then there exists a constant C = Cy p,p > 0 such that

N (e,Ce %, F,G,L* (1)) = Opp.a,B.D.s (87(5%2“8) as € — 0,

where G = Ho(R%,[0,1]).

Proof. In the situation of Section 4.3 change the set of the centres of the ellipsoids [0, 1]¢ to
[-K,K]? and apply Lemma 4.3. Following the proof of Proposition 4.3 we can easily see
that condition (4.2) holds for p = ds, ¢ = 2ds and f(¢) = Cyppe 2. Note that since
we have a bounded density, we have wr(z) < Bz and therefore 4v/d(wg'(27(@Fe%))=@ <
4\/&(2d+1B)as_°‘5 < Cd,B,Da_QO‘s for sufficiently small e. O

Remark 4.2. In the situation of Proposition 4.4 for the class F’ of indicators of balls in R? with

uniformly bounded diameter, we can obtain the slightly sharper bound
N(s, Ce s, F .G, Ls(u)) = O/g,b’d,B,D#(5_((5+1)d5+1)3) ase— 0

for some C = Cél’ g > 0 by applying Lemma 4.3 directly to the situation in Section 4.2 and

using the same arguments as in the previous example.

4.5. Indicators of Balls of an Arbitrary Metric with Common

Centre

Let (X,d) be a metric space and fix g € X'. An zg-centred ball is given by
B(t) :={z € X : d(xg,x) < t}.

We have the following bound on the bracketing numbers of the class F := {1g() : t > 0}.

Proposition 4.5. Let s > 1, G = Ho(X,[0,1]), and let i be a probability measure on X with

distribution function F

(i) If the modulus of continuity wg of the function G(t) := u(B(t)) satisfies

wa(z) = O(|logz|™*7) asz — 0 (4.4)
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4. Entropy of Some Indexing Classes

for some v > 1, then there is a constant C = Cqg > 0 such that

N(e,exp(05*1/7),]-", G, L*(n) =0(®) ase—0.

(i) If G is p-Holder continuous for some B € (0,1] then there is a constant C = Cg > 0
such that
N (e, Cs_%,]—",g,LS(p)) =0(E"®) ase—0,

Remark 4.3. Note that in the case that X = R?, du(t) = p(t)dt, the metric d is given by the

Euclidean norm, and zp = 0, an equivalent condition to (4.4) is

r+x 27 )
sup/ t/ p(te'?) dp dt = O(|logx|™*7) asz — 0.
r 0

r>0

Proof of Proposition 4.5. (i) Fix ¢ > 0 and choose m = [1 + 3¢7]. Let G~! denote the

pseudo-inverse of G and set for i € {1,...,m}

rii= G (i>, B; := B(ry).
m
For convenience set B_1,Bg := () and B, 1 = X. Define

ll(l‘) =T [Bi_g, X \ Bi—l] (:U) and ul(x) =T [Bl, X \ Bi—‘rl] (I)

The system {[l;,u;] : ¢ € {1,...,m}} is a covering for F. Obviously

3
wi = L[5 < p(Biv1 \ Bi—2) < —se
By Lemma 4.1, we have
3¢ 3%
will, <1+ <14
fuillz d(Bi, X \ Bj11)~ (Tig1 — 1)

Since by condition (4.4)

1
Tigl — T > inf{x > 0: 3t € R such that G(t + z) — G(t) > E}

}

> inf{x > 0: 3t € R such that wg(x) >

3=

1
> exp(—com™)

for some constant cg > 0, there is a constant C¢g > 0 such that
1 1 _1
llwill, <1+ 3%exp(acegm=) <exp(Cems7) <exp(Cge 7).

Analogously, we can show that ||/;||%, < exp(CGef%). This implies that all brackets [l;, u;] are
1

(e,exp(Cge™ ), F,G,L*(u))-brackets and thus (i) is proved.
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(ii) To prove (ii), follow the proof of (i). In the computation of the bound for the a-norm,
use that G is 3-Holder and thus has modulus of continuity | - | O

4.6. A Class of Monotone Functions.

In this example, we choose X = R. We consider the case of a one-parameter class of functions
F ={fi:t€]0,1]}, where f; are functions from R to R with the properties:

(i) for allt € [0,1] and z € R, 0 < fi(x) < 1;
(ii) forall 0 <s <t <1, fs < fp;
(iii) for all ¢ € [0, 1], f; is increasing on R.

Note that all the sequel remains true if in (iii), increasing is replaced by decreasing. Further,

for a probability measure p on R, we define
G, :10,1] — R, Gu(t) = puf

and we say that G, is Lipschitz with Lipschitz constant A > 0 if |G, (t) — G.(s)| < At — s| for
all s,t €0, 1].

FEmpirical processes indexed by a 1-parameter class of functions arise, e.g. in the study of
empirical U-processes; see Borovkova, Burton, and Dehling (2001). The empirical U-distribution

function with kernel function g(z,y) is defined as
Un(t) = B] > Ygxxp<-
1<i<j<n

Then, the first order term in the Hoeffding decomposition is given by

Z 9(Xi),
i=1

where ¢;(z) = P(g(z,X1) < t). For this class of functions, conditions (i) and (ii) are auto-
matically satisfied. Condition (iii) holds, if g(z,y) is monotone in z. This is e.g. the case for
the kernel g(z,y) = y — =, which arises in the study of the empirical correlation integral; see
Borovkova et al. (2001).

Proposition 4.6. Let s > 1, G = H,(R,[0,1]), and let u be a probability measure on R with
distribution function F. Assume that G, is Lipschitz with Lipschitz constant X\ > 0.

(i) If F satisfies
wr(z) = O(|log(x)|™*") asx—0 (4.5)

for some v > 1, then there exists a C = Cr > 0, such that

N(s,exp(Cs_%),F,g,Ls(u)) =0, (5_5) ase — 0
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(i) If ¥ is B-Holder continuous with 5 € (0, 1], then there exists a C = Cy > 0, such that

N(e,Ce™ % ,F,G,L* (1)) = O(c™®) ase— 0.

Proof. (i) Let ¢ >0 and m = [(A+4)e~*+1]. For i =0,...,m, we set

t; = L and z; = F~! (z)
m m

We always have x,,, = +00, but x¢ could be finite or —oo. In order to simplify the notation, in
the first case, we change to x¢o = —oc.

We define, for j € {1,...,m}, the functions [; and u; as follows. If k € {1,...,m — 1},
we set Ij(zx) = fi;_, (xr—1) and uj(xy) = fi, (Tr41), where we have to understand f(£o0) as
limy 400 f(2). Ifk € {0,...,m—1} and & € (x}, xx11), we define [;(x) and u;j(x) by the linear

interpolations,

Li(x) = lj(zx) + (z — xk)lj(xkﬂ) - lj(ﬂfk)7

Tr+1 — Tk

) = () + (& — ) TR ~ W)
Tkl — Tk
with the exceptions that [j(z) = [;(71) = fi,_,(—o0) if ¥ € (=00, 71) and u;(x) = uj(Tm-1) =
ft;(+00) if x € (24,1, +00). Then it is clear that for all t; 1 <t <t;, we have [; < f; < uj,

i.e. f; belongs to the bracket [l;,u;].

Further, being piecewise affine functions, /; and u; are a-Holder continuous functions with

Holder norm

Li(zk) — Lij(zk—1) <1+ max o <1+ exp (CFm%)

l <1
125114 + P (25 — 2p_1)* k=1,..m (T} — Tp—1)*

Here we have used the condition (4.5) and the same computation as for the class of indicators
of rectangles. Analogously, the same bound holds for |lu;l|z, .

Now,
g —1ills < llwjg — il < llug — fi;lln + 11 fe; = feyoi e+ 10— fey_i

First, since G, is Lipschitz, we have
1fe; = fr,all < G@t5) — G(tj-1) < At —tj-1) = —

For x € [zj_1, x|, since f; is increasing, we have u;(x) < ft;(xrq1) and ug;(v) > fi;(vr-1),
thus

m—1
[Juj — fthl < !ft] (Tpt1) — ftj (1) ([, 2ry1])
o 2
< oy ; | ft; (xrq1) = fo; (@) + | fe; (wr) = fo; (zr—1)]) < =~
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4.6. A Class of Monotone Functions.

since, by monotonicity, > 7 | ft;(@rg1)—fi; (21)| < 1. In the same way we get [|[;—f;,_, [[1 <
and we infer

2
m

A+4\Ye
||Uj—lj||s§< ha > <e.

1

Thus, the number of (¢, exp(Cre 7), G, L*(u))-brackets needed to cover the class F is bounded
by m, which proves the proposition.

(ii) Part (ii) can be shown analogously, where one uses that S-Hoélder continuous functions
have modulus of continuity | - |°. O
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5. An ECLT for the Ergodic Automorphism of the

Torus

In this section we establish an empirical CLT for processes whose behaviour is determined by
an ergodic automorphism on the d-dimensional torus. Dehling and Durieu (2011) established
an empirical CLT where the underlying random variables of the empirical process are directly
the iterates of the automorphism themselves and where the empirical process is indexed by the
class of rectangles of the form [0,¢], t € [0,1]%. Here, we generalize this result to an empirical
CLT with different indexing classes and to the case, where the underlying random variables are
functionals of the iterate of the automorphism under some regular function.

Let T? = R?/Z be the torus of dimension d > 2, which is identified with [0, 1]% and equipped
with the Lebesgue measure \. Recall, that the automorphism of the torus T : T¢ — T¢

introduced in Section 2.6 is given by
Tx=Ax mod 1,

where A is a square matrix of dimension d with integer coefficients and determinant £1 and
such that no eigenvalue of A is a root of unity. Recall that T is measure preserving and ergodic
w.r.t. A (cf. Section 2.6). In the remainder of this chapter, we denote by | - ||; the L!()\)-norm
given by ||f|l1 := A(|f|). Further, for the ith iterate of T, we write T%. By T° we denote the
identity map on T¢.

We extend the definition of the R- or C-valued bounded a-Hoélder continuous functions from
Section 2.3 to bounded a-Holder functions with values in RY, £ € N*, by replacing the absolute
value (or modulus) in the definition of || - |3, by the corresponding euclidean norm. We denote

the space of such functions defined on a space X by Hq (X, RY).

As an application of Theorem 3.2, we establish the following proposition.

Theorem 5.1 (Empirical CLT for Ergodic Automorphisms of the Torus). Let F be a uniformly
bounded class of functions on R, ¢ € N*, ¢ € Hg(Td,RZ), B € (0,1], and let dy denote the
size of the biggest Jordan block of T restricted to its neutral subspace. If the entropy condition
(3.3) holds with 1= Ao o' and s = 1 for some uniformly bounded subset G of Ha(RE,R) with
a€ (0,1, r > -1, C > 0 and v > max{1, J}, then the empirical process U,, = (Un(f))ser
given by

Uu(f) = = (S0 0wlT) - M(f o)
=1

converges in distribution in {>°(F) to a tight centred Gaussian process W.
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5. An ECLT for the Ergodic Automorphism of the Torus

Proof. We use Theorem 3.2 with X = R’, C = H,(R’,R), and X; = ¢(T"). For f € Ha(R",R)
and ¢ € Hg(T? RY) the function f o ¢ is an element Hn5(T?, R). Dehling and Durieu (2011)
showed that (T%);cy is multiple mixing w.r.t. ’Ha@(’ﬂ‘d,R) for any «, 8 € (0,1], s = 1, and dy
not larger than the size J of the biggest Jordan block of T restricted to its neutral subspace
(see Proposition A.2). Therefore (X;);cy is multiple mixing w.r.t. Ho (R R) with the same
s and dy. By a result of Leonov (1960) (see also Le Borgne (1999)) the CLT holds under all
functions in Hap(T, R). Then (X;)ien = (p o T%);en satisfies the CLT under H, (R, R) and
thus Theorem 3.2 applies. O

Theorem 5.1 provides no information about the covariance structure of the limiting process.
If in the situation of Theorem 5.1 we assume that furthermore there is some (possibly infinite)
covering of F by L'(u)-balls with centres in G that provide some polynomial control of the
a-norm of those central functions, we can identify the covariance structure of the limiting

process as the following lemma shows.

Lemma 5.1. If the assumptions of Theorem 5.1 are satisfied with v > 2 and if furthermore
for every f € F there ezits a fr, € G such that

I(f = fe)oplh <k, (5.1)
I fill7te < C'R® (5.2)

for some a,C" > 0, then the covariance structure of the limiting process W is given by
Cov (W (f),W(g)) =>_ Cov(f(),9(e(T*) + Y Cov(f(p(T%),9(¢)) f.ge€F. (53)
k=0 k=1

Proof. For i € N let X; = ¢(T") and follow the proof of Lemma 3.1 in Section 3.3. Condition
(i) of Lemma 3.1 is satisfied due to Leonov (1960) (cf. Le Borgne (1997)). However we can not
assume that (i) holds. We therefore need to show that the terms (3.14) and (3.15) vanish as
q — oo. All remaining terms can be treated the same way as before. Observe that in the case
of the ergodic automorphism of the torus, there exists a p € (0,1) and a K > 0 such that for
all f € F and all h € Ho (R R)

|Cov (£(X0), h(Xa))| < KA. o™ (5.4)

To see this let fi,, k € N* satisfy (5.1) and (5.2), then by Lemma A.1 and Holder’s inequality
there is a D > 0 and a 0 € (0, 1) such that

|Cov (f(X0), M(Xy))| < |Cov(fr(Xo), (Xy))| + |Cov(f(Xo) — fe(X0), h(Xn))|
< D(||fillrta 10306 + 11(f = fi) o @lli [Ih o plloc)  for all k € N,

Here we used that [|h o ¢lla,, < [[hlla, (1 + [l¢lg,) for all h € Ho(RY,R) and ¢ € Hg(RY,RY).
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Now, setting k = [#~"/(2®] + 1, by (5.1) and (5.2) there is a K > 0 such that
|Cov (f(X0), h(Xn))| < 2 K ([IRll20.0% + | Bllpe.0%).

This implies (5.4) with p = max{91/2, 01/(2‘1)}.
Now consider the term (3.14). Recall that k(q) = 29/°, where b was an arbitrary real number

in (1,7). Here, since v is assumed to be larger than 2, we may chose b € (1,v/2). Using
Lemma A.1 and (5.4), we have

Z |Cov ((mqf)(Xo) — f(X0), (mq9)(Xk))|
k=k(q)+1
< > [Cov((mf)(Xo): (mag)(Xi) [+ Y [Cov(f(Xo), (mag)(Xe))|
k=k(q)+1 k=Fk(q)+1
< (DS lnalimaglse. Y. 0°) + (Kllmglhe, > 7)
k=k(q)+1 k=k(q)+1

< K, (exp(CQ%q + 10g(9)2%) + exp(C2% + log(p)2%)> — 0 asq— oo,

where K, > 0 is some finite constant and where we use that p,6 € (0,1) and b € (1,v/2). With

similar arguments we obtain for (3.15) that

[e.9]

> [Cov(f(X0) meg(Xi) - g(Xn))|
k=k(q)+1

< Y |Cov(f(Xo), mg(Xe) |+ D |Cov(f(Xo), gk(Xk))|
k=Ek(q)+1 k=k(q)+1

< exp(C’2%)pk + Z exp(Ck%)pk — 0 as q— oo,
k=k(q)+1 k=k(q)+1

which finishes the proof. O

Remark 5.1. The assumptions in Lemma 5.1 and the entropy condition (3.3) in Theorem 5.1
can be simplified to the following stronger condition: Let there be constants r > —1, a,C’ > 0
such that

1
/ e” sup N2(5, C’&‘“,f,g,Ll(u))d5<oo.
0 e<6<1

Under this condition (3.3) is easily satisfied for any v > 1. Further, this condition even gives
us a finite covering of F by (5, C'e™?, Q,Ll(u))—brackets, where Lemma 5.1 only requires a

(possibly infinity) covering by corresponding balls and thus (5.1) and (5.2) are satisfied.

Applying the results from Chapter 4, Theorem 5.1 and Remark 5.1 yields the following

corollary.
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5. An ECLT for the Ergodic Automorphism of the Torus

Corollary 5.1. Let d > 2 and T be an ergodic d-dimensional automorphism of the torus

T with J the size of the biggest Jordan block of T restricted to its neutral subspace. Let
w € ’H/B(Td,Rg), ¢ € N*, and let F denote the distribution function of p:= Ao @~ 1.

(1)

(i)

(iii)

o6

If the modulus of continuity wr of F satisfies wp(x) = O(|log(x)|™7) as x — 0 for some
v > max{1, J} then the empirical CLT holds w.r.t. to the class of indicators of finite and

infinite rectangles on RY given in Section 4.1.

The empirical CLT holds further w.r.t. the 1-parameter class F = {fi : t € [0,1]} of
monotone function introduced in Section 4.6 if G, : [0,1] — R, t +— uf; is Lipschitz.

If ¥ is §'-Holder continuous w.r.t. some ' € (0,1] then the empirical CLT holds w.r.t.
the class of indicators of finite and infinite rectangles given in Section 4.1 with covariance

structure given by (5.3).

If further G, is Lipschitz, then the empirical CLT holds w.r.t. the 1-parameter class
of monotone function introduced in that section, where the covariance structure of the

limiting process is given by (5.3).

If 1 has a bounded density, then the empirical CLT holds w.r.t. the classes of indicators
of multidimensional balls and indicators of uniformly bounded multidimensional ellipsoids

introduced in Section 4.2, 4.3, and 4.4 with covariance structure given by (5.3).
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6. Slowly Multiple Mixing Processes

In the earlier sections, we considered multiple mixing processes with some exponential decrease of
the covariances. This property led to an increment bound of 2pth moments of the approximation
process (cf. Proposition 2.1). The aim of the following chapters is to extend our approximating
class approach (see Section 1.3) to situations, where we have a much slower decrease of the
covariances that appear in the definition of the multiple mixing property. We consider processes,
where the decay of the covariances can be described by a summable sequence. In order to
treat such processes, we develop a version of Theorem 3.1 which can be applied when only
weaker moment bounds than in Part I are available. This is achieved mainly by introducing
balancing conditions between the distribution of Xy and properties of the approximating class
of functions. As a concrete application, we obtain results for causal functions of i.i.d. processes.

We define the slow multiple mixing property as follows.

Definition 6.1 (Slow Multiple Mixing). Let (X;);cny be a stationary stochastic process of
R?-valued random variables, and let C be a space of measurable real-valued functions defined on
R¢ and equipped with a semi-norm || - ||¢c. For integers iy, ..., ij € N, we write 77 1= i1 +... +1;.
We say that (X,)nen is slowly multiple mixing with respect to C if there exist a constant s > 1
and a decreasing function © : N — Rg such that for any p € N*, there is a constant K, < oo
satisfying

|Cov (f(Xo) f(Xig) o f(Xi ) s F(Xig) f(Xiz, ) oo f(Xiz))|

< K|l f (Xo) sl flle© (i) (6.1)

for all f € C with ||f|lcc <1 and E(f(Xo)) =0 and all ¢y,...,i, €N, g€ {1,...,p}.

Remark 6.1. From the abstract definition, the notion of “slow” may seem a bit irritating, since
O is not specified here. However, in applications we will use this notion only in the context,
where ©(k) goes to zero with a slower rate than 0¥ with 6 € (0,1). Note that we also do not
allow a polynomial term @ of strictly positive degree on the r.h.s. of (6.1), thus the notion of
slow multiple mixing does not include every case of (exponential) multiple mixing as introduced

in the earlier chapters of this thesis.

The following section establishes moment bounds for slowly multiple mixing processes.
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6. Slowly Multiple Mixing Processes

6.1. Moment Bounds for Slowly Multiple Mixing Processes

Proposition 6.1. Let (Xp,)nen be slowly multiple mizing w.r.t. C with s > 1 and a function ©
such that for some p € N*

50:2'2?*2@(@) < oo. (6.2)
1=0

Then there is a finite constant C > 0 such that for all f € C with || f]lec <1 and all n € N*, we

have
n 2
B(|% 00 - (s x)|”)
i=1
P
<CY ' |[f(Xo) — E(F(Xo))Ils (If — B(f(X0))lle)’ (6.3)
=1
Proof. Without loss of generality, assume that E(f(Xo)) = 0. By stationarity, we have

B((Cx))| =] Xm0 )

1<i1,..ip<n

<pn| > B(K0f(Xip) - (X)) |
0<iyoenyip—1<n—1

i <n—1

Lp) = Y  [BUfXo)f(Xi)- .- f(X)], (6.4)

0<i1eryip<n—1
i <n—1

for p € N*, we therefore have
(X rx0)")| < pnduto—1). (6.5)
i=1

Decomposing the sum in (6.4) with respect to the highest increment of indices i4, ¢ € {1,...,p},

we receive a bound

In(p) <) Ju(pa),
q=1

where
n—1
Jn(p,q) = Z Z [E(f(Xo)f(Xiz) - ... f(Xip))|-
Gq=0 0<i15emyige 1,01, mrip<ig

ip<n—1
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6.1. Moment Bounds for Slowly Multiple Mixing Processes

We successively treat the terms J,(p,q) and I(p) in two separate lemmata.

Lemma 6.1. Let p € N*. If (X;)nen is slowly multiple mizing w.r.t. C with s > 1 and
O : N — R{ such that

> iPle(i) < oo, (6.6)
i=0
then for all g € {1,...,p} there exists a constant K' > 0 such that
Jn(,q) < K'||f(Xo)llsl| fllc + nln(g — 1)In(p —q) for allm € N* and f € C.

Proof. Set

Ay = Cov (F(Xo) F(Xig) oo F(Xi )y F(Xig) F(Xin, ) o (X))
Biy,...i, =|E(f(X0)f(Xir)-.. ~'f(Xz‘;;,l)) - [E(f(X0) f (Xigyr) - - f(Xiz—iz)) |,

where we used the stationarity of (X;);en in the last line. We have

In(p; q)
n—1 n—1
S E : E : Ail,...,ip+§ : E : Bilv---aip'
iq=0 0<i1,eenyig—1,iq4 1peeesip<ig ig=00<i1,..nig—1,igt1semmsip<ig

. S5k
tp<n—1 ip<n-—1

An application of the slow multiple mixing property (6.1) yields

n—1 n—1
> > Air,eiy < EIF(Xo)sllflle D (g + 1P O(ig)
1q=00<41,..,0g—1,iqg+1,---ip<iq iq=0

i;gn—l

< K| f(Xo)ls|l.flle

for some constant K’ < oo, since 77, #7'0(iy) < oo by (6.6). Finally,

> B X [BUGOSX) - (X))
01 yeenyige1yiga1yenip<ig 0<i1,enyig—1<n—1

is<n—1 it <n—1

Yo B (K)o f(Xigis))|

0<igt1yenmyip<n—1
ir—it<n—1

and thus

n—1

> > Bi,.i, < nlu(p— 1) I(p — q).

iq=00<i1,.yig_1igs1ip<iq
ip<n—1
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6. Slowly Multiple Mixing Processes

From now on, let [-] denote the upper Gauss bracket [x] := min{z € Z: z > z}.

Lemma 6.2. Let p € N*. Assume that (X,)nen s slowly multiple mixzing with s > 1 and ©
such that (6.6) holds. Then there is a constant K, < oo such that

/2 -
Ln(p) < Kp - o f(Xo) N1l (6.7)

i=1
forall f € C with ||f|lcc <1 and E(f(Xp)) = 0.

Proof. We will use complete induction to prove the lemma. By Lemma 6.1 we can easily see
that

L, (1) < Kal[f(Xo)ll» I flle

for some constant K7 < oo if (6.6) is satisfied. Now consider an arbitrary p > 2 satisfying (6.6)
and assume that (6.7) holds for all p < p— 1. We have

PE2 A
P
Z(K'Hf Xo)llsllflle + nla(a = 1)In5— )

< K| F(X0) )1 e
R 2521
) (K1 D2 w A X)) (K5 Z n | F(Xo) 21112
q=1 i=1
o [5)e[]

< K'pllf(Xo)lsllflle +n) K" > o' f(Xo)lLlflle

q=1 =2

[5/2]
< K LIS LISl + 5 3w 2RI 1E

i=2
B2 o
< Kp Y Y A(Xo) I FIlE
i—1
for some constants K, K", K; < oo, since [(¢ —1)/2] + [(p — ¢)/2] < [p/2]. O

By (6.5) and Lemma 6.2 we immediately obtain

(|30

since (6.2) implies that (6.6) holds with p replaced by 2p — 1, which completed the proof of
6.1. ]

) < @)nl(2p - 1) < K, Sl

=1

Remark 6.2. Recall that sharper moment bounds are available under multiple mixing with
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exponential decay (cf. Section 2.1). However, the moment bounds given by Proposition 6.1 are

sufficient to apply the approximating class approach as we will show in Chapter 7.

The next section is dedicated to a specific class of slowly multiple mixing processes, the class

of causal functions of i.i.d. processes.

6.2. Causal Functions of I.I.D. Processes

One example of processes that feature the slow multiple mixing property (6.1) and that can be
treated by our methods is the class of causal functions of i.i.d. processes, which are defined as

follows.

Definition 6.2 (Causal function). Let (§;);cz be an independent identically distributed process
with values in a Banach space (X, || - ||x). We call (X;);cn a causal function of (§;);ez if there
is a measurable function G : XN — R? such that each X; is of the form

Xi = G((&i-j)jen)-

Let us now introduce a measure of the dependence structure of a causal function of an i.i.d.

process (§;)jez. Set
X’i = G(é-iagifla e 751766,6,—17 .. ')7

where ({})jez is an independent copy of (&;)jez, i-e. (§;)jez and (§})jez are identically dis-
tributed, and both processes are independent from each other. We can now define for i € N*
and m > 1,

. . 1
Siim = |1 Xi = Xillm == B(|X; — X;|™) ™, (6.8)

where | - | denotes the euclidean norm in RY. This physical dependence measure was introduced
by Dedecker and Prieur (2005) (see also Wu (2005) and Dedecker and Prieur (2007)).

Proposition 6.2. Let (X;)ien be an R%-valued causal function of an i.i.d. process. Then
(Xi)ien is slowly multiple mizing w.r.t. Ho(RE,R) with s > 1 and (i) = (§;,m)* for every
a € (0,1], and s € [1,00), m € (1, 00] with % + % = 1. As a consequence of Proposition 6.1, if

D 72 (65m)™ < 00 (6.9)
i=1
for some p > sd, then the moment bound (6.3) holds for all f € Hao(R%, R) such that || f|le < 1,

with p, s as above.

Proof. Since (X;);en is a causal function of an i.i.d. process, we can write X; = G(&;,&—1,...),

with G : AN — RY. Let (§)jez and (&) jez be copies of the underlying process (&) ez such
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6. Slowly Multiple Mixing Processes

that all three processes are independent. Set
> (k
Xi ) = G(é-ly gi—lv s 7§i—k+17 gz/'—kﬂ gz{—k‘—h e '))
(ke
XZ( ) = G(fw gi—lv s 7§i—k+17 g;/—]m gz{/—k—la .. '))

and note that therefore (X;);en 4 (Xi(k))ieN 4 (Xi(k))ieN. We have

Cov(f(Xo)... F(Xiz ), F(Xiz) ... F(X3p))]

< [Cov (f(Xo) .- f(Xir ) = FORGT) o FXE )L F(X) -  F(X3))|
+|Cov (X5, ,.f(Xffjl), F(Xis) .. f(Xis) — f(Xg“)) ,.f(XZ,(;)))‘
+[Cov(F(XS) .. FXE ), FED). FED))]. (6.10)

Since f(X(()k)) o f(XZ.(f)l) is o({¢: j < it 1} U{g]: j € Z})-measurable while f(Xi(*k)) Cee
q— q
f()'("i(;)) iso({&:j> iy —k}U{E] 1 j€ Z})-measurable, the functions in the last covariance
on the right-hand side of (6.10) are independent as soon as k < i, and thus the last summand
is equal to 0 in this case. Recall that we only consider such f that satisfy || f|lcc < 1. If we

apply Holder’s inequality to equation (6.10) we obtain for s, m satisfying % + % =1,

[Cov (f(Xo) - (X ) = FEXG) - JEE ) F(Xig) - F(X)))|
<2 F(Xo) o F(Xip ) = FEG) - FEE D llF () - X3l
< 24| £ (X0) s/ (X0) = £ | (6.11)

< Z?ﬂ!ai—bi‘. for a;, b; € [—1,1]. Since |f(z)— f(y)| <

where we used that ‘H?Zl a;i— [y bi
I fllallz — y||*, an application of Jensen’s inequality to (6.11) yields

)= FXIN - FXD ) f(Xa) o F(X))]

"
q—1 4

|Cov (f(Xo)-...- (X,

< 2q)1 £ (X0) I3 | 1. (11 X0 — X 1)
= 24| £ (X0) |61 f 1340 ($rem)

Analogously, we can show that

|Cov (F(X§7) . (X ), (X)) = D) f (X))
< 2(p — @)1 (X0) 1 F 13 (B

thus for k£ = 44, we have

|Cov (f(Xo)... f(Xiz_ ), F(Xiz) .. f(Xiz))| < 2a]l f (Xo) sl Fllea (Big )

q—1 q

which proves the slow multiple mixing property ]
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Processes

In this chapter, we establish an empirical CLT for slowly multiple mixing processes. We are
especially interested in the case, where the decay of the covariances is given by a term © that
converges to zero with sub-exponential rate. We therefore develop a general theorem that can
be applied to weaker moment bounds than Theorem 3.1 in Part I. As our main intention here
is to extend the application of our approximating class approach (see Section 1.3) to situations
where the underlying process only satisfies a weaker version of the multiple mixing property,
we restrict our attention to R%-valued stationary processes (X;);en+ and consider the classical
empirical processes indexed by the class of indicators of semi-finite rectangles {1[_00775] :t € RYY,

For sets such as {x € [~00,00]? : @ < x < b} with a < b € RY, we write (a,b], where <,
<, ... used in R? are to be understood component-wise.! The empirical distribution function

F, : [~00,00]% — R is given by

1 n
Fp(t) == - Z 1 oo, (Xi)
=1

Let F denote the (multidimensional) distribution function of Ay. We consider the empirical

process Uy, = (Un(t))se[—oc0,00)¢ s the random element given by
U, (t) == vn(Fp(t) —F(t)), te [—00, o0]?.

which takes valued in the cadlag space D([oo, c0]?) equipped with the Skorokhod metric dg.?

Before coming to the statement of our main results, let us have a look at our central
assumptions. Similar as in Chapter 3, we assume that (X;);cy satisfies a Central Limit

Theorem under a class of functions C.

Assumption 7.I (CLT for C-Observables.). For every f € C such that E(f(X()) = 0, there
exists 0]20 > 0 such that

;ﬁ ;f(Xi) 45 N(0,02). (7.1)

Further, we assume that the following generalized moment bounds hold under the same
function space C for which the CLT (7.1) is satisfied.

Ye., for a = (ai,...,aq) and b= (b, ..., ba) € [—00,00]%, write a < b if and only if a; < b; foralli =1,...,d.

2For more details, see page 8.
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Assumption 7.IT (Moment Bounds for C-Observables). There are finite constants C' > 0,
s > 1, p € N* and increasing functions ®1,...,®), : RS‘ — RS‘ such that for all f € C with
I fllcc <1 and all n € N*, we have

E(i(fum - E(f(Xo)))>2p

i=1

P
<CY nl [I£(Xo) — B (X)L @il f — E(f(X0))lle)- (7.2)
i=1

Recall that this condition is met for instance for processes satisfying a slow multiple mixing
property with ®(x) = 2! (see Proposition 6.1).

Since in this setting, the indexing class of the empirical process is a fixed class of semi-finite
rectangles, we do not apply our bracketing technique in full generality here. Instead the
bracketing will be directly included in the proof of property (1.B) of our approximating class
approach.

Control of the || - ||c-Size of the Approximating Functions

Assumption 7.1 and Assumption 7.II refer to the processes (f(X;))ien for f € C. In order
to obtain results for the empirical process U,, indexed by indicator functions of semi-finite
rectangles, we use approximations by functions of the space C. Here, we use a function that
provides a control over the || - ||¢-size of the approximating functions. This function replaces
the entropy condition used in Part I. It corresponds in a way to the second argument in the
bracketing numbers in that section and can be seen as an adapted version of the bracketing

technique used there.

Definition 7.1 (|- ||c-Control). Let F be a (multidimensional) distribution function on R and
let C be some vector space of R-valued measurable functions on R%, equipped with a semi-norm
| - llc. We call a increasing function ¥ : Ry — R a || - [|c-control (with respect to F) if for
every a < b € [—o0, 00]?, there is a function ®(ap) € C such that for any x € R,

1(7oo,a] < P(a,b] < ]-(foo,b} . (73)

and such that

1

< : 7.4
loenle < (imin wr ;) (b — ai)) (7.4)

where F ;) denotes the i-th marginal distribution function of X and where wr;, is the modulus

of continuity of F(i).3

If such a function U exists, we say that C approximates the indicator functions of semi-finite

rectangles R := {[—o0,t] : t € R} with || - ||c-control .

3Recall that the modulus of continuity wy of a real-valued function g is defined by wy(8) := sup{|g(t) — g(s)| :
s,t €RY, ||t — s]| < o}
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7.1. Statement of Results

Example 7.1. As an example, consider the space of bounded a-Hblder functions H,(R?, R)
introduced in Section 2.3. Choose ¢, € Ho(RER) as

d

i —bi
P (a,b) (561, - ,ﬂfd) = ;l_{ @(1(700700)2(04', bz) . Z’L — (li)’

where ¢ : R — R is given by p(r) = 1|_o _1)(z) — 21— g(x). Obviously, this choice of ¢, )
satisfies (7.3). Let us now check condition (7.4). Since for all j =1,....d, wr; () < wr(d), we

have

bj — aj > inf{5 >0: wF((S) > '_mindwpﬁ)(bi — az)}

Thus, by the definition of ¢, ) we obtain

1

lPap)llm. < d ,{Iif%?idl(_oo,ooy(aj’ b;) - b —a)" +1

< d<w1§(. min_ wy, (b; — ai)))_a +1,

i=1,...,

where wi (y) := inf{6 > 0 : wp(d) > y}.Hence, (7.4) is satisfied for the increasing function ¥
given by

U(z) i=d(wi (7)) " +1 (7.5)

and thus U defines an || - [|3,,-control, which gives us the following lemma:

Lemma 7.1. The space of bounded o-Hélder functions Hq(R%,R) approzimates the indicator
functions of semi-finite rectangles R with || - ||, -control ¥ w.r.t. F given by (7.5).

Under these assumptions, we can establish the following theorems.

7.1. Statement of Results

Theorem 7.1. Let (X;);en be a stationary process of R%-valued random vectors with continuous
multidimensional distribution function F. Assume that there is a vector space C of measurable
functions R? — R, containing the constant functions, equipped with a semi-norm | - ||lc, and

satisfying the following conditions:
(i) For every f € C such that || f||c < 00, the CLT (7.1) holds.

(ii) C approzimates the indicator functions of semi-finite rectangles R with || - ||c-control ¥
w.r.t. F.

(iii) There are constants s > 1, p > sd, v1,...,7 € R satisfying

0§%<§+2(p_¢)_d foralli=1,...,p (7.6)
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7. An Empirical CLT for Slowly Multiple Mixing Processes

and some increasing functions ®1,..., P, : Rg — Rg satisfying
D,(2¥(2)) = O0(2") asz— o0 (7.7)

such that for every f € C with || f|lcc < 1, the moment bound (7.2) holds.

Then there is a centred Gaussian process W = (W(t))te[_m,m]d with almost surely continuous

sample paths such that U, LW in the space D([—o0, 00]?).

Remark 7.1. (i) In fact, the functions @1, ..., ®, and the function ¥ only have to be increasing
for sufficiently large arguments. Note that condition (7.2) has only to be satisfied for a certain

subclass of C, see Remark 7.5.

(ii) Although, the focus of this chapter is to consider processes with a sub-exponential decay,
the assumptions of Theorem 7.1 are quite general and can also be applied in the exponential
case. For instance, choosing C = Ho(R? R) and v; = 2p — i we obtain Theorem 3 in Dehling
and Durieu (2011), setting further « = d = s = 1 covers Theorem 1 in Dehling et al. (2009).

As a consequence of this abstract theorem, we can give a statement for slowly multiple

mixing processes, for which conditions are more easily verifiable.

Theorem 7.2 (Empirical CLT for Slowly Multiple Mixing Data). Let (X;);en be a stationary
Re-valued process with continuous multidimensional distribution function F. Assume there is a
vector space C of measurable functions R* — R, containing the constant functions, equipped

with a semi-norm || - ||c that satisfies the following conditions:

(i) For every f € C such that || f]lec < 00 the CLT (7.1) holds.

(ii) The process (X;)ien+ is slowly multiple mizing w.r.t. to C for some s > 1 and © : N — R
such that there exists a p > sd satisfying > oo iP~20(i) < oo.

(iii) C approzimates the indicator functions of semi-finite rectangles R with || - ||c-control ¥
_ 1
w.r.t. F such that W(z) = O(zY/7) for some v > Tt

Then there is a centred Gaussian process W = (W (t));e[—oc,00¢ With almost surely continuous

sample paths such that Uy, L W in the space D([—o0, 00]?).

Proof. By Proposition 6.1, condition Assumption 7.II holds with ®;(x) = z’. Then, taking
~i = /7, the condition (iii) of Theorem 7.1 is satisfied. O

Remark 7.2. In the situation, where C is the space H,(RY R) with o € (0,1], by Lemma 7.1,
(iii) of Theorem 7.2 can be replaced by

I\« 1 sp
(wF (7)) :O<zv> as z — oo, for some v > .
z p— sd

This is certainly satisfied (for instance for v = 6/«) if F is -Holder with

asp

0 >

S (7.8)

68



7.2. Proof of Theorem 7.1

7.2. Proof of Theorem 7.1

To prove Theorem 7.1, we apply Theorem 1.1 where we choose S = D([—0c0, o0]¢), the cadag
space on [—00, oo]d equipped with the Skorokhod metric dg and &, = U,, denotes the empirical
)

process. We therefore need to find a process UT(Lq which approximates U, as ¢ — oo in the

sense of (1.11) and to show that this process is convergent in distribution for each ¢ as n — oo.

Remark 7.3. Note that in this situation one can also apply the version of Theorem 1.1 used by

Dehling et al. (2009), since the relevant processes are measurable and S is separable.

Following the techniques presented in Dehling and Durieu (2011, p.1078 ff), we begin
by introducing a partition for [~oc,o00]?. Let F(;) be the i-th marginal distribution of F,

0= r(()q) < r@ <...< r,gq) = 1 a partition of [0, 1], and set for ¢ € {1,...,d} and j; € {0, ..., q},

Ha) (@)
7]1 : F(l) ( )
where F(;)l (y) := sup{z € [~00, 0] : F;)(z) < y}. Note that the F(;)l are injective since the F(;
are continuous. For convenience, we also define t( 9 1= t( 9 For §5€40,...,q+ 1} set
@ ._ (4(a) (@ _ p-1(,.@ —1,,.(a)
t =t g, "’td,jd) = (F(l)(rj1 ),...,F(d)(rjd )
To keep notation short, denote (z,...,2) € [~o0, oc]? by 7.
We can construct a C-approximation of the indicator function 1[7@ +0) | by setting for
i1
je{l,...,q}%
Pl @y ii>2
QO§Q) = ( Jq 2’tjq 1) (79)
0 if j#72,

where ¢ (@) @
(K049

€ C satisfies (7.3) and (7.4). Observe that tgci)é < tg.qi)f, since all F(_Z)1 are
injective.

To approximate the empirical distribution function, we introduce

FO@):= Y ( Zgo )[t@ o (0)

je{lqkd =l

(@) (@) :
T t;") we have the simple form

BRSO
_n;‘p]‘ (X’L)

Note that for ¢ in any fixed rectangle [t

By the definition of the gog-q) it is easy to see that therefore

(@)
Fu(t;”5) < E\D(t) < Fy(t
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7. An Empirical CLT for Slowly Multiple Mixing Processes

Thus, it is natural to approximate (as ¢ — oo) U, by

U = (Va(FO(1) - FO 1))

tE[—oo,oo]d’

where

FO(@):=E(F9(1) = Z E(¢§q) (Xo)) 1[t<q)77t<q))(t).
e, a3 Y

Remark 7.4. Notice that at this point the Lpgq) and thus UT(Lq) depend heavily on the chosen
partition 7, ..., 7, on [0, 1]. Therefore the notation with the superscript ¢ may be misleading at
first glance, but since whenever the choice of the partition matters, we will only use equidistant
partitions of [0, 1], and thus in all relevant situations the partitions will be uniquely defined by

q.

As the central idea to prove Theorem 7.1 is to use Theorem 1.1, we need to check (1.10) and
(1.11) for S = D([—00, 00]?). This is done in the next two lemmas.

Lemma 7.2. For every partition 0 = r(()q) <. < r((lq) =1 of [0,1], éﬂ) converges weakly to
some centred Gaussian process W@ € D([—o0, 00]?) whose sample paths are constant on each
of the rectangles [t;q_)i,tg-q)), je{l,...,q¢}

(9)

Proof. Since all the Uy are constant on each of the rectangles [t )_ 4@

E—T’ ) ), it suffices to show

weak convergence of the sequence of vectors

QEgX#%W—E@?WWU |

je{17"'7q}d

which is a consequence of the CLT (7.1) and the Cramér—Wold device. O]

Lemma 7.3. Let 0 = réq) < rgq) << T,EQ) =1 be the partition of [0,1] defined by r,(f) = %.
Then for all e, > 0 there is a qo € N* such that for all g > qq,

limsupP( sup | Up(t) = U9 (1) > 5> <.
te|

n—o0 —00,00]%

Proof. Let us consider €, > 0 fixed for the rest of this proof. Consider the partition 0 = T(()q) <
< r((f) =1 of [0, 1] defined in the statement of the lemma and set h = %. For each k € N*,

consider the refined partition

N
of [7’,(5),17 r,(f{)}, where
i h
St = T+
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7.2. Proof of Theorem 7.1

2e€{0,...,2"} and m € {0,...,q}. Setting for i € {1,...,d}, j; € {1,...,q}, l; € {0,..., 2%}

(k) F_A)l(s(k) ),

Sigili — () il

we obtain partitions

4@ k) _ 0

igi—1 = 5,0 < Sig,

(k) _ 4(q)
1 <...< Si ook = ti,ji

of [tz(?j)i_l, tgqj)l] To simplify the notation in the following calculations, we set

(k) (k)

(k) (k) —
5 ivji72k+1 T Sirji'i'lvl’

igi—1 =85 you_y forji>1, and s for j; < gq.

Let us now focus on a fixed rectangle [t;‘i)i,ty)) for some j = (j1,...,j4) € {1,...,q}%

(q)ﬂ ney

Our aim is to construct a chain to link the point tg‘(i)i to some arbitrary point t € [tj, ot ).

Therefore, we set
lij,(k,t) = max{¢ € {0,....2°} : ") <t} e {0,...,2F 1}

Since we consider j to be fixed, we may drop the index j in order to simplify further notation.

More precisely, we set

s = (st ®) Y and U(k,t) = (i, (k. 1), .. . Lo, (. 1))

Lipdy 0 Bd gl
In this way for any k& € N*, we obtain an ([—o0, 00} valued) chain

k k
L Ssgy StSs)

I
V)
~—
e
IN
»
~—
—
~—
IN

Now set wéo) :

I
S

) and choose for every k € N* and I € {0,...,2% +1}¢, a function

wl(k) € C such that*

0 ifJie{l,....,d}:ji=1land l; =0,

1 if (3ie{l,...,d}:ji=qandl; =2F+1)
p® = (7.10)
and (Fie{1,...,d}: 5 =1and l; = 0),

So(s(ﬁl 5 else,

where P00y satisfies (7.3) and (7.4). By this definition we have for every t € [—oo, co]?

1171

and I € {0,...,2%}4 the following inequalities:

k)
s SUY S sy, (7.11)

“4the reference to the indices j and ¢ is omitted, since these are considered to be fixed.
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7. An Empirical CLT for Slowly Multiple Mixing Processes

(@) (1) (k) (k)
‘qu SVt S S Wy S sy < wl(kﬂf)-ﬁ-i' (7.12)

Using inequality (7.12), we obtain for ¢ € [t;‘i)i, tg-q))

and K € N*, the telescopic-sum represen-

tation

Let us now consider
1 n
Un(t) = U (1) = V(- > 1sen(X0) = (1) — Vi (F0() - FO ().
i=1

Equation (7.13) yields

K n
Ua(t = 32 el X0 — B () = 4 () ~ Bl )

k=1 i

3

+ \}ﬁ (Ljmeg(Xi) = F(1) = (wl Kt)( i) — E%(Kt (Xo)). (7.14)
i=1

Applying the inequalities in (7.12), we gain the following upper bounds for the last sum on the
right-hand side of the above inequality. For every K € N*

= (1 (X0 = F() = (942, (0 — Bff (X0)
i=1
> —vin(F(t) — Eujf, (X0)

Y

—Va(Bul, 5(X0) ~Bull (X)) (715)

and

n

N > (LX)~ P) — (02, (X0) — Bl (X0)))
,fz(w”,im( ) =Bl 5(X0) = (Ui, (X)) — Bufld, (X))
+ ﬁ(Ew ) aa(Xo) — F(1))
Z(w“;HQ( )= Byl 5(X0)) = (81l (X0 — Bl (X0))

+ \F(E wl(K t)+2( 0) — Ed)}(@,ﬂ (XO))- (7.16)
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7.2. Proof of Theorem 7.1

. k k
For convenience, let s = sg q)zk'

g2kl = Using equation (7.11) and the continuity of F,> we

obtain

VAE( 5 (X0) = (B, (X0)]
< VIB( 010 (X0) = B(1 500,y ) (X0)|
= f( (Sz Kt +2> F(SZ(K,t)—T)>
3dy/nh

=< \/ﬁ<d max {Fy (8,50, (k0)42) — F(z’)(Si,ji,li,ji(K,t%T)}) = oK
and thus, if we choose
24d
K =K, := |log, ?\/ﬁh ) (7.17)
we obtain

(K) (K)
‘Ewl(K,t)+§(X0) —E¥ k) (XO)‘ < (7.18)

N ™

In summary, using (7.15), (7.16) and (7.18) in equation (7.14) yields, for all n € N*,
U ()~ U9
Kn

fZ(% - BUf00)) — (5 050~ Bull, (0|

‘\fz Kt+2 Xi) = EwKtJr?( )) (7/)1(1( oXi) = Eq/}l([;{nt)( )>’+;
(7.19)

Now, consider the maximum of the terms in (7.19) over all ¢ € [t;"i)i, t§Q)). By the definition
of the I(k,t) we have

[w;t)] - ([lu;’”)] [WD = I(k — 1.1).

We therefore obtain

sup | Un(t) = URP(1)]

te[ti‘”l £y
K n
no1 (*)(x. (k) (k=1) /v (h-1)
< ; ﬁle{ofnzﬁ 1} ;(% (Xi) —Ev, (X0)> - <T/J[l/2} (Xi) =By (Xo))

S (059 () — B (x (Kn)( ) — B o) e
fle{() 77777 QK}EL l}d Z_Zl<¢l+2 ( Z) EQIZ)H_Q ( )) - (1/1[ (X’L) E¢l (XO))‘ + 2

®note that for continuous F, we have FoF~!(z) = z for all z € [0, 1].
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7. An Empirical CLT for Slowly Multiple Mixing Processes

Choose ¢ = and note that Y~ e, = ¢/4. An application of Markov’s inequality for

TREFT)
the 2p-th moments combined with condition (7.2) implies

P( sup |Un<t>—U,2q><t>|Ze)
teftl? 1)

Ex s

k=11e{0,... 2k —1}d

1
£y (e e Bl o)

1€{0,...,2Kn —1}d

g{i 3 Qpnp (]Zw - Ev" (X))

k=11€g{o0,...,2k—1}4 k

= Wl (60 ~ By (X >>\2p>}

FY ([ o - Bl o) - (4 ) - B ) )

1€{0,...,2Kn —1}d

Ky p
1 i k— i k k—
< 20{2 S ot I (Xo) — il (o)l @ (2 = vl )

k=11¢{0,..2k—1}d Sk "V i=1

42p ,
+ D 52pnpz w195 (o) — 0 (o)1 @ (210 — v u)}. (7.20)

1€{0,...,2Kn —1}4 1=1

We collect the necessary auxiliary calculations in the following lemma.

Lemma 7.4. For alll € {0,...,2F —1}¢, s > 1, and k,n € N*,

_ 3dh 5

i (x0) = w5 (Kollls < ()
n n 3dh\ &
ety (Xo) — v Xo)lls < (572)

k

) e

6l < ma v

Proof. By (7.11) and the continuity of the F(;,

™ (Xo) = 0 (Xo)lls < 11, oy (Xo) = 1,_ o, (Xo)lls
/2] [~55"] s 598(1/2) 1)
1
. . 5 /3dhyt
<dzgll7aX7 (Feo(s (,J)l,z) Fioy(s (’])“1 3))> = (2T>
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7.2. Proof of Theorem 7.1

The second inequality can be proven in a similar way.

In the first two cases of the definition (7.10), wl(k) is a constant function taking either the
value zero or one for each argument. In this case the last inequality of the lemma is trivially

satisfied by the conditions on | - ||¢c. Else, wl(k) has a representation Py where
l R

k k k —1(gk (st
Sl( ) - (35;17117 s 73((1’}(1,[(1) = (F 1;( ;17)11) ’F(Cs (s§d?ld)>’

(k) _ (k) ) _ (p-1(H —k —1( (k) —k
s 7= (317].1711_1, R 1) = (F(l) (Sj1,l1 — h2 ), e ,F(d) (sded — h2 ))
and hence, for every i € {1,...,d}
st =t e {0>0:TteR, [Fy(t) — Fy(t—6)] > ha™*}
C{6>0:wp, (5) >h27"}. (7.21)

To see this, set 6 = F( )( l(z )) — F(;)l( (k) ) >0, t= F(Z)l(sl(f)), and recall that the F(;)l are

injective. Now condition (7.4) yields

k 1 2k:
e )
i:nll,l.?,dwF(i)(sivjiali — i jilie1)

since min;—q dwpw( 5 ) Sglfg?i,li—l) > h27F by (7.21). O

An application of Lemma 7.4 to (7.20) yields

P( s (U0 - UR0)] <)

tefts, t\7)
cac[§55 P (0 () S 4 o)
P o Kn odk i k
{@dm 3 () o ()}

IN
K

Z{n(l’ i 22 =Dk ppgp, (2\Ij<2h>>h}

1=

2Kn 71’ 2K'n
<D n*(p i ( ) K, A, <211/< - ))hd
=1

oSt prna, (au () ot | r2

for every j € {1,..., ¢}, where D > 0 denotes some finite constant. In the second inequality

we used that ¥ and ®; are increasing functions and that /4 > e,. Let us first deal with the
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7. An Empirical CLT for Slowly Multiple Mixing Processes

term in the last line of (7.22). By condition (7.7) we have

Kn ok 00
Z 2(d-Dkpirg <2\I, (ﬁ))hg < C'REw Z 90— (Z=d)kpdp,
k=1 k=1

where 7, < % — d. Hence, there is a nonnegative constant D’ < oo such that

Ky
S old-Diging, (2@(2;»# < D'RE" = o(hd). (7.23)
k=1

Now consider the first summand on the right-hand side of inequality (7.22). In (7.17) we chose
K, = [logy(2*d\/nh/¢)], and hence condition (7.7) yields for any i = 1,...,p — 1,

n—(P—1) & d_%K I+l [ ow & B
h " ! h
24d i .
< D”loggpﬂ(?\/ﬁh) (y/n) = GH2-D)—d) pd

for some non-negative constant D” < co. Since v; < £ +2(p—i) —d fori=1,...,p—1, by
(7.7) we obtain for all n > 0 and sufficiently large n € N*,

p—1 ) 2Kn d*% 2Kn 1
Py n(pn(h) K, g, <2\1;< - ))hd < Sl (7.24)
=1

Finally, by (7.22), (7.23), and (7.24), for any n > 0

lim supP( sup | Uy(t) — U,(ﬂ) ()| > 5)
te|

n—00 —00,00]%

< lim sup Z P( sup | Un(t) — ULD(t)| > 5)
te|

n—00 JefTg}d t_(jq_)ptg-q))
1 - _
< qd(O(hd) + inhd> = qd(O(q Y+ g d>,

since h = 1/q. Hence, there is a gy € N* such that

limsupP( sup | Up(t) = U9 (1) > z—:) <n

n—00 t€[—o0,00]¢
for all ¢ > qo. O

With Lemma 7.2 and Lemma 7.3 established, let us finally prove Theorem 7.1. By application
of Theorem 1.1 on D([—o00,00]?) equipped with the Skorokhod metric p, Lemma 7.2 (with
r,(gq) = g) and Lemma 7.3 show that U,, converges in distribution to a process W which is also
the limit process of the sequence W@, ¢ € N*. Since all W@ are centred Gaussian processes,
the limit process must also be centred Gaussian.

It remains to prove the continuity of the sample paths of W. At this point we already know
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7.2. Proof of Theorem 7.1

that U, converges weakly to W. Therefore, it is sufficient to show that for every e, > 0, there
is a 0 > 0 such that

nmwﬂswym@4mw>@<%. (7.25)
|

n—00 |t—ul|<d

The sufficiency of this condition can be proven exactly in the same way as in the proof of
Theorem 15.5 in Billingsley (1968, p.127 f).

For all ¢ € N*, by some triangle inequality arguments we obtain
lim supP( sup | Un(t) — Up(u)| > 35)
n—00 [t—ul|<é

< 2lim supP(sup |Up(t) — UD (1) > z—:)
t

n—oo
+ limsupP( sup U () — UWD ()| > 5>,

n
n—00 [[t—ul|<é

and thus, by Lemma 7.3, there is an gy € N* such that for all ¢ > qo,

lim supP( sup | Up(t) — Up(u)| > 38)

00 l[t—ull<s
< 2n+ lim SupP( sup U9 (t) — U (u)| > E). (7.26)
00 l[t—ull<d

Now set o, := % minje{op_.’q}d{maxizlr._’d It, —tji,1|} and observe that d, is strictly positive for
any g € N*, since the F(_l)1 used in the construction of the t; are strictly increasing. Obviously,
for all 6 < §, and ||t — u| < &, the points t,u € [—o0,00]? must be located in adjacent (or

identical) intervals of the form [¢;,¢,_7). Since the process U,(LQ) is constant on any of the

-1
intervals [t;, tjfT) and by symmetry in the arguments ¢, u we obtain

sup |US(1) —UW(w)] = max U@ (t;) = UD(t;-2),
([ t—ul|<6 7€{0,....4}¢
z€{0,1}4, j>=

and thus,

P( sup |US(t) — U (w)] > )
llt—ull<é

<2dq+1)? max P(\Uﬁ;ﬁ (t;) — UD(t;_,)| > 5). (7.27)
j6{07"'7q}d
2€{0,1}¢, j>z

()
J
one can show that for all j € {0,...,¢}% and z € {0,1}? such that j > 2, we have

Recall that the functions ¢" are defined in (7.9). Analogously to the calculations in Lemma 7.4,

Bd)i

o2 = (ol < ()7 and e < max{w(a). e},

J+1

Then, by applying one after another Markov’s inequality, the 2p-th moment bounds (7.2), and
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the preceding inequalities, we obtain

P(JU(t)) ~ UD(t-2)| > ¢)

:p(

<n e R (WX - ¢ (X)) ~ B0 (X0) - (X))
=1

n

>0 — ¢l (00) ~ B (Xo) — ¢l (X0)
i=1

p
<2007 Y ol (Xo) — ¢\ 0p (X)L (2060 — 01 le)

jH1—2
i=1
< 9Cn e n(—) “ o, (2\1/((1))
i=1 q
P ,
< Dzn—(p—i)q%—é
i=1
p—1 )
< Dgw= (%) —{—DZn_(p_i)q%_i,
i=1

where D is some finite constant. Therefore, by (7.27) there is another finite constant D’ such
that

p—1 _
P s U100~ U] > €) < Dt 4 S0
t—u||< i=1

and thus,

limsupP< sup U () — UWD (u)| > s) < D¢ D <y
n—00 l[t—ull<dq
for sufficiently large ¢ € N*, say ¢ > ¢1. By (7.26) this implies that (7.25) holds for 6 =
6max{q07q1}' O
Remark 7.5. We saw in the proof that the theorem also holds if (7.2) is only satisfied for a
certain subclass of functions in C; more precisely if (7.2)holds for all functions f € C of the

form f:= @) — P(ap), Where a,b,a’,b" € [—o0, oc]?, a’ < b, are such that
P(X, € [d,V]) < 2P(Xp € [a,b]) < P(Xo € [d,b]) < 3P(X, € [d, V). (7.28)

Choosing for each ¢ € N*, an f; := ¢(,4) — P(,p) Such that (7.28) is satisfied for P(X, €
[a',b']) = 1/q, it can be shown that

q’Yz'*é

1 fo(Xo)lls = 0(q>i<||fq||c>

) as q — 00.
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8. Empirical CLTs for Causal Functions of I.I.D.

Processes

In Chapter 7 we gave quite abstract conditions for the empirical CLT. Here, we establish an
empirical CLT for causal functions of i.i.d. processes. Recall that, under reasonable assumption
on the physical dependence measure d;,,, such processes are slowly multiple mixing w.r.t.
Ho (R R), see Proposition 6.2. In order to apply Theorem 7.2, the second crucial point
besides the slow multiple mixing property is that a CLT holds under H,(R% R). The following
proposition shows that this is true for causal functions of i.i.d. processes under weaker conditions

than those that we needed for the slow multiple mixing property.

Proposition 8.1 (A CLT for Causal Functions of L1D. Data). If (X;)ien is an R%-valued

causal function of an i.i.d. process and satisfies

D (Bim)* < 00 (8.1)

=1

for some o € (0,1], m € [1,00] then the CLT (7.1) holds under H,(R%,R) with
o7 = E(f(X0)?) +2 Z E(f(Xo)f(Xi)).
i=1

Proof. We use a result of Dedecker (1998) which is recalled as Proposition A.1 in the appendix.
Choose an arbitrary f € Hq(R%,R) with E(f(Xg)) = 0. The process (Y;)ien given by

Y; := f(X;) is centred, ergodic, has finite second moments, and is adapted to the filtration

(Mi)ien == (0(&,&-1, - '))ieN’

As before, let (£});ez be an independent copy of ({;) ez and set
X = G-, X = G581 G0 6ty )-
Observe that by the independence of My and o({} : i € Z}) we have that
E(f(X])IMo) = E(f(X})) =0,
and

E(f(X;)|Mo) = E(f(X})|Mo).
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8. Empirical CLTs for Causal Functions of 1.1.D. Processes

Thus,

E{ Yo E(¥ilMo) |} < IIflle B{[E(F(X)IMo) |} = I flloc B{ [B(/(X]) = F(X])|Mo)|}
< 1l B (XD — F(X0)]

and therefore
E{ Yo BVilMo) |} < I/ I3, BIX! - XI|* < /1. (8i0)°,

where we used Jensen’s inequality and f € Ho(R? R) in the last steps. Therefore, by (8.1),
n
> Yo E(YilMo)
i=1
converges in L1, and thus Proposition A.1 applies. O

As a direct application of previous results, we obtain the following theorem.

Theorem 8.1 (Empirical CLT for Causal Functions of I.I.D. Processes). Let (X;)ien be an

Re-valued causal function of an i.i.d. sequence. Assume that:
(i) The distribution function F of Xy is 0-Hélder for some 6 € (0, 1].

(ii) There are some s € [1,00), m € (1,00] satisfying % + % =1, an integer p > sd, and a
positive constant o € (0,1] satisfying (6.9) and (7.8).

Then there is a centred Gaussian process W = (W (t));c[—o0,00¢ With almost surely continuous

sample paths such that U, W in the space D([—o0, 00]?).

Proof. We apply Theorem 7.2 with C = H,(R?,R) (see also Remark 7.2). By Proposition 8.1
the CLT (7.1) holds under H,(R? R). Proposition 6.2 shows that (X;);cy is slowly multiple
mixing w.r.t. Hqo(RY, R) with ©(i) = (6;,m)* and s € [1,00) such that 1 + L =1, and thus
320 1%P720(i) < oco. O

Example 8.1 (Linear Processes). Let (X;);en be a causal linear function given by

X = Z a;&i—j,

j=0%

where (§;)jez is an i.i.d. X-valued process, and (a;);ecn is a family of linear operators from X

to R%. We denote the norm of such operators by

llall« = sup{la(z)| : z € X, ||z||x» < 1}.

80



If ||€o|lm < oo for some m > 1, if the distribution function F of Xy is -Holder, and if

> s(2p—1)
S sl =0 withb> min S -P
= peN, p>sd 0 p — sd

for s = —=5, then the empirical Central Limit Theorem holds.

Proof. Let (f})jez be an independent copy of (§;)jcz, and p an integer which realizes the
(2p—1)sp

minimum in the condition on b. By assumption, there is an £ > 0 such that b > (1 +¢)

O0(p—sd) *
We can choose a = 6(1 + 6)71p;;d, ensuring that (7.8) is satisfied. Since
[e.e] oo
im = || a5 6 — &) < 1o = &llm D Ml
j=i " j=i
we have
o [e%
#72(81.)" < lloll)* P2 llaglle)” = OGP 0),
j=i
where 2p — 2 < —1 since ab > 2p — 1. Hence (6.9) holds and Theorem 8.1 applies. O

Remark 8.1. The example of causal linear processes has already been studied by several authors.
The condition on the coefficients a; are somewhat strict in the above example. For results
with weak assumptions on the convergence rate of > 22, |a;| see Doukhan and Surgailis (1998),
Dedecker and Prieur (2007), Wu (2008), and Dedecker (2010).

Example 8.2 (Time Delay Vectors). Let (X;);en be a real-valued causal function of an i.i.d.
process. We define the time delay vector process (Y;) ey of dimension d > 1 by

Y;:(Xl ---aXi—i—d—l)a i€ N.

If the scalar process (X;);en satisfies (i) and (ii) of Theorem 8.1, then the Empirical Central
Limit Theorem holds for the process (Y;);en.

Proof. Assume that (X;);en satisfies (i) and (ii) of Theorem 8.1 and let us check that the
process (Y;)ien also satisfies these assumptions. Denote by Fx the distribution function of
Xy and by Fy the multidimensional distribution function of Y. The marginals of Fy are all
equal F'x and therefore wp, < dwp,. Thus, Fy is §-Holder. Denote by &; (X)) and 0;,(Y")
the coefficients introduced in (6.8) relative respectively to (X;);en and (Y;)ien. We can see
that there exists a constant C > 0 such that for all i € N,

5z,m(Y) < C((Sl’m(X) + ...+ 5i+d71,m(X))-

Thus, we infer that (Y;);cn satisfies (6.9) with the same constant « as for (X;);en- O
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9. A SECLT for Multiple Mixing Processes

Let (X;);en be an X-valued stationary stochastic process with marginal distribution p and
let F be a class of real-valued measurable functions on X which is uniformly bounded w.r.t.
the || - ||[co-norm. The sequential empirical process of the n-th order of (X;);cn is then the

F x [0, 1]-indexed process Vy, := (Vi (f,1))(s,0eFx[0,1] given by

[nt]

Vn(f> t) = ﬁ(u[nt](f) Mf IZ Mf (f7 t) € Fx [07 1]7

where puf = fo dp and pn(f) =070 F(X0).

For fixed n € N*, we consider V,, as a random element in the metric space £>°(F x [0,1])
of bounded real-valued functions on F x [0, 1], equipped with the supremum norm and the
corresponding Borel o-algebra. We say that the process (X;);cn satisfies a sequential empirical
CLT if the process U,, converges in distribution in ¢*>°(F x [0, 1]) to a tight centred Gaussian

process.

As in Part I we cannot assume that V,, is measurable and therefore have to use the theory
of outer probability and expectation (cf. Section 1.3). Further, we make use of our adapted
bracketing numbers defined in Chapter 3 (cf. Section 1.3), which allows us to control the
number of brackets needed to cover F not only with respect to the decreasing rate of the size
of the brackets in L*(u)-norm,! but also with a control of the increasing rate of the || - ||c-size
of the bracketing functions as the L®(u)-norm goes to zero.

Recall that for a probability space (X, A, 1), s > 1, and a subclass G of a normed vector space
(C,]l - lle), an (e, A,G,L*(p))-bracket is a set [l,u] :={f : X > R: I < f<u}withl<ueg,
|lu—1||s <e, and max{||l|c,||ullc} < A. The bracketing number N (e, A, F,G,L*(u)) of a class
F of real-valued functions on X w.r.t. G is defined as the minimum number of (¢, A, G, L%(u))-

brackets, needed to cover F.

9.1. Statement of Results

Let (C, |- |lc) be some normed vector space of function on X. As in Chapter 3 we make two

basic assumptions concerning the process (f(X;))ien, f € C.

"The L* (u)-norm is given by [[£[ls = u(|f*)"/*.
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9. A SECLT for Multiple Mixing Processes

Assumption 9.1 (Finite-Dimensional Sequential CLT for C-Observables). For every choice of
fi,.-,fr€Candty,... t € [0,1]

[nt1] [ntg]
\/lﬁ<2<fl<xi> —pf1) s s > (fR(XG) - ufk)> 45 N(0, %),
i=1 i=1

where N (0, ) denotes some k-dimensional normal distribution with mean zero and covariance

matrix ¥ = (2; j)1<i j<k-

Assumption 9.IT (Moment Bounds for C-Observables). For fixed p € N*, s > 1, and monotone
increasing functions ®1,...,®, : Ry — R, there exists some C), > 0 such that for all f € C
with || fllee <1

n 2p p ) )

E<Z(f(X¢) —Mf)> <G> [ f1i®i(l flle)- (9.1)

i=1 i=1
Remark 9.1. Of course, Assumption 9.II implies that for every fixed M > 0 inequality (9.1)
holds with different constants C}, uniformly for all f € Cyy.

With these assumptions we can show the following abstract sequential empirical CLT.

Theorem 9.1 (Sequential Empirical CLT). Let (X,.A) be a measurable space, let (X;)ien be
an X -valued stationary process with marginal distribution p, and let F be a uniformly bounded
class of measurable functions on X. Suppose that for some normed vector space C of measurable
functions on X, some subset G of C which is bounded in || - ||so-norm, p € N*, s > 1 and some
monotone increasing functions ®1,...,®, : Ry — Ry, Assumption 9.1 and Assumption 9.11
hold. Moreover, assume that there exist a constant r > —1 and a monotone increasing function
U : Ry — Ry such that

/1 " sup N2(5, v (5*1) ,]—",Q,Ls(u))de < 00. (9.2)
0 e<6<1
If

D2V (x)) = O(x"), asx— (9.3)

for some non-negative constants ~y; such that
vi < 2p—(i+r+2), (9.4)

then the sequential empirical process V,, converges in distribution in {>°(F x [0,1]) to a tight

centred Gaussian process K.

The proof is given in Section 9.2.

Remark 9.2. (i) Observe that Assumption 9.1 is stronger than Assumption 3.I. This comes
from the fact, that in the situation of t; # to the limit distribution of V(fi,¢1), V(f2,t2) can
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9.1. Statement of Results

not be computed directly from the one-dimensional CLT via the Cramér-Wold device, since we

consider non-necessarily independent processes (X;);en.

(ii) Assumption 9.IT is a more general version of Assumption 3.1, which corresponds to the
case where ®; = log??* (idg +1). This condition can be deduced from the multiple mixing
property of the underlying process w.r.t. C. Recall that this property can be established for
instance for B-geometrically ergodic Markov chains (Section 2.2), dynamical systems with a
spectral gap of the Perron—Frobenius Operator (Section 2.5), the ergodic automorphism of
the torus (Section 2.6), and in a non-exponential form for causal functions of i.i.d. processes
(Section 6.2).

(iii) For examples of classes F that satisfy (9.2) see Chapter 4.

(iv) As in Section 3.1, inequality (9.2) holds for all » > 2r' — 1 with ' > 0 if
N(e, ¥ (6_1) ,F,G, L () = O(e™") ase— 0.

Theorem 9.1 holds no information about the covariance structure of the limit process K.
However, under some additional conditions, it can be shown that the limit process of V,, is

indeed a Kiefer process (cf. Remark 9.3).
Lemma 9.1. In the situation of Theorem 9.1, assume that

(i) Assumption 9.1 holds with covariance matriz X given by

Ei,j = min{ti, tj} {Z Cov (fz (Xo), fj (Xk)) + Z COV(fj (Xo), f'L(Xk)) }, (95)

k=0 k=1

11) there is a function © : N — Ry and a constant b > 1 satisfying
Jr

i T(EHO(k) < 0o (9.6)
k=1

such that for all f € C and all p € F U (F — G)

|Cov(p(Xo), f(Xk))| < el flle® (k). (9.7)
Then the covariance structure of the limit process K is given by
Cov (K (f,t), K(g,u))
= min{t, u} {]i Cov (f(Xo),9(Xk)) + i Cov (f(Xk), 9(X0)) } f.geF, t,uelo1].

(9.8)

The proof is given in Section 9.3.

Remark 9.3. A centred Gaussian process K with covariance structure (9.8) is often referred to

as a Kiefer process.
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9. A SECLT for Multiple Mixing Processes

As Assumption 9.II can be deduced from the multiple mixing property, for this kind of

processes we have the following version of Theorem 9.1.

Theorem 9.2 (Sequential Empirical CLT for Multiple Mixing Processes). Let (X,.A) be a
measurable space, let (X;);en be an X-valued stationary process with marginal distribution p,
and let F be a uniformly bounded class of measurable functions on X. Suppose that for some
s > 1, the process (Xi)nen is multiple mizing w.r.t. a normed vector space C of measurable
functions on X, where for every p € N* the multivariate polynomial Q in inequality (2.1) is of
total degree not larger than dy. If Assumption 9.1 holds and if there are a || - ||oo-bounded subset
G ofC, anr > —1, and a v > max{l,dy} such that

1

/ e” sup N2 ((5, exp(C’é_lM),}",g,Ls(u))ds < o0, (9.9)
0 e<6<1

then the sequential empirical process V,, converges in distribution in {°°(F x [0,1]) to a tight

centred Gaussian process K.

If further the covariance matriz ¥ in Assumption 9.1 is given by (9.5) and if there are
constants p € (0,1) and D > 0 such that for all f € C and all p € F U (F —G)

|Cov (¢(X0), f(Xr))| < Dliglleoll fllc o,

then the covariance structure of the limit process K is given by (9.8).

Proof. By Proposition 2.1, Assumption 9.II is holds for ®;(z) = clog??*(z + 1) with a =
max{—1,dy — 1} and some ¢ > 0 depending only on p. Thus choosing ¥(z) := exp(Cz'/7) for
some C' > 0 and v > 1 (which gives a quite relaxed entropy condition concerning the || - ||¢-size),
we have ®;(2¥(z)) = O(z(P+®)/7), Therefore condition (9.4) holds for sufficiently large p € N*
if v > max{1,dp}. The covariance structure of the limit process is a direct consequence of
Lemma 9.1 with O(k) = p¥ and b € (1,7). O

Applications of Theorem 9.2 are provided in the following chapters. In Section 10.1 we
establish sequential empirical CLTs for B-geometrically ergodic Markov chains and dynamical
systems with a spectral gap on the corresponding transfer operator. An application to the

ergodic automorphism of the multidimensional torus is given in Chapter 11.

9.2. Proof of Theorem 9.1
)

The main idea of the proof is to introduce some approximation V,gq for the original process
V,, which is based on functions in G and thus can be controlled by Assumption 9.I and
9.I1. The approximation can be constructed as follows: For all ¢ > 1, there exist two sets of
Ny == N(279,9(27), F,G,L*(p)) functions {gq,1,---,9¢n,} C G and {g} 1, ... 79:1,Nq} C G, such

that

94 — ggalls <277, 19q.ille < ¥(29), lggille < (27 (9.10)
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9.2. Proof of Theorem 9.1

and for all f € F, there exists some ¢ such that g,; < f < gfm. Further, by (9.2),

D 27N < oo, (9.11)
q>1

To approximate the indexing function f € F, construct a partition of F into IV, subsets F ; such
that for each f € F; one has g4; < f < g, ;. We use the notation mf = gy ;= and 7, f = g ;»,
where 7* is the uniquely defined integer such that f € F ;. To approximate the time parameter
we use the partition of [0, 1] into subsets 7y ;, j = 1...,29, given by Ty ; := [(j —1)27¢,5279) for
Jj <2%and Tyo0 :=[1-2791]. Fort € [0, 1] we define 7t := max{(j—1)279<t:j=1,...,29}
and further Tét = 14t +279. We extend the notation introduced in Chapter 10 to arbitrary
u-integrable functions f : X — R by setting

and for ¢t € [0, 1]

[nd] 1
Vo (f,t) = —=(ppmy(f) —u(f)) = —= f(Xi) = u(f)).
P (F) = u(£) \/ﬁ;( w(f))

For each ¢ > 1, we introduce the approximating process

[n7qt]

Vn(q)(f,t) 1= Viu(mgf, 7qt) = \/177 Z (mg f(Xi) — p(mef)) -
i=1

Note that these process is constant on each Fy; x 7y ;.
To draw the connection between the weak asymptotic behaviour of the original process V,
and the approximating process V,E‘I), we use Theorem 1.1. We establish the conditions (1.10)

and (1.11) in the two following propositions.

Proposition 9.1. For all ¢ € N* the process (Vrfq)(f, ) (f.)eFx(o1] converges in distribution

to a piecewise constant Gaussian process (V' (@(f, ))(f,1)eFx[0,1] a8 N — 0.

Proposition 9.2. Assume that Assumption 9.1I holds for some p € N*, s > 1 and some
monotone increasing functions ®1,...,®, : R — Ry. Moreover, suppose there exists a
constant r > —1 and an monotone increasing function ¥ : Ry — Ry such that (9.2) holds. If
(9.3) holds for some non-negative constants ; satisfying (9.4), then for all £,m > 0 there exists
some qqo such that for all ¢ > qo

limsup P* | sup sup |V, (f,t) — V.9 ([, t)‘ >e | <.
n—00 tel0,1] feF

Proof of Theorem 9.1. We can now apply Theorem 1.1 with &, =V, gﬁﬁ) = Vrfq), ¢ =y,
By Proposition 9.1 the convergence (1.10) holds, while (1.11) is satisfied due to Proposition 9.2.

89



9. A SECLT for Multiple Mixing Processes

Therefore V,, converges in distribution to an ¢°°(F x [0, 1])-valued, separable random variable
W. Furthermore, we know that V(@ is a piecewise constant Gaussian process which converges
in distribution to K. Thus K is Gaussian, too. Since ¢*°(F x [0,1]) is complete, the tightness
of K follows from the separability (cf. Lemma 1.3.2 in van der Vaart and Wellner (1996)). O

Proof of Proposition 9.1. Since by construction 7, f € G for all f € F, due to Assumption 9.1,
the finite-dimensional process (Vn(q)(f Lty ees Vn(”( fx,tx)) converges in distribution to some
multi-dimensional normal distributed random variable (V@ (fy, 1), ..., v (fx,tr)) for all fixed
EeN* fi,....fx € F, t1,...,tx € [0,1]. All Vﬂ@, n € N*, are constant on each Fy; X Tgj,
i=1,...,N% j =1,...,27. Therefore V(@ is constant on all Fqi % Tq, too. Since these
sets form a partition of F x [0, 1], the finite-dimensional convergence yields the convergence in

distribution of the whole process (Vn(q)(f, £)(f,)eFx[0,1]- O

Proof of Proposition 9.2. Let Z := Z — E Z denote the centring of a random variable Z and
observe that for any random variables ¥; <Y <Y, the inequality

Y -V < |V, - Y|+ E|V, - Y|

holds. Since for f € F, k € N we have pip(mgixf,t) < png(f51) < tiny (77;+kf7t)’ using that
|- |li < -]ls for s > 1 and applying (9.10), we obtain

‘Vn(fa t) — Vn(”qukf: t)|
nt
< ‘Vn(W;Jrkf, t) = Va(Tgirf, t)‘ + [\/73 E}M[nt] (Tpnf — 7Tq+kf)‘
< V(i fot) = Vin(mgenf, t)| + vn2= (09, (9.12)
Moreover, for all n > 29t% and g € G
1 [nt]

Va(g,t) = Vilg, Tgsnt)| = NG Y g(Xi) = ulg)

i:[n7q+kt]+1
< 2Mn~ % ([nt] — [n7g4t))
< AM /2~ @tk (9.13)

where M := sup{||g|loc : g € G} is finite by assumption. Analogously to the processes V,Eq), we

introduce the processes Vé(q) given by
Vi@ (f,8) i= V(g fo7yt).
An application of the triangle inequality, (9.12), and (9.13) yields

Valf,8) = VI (£,0)] < VIO () = VIR (0] + (4 + )Rz (9.14)
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9.2. Proof of Theorem 9.1

Combining (9.14) with a telescopic sum argument, one obtains for any K > 1
Valft) = VO (1,8)]

K
‘{Z VR (f,1) — Vé‘”k_”(f,t)}+Vn(f,t)—V7§q+K)(f,t)

AR () = VIR (£,1)

K
{ VAR (f,8) = VT, t)\}
4M+1)f2 (a+K), (9.15)

To assure €/4 < (4M + 1)y/n27(0+K) < ¢/2, choose K = K,, 4, given by

= oy (ALY

24e

Foreachi=1,...,Ng, j=1,...,29 inequality (9.15) implies

K”l,q

sup sup | Vo(f,t) — VD (f 1) §{Z sup sup ‘Vq"'k (f,t) — Viath=D(f t)‘}

t€Tq,j fE€Fq,i =1 t€7q,5 fE€Fq,i

+ sup sup ‘V’ R (1) — VIR (5, t)} ye.
t€7q,5 fE€Fq,i 2
Set e, = ¢/(4k(k +1)). Then > 2, e, =¢/4 and for all i = 1,..., N, we have
P*( sup sup | Va(f,t) = VO (f,)] 2 e)
teTq.5 fE€EFq,
Knq
< Z P* ( sup sup ’V(‘”k) fit) — V(q+k 1)(f t)‘ > 6k>
e t€Tq,5 fE€Fq,i
- P*( sup sup |V 1) — VetE(f, >\ > 5) (9.16)
t€7ZM- fG]‘—q’i 4

Recall that (74, 7g4x) and thus Vé‘”k) and V,{(‘Hk) are constant on each Fyyr; X Tyti.j,
i=1,...Nyyp, j=1,..., 29+F and thus the suprema on the r.h.s. of inequality (9.16) are in
fact maxima over finite numbers of functions. Therefore the outer probabilities may be replaced
by usual probabilities here. Now, for each k € N*, choose a set F(k) of at most Ny_1 Ny
functions in F, such that (k) contains at least one function in each non empty Fj; N Fy_1 4,
i=1,...,Np, i =1,...,Ny_1. For ¢ € N* and i € {1,..., Ny}, define

Frgi=FgiNF(qg+k)
Trgj = {(G— 1279+ (m —1)2-@0 . e {1, 2%} ],
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9. A SECLT for Multiple Mixing Processes

Inequality (9.16) implies

P*<sup sup | Valf,t) = VO (£, 8) Ze)
t€7:1,]' fE]'-q,i

< {% Z Z P(’V,gq%)(f,t) _ Vn(qJ“’f—l)(f,t)’ > €k>}

k=1t€Ty q,j f€Fk,q,

+ Y ZP(

tETKn,qle»j fEFKn,qJIai

Kn.q
< {Z Z Z P(‘Vn(ﬂqﬂcﬁ Tark—1t) = Va(Tgrr—1f, Tq+k—1t)‘ > %)

k=1 t€Ty 4,5 [€Fk,q,i

VAT (1, 0) — IR (1)) = 2

g
+P (’Vn<7rq+kfu Tq+kt) - Vn(ﬂqukfy Tq+k71t)‘ > 5]6) }

g
+ Z Z P (‘VTL(T((I]—&-Kmqfa Tq+Kn,qt) - Vn(T‘-Q""Kmq f’ TQ+Kn7qt)’ 2 7)

-8
teTKn,q#l»j feFKn,qJIai

9
o <‘Vn(ﬁg+K“*qf’ Tat kD) = V(Tgi s, o f) TquKn,qt)‘ Z g).

Applying Markov’s inequality on the 2p-th moments, we obtain

P*(sup sup [ Valf,t) = VO (£, 1) ze)
teTq,; fE€EFq,

Kng -
S{Z Z Z (%) QP(E‘VN(WQ+kfaTQ+k71t)_Vn(ﬂq+k71f77q+k71t)‘2p

k=1 t€Ty 4. fE€Fk q,i

2.
+ E‘Vn(ﬂ'qukfv Tqukt) - Vn(Trq+kf7 Tq+k71t)‘ p) }

€\ —2p ,
- Z Z <§> <E‘Vn(7r;+K’”vqf’Tq+Kn,qt)_Vn(ﬂq+Kn,qf7Tq+Kn,qt)‘ :

tETKn,q,QJ feFKn,q;qyi

2
+EVa(mhi ki, o Tk ) = ValTork, o s Taricn ot p)' (9.17)

We will treat the expected values on the r.h.s. of inequality (9.17) separately now by using
Assumption 9.IT and properties of our brackets used to cover F. Recall that by (9.10) we have

”7rq+kf - 7Tq+k—1st < H7Tq+k:f — flls + ||7Tq+k—1f —flls <3~ 2~ (a+h) (9.18)
”7rq+k‘f - 77;+kas < g~ (atk)
17mgrif — mgra-1flle < 20 (297F) (9.19)

1 Tqrnf — mhyipflle < 20 (20HF).

Notation. For convenience, from now on we will write x < y if there is some finite constant
C € (0,00) such that = < Cy, where C may only depend on global parameters of the

corresponding statement.
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9.2. Proof of Theorem 9.1

Applying successively Assumption 9.IT and equations (9.18), (9.19), and (9.3) we have
2
E|Vy(tgrnf, Tgrh-1t) = Vo (Tgpr1 f Tqrn—1t)|”

P

<n Y nflmginf = gk F15@e(Imgraf — mgrr-1flle)
(=1
p
<3 ne =096 (9:20)

/=1

and analogously

p
2 —(p— _
EVo(my g JrTarKnat) = Vo Tagr i ofs Tar ko gt) |7 << Y~ P=020e=0@tKna) (9 91)

(=1
For fixed g € G we have by stationarity
[nTgtit]=[nTgrr—1t] 2p
2 _
E|Va(g, Tqst) — Valg, gri1t)| =nPE ( > (9(Xi) - ug)> ,(9.22)
i=1
where we consider Z?:1 ... = 0. Note that by construction 7,4t — 7y x_1t € {0,275} for

every t € [0,1] and therefore
[nTgirt] — [n7gre_1t] <0270 L1 for all p > 297K,

Applying Assumption 9.IT and equations (9.10), and (9.3) to (9.22) we obtain

p
5 _ _ ¢
E|[Vo(Tgsnfs Tart) = Va(mgpnf, Torp—1t)| " <P (n2 @) gk F 1@ (| mgr flc)
=
p
< Z n—(P=09o(ve—0)(a+Fk) (9.23)
=

and analogously

p
2 —(p— _
E’Vn(F(IJJrKn,qf’ T;+Kn,qt) - Vn(Tr;JrKn,qf? Tq+Kn,qt)’ g < z :77, v 6)2(’\{[ Z)(quKn’q)‘ (924)
(=1

Now, apply (9.20), (9.21), (9.23), and (9.24) to (9.17). We infer

P*( sup sup [Vi(f,0) = VO (f,0)] 2 e)
t€7:1,j fE.Fq’i

Kn,q 2 P
k(k+1))P —(p— _
< g H#1h,q,5 #Fhq,i (k& 1) 2 ) g n~(P=O20e=0(a+hk), (9.25)
k=1 =1

Recall that by construction of the partitions of F and [0, 1] at the beginning of this section,
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9. A SECLT for Multiple Mixing Processes

we have 2511 #T}. g5 = 277% and vaqu #Fy 00 = #F(q+ k) < Nyyr—1Ngti. Therefore (9.25)
yields

P ( sup sup |V (f, 1) = VA9(f, t)‘ > 5)

tel0,1] feF
p Kngq 29

< Z Z Z#Tk,qj Z H#Fy, ik Pn~ (P00 =0(a+k)

(=1 k=1 j=1
p Knyg

< Z Z Nyy 1 Ny kP~ P=O20e=tDa+k)
(=1 k=1

This implies that for any n > 0

P* ( sup sup |Vn(f,t) — VD (F, t)’ > 5>

tel0,1] feF
Kng
< Z” (r—0) max{1 9(ve— z+r+z+n><q+m>} 3 Nysho1 Nop kP2 H1m(a+h)
=1 k=1
(o)
< max{l, max né(w+52p+r+2+n)} Z Nk_lNkk4p2*(r+1+77)k. (9.26)
gil?"'vp

k=q+1

By (9.4) we can choose 1 small enough to assure vy +¢—2p+r+2+n<0Oforall{=1,...,p

Thus the factor in front of the sum is uniformly bounded w.r.t. n. Using (9.11), we obtain

[o¢] o0 [o¢]
Z Nk_lNkk4P2—(7’+l+n)k < Z 2—(7’+1)’fN]3_1 . fApo—nk Z 2—(7‘+1)kN]§ Kok oo
k=1 k=1 k=1

for sufficiently small 7 > 0 which implies that the series in (9.26) goes to zero as ¢ — co. [

9.3. Proof of Lemma 9.1

This proof parallels the proof of Lemma 3.1. We therefore shorten calculations where the same
arguments are used. For f € F, recall the definition of the approximating functions 7, f in

Section 9.2. By the entropy condition in Theorem 9.1, we know that for every ¢ € N*

If —mgflls <277 (9.27)
Imgflle < W(27). (9.28)

Similarly, for all g € F and k € N* there exist some g € G satisfying

lge —glls <k° (9.29)
lgrlle < T(ED). (9.30)
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9.3. Proof of Lemma 9.1

Let V(@ denote the limit process given in Proposition 9.1. Condition (i) implies that for all
fig € F, t,ue[0,1] and ¢ € N*

Cov (VO(f,),VD(g,u))

= min{t¢,u} {Z Cov (7yf(Xo), mq9(Xk)) + Z Cov (749(Xo), mo.f (X)) }

k=0 k=1

With the same arguments as in the proof of Lemma 3.1, it is sufficient to show that for all
f,g € F the term }ZZO:O Cov (7 f(Xo), mq9(Xk)) — Cov(f(Xo),g(Xx))| converges to zero as
k — oo. Let k(q) := 29/, By the triangle inequality, we have

1> Cov(mf (Xo), mg(Xr) — Cov(f(Xo), 9(X)|

k=0
k(q) k(q)
< |Cov (e f(Xo) — f(Xo), mag(Xi))| + D _|Cov(f(Xo), mqg(Xx) — g(Xk))|  (9.31)
k=0 k=0
+ Y [Cov(mf(Xo) = f(Xo), meg(Xy))| (9.32)
k=k(q)+1
+ > |Cov(f(Xo), meg(Xk) — g(Xk))]- (9.33)
k=k(q)+1

Recall that both F and G are uniformly bounded in || - [[o-norm. The term in line (9.31) can
be treated exactly as the term (3.13) in the proof of Lemma 3.1. For the term in line (9.32),
by (9.7), (9.27), (9.28), condition (9.6), and the monotonicity of ¥, with similar calculations as

for the term in line (3.14), we obtain

Z ’COV(’Zqu(Xo) — f(Xo),’/qu(Xk))‘ < Z U(29)0(k) — 0 as ¢ — .
k=Ek(q)+1 k=k(q)+1

By the triangle inequality, the term in line (9.33) can be bounded by

Z |Cov (f(Xo), mq9(Xk) — gu(Xk))| + Z |Cov (f(Xo), g1(Xk) — 9(Xi))|-
k=k(q)+1 k=k(q)+1

With (9.7), (9.28), and (9.30) we obtain with the same calculation as for the term (3.16)

o0

Z |Cov (f(X0), 79(Xk) — gr(Xi))]|
k=k(q)+1
<<< i \1:(2‘1)9(/@) + ( i \P(kb)@(k)> — 0 asq— oo,
k=k(q)+1 k=k(q)+1

where we also used that ¥ is increasing and applied condition (9.6). Finally, the second series

can be treated the same way as (3.17), which completes the proof. O
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10. SECLTSs for Markov Chains and Dynamical
Systems with a Spectral Gap

In this chapter we present an application of Theorem 9.2 to processes given by a B-geometrically
ergodic Markov chain or a dynamical system. This leads to sequential empirical CLTs for

Markov chains and dynamical systems with a spectral gap on the corresponding operator.

10.1. B-Geometrically Ergodic Markov Chains

Let (X;) and (B, || -||) be the Markov chain and the complex Banach space of C-valued functions
on X introduced in Section 2.2. Recall that we call (X;);en+ B-geometrically ergodic, if the

corresponding Markov operator P on B satisfies
(10.A) |IP"f — (vf)1x |IB < K| f]|BO™ for some k> 0, § € [0,1), and all f € B.

Let m be a constant in [1, 00]. We use the following three assumptions on the space B, which

were introduced in Section 2.2.

(10.B) 1y € B, |f| and f € B for all f € B, and the mappings f +— f(z) are continuous on 3
for every z € X.

(10.C) B is continuously included in L™ (v), i.e. B C L™ (p) and there is a K > 0 such that
[fllm < K[|f||p for all f € B.

(10.D) there exist some C' > 0 and ¢ € N* such that, if f € B and g € B are bounded by 1,
then fg € B and || fg|ls < Cmax{|flls, l9l5}"-

We use the bracketing numbers computed in Chapter 4 to obtain a control of the size of F.
Since F is composed of real-valued functions, we can restrict to the class Br of real-valued
functions in the space B to obtain the bracketings for F.! Our conditions on the Markov
chain (in particular condition (10.A)) enable us to deal with bracketing numbers allowing an
exponential growth of the B-norm of the bracket functions as the || - ||s-size of the bracket goes
to zero. This leads the following entropy condition.

For some s € [1,00] and G C Bg,

(10.E) there exist some C' > 0, r > —1, and v > 1 such that

1
/ e’ sup N2(5,exp(Cd_%),}',g,Ls(y))dg<oo.
0

e<6<1

'Note that (Bg, | - ||5) is a real Banach space.
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10. SECLTs for Markov Chains and Dynamical Systems with a Spectral Gap

As we saw in Section 2.2 (Lemma 2.2), the assumptions (10.A), (10.B), (10.C), and (10.D)
imply that (X;);en is multiple mixing w.r.t. Bg = {f € B : f(&X) C R} with dy = 0,
s =m/(m—1). In order to apply Theorem 3.2, we need that sequential finite-dimensional CLT
holds under Bg.

The next section establishes a sequential finite-dimensional CLT for B-observables of a

B-geometrically ergodic Markov chain.

10.2. A Sequential Finite-Dimensional CLT for Real-Valued
B-Observables

It is known, that under certain regularity condition on the perturbation of the Markov Operator
P, observables of real-valued functions of B-geometrically ergodic Markov chains satisfy a
finite-dimensional CLT (cf. Hennion and Hervé (2001)). Paralleling the approach of Hennion
and Hervé (2001), here we show that there is also an sequential finite-dimensional CLT available
for such observables.

For a measurable real-valued function f on X and a real number ¢ € [0, 1], we introduce the

notation
[nt]

Sulfot) == F(X)).
=1

Further, let C C B be a space of measurable functions from X to R. Using Fourier kernels, we

introduce for a function f : X — R and a real number ¢ € R the perturbed operators given by
Pjip = P(e" o) = /Xe“f(y)w(y)P(-,dy)‘

We introduce the following regularity assumption on the perturbed operators of P:

(10.F) for all f € C, for t in a neighbourhood I of 0 we have that P, € £(B) and further
that the mapping Iy — L(B), t — Py, is two times continuous differentiable on I

with derivative in ¢ = 0 given by
(8kat) p=P((if)'e) ke{1,2}.
otk™ 1" i=0 ’

If B is a Banach algebra and if further C is a subset of B, then for every f € C, the mapping
t — Py, is analytic and therefore condition (10.F) is also satisfied (see Lemma A.2 for details).
An example for Markov chains that satisfy condition (10.F) are iterative Lipschitz models as

introduced in Section 2.4.

Proposition 10.1. Let a € (0,1, 8 € [0,1]. If (Xi)ien is an iterative Lipschitz model
with values in X and satisfies (2.10) — (2.14), then (10.F) holds with B = M, 5(X,C) and
C =Hq(X,R).

Proof. Let f € Ho(X,R) and consider the perturbed operator defined by Py ip = P(etf ).
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10.2. A Sequential Finite-Dimensional CLT for Real-Valued B-Observables

Using |e® — €| < |a — b|, we get that ¢/ € H,(X,C) for all t € R. Thus, for every
¢ € Hap(X,C) and t € R, by statement (a) of Lemma 2.3, we have etfp e Ha (X, C). Since
P e L(Hap(X,C)), we infer that Pr; € L(Hap(X,C)) for all t € R. Further, using again
condition (a) of Lemma 2.3, with the same arguments as in Lemma A.2 we see that t — Py,
is an analytic function from R to £(Ha,5(X,C)), given by Py = Y70, P((if)*¢)t"/k!. We
infer that (10.F) holds over the space Hq(X,R). O

We can now state our sequential finite-dimensional CLT for observables of (X;);en+ under
(10.A), (10.B), (10.C), and (10.F).

Theorem 10.1 (Sequential Finite-Dimensional CLT). Suppose that for some m € [1,00],
(10.A), (10.B), and (10.C) hold. Let k be a positive integer and t1,...,tx € [0,1]. Let f1,..., fx
be real-valued measurable functions on X such that v(|fi|?) < oo and (10.F) holds for the space

C = Vectr(fi1,--., fx), the smallest real vector space containing fi,..., fx. Then, we have

L(S’n(fl —vfi, 1), Sn(fre — vk, tr) BN N(0,%) asn — oo,

B

where N(0,%) is a centred normal distribution in R¥ with covariance matriz ¥ = (Xij)1<i,j<k-

If furthermore fi,..., fr € L°(v) N Br with s = m/(m — 1), then the covariance matriz is given
by

Ei,j = min{ti, tj} {Z COV(fZ‘(X()), fj (Xk)) =+ Z Cov (f] (Xo), fz(Xk)) }
k=0 k=1

Proof of Theorem 10.1. Here, we partially follow the lines of the proof of Theorem A in
Hennion and Hervé (2001). First let f be a function as in the statement of the theorem. By
the Perturbation Theorem (see Theorem II1.8 in Hennion and Hervé (2001)), there exist a
neighbourhood Iy of 0 and 0 < § < n < 1 such that for all ¢ € Iy, there exist operators Il

and Ny, and complex numbers A;; such that
Pre=Apellpe + Npy
with
07, =Mz, Npgollpy=Ig0Npy =0, p(Npy) <0, |Apel>n foralltely,

where p(Ny;) = limp o0 HN}LtHZ/(Z) Moreover, Afg =1, Iy = II, Nyg = N and the maps
t— Mgy, t— Ilp; and ¢ — Npy; have continuous second derivatives on Iy. We thus have for all
n>1

P}tt = )\}l7tﬂf,t + N}Z’t.

Further, if v(f) = 0 by Lemma IV.4’ and Lemma IV.3 in Hennion and Hervé (2001) the Taylor
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10. SECLTs for Markov Chains and Dynamical Systems with a Spectral Gap

expansion of Ar; as t goes to 0 is given by

2

Np=1— %a]% +o(t?) (10.1)
with
1
0% = Jim — B (Su(f, 1)%) (10.2)

These are the main ingredients to derive a CLT for the process (f(X;))i>0. Here we want to
show a finite-dimensional sequential CLT. Without loss of generality we will treat the case
k = 2. By the Cramer-Wold device, it is sufficient to prove the convergence of the real linear
combinations aln_%Sn(fl, t1) + agn_%Sn(fg, t2) of any square v-integrable functions fi, fo € C

to a normal distribution. Since for ¢; < t3, the preceding term is equal to

[nt2]

Z az f2(X;)

i:[ntﬂ«kl

N

1 _
n~2Sp(arfi + azfa, t1) +n
and C is a real vector space, it is sufficient to show the convergence of all sums of the form
n~28, with
[ns] n
W(fo9.8) =Y fX)+ > g(X

=1 i=[ns]+1

where f,g € C, s € (0,1). So, fix f,g € C, s € (0,1) and set S,, = S,,(f,g,s). The following

lemma gives us an expression of the corresponding characteristic function.

Lemma 10.1. For every function p € B, t € R, and n > 1,
E(eitS"(p(Xn)) _ I/(P[ns]P —[ns] )
In particular, the characteristic function of n_%Sn s given by

itn~ ?S [ns] pn— [ns]
E(e ) <Pf’ P ) (10.3)

\F

Proof of Lemma 10.1. For every k > 1 and every measurable function F : X*~!1 — R, we have

B (¢t (Xt X+ F (X0 o X, )) = E( HEX e Xoo1) B (e ) (X ) | X1 - le))
E( WF (X1, Xp—1) E(eitf(Xk)(p(Xk)’Xk_l)>

E( 2O STRE ' 1)Pft<,0<Xk 1))

and the same equation with g instead of f. The Lemma can now be proved by induction. [
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10.2. A Sequential Finite-Dimensional CLT for Real-Valued B-Observables

To study the weak convergence of S—’;}, we have to compute the limit of

plrsl prelnslq o \lnel A ["S]Hf L A Bt +)\[”S} Hf LN RN
fT v S BV v VR SR

[m] [ns] [ns] [ns]
—i—)\ i Nf’ Hgy\/tﬁl —i—Nf, NT 1y

By (10.1), we infer that

t2 - t2
/\Ezw]ﬁ — exp(—530?> and A;;S] — exp(—§(1 - 3)03) as n — 0o,
where oy and o4 are given by (10.2). Further, since p(Ny;) < 1 and p(Ng¢) < 1, we have that
IN? |l — 0 and [[Ngy|| g5y — O uniformly in t € Iy N I; as n — co. By continuity, we also
have Hf»ﬁ 1y — 1y and Hg,ﬁ 1y — 1y as n — oco. We therefore obtain

HA”S] I, o Ng, [:S] xlg < ‘)‘[m] \HHﬁfHﬁ B)HN - I 11l — 0
A" ,ﬁs }[:s} m, " 1XHB ‘/\ ns]‘ Han] HE(B) HH%%HE(B) |1x |5 — 0,
v N ), < nzv["s] % ey 1V 2l 112 s —
and 2 2

)\[ns}lt )\n—)[ns} I

A U a2
fittg b f’%Hg’L 1X—>exp( 2scrf> exp( 2(1 s)ag> 1y

S

as n — oco. Thus we infer
2

t
Pj[cns] pP" [nS] 1y — eXp(_E(SJ’% + (1 - s)ag)> 1y asn— oo,
b 7\/7

which, using (10.3), gives the weak convergence of n~'/25,, to a centred normal distribution
with variance given by o 4. saf + (1 —s)oz. By (10.2), we obtain that Theorem 10.1 holds

with the covariance matrix ¥ given by
) 1
¥ ; = min{t;, tj}i((f%ﬁfj - O'chi — JJ%],). (10.4)

Lemma 10.2. Under the conditions (10.A), (10.B), and (10.C) for all f € B and all g € L*(v),

with s = we have

Ty
| Cov(9(Xo), f(Xi)| < Cllgllsll f1ls6".

Proof. Applying successively Holder’s inequality, (10.B), (10.C), and (10.A), we obtain

| Cov(g(Xo), F(X0))| < E|g(Xo) E(f(Xe) — vf1Xo)|

<llgls I1P*f = (wf) 1x lls < Cliglls| £ 156"
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10. SECLTs for Markov Chains and Dynamical Systems with a Spectral Gap

The preceding lemma shows that the series Y ;- , Cov(f(Xo), f(Xx)) converges for f €
Bgr NL*(v). Thus, using Kronecker’s Lemma, by (10.2) we obtain

of =v(f*) +2)_ Cov(f(Xo), f(Xi)),

k>1

which, with (10.4), completes the proof of Theorem 10.1. O

As a direct application of Proposition 10.1 to Theorem 10.1, we obtain the following corollary.

Corollary 10.1. Assume that the Markov chain (X;);en+ is an iterative Lipschitz model with
values in X and satisfies (2.10) — (2.14). Then Theorem 10.1 applies for all o € (0,1] and every
choice of finitely many functions f1,..., fi € Ho(X,R). Thus a sequential finite-dimensional
CLT holds for Ho(X,R)-observables of (X;)ien-

10.3. SECLTSs for B-geometrically Ergodic Markov Chains

We can now apply Theorem 9.2 to the results of Section 10.1. Assumption 9.1 can be veryfied
with the help of Theorem 10.1 and the multiple mixing property can be established using
Lemma 2.2. Moreover, the extra assumptions in Theorem 9.2 concerning the covariance

structure of the limit process are a direct consequence of Theorem 10.1 and Lemma 10.2.

Theorem 10.2 (Sequential Empirical CLT for B-Geometrically Ergodic Markov Chains). Let
F be a || - ||co-bounded class of functions from X to R. Assume that for some m € [1,00] the
Banach space B satisfies (10.A), (10.B), (10.C), and (10.D). If there is a || - ||oo-bounded subset
G C Bgr such that (10.F) holds for C = Vectr(G), the smallest real vector space containing
G, and such that (10.E) holds with s = m/(m — 1), then the sequential empirical process V,
converges in distribution in £>°(F x [0,1]) to a centred Gaussian process K with covariance

structure given by (9.8).

As a result of Theorem 10.2, in the situation of iterative Lipschitz models we obtain the

following proposition.

Proposition 10.2 (Sequential Empirical CLT for Iterative Lipschitz Models). Let (2.10) -
(2.14) hold and consider a | - ||oo-bounded class of functions F. Let s € (1,2) and G be a
|| - loo-bounded subset of the space Ho(X,R) for some ov < =L such that the entropy condition
(10.E) holds. Then the F-indexed sequential empirical process (Vi (f,t))rx[0,1) associated to
the process (X;)i>0 converges in distribution in the space (*°(F % [0,1]) to a centred Gaussian

process with covariance given by (9.8).

Proof. As a direct consequence of Proposition 2.2, the condition (10.B), (10.C), and (10.D)
are satisfied with B = H, (X, C). Due to Proposition 2.3, (2.10) — (2.14) yield that (10.A) is
satisfied. Now, by choosing = (s —1)/s < 1/2, we have a < 8 and thus by Proposition 10.1
condition (10.F) holds with m = 1/8 and C = H,(X,R). Further, for any g € G, we have
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10.4. A SECLT for Dynamical Systems with a Spectral Gap

g € Hap(X,C) and ||gll#, 5 < [I9ll2,- Thus, by (9.9), the condition (10.E) is also satisfies
with respect to the H, g(X, C)-norm. O

It should be mentioned that Durieu (2013) established an empirical CLT for B-geometrically
Markov chains given by an iterative Lipschitz model, using similar arguments. Of course,
in this case the sequential finite-dimensional CLT is not needed and it suffices to use a one

dimensional CLT as given by Hennion and Hervé (2001).

10.4. A SECLT for Dynamical Systems with a Spectral Gap

Let us mention that the proof of Theorem 10.2 can be adapted to deal with dynamical
systems using the Perron—Frobenius operator in place of the Markov operator. Recall that
for a measure preserving transformation 7' of a probability space (X, A, v), the corresponding

Perron-Frobenius on L!(v) is given by

v(f-Pg)=v(foT-g), VfeL*),geL'(v).

For a function f on &, we define the perturbed operator Pr; by Py = P(et ).
We have the following result, for which the proof parallels the one of Theorem 10.2 (using

Lemma 2.4 instead of Lemma 2.2) and is therefore omitted here.

Theorem 10.3 (Sequential empirical CLT for dynamical systems with a spectral gap). Let
F be a | - |lco-bounded class of functions from X to R. Assume that there exist a Banach
space B and an m € [1,00] such that the conditions (10.A), (10.B), (10.C), and (10.D) hold
with respect to the Perron—Frobenius operator. If there exists a || - ||oo-bounded subset G C Br
such that (10.F) holds for the space C = Vectr(G) and (10.E) holds for s = ™5, then the
process (Un(f,t))Fx(o,1) defined by Un(f,t) = ﬁ Zyﬂ (f oT" — I/f) converges in distribution

in £°(F x [0,1]) to a centred Gaussian process K with covariance structure given by

Cov(K(f,t), K(g,s)) = min{s, ¢} <Z Cov(f,goT*)+ > Cov(fo Tk,g)) :

k=0 k=1
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11. A SECLT for the Ergodic Automorphism of the

Torus

Recall the notation from Chapter 5. In this chapter, we establish a sequential version of
Theorem 5.1. In order to apply Theorem 9.2 we need to establish a sequential finite dimensional
CLT for (T%);en-, the iterates of an ergodic automorphism of the d-dimensional torus T?. The
one dimensional CLT is already known due to Leonov (1960) (cf. Le Borgne (1999)). Here we
develop a lemma that extends the finite dimensional CLT to the sequential finite-dimensional

CLT under assumptions similar to the multiple mixing property.

Lemma 11.1. Let (X;);en+ be a stationary stochastic process with state space X and marginal
distribution p. Let B be a complex Banach space of measurable functions X — C and Bg be the
subclass of the R-valued functions in B. Suppose that

(i) n= V20 (F(X0) = pf) = N(0,02) for all f € B,
(it) for all f € Br and x € Ry, we have exp(iz(f — pf)) € B and

Séle*Hexp(ixnflﬂ(f - uf)) HB < 00,

(i1i) there is a constant 0 € (0,1) and a function C : N* — R with log(C(n)) = o(n) such
that for all 9,1 € B with pp = i = 0 and []]oc, lilloo < 1

q q+p+k
Cov([Totx0. T 0060)| < CO+a) 0V Il v Ils)6* for ol kg <
i=1 i=q+1+k

Then for all t € [0,1], f,g € Br

! S 1 - d 2 2
NG <;(f(Xz’) - uf)) + 7 <i:%“(g(Xi) - ug)> — N(0,t0% + (1 —t)oy).

Proof. Without loss of generality, assume that C' is increasing and that C'(n) — oo as n — oo.
Let k(n) := [log(C(n))/|log(8)|] + 1. Then

k(n) = o(n), (11.1)
C(n)o* ™ — 0. (11.2)
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By condition (i), (11.1), and Slutzky’s Theorem

1( 5% . wg?m
1 (F(X0) - uf)> L ( (9(X) — ug)>
vn i=[nt]—k(n)+1 v i=[nt]+1

[nt]

- k?{( kl(n). 2, () - > <\/17[m]§) )}LO'

i=[nt]—k(n)+1 i=[nt]+1

Therefore it is sufficient to show that

[nt]—k(n)

Yn::jﬁ( 3 <f<Xz->—uf>)+;ﬁ( 3 <g<Xi>—ug>)

i=1 i=[nt]+k(n)+1

L N(0,t0? + (1 t)o2).

Now apply Lévy’s continuity theorem. Denote the characteristic function of a random variable
Y by ®y. We have

oy, () =B & S - Neo( Y o) >)]
v, (z) =E|exp| —= f) ) exp 9(Xi) — ng
L \/ﬁ i=1 \F i=[nt]+k(n)+1
r . [nt]l—k(n)
= E|exp . (f(X5) — nf) exp (9(Xi) — pg) ]
L <\/ﬁ ; ) <\fz nt%n)Jrl )
[nt—k(n)] . n .
+ Cov exp ﬁ(f(Xi) —uf)), exp ﬁ(Q(Xi) — 11g) )
(11.3)
By condition (ii) and (iii) we have
—k(n n iz
( 1;[ eXP Xi) = uf)) : i[nﬂg(nm exp(%(g(Xi) - ug))>
<C(n 9%(”) (1 \Y Hexp ixn 2(f wf) )H )
. (1 v Hexp(z':cnii(g — ug)) HB) — 0 asn— oo, (11.4)

where we used (11.2) and (ii) in the last step. Further, by stationarity and condition (i)

 [t)—k(n) .
E exp(\l/:% Zz; (f(X;) — ,uf)) — @N(OM;)(:U) as n — oo
and )
1T "
E|exp| — Z (9(Xi) = 1g) | | — ®n(o,(1-t)o2)(z) asn — oco.
VP puifenn | ’
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With (11.3) and (11.4) this implies
Py, (x) — @N(O,w?—i-(l—t)og)(x) as n — o9,

which, as a consequence of Lévy’s continuity theorem, completes the proof. ]

For B = H,(X,C), assumption (ii) of Lemma 11.1 is satisfied. To see this, let f € G, set
g = f—uf and recall that |exp(iz) —exp(iy)| < |z —y| for all y, z € R. We therefore have that
for z e Ry

‘exp(ixn_%g(b)) - exp(ixn_%g(a))‘ ‘:cn_%g(b) — xn_%g(a)‘
sup < sup
a,beX |b - a|a a,beX |b - a‘a

a#b a#b

and further || exp (ixnil/Qg) HOO = 1, which implies exp (mcg) € B and
I exp(ixn_%g)HHQ <1+ on"z ma(f).

In the case of an ergodic automorphism of the torus, condition (iii) with B = H(T%,C) is a
direct consequence of Lemma A.1. As aforementioned, (i) holds due to a result of Leonov (1960)
with Br = Ha(T% R). Therefore Lemma 11.1 applies and we obtain that Assumption 9.I holds
with C = H4(T9,R) for any « € (0,1]. Now, let (T, B(T9), \,T) be the dynamical system of
an ergodic automorphism of the torus as introduced in Section 2.6. Following the arguments

from Chapter 5 and applying Theorem 9.2 we obtain the following result.

Theorem 11.1 (Sequential Empirical CLT for Ergodic Automorphisms of the Torus). Let F
be a uniformly bounded class of functions on RY, £ € N*, p € Hg(T4, R"), 3 € (0,1], and let
do denote the size of the biggest Jordan block of T restricted to its neutral subspace. If the

1

entropy condition (9.9) holds with n = Ao ™" and s = 1 for some uniformly bounded subset G

of Ha(Rf,R) with a € (0,1], r > —1, C > 0 and v > max{1,do}, then the empirical process
Vi = (Va(f)(r.0eFx0,1) given by

[nt]

Vlhi0)i= = (S s 0elT) - Xr o 0)
=1

converges in distribution in (>°(F x [0,1]) to a tight centred Gaussian process K.

Remark 11.1. Note that corresponding remarks to Theorem 5.1, Lemma 5.1 and Corollary 5.1
also hold for the sequential case. In particular, the sequential empirical CLT holds for all

the classes of functions listed in Corollary 5.1. Note, that in the corresponding situation of
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11. A SECLT for the Ergodic Automorphism of the Torus

Lemma 5.1, here the covariance structure is given by
COV(K<f7 t)v K(ga ’LL))

= min{t, u}{z Cov(f(¥),g(p(T*))) + D _ Cov(f(p(T")), 9()) }
k=0 k=1

Remark 11.2. Dedecker et al. (2013) proved a sequential empirical for the ergodic automorphism
of the torus where they restrict to the indexing class F 1= {1(_o 4 : = € R’}. They also
consider a process (¢(T"));en+ for some fixed function . The assumptions differ from ours in
two points: In their approach, they require that the distribution function F of A o ¢! in a-
Holder for some « € (0, 1], where we only demand that wr(z) < |log(x)|™" for v > max{1, do}
(cf. (i) in Corollary 5.1). Vice versa, we need that ¢ is a-Holder for some « € (0, 1], while they
only require that F satisfies wy(x) < [log(x)|~* for a specific a > 1 that depends of ¢ and « (for
instance for £ = o = 1 they require a > 10/3). However, it should be mentioned, that we also

require that F is Holder! if we want to identify the covariance structure of the limit process K.

Yin this situation, the exponent of the Hélder condition can be arbitrary chosen in (0,1] and has no influence
on the other conditions (cf. Corollary 5.1).
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12. Statistical Applications of Sequential Empirical
CLTs

As discussed in the introduction, sequential empirical CLTs find application in the study of
change point tests. Here, we consider the generalized setting, where the sequential empirical
process is indexed by a arbitrary uniformly bounded class F of real-valued measurable functions
on the state space of our data. Recall that we provide results for the case that F is the space
of indicators of semi-finite and finite rectangles, bounded ellipsoids, balls of arbitrary metric
and some specific parametric class of monotone functions (cf. Chapter 4).

If we want to test the hypothesis that (X;);en+ is stationary with marginal distribution p
against the alternative that there is a k* € N* such that (Xi,..., Xp+) and (Xpgeq1,...,Xp)

are both stationary and have a different marginal distribution, we can use the test statistic

T, := max sup ﬁ(1 - %)x/ﬁ\uk(f) — prr1,0(f)|-

0<k<n fer n
Under the hypothesis, the asymptotic behaviour can be derived from the limit distribution of

the sequential empirical process if applicable. We have the following theorem.

Proposition 12.1. If (X;);en+ satisfies the sequential empirical CLT with limit distribution

K, then under the null hypothesis Hy we have the convergence

T.~%  swp |K(f.1) ~ tK(f,1)]
fEF, t€]0,1]

To prepare the proof of Proposition 12.1, consider the natural generalization of the process
R, introduced in Chapter 1. Let (X;);en be an X-valued stationary process with empirical
measure i, (f) == n 30 f(Xi), n € N*. We set uo(f) = 0. For j € {1,...,n} we define
tin(f):=m—7+1)71 > oie; f(Xi) and set pyi1,0(f) := 0. Consider the £2°(F x [0, 1])-valued
process Iy, = (Rn(f,1))(5,0eFx[0,1) given by

[nt] n — [nt]

Rn(f? t) = \/737

(:U’[nt](f) - N[nt]Jrl,n(f)) .

n
The following lemma gives the asymptotic distribution of R,,.

Lemma 12.1. Assume that (X;);en satisfies the sequential empirical CLT with indexing class
F and limit process K, that is, V, Ay K i (>®(F x [0,1]) as n — oo, where K denotes a

tight centred Gausstan process. Then

Ro —5 (K (f,) — tK (£, 1)) (pyerxo  in £(F x [0,1]) to as n — oo.
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Proof. Let p denote the distribution function of the X;. For t € [1/n,1) we have

:U’[nt](f) - N[nt]Jrl,n(f)
[n1]

= [nlt] Z f(Xz) - n —1[nt] Z f(XZ)

i=1 i=[nt]+1

[nt] n
= m U =) = o S () — )

i=1 i=[nt]+1

1 1 [nt] v 1 n «
= () 2 U0~ )~ =g S 60— )
1 n n 11 n

= Vabdn—tg 0 st D _—

Further, by definition we have R, (f,1) = 0 and R,(f,t) = 0 for ¢t € [0,1/n). Since also
Vn(f,t) =0 for t € [0,1/n), we obtain with (12.1) that

Rn(f, t) = Vn(fv t) - [T:] Vn(fa 1)7
V() — tVa(f 1) + ”t_n["t]vn(f, 1) forallte0,1.  (12.2)

Let A, denote the F x [0, 1]-indexed processes given by A, (f,t) := ((nt — [nt])/n) V,(f,1t).
Since supycg 1) |(nt —[nt])/n| — 0 as n — oo, by Slutsky’s Theorem and the sequential empirical
CLT, A, converges in distribution (and thus in probability) to zero. Another application of
Slutsky’s theorem and the sequential empirical CLT on (12.2) yields

d
R, = (Vn(fa t) - tVn(f, 1))(f,t)e]-'><[0,1] + An — (K(f’ t) - tK(f, 1))(f,t)e]—"><[0,1]'
Here we have applied the continuous mapping theorem in the final step. ]

Remark 12.1. Note that, in the setting of Theorem 10.2 and Theorem 10.3 and for a wide class
of multiple mixing processes (cf. Theorem 9.2), including ergodic automorphisms of the torus

(see Theorem 11.1), the covariance structure of K is given by (9.8).

Proof of Proposition 12.1. Ry(f,-) is obviously constant on the intervals [k/n,(k + 1)/n),

k=0,...,n—1and further R, (f,k/n) = k/n(1—k/n)v/n(u(f) — pr+1,.(f)) for k=0,...,n.
Thus Ty, = supser 1epo,1] R, (f,t) and we can apply the continuous mapping theorem with

(X(F x[0,1]) — R, ¢ sup |o(f,t)].
fEF, t€[0,1]
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A. Appendix

A.1. A CLT of Dedecker (1998)

The following proposition corresponds to a particular case of Corollary 1 in Dedecker (1998).

Proposition A.1 (Dedecker (1998)). Let (Yi)ien be an ergodic stationary process with E(Yp) =
0 and E(Y{) < oo, which is adapted to a filtration (M;)ien. If iy Yo E(Yi|My) converges in
Ly, then

Vn &

where 02 = Var(YZ) + 23 2, Cov(Yp,Y;) < oo.

1 n
—ZYiiﬂV(O,az) as n — oo,
=1

A.2. Some Covariance Inequalities
The following proposition corresponds to Proposition 3 in Dehling and Durieu (2011) .

Proposition A.2 (Dehling and Durieu (2011)). There exist C > 0, 0 < 6 < 1, for all
m,p € N*, such that for all bounded a-Holder functions ¢ («a € (0,1]) with ||¢llco < 1, for all
k1 <...<kn <0<l <...<|p, foralln eN,

m p
COV(HQ@OTICJ’ , HcpoleJrn)

J=1 Jj=1

< Cllelll[ellng @Fr, - s km)0"

where Q(k1, ..., km) = Y0, |ki|% with dy the size of the biggest Jordan block of T' restricted

to its neutral subspace.

Following Lemma 1.3.1. in Le Borgne and Péne (2005), Durieu (2008a) established the

following covariance inequality.

Lemma A.1. Let T be an ergodic automorphism of the d-dimensional torus T, d > 2, equipped
with the Lebesque measure. Then there exist constants 0 € (0,1), C' > 0, and ¢ € N* such that
for all ¢, ¢ € Ho(T9, C) with ||¢]locs [|[1]lec < 1

q q+k+p
Cov([[eor'. TI woT") < Cou il IWlhu.6* for al bpq € NV
=1 i=q+k+1
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A.3. Lemma A.2

Lemma A.2. Let B be a Banach algebra of functions on a space X and P be a bounded linear
operator on B. If B satisfies (2.B), then for all f € B the mapping ay : R — L(B) given by

t — Ppy is analytic and has a representation

o0 . )k
Z 1 Pk
k=0

where P,y is given by P)e P(f*).

Proof. First, we establish pointwise convergence, i.e. convergence of a,,(t)(p) for every ¢ € B.

By the Banach algebra property, > _, (it f )% /E! converges in B to ¢/ as n — oo and therefore

Prip = P(e il (i " )

k=0
Recall that a bounded linear operator is always continuous and thus

P o) = i p(3° U ) = i 3

which gives us the pointwise convergence.
By condition (2.B), the inequality || P [ £(5) < ”f”lf;HPHE(B) holds and thus Zzzo(it)kP(k)/k:!
converges in £(B) as n — co. Convergence in operator norm implies pointwise convergence,

which yields

ar(t)(¢) = lim Z(t) (Z ? P(k><p for all p € B.
k=0

n—00
k=0

A.4. Proof of Theorem 1.1

We first show that £(9) converges in distribution to some random variable £&. We denote by L(®)
the distribution of & (@ this is defined since & (@) is measurable. Moreover, L@ is a separable

Borel probability measure on S.
By Theorem 1.12.4 of van der Vaart and Wellner (1996), weak convergence of separable Borel
measures on a metric space S can be metrised by the bounded Lipschitz metric, defined by

/f )dLy (2 /f JdLs(x

dpr, (L1, L) = sup
feBLy
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for any Borel measures Ly, Ly on S. Here, BLy := {f : S — R : || f||pr, < 1}, where

€S TH#YyeS p(ﬁ, y)

1 fllBL, = max{supyf(m),, sup f(ﬂﬂ)—f(?/)}

In addition, the theorem states that the space of all separable Borel measures on a complete
space is complete with respect to the bounded Lipschitz metric. Thus it suffices to show that

L@ is a dpr,,-Cauchy sequence. We obtain

dpr, (L9, L) = sup |E f(¢@) —E f(eM))|

feBLy
< sup {|EF(ED) = B f(l)] + | E* F(&1) — B f(&)|
feBLy

| E* f(g0) — B (60)] + | B £(60) — B (D)}

for all n € N*. For a Borel measurable separable random element £ weak convergence
55[1) 4, €@ as n — oo is equivalent to SUp fepr, |E f(£9) — E* f(ﬁ,(@q))| — 0; see van der
Vaart and Wellner (1996, p.73). Hence by (1.10) we obtain

dpr, (L9, L0 <liminf sup |E* f(&9) — E* f(&,)| + |E* f(&n) — B f(€7)).
n—00 feBL,

Using Lemma 1.2.2 (iii) in van der Vaart and Wellner (1996), we obtain
B F(67) = B F(&)] < B(/ (&) = (&)

and therefore

sup |E° f(¢7) - B f (60|

feBLy

IN

E(p(én, €9) A 2)"
= [P a2z ) d (A1)
0

where we used the last statement of Lemma 1.2.2 in van der Vaart and Wellner (1996). Now,
let £ > 0 be given. By (1.11), there exists an gy € N* such that for every ¢ > qp there is some
no € N* such that for every n > ng we have P*(p(&,, ,(f])) > ¢/3) < /3. Therefore

1, ift<:
P*(p(gn €M) A221) <45, if5<t<2
0, if2<t.

Applying this inequality to (A.1), we obtain

2
€
liminf sup |E* 7(1‘1) —E* f(&, S/ —+lgyoerdt=c¢
mint sup [ S(E0) B f(&)| < | 54 1eg)
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for all ¢ > qo. Hence for ¢, > g we have dpg, (L9, L") < 2¢; i.e. (L(Q))qu* is a dpr,,-Cauchy

sequence in a complete metric space.

The remaining part of the proof follows closely the proof of Theorem 4.2 in Billingsley
(1968), replacing the probability measure P by the outer measure P* where necessary and
making use of the Portmanteau theorem; see van der Vaart and Wellner (1996), Theorem 1.3.4
(iii), and the sub-additivity of outer measures. From part (i), we already know that there is
some measurable ¢ such that £@ BN & Let FF C S be closed. Given € > 0, we define the
e-neighbourhood F; :={s € S :inf,er p(s,z) < e}, and observe that F; is also closed. Since
{¢, € F} C {57({1) e F.} U {p(&(lq),fn) > e}, we obtain

P*(& € F) <P* (W € Fo) + P*(p(¢?, &) > <),
for all ¢ € N*. By (1.11) we may choose ¢ so large that for all ¢ > o

lim sup P*(p(619), &) > ) < /2.

n—oo

As @ BN &, by the Portmanteau theorem we may choose ¢; so large that for all ¢ > ¢

P(EW e F)<P(EeF.)+e/2

We now fix ¢ > max(qo,q1). By (1.10) we have 57(1‘1) , €@ as n — oo. Thus an application of

the Portmanteau theorem yields

limsup P*(£(9 € F.) < P(¢9 € ),

n—o0

limsupP*(§, € F) <P € F;) +¢.

n—oo

Since this holds for any € > 0 and lim._,o P({ € F.) = P({ € F), we get

limsup P*(¢, € F) < P(£ € F),

n—oo

for all closed sets F' C S. By a final application of the Portmanteau theorem we infer £, 4, £.

A.5. Proof of Lemmma 2.3

(a) For f € Ho(X,C) and g € Ha p(X,C) we have Ng(fg) < || fllccNg(g) and

l9(x) — g(y)] |f(z) — f(y) l9(y)]
map(f9) < f&%('f @ eas d(x,xom) * < oy 1T d($,$0)5>

Y

< [ flleema,s(9) + [ flla No(9)-

Thus [ fglln, s = No(f9) +ma,s(f9) < [1fllna Np(9) + [1fllooma,s(9) < [ fll7¢a l9ll7,5-
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(b) First, we show that (Ha,s(X,C), || - [|#, ;) is complete. Let f, be a Cauchy sequence in
Hap(X,C). Then Ng(f — fn) — 0 and mag(f — fn) — 0 as n — oo. Ng(f — fn) — 0
implies that there is a function f : X — C such that f,(z) — f(z) as n — oo for every
x € X. We have

1 1C)) - (@) .
N =sup lim ——————= < suplimsup ——————= <limsup Ng(f — < 00
B(f) zeg n—oo 1+ d<$7 xo)ﬁ N xeg n—>oop 1+ d(l', 1’0)6 B n—>oop /B(f fn)

and similarly mq, g(f) < oo. This implies that || f||3;, , < oo and thus f € H, g(X,C). Further

since f,, is a Cauchy sequence, we have

Ns(f — fn) = sup lim (@) = fu()]

cexm—oo 1+ d(x,xg)8

m—0o0

<limsup Ng(fm — fn) < sup Ng(fm — fn) — 0 asn — oo
m>n

and similarly ma g(f — fn) — 0 as n — co. Therefore f, — f in (Haps(X,C), || - I21,5)-
The space Hq g(X,C) is obviously closed under composition with the modulus or conjugation
functional on C. Finally, the continuity of f — f(x) is a direct consequence of the pointwise

convergence of any sequence f,, that converges in (Hq,g(X,C), | - [|#, ,) and thus (2.B) holds.

(c) The statement is trivial for 8 = 0. Recall that by assumption, the fist moment of v exists.
Let B € (0,1] then |f] < (1 +d(-,20))? Ng(f) and thus

116 < 11+ d(@,20)? s Na () < (1+ (v(d(20))) ") Na(f):

(d) Let f,g € L°°(v). Then

lg(z) — g(y)| o) |f(z) — f(y)]
d

Hng'Haﬁ < ||f”OON5<g) +22§' ’f(x)|d(l‘,y)o‘(1 + d(l‘,l‘o))ﬁ (LIZ,y)a(l —f—d(ﬂ?,ﬂ?o))ﬁ

7Y

< N fllooN5(9) + [ fllocma,s(9) + [|gllocma,s(f)

and thus || fgll#, 5 < [[flloollgll#a,s + [19llooll flIa,5 - O

A.6. Proof of Lemma 4.2

Without loss of generality, assume that = 0. For v € R?, let D, denote the diagonal dx d-
matrix with diagonal entries v1,...,v5. We define the operator norm of the d x d-matrix A by
| Al := supyecra\ (0} |[Ay|/|y|- Observe that |Dy|. = max;—1 4 |vi]. We can characterize E(0, %)
and R\ E(0, £ + L) by

> 1}

E (0, ‘7> = {z eR?: ’Djlz
m
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respectively. Thus, for any z € E (O, %) and y € R? \E (0, % + i),

-1
ly — z| > D_Jj*_i D_]1+1y—D_ll+lD;D_ilz
m ' m |4 m ' m m ' m m m
-1
> D! (‘Dfl y|—|D7' D, | D'z >
k], Paea?| ~[Paea el P2
-1
> D7} (1 — 'D.l D, >
Erd, 2D,
. 1 Ji
= min j—z—i—— 1 — max — T
i=1,..d |l m m i=1,..,d | & 4 L
m m
1
Dm?
since j; € {0,...,Dm — 1}. ]

A.7. Proof of Lemmma 4.3

For any € > 0, set K. = sup{K > 0 : u([-K,K]?) <1 —¢}. We will denote the function
(0,1) = RT, e = K. by K,. Now, introduce the bracket [L, U], given by

L=0 and Ue =T |RN[=Ks g, Kes o], [~ Koo, Kos]Y)

Obviously, we have |U. — L||s < |U: — LHi/S <e.

To get a bound for the Holder-norm of Ug, consider the distribution function
G(t) == p({zr € R : |2|max < t})

on R, where |#|max = max{|x;| : 4 = 1,...,d}. Observe that the pseudo-inverse G~1 of G is

linked to K, by the equality K. = G~!(1 — ). With geometrical arguments we infer

Git)= > olj)Ft),

je{-1,1}4

where o(5) := [[L, ji € {~1,1}. Therefore

wg(z) =sup{G(t+2) —G(O)} =sup Y o(j)(F((t +2)j) - F(tj))

< S swlF(t+a)) -F) < S wp(Viz)
je{-1,1ye €K jef-1,13¢
§2dwF(\/g ).
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Now by Lemma 4.1 we obtain

30é
U. <1 5
el = fgma gy o e

<1+ 3% inf {m >0:3t€R such that G(t + z) — G(t)

(
<143 (mf{:c>0 wa(z) = i})a

<143° (Sup{x>0 wr (V) < 25;})_&
+ (3Vd)*(wp (27 De®)) 7,

Y]
no| @,
H,—/
N———

|
°

where we used that wg is continuous here to replace the infimum by the supremum.
Then [L,U.] is an (g,4vd(wp ' (27(4+1e%)) = G, 1% (1u))-bracket for sufficiently small . Since
[L, U] contains any f € F\Fk_,,+p, by (4.2) we obtain for all those € the bound

N@mw“(4¢];@(ﬂl ‘quL%0<0(ﬁp+m%q+1

Let us finally consider the growth rate of K.s/; as ¢ — 0. By assumption (4.3) and since
| |max < | - |, we have 1 — G(t) < bt~'/8 for sufficiently large ¢t. Therefore,

G((b/)?) > 1 —«.

By the definition of K., we therefore obtain that K. < (2b/e* )% = Op4(¢77%) which proves

the lemma. O
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Nomenclature

X* the measurable cover function of a real valued random element X, page 9
[-] the lower Gauss bracket, page 4

[ the upper Gauss bracket, page 62

|| the absolute value, the modulus, or the euclidean norm on R?

#A  the cardinality of a set A

D([—o00,c]?) the space of multidimensional cadlag functions on [—o0, 00]?, page 8
4, convergence in distribution of a sequence of random elements, page 9

< asymptotically smaller or equal, page 92

| - |7, the a-Holder norm, page 22

|- %, the a,B-Lipschitz norm with weight in zo, page 22

| - |l the essential supremum norm w.r.t. the corresponding probability measure, page 17
|- ||s the sth moment of f w.r.t. the corresponding probability measure, page 17

|- llz@) the operator norm w.r.t. B, page 21

B a complex Banach space of measurable functions from X to C
Br the real Banach space composed of the real-valued function in B
C a normed vector space of real valued measurable functions on X
Cv  =A{f€C:|fllooc <M} for some M > 0, page 29

O the Dirac measure given by d,(A4) = 14(x)

dim  a physical dependence measure, page 63

E*(X) the outer expectation or outer integral of a real-valued random element X, page 9
F the (multidimensional) distribution function

F7L(t) :=sup{z € [~00,00] : F(z) < t}

F, the empirical distribution function, page 65
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A. Appendix

Ho(X,K) the space of bounded a-Hélder continuous functions on X with values in K, page 22
Hap(X,K) the space of weighted Lipschitz functions on X with values in K, page 22

i.i.d. independent and identically distributed

L(B) the space of bounded linear operators from B to B, page 20

(>(F) the space of uniformly bounded real-valued functions of F

L*(A\) the Lebesgue space of s-th power integrable complex-valued functions, page 17

L*(A) the space of complex-valued measurable functions that are essentially bounded w.r.t.

the corresponding probability measure, page 17

7 a probability distribution, usually the marginal distribution of the stationary process
(Xi)ien=

ma(f) = SUPg yex zty %7 page 22

Ma,p(f) 1= SUD, yex vry dw;{iﬁ;géﬁl‘m)ﬂ)a page 22
nf = [ fdu
pn(f) = 5 i F(Xa)
N ={1,2,...)
N  ={0,1,2..}
()= ()l

Na(f) = SUPyyex vty qiy)e (it diamo)) A8 22
N(e, A, F,G,L°(u)) the bracketing number of F w.r.t. G, page 30

N(0,¥) normal distribution in R¥ with mean 0 and covariance matrix ¥

@) f(z) = O(g(x)) as © — wg if and only if limsup,_, 15((3; < 00

0 f(z) = o(g(z)) as * — ¢ if and only if lim,_, 4, Eg" =0

wr () the modulus of continuity of F' given by wr(d) = sup{|F(z) — F(y)| : |x —y| <}
wi (6) :==inf{d >0:wp(d) >y}

P* the outer probability w.r.t. a probability measure P, page 9

U, the empirical process given by U, (f) := \/ﬁ(un(f) — uf)

Vectr(f1,..., fr) the smallest vector space containing f1,..., fk

Vi the sequential empirical process given by V,(f,t) := % (,u[m] (f)—n f), page 85

X an arbitrary measurable space, the state space of the process (X;)ien

(Xi)ien a stationary stochastic process with state space X and marginal distribution p
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Index

|| - [|c-control, 66
a-Holder continuous functions, 22

B-geometrically ergodic Markov chains, 20

bracketing number, 10, 30

convergence in distribution (in S) of non-

measurable random elements, 9
dynamical systems, 25

empirical CLT, 1, 3
for causal functions of i.i.d. processes,
80
for ergodic automorphisms of the torus,
53
for multiple mixing processes, 32
for slowly multiple mixing processes, 68
general version, 31
empirical measure, 1
empirical process, 1, 65
indexed by a class of functions, 3, 29
entropy, 10

ergodic torus automorphisms, 25

linear processes, 80

Lipschitz functions with weights, 22

Markov chains
B-geometrically ergodic M.c., 20
contraction on average, 23
iterative Lipschitz models, 23
measurable cover function, 9
multiple mixing, 2
definition, 17

moment bounds for m.m. processes, 18

outer expectation, 9
outer integral, 9

outer probability, 9

random element, 9

random variable, 9

sequential empirical CLT, 4, 85
for B-geometrically ergodic Markov chains,
102
for ergodic automorphisms of the torus,
107
for iterative Lipschitz models, 102
for multiple mixing processes, 88
general version, 86
sequential empirical process, 4, 85
sequential finite-dimensional CLT
for B-geometrically ergodic processes,
99
iterative Lipschitz models, 102
slowly multiple mixing
definition, 59
moment bounds for s.m.m. process., 60
spectral gap, 20
strong ergodicity, 20

time delay vectors, 81

torus automorphism, 25
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