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DRIFT ESTIMATION FOR A PERIODIC MEAN REVERSION PROCESS

HEROLD DEHLING, BRICE FRANKE, AND THOMAS KOTT

ABSTRACT. In this paper we propose a periodic, mean-reverting Ornstein-Uhlenbeck pro-
cess of the form
dXt = (L(t) —OéXt)dt+UdBt, tZ O,

where L(t) is a periodic, parametric function. We apply maximum likelihood estimation
for the drift parameters based on time-continuous observations. The estimator is given
explicitly and we prove strong consistency and asymptotic normality as the observed number
of periods tends to infinity. The essential idea of the asymptotic study is the interpretation
of the stochastic process as a sequence of random variables that take values in some function
space.

1. INTRODUCTION

The ordinary Ornstein-Uhlenbeck process is defined as solution to the stochastic differen-

tial equation
dX; = a(p — Xy)dt +0dB;, t>0,

where o and o are positive constants, u € R and where X, with E(X?) < oo is a real-valued
random variable which is independent of the standard Brownian motion (B;);>o. Originally
introduced by Ornstein and Uhlenbeck (1932) as a model for particle motion in a fluid,
this process is now widely used in many areas of application. The main characteristic of
the Ornstein-Uhlenbeck process is the tendency to return towards the long-term equilibrium
p. This property, known as mean-reversion, is found in many real life processes, e.g. in
commodity and energy price processes, see e.g. Geman (2005).

In many real-life applications, however, the assumption of a constant mean level is not
adequate due to seasonality patterns or a long-term trend of the process. Thus we want to
consider the more general process satisfying the stochastic differential equation

where L(t) is a time-dependent mean reversion level and where o, o are positive constants.
Note that model (1) differs from the original Ornstein-Uhlenbeck process in the position of «
within the drift term. However, model (1) can easily be transformed to a process with drift
term o(L(t) — X;)dt where L(t) = L(t)/o. The advantage of (1) compared with the process
provided with the drift o(L(t) — X;)dt is the simplification of the study of the estimators.
In this paper we make a parametric model for the mean reversion function L(t). We

assume that
p
(2) L(t) = Zﬂi%‘(t),
i=1
where the basis functions ¢i(t),...,¢,(t) are known and py,...,pu, and o are unknown

parameters. In contrast, the diffusion parameter ¢ is assumed to be known which is a
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common assumption in the field of drift parameter estimation for a time-continuous diffusion.
This is due to the fact that the measures corresponding to different diffusion parameters are
singular so that o can be computed, rather than estimated, from a single continuous-time
observation path.

The conditions on the drift coefficient, here

p
(3) 5(97 L, Xt) = Z ﬂigpi(ﬂ — aXy, 0 = (Nl; - oo fps O‘)ty
=1

that ensure existence and uniqueness of a solution of equation (1) are well known, see Kuo
[4] (Theorem 10.3.5, p. 192), for example. Due to the linear form of S(0, ¢, ) the global Lip-
schitz condition is satisfied in our setting such that there exists at most one solution of (1).
If the basis functions ¢ (), ..., ¢,(t) are bounded on compact sets in R, for instance, then
the linear growth condition which implies the uniqueness of an existing solution is fulfilled.

Drift parameter estimation for time-continuously observed diffusion processes is a well-
established area of research, for which a variety of techniques has been proposed. For ex-
ample, Kutoyants [5] investigates several estimation techniques for the drift term of ergodic,
time-homogenous diffusion processes. The analysis of asymptotic properties of drift esti-
mates for time-inhomogeneous diffusion models has been paid much less attention. Among
some other authors, Bishwal [1] studies the maximum likelihood estimator for a time-
inhomogeneous diffusion provided with drift function f (6, ¢, X) defined on © x[0, T| x C10, T,
where O is the parameter space and C[0,T] is the space of all continuous, real-valued func-
tions on [0,7]. Note that our model presented above belongs to this class of diffusion
processes and that our results comply with Bishwal’s findings. However, in order to ap-
ply Bishwal’s results directly, one has to verify the required conditions, among others the
convergence of

(4) miT /OT (%f(e,t,xt)>2dt

where m7 is an increasing, non-random sequence, see Bishwal [1] condition (A6) on p. 65.
The verification of this condition does not go without saying in our model and requires some
auxiliary ideas and results. In contrast to Bishwal’s general setting, we obtain an explicit
representation of the estimator which is used for the study of its asymptotic behavior. By
investigating this representation, the convergence of the multi-dimensional version of (4) is
shown, see Proposition 4.5 where %QT is the analog to the term in (4).

2. MAXIMUM LIKELIHOOD ESTIMATOR

Let us denote by Px the measure induced by the observable realizations X7 = {X;,0 <
t < T} on the measurable space (C|0,T],B[0,T]), C[0,T] being the space of continuous,
real-valued functions on [0, 7] and B0, T the associated Borel o-field. Moreover, let Pg be
the measure generated by the Brownian motion on (C[0, 7], B[0,7]). Then the likelihood
function of observations X7 of the process with stochastic differential (1) is defined as

dPy

£(6,XT) = E
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where dPx/dPp is the Radon-Nikodym derivative. The maximum likelihood estimator is
defined as the maximum of the functional 8 — L(0, XT), i.e.

Onir = argmng(Q,XT).
A corollary to Girsanov’s theorem, see Theorem 7.6 on p. 246 in [7] by Lipster and

Shiryayev, gives an explicit expression of the likelihood function of a diffusion process pro-
vided that

T

(5) P (/ S(0,t, X;)2dt < oo> =1
0

for all 0 < T < oo and all 6.

Lemma 2.1. Let £(0,XT) denote the likelihood function of observations XT = {X;,0 <
t < T} of the process introduced in (1) provided with the mean reversion function (2). If the
drift term given in (3) satisfies condition (5) then

Onir = Q7' Pr.
The objects Qp € RPHIXP+D) gnd Pp € RPH are defined as

o Gr —ar
QT - (—CL; bT )7

T T T
Pr = (/ gpl(t)dXt,...,/ %(t)dxt—/ Xtht>
0 0 0

where Gp = (fOT i) er(t)dt)1<jr<p € RP*P, ap = (fOT o1(t) X dt, . . fo ©p(t) X, dt)t and
T 52
br = [T X2dt.

Proof. The likelihood function of a diffusion process of the form
dXt :S(e,t,Xt)dt+UdBt, 0 St S T,

t

is given by

(6) L£0,XT) = fi —exp< /SGtXtht—ﬁ/SOtXt)dt)

if condition (5) is fulfilled, see Lipster and Shiryayev [7] (Theorem 7.6, p. 246). The partial
derivatives of the logarithm of this functional are

@ Lo XT))—i/T 9 S(0.t. XT)ax —i/Tsw LX) 2500, X,)dt
aez 9 - 2 0 aez t 0 t ae » Yy t .

o o2

The drift function of our mean reversion model is given in (3) and the derivatives are

0 _[wlt), i=1
891 (e,t,Xt) _{ _Xt7 Z:p+ 1.

Setting the partial derivatives of the log-likelihood function in (7) equal zero gives a system
of linear equations which yields the assertion.

O

Remark 1. Note that the matrix Qr introduced in the previous lemma is not a priori in-
vertible. However, we will see later that it is invertible for T large enough in the periodic
mean reversion model, see Remark 3 for more details on that.
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Remark 2. The mazimum likelihood estimator introduced above can be motivated by an
alternative deriwation: Interpreting Fuler’s discretization of the stochastic differential equa-
tion (1) as a linear model and applying the ordinary least squares estimation method to this
discrete version provides an estimator é%t containing Riemann and Ito sums. It can be then
seen that é%t — Oup, as At — 0.

3. MAXIMUM LIKELIHOOD ESTIMATION FOR A PERIODIC MEAN REVERSION FUNCTION

In many applications, the data display regular seasonal effects. These can be modeled by
assuming that the mean-reversion function L(¢) is periodic, i.e. that

(8) L(t+v) = L(t)

where v is the period observed in the data. The resulting stochastic process exhibits a
cyclical evolution due to the periodicity of this mean reversion mechanism. Combining the
assumption of periodicity with the parametric model (2) leads to the requirement

9) @t +v) = ;).

By applying Gram-Schmidt orthogonalization, we may assume without loss of generality
that ¢1(t),...,¢,(t) form an orthonormal system in Ly ([0, ], £d)), i.e. that

(10 [ eoama={ 5 125

In the rest of this paper we will assume that we observe an integral multiple of the period
length, i.e. that
T=Nv,

for some integer N. Moreover, we will assume without loss of generality that v = 1.
Under the above assumptions, the matrix Qr, defined in (6), simplifies to

(11) QTz(T5 ;f)

t

where I, denotes the (p x p)-identity matrix. The inverse of a matrix of this special form
can be explicitly computed by the following lemma.

Lemma 3.1. The inverse of the matriz Qr, given in (11), is given by

_ 1 L, + ’}/TATAt —”}/TAT
12 e T
(12) ot = (P
where
1 (T
0

1 T p -1
(14) Y= (T/o det—ZAzT,i>
=1

and AT = (AT,la . ,ATJ,)t.
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Proof. We make use of the following formula for the inverse of a partitioned matrix which
can be deduced from the Frobenius matrix inversion formula, cf. Gantmacher [2], p. 73.
Alternatively the formula can also be verified directly. We have for a € R?, b € R

L a\ L+ 5fapad’ —5apa
(15> at b = 1 at 1 ’
Tl el

where || - || denotes the usual Euclidean norm on RP. With the notation introduced above,

we can write Q7 as follows,
I, —Ar
Qr=T T
—AL % J, XZdt

and thus apply the above formula for the calculation of Q;l. [l

Remark 3. Note that the Frobenius matriz inversion formula holds if and only if the entries
of the matriz on the right hand side of (15) are well-defined. We will see in the proof of
Proposition 4.5 that the limit of %Q;l 15 well defined since we show that the limit of vyr

denoted by ~ is greater than zero. Consequently, %Q;l exists almost surely if T is large
enough.

We can now formulate our main results about the asymptotic behavior of the maximum
likelihood estimator in the periodic Ornstein-Uhlenbeck model.

Theorem 1. Let {X;,0 <t < T} be observations of the periodic mean reversion process as
introduced in (2), satisfying (9) and (10). Then the mazimum likelihood estimator given in
Lemma 2.1 is consistent, i.e.

Onrr, — 0, almost surely,

as T — 0.

For the description of the asymptotic distribution of éML, we have to introduce the (p +
1) X (p+ 1) matrix

L, +yAANY —yA )
16 C =
(16) ( A’ v

where the entries are defined by

(17) m:/%mmm,ﬁme

(18) 7:<KW ﬁ+——ZM>

and A = (A,...,A,)". Here, the function & : [0,00) — R is defined by

(19) h = atZu]/ e ;(s)ds.

-1
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Theorem 2. Let {X,;,0 <t < T} be observations of the periodic mean reversion process as
introduced in (2), satisfying (9) and (10). Then the maximum likelihood estimator given in
Lemma 2.1 is asymptotically normal. More precisely,

VTo YOy, — 0) — N(0,0),
where C' is defined as in (16).

The proofs of these theorems require a number of auxiliary results, which will be given in
the next two sections.

4. PROOF OF THEOREM 1

The proofs of Theorem 1 and Theorem 2 make use of a representation of the maximum
likelihood estimator that will be established in the following proposition.

Proposition 4.1. The mazimum likelithood estimator éML, defined in Lemma 2.1, can be

written as
(20) Orir =0+ 0Q7' Ry,
where

fo 901 dBt
2 = fo ‘Pp (t)dB ’

fo X dB,
and where Q7 is defined in Lemma 2.1.
Proof. By definition, we have )
Ovr = Q7' Pr,

where Qr and Pr are defined as in Lemma 2.1. We rewrite this by making use of (1). In
fact, the stochastic integrals in Pr are understood in accordance to

dX; = (Z,uj% - aXt)dt + odB;

as

T p T T T
/ pi(t)dX, = Zuj/ @i(t)wj(t)dt—a/ goz-(t)Xtdt—i—a/ o()dB, i=1,. . .p,
0 = o 0

0

T p T T T
0 j=1 0 0 0

Hence, it follows that

fo SOI dXt

PT = = QTQ + O'RT
fo 90;0 (t)dX,
— [ XidX,

so that Oy = 6 + aQ;lRT. O
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In what follows, we will show that Q7' Ry converges to zero almost surely, as T — oco. In
order to do so, we write

Qr' Rr = (T Q7") (% RT) .

We will show that TQ;l converges almost surely to a finite limit and that %RT converges
almost surely to zero. Both of these results require some auxiliary results which will be
proved first.

Lemma 4.2. The solution of the stochastic differential equation (1) has the explicit repre-
sentation

(22) Xt = €_atX0 + h(t) + Zta
where
¢ P t
h(t) = eat/ e L(s)ds = e Z,uz/ e pi(s)ds
0 0

i=1
and

t
Zy = oe“t/ e*dBs.
0

Proof. The It6 lemma states for Y; = g(t, X;) that
dg dg 1 0%

vi— %9 x 99 4 xyax, + 199
dYy = 20 (6 Xo)dt + 20 (1 Xo)dXo + 55 5

which reduces for g(t, ) = e*x to
dY;, = ae®* X, dt + e“'dX;.
Plugging (1) in this equation gives
dY; = e (L(t)dt + odBy).
Integrating and multiplying by e~ finishes the proof of the lemma. 0

(t, X )(dX,)?

The process (X;)i>o is not stationary, since we have chosen an arbitrary initial random
variable. Thus we are unable to apply the ergodic theorem. In order to solve this problem,
we will next introduce a stationary solution to the stochastic differential equation (1) for
t € R instead of t > 0. We define the process

(23) X, = h(t) + Z,
where h(t) is defined in (19) and Z; is defined as
t
(24) Zy = ae‘at/ e**d By
where (B,).cr denotes a bilateral Brownian motion, i.e.
B, := Bg (s) + B_ 1z (s)

with (B,)s>0 and (Bs)s>o two independent standard Brownian motions. Thereby, 14 denotes
the indicator function of the set A.

In the following lemma we take the process introduced above as a sequence of function-
valued random variables. This method originates from probability theory on Banach spaces.
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Lemma 4.3. The sequence of C|0, 1]-valued random variables
(25) Wi(s) = Xp_14s, 0<s <1, k€N
15 stationary and ergodic.

Proof. We denote by hg the restriction of the function A to [0,1]. Since the function A is
periodic, we have the decomposition

R k—1+t 3
Wi(t) = h(k—141)+ ge ot1+) / e**d By
_ k—1+t _ k—1 l ~
_ ho(t) + O_e—a(k—1+t) / easdBS s Z e—a(k’—l-i-t)/ €a8dBS.
k-1 P -1
Making use of the time shifted Brownian motion
BO = B,
yields
Wi(t) = ho(t) + oe ™ / e dB®) 4o Y e / e**dBY
0 0

l=—00

t 0 1
= ho(t) —i—ae“’t/ e**dB® + o Z e—o‘(1+t—j)/ @S dBUTHD,
0 = 0

Consequently, this can be written as
0

Wi(-) = ho(-) + Fo(Ya) + Y €* VP (V)

l=—

where we used the a.s. defined functionals

¢
Fy: C[0,1] — C[0,1]; w <t — ae_at/ eo‘sdw(s)> ,
0

1
F:Cl0,1] — C[0,1]; w+ (t — ae_o‘t/ eo‘sdw(s))
0
and the C[0, 1]-valued random variables
Y}:(SHBS)—B(()Z), 0<s<1).

The series (Y});ez consists of independent and identically distributed random variables. This
implies that (Wj)ren is stationary and ergodic since each element of this sequence can be
represented as a measurable function G : (C[0, 1])Y — C[0, 1] of elements of the iid sequence
(YZ)ZEZ, Le.

Wk == G(Yk, kala .o )

Lemma 4.4. Ast — oo one has

(26) ‘Xt _ X,

— 0, a.s
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Proof. We have

X x| < etx| + )B(t) _ h(t)‘ |z, -z
P 0 0 ~
< e Y Xo| +e ™ Z,ul/ e*|pi(s)|ds + e_o‘t/ e**dB;.
i=1 - -
Obviously, the three terms on the right side converge toward zero as t — co. 0

Proposition 4.5. AsT — oo, we have
TQ;' — C,  almost surely,
where C' is the matriz defined in (16).

Proof. We first consider the entries of the vector Ar, i.e. %fOT Xipj(t)dt. From Lemma 4.4

we may conclude that
1 [t 1t

almost surely. Moreover, we get by the ergodic theorem

% /OTXM. Z Xt% dt—>E( / P )dt) /0 e (1)t

Thus we have established convergence of Ar;, 1 < j < p. In order to determine the limit of
vr, it suffices to consider the term % fOT X2dt. Due to representation (22) it holds that

1 /T
(27) lim sup —/ Xidt = limsup T/ e Xo+ h(t) + Z; dt < oo,

T—o0 T—o0

almost surely, since h(t) is bounded and X, and Z; are bounded almost surely, compare the
proof of Lemma 4.6. It follows from (27) and Lemma 4.4 that

—/ Xth——/ X2dt = —/ (X; + X)) (X, — X;)dt — 0.

Consequently, again by the ergodic theorem, we get

1 (" 1 [*
T/o X2dt = Z X2dt

2

)2dt + E(2))? _/ (h(t)dt + 7

([ )

= E(/O +Zt2dt>

= E(/O dt+2/0 tht—k/lZfdt)
(
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By Bessel’s inequality, we have

and thus ( fo t))%dt + E(Z,)* =30 A?) > BE(Z,)? = £ > 0. This proves the assertion of
the proposmon 0

Lemma 4.6. The sequence \/LTRT is bounded in L*.

Proof. Note that

1 T
0
is Lo-bounded because

(28)  Var (% /OT goi(t)dBt) ~ Var <% /OT gol-(t)dBt> _ %/OT A1)t = 1.

For the last entry of ﬁRT we have to prove the boundedness of
1 T
ar [ — X,dB
(7 xaz)
1 T
= —F X-dt
e ([ )

1 T
= 7B ( /0 e Xoh(t) + e X Z; + e XE + h(t)Z; + h(t)* + Z} dt> :

Since Z; is a zero-mean random variable the expectation of the second and fourth term is

zero. Moreover, the variance

02

20

1 T,
sup —E Zpdt | < oo
>0 T 0

= O‘tzul/e wi(s)ds

is bounded due to the periodicity of ¢;(t), i =1,...,p. The boundedness of h(t) gives

1 T
sup —E (/ e_“thh(t)dt) < 00
>0 1’ 0

1 T
sup —E (/ h(t)zdt> < 00
>0 1 0

This finishes the proof of the L2-boundedness of %RT. O

B(22) = (1 - ")

is bounded and justifies

Moreover, the function

and
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Proposition 4.7. As T — oo, we have
o1
(29) lim —Rr =0, almost surely.
T—oo T

Proof. Observe that Ry is a martingale; thus we get by using Doob’s maximal inequality for
submartingales that for any ¢ > 0

1
P( sup T|RT|26) < P( sup |Ryp|>e2¥)

2k <T<2k+1 ok << ok+1
4 9 _
S oomb [Ryra|” = O(27).
Applying the Borel-Cantelli theorem, we obtain limsup,_, ., %|RT\ < ¢, almost surely, and
thus we have shown that Ry /T — 0. O
Proof of Theorem 1. This follows directly from Proposition 4.5 and Proposition 4.7. U

5. PROOF OF THEOREM 2

In the proof of Theorem 2 we use again the representation (20), i.e. Orr, — 0 = aQ}lRT,
which we rewrite as
1
VT
By Proposition 4.5, TQ;' converges almost surely to the matrix C. Then, by Slutsky’s

theorem, Theorem 2 is an immediate corollary of the following proposition. Note that
Y = C by applying the same formula as in the proof of Lemma 3.1 to X. U

VTPl T3 Ry = (107 =R

Proposition 5.1. Under the assumptions of Theorem 2, we have, as T — oo,
1
VT

where the (p+ 1) X (p+ 1) matriz Xg is defined as

I, A
m-(10)

where w = fol(ﬁ(t))2dt + % The entries of the vector A are specified in (18).

Ry 25 N(0, %),

The remaining part of this section is devoted to the proof of this proposition. Recall that
T
7= Jo e1(t)dB,
Ry = .
VT \/LT fo ©p(t)dB;
T
—% fo X:dB;

Since the basis functions ¢y, ..., ¢, are orthonormal, the first p entries of the vector \/LTRT

are independent, normally distributed random variables with mean zero and variance 1.
Thus it remains to investigate the asymptotic distribution of the last entry

1 T
— | X.dB,
\/T/O t t
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and its joint distribution with the first p components.
By Lemma 4.2, the process (X;);>o can be expressed as

t
Xt = €7atX0 =+ h(t) + Ueat/ eanBs,
0

and thus we have

1 [T X,
ﬁ/ XtdBt:\/—% ‘O‘tdBt—|—\/_/ (t)dB, + 0— // e dB.dB,.
0

The first term on the right hand side converges to 0 in probability, as

1 (T 1 (7
ar | — e_o‘tdB> = —/ e 2t dt — 0.
(ﬁ/o )T,

The second term is normally distributed with mean zero and variance

— / dt — /
The asymptotic dlstrlbutlon of the third term, as well as its joint distribution with any

stochastic integral fo t) dBy, will be evaluated next.

Proposition 5.2. Let ¢ : [0,00) — R be an La-function, for which

exists. Then, as T — oo,

1 T t ( t) T . 1 O
— e YdB,dB ,/ go(t)dB) — N(0, ( 2a )),
VT (/0 /0 " o ' ( 0 o}

where N(0,A) denotes a bivariate normal distribution with mean vector 0 and covariance
matriz A.

Proof. Application of the time change formula for stochastic integrals twice, cf. (Dksendal
8] (Theorem 8.5.7, p. 148), for g(7) := T'7, ¢'(1) = T, results in

t
gl [ecaman = [ [ e in
= \/_// o= B g B

where BIST) = \/%TBTt. Therefore, it is sufficient to study the asymptotic distribution of

1 t
VT / / L= g dw,
0 0

where (W;);>0 denotes a Brownian motion with the same distribution as (Bt(T))tZO. The
symmetrization theorem for double Wiener integrals, cf. Kuo [4] (Theorem 9.2.8, p. 154),
provides the identity

1 t T 1 1
(31) VT / / T qW . dw, = \/7_ / / e~ Tls=U g, dw,.
0 0 0 0
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By Lemma 5.3 we obtain
1 1 00
(32) VT /0 /0 e~oTls=taqy.aw, 2 > A&, - 1)
j=1

where (Ar;)jen is the set of eigenvalues of the integral operator with kernel fr(s,t) =
VT e=eTls= and where &7 = fol er;(t)dW,. Here we denote by er;(t) the eigenfunction
associated to the eigenvalue \;. By Lemma 5.4 the eigenvalues have the properties

[e.e]
lim E o=
1—‘_>m 7]
i=1

lim max|Ar;| =
T—oo j21

S 2

Define &7 = LT fOTgp(t)dBt. Note that &p,&rj,7 > 1 are jointly normally distributed and

that ({7,;);>1 are iid standard normally distributed random variables. Projecting {7 onto
the space spanned by the random variables ({7,;);>1, we can write

§r =&ro+ Z or&r.,j,

j=1
where {7 is independent of (&7;);>1. Define o2 := %fOT ©*(t)dt and o7 := Var(érp) and
note that
U% = 0%’0 + Za%j — ai.
j=1

We will now apply the Cramér-Wold device to prove convergence of the joint distribution of
§rand 377 Ar(&7; — 1) Let i, pp € R; we will show that

[ > 1
ke + 2 Y Mrg(€hy — 1) — N0, o) + 243 -).
j=1

In order to do so, we compute the characteristic function of the left hand side and note that

o0

paér + o Z AT, (f%j —1) = wéprpo + Z(MlOéT,jfT,j + ,U/2>\T,j(€%,j —1)).

J=1 J=1

If Z is standard normally distributed, the characteristic function of a Z + b (Z% — 1) is given
by
1/2 a2t2
t) = (1 —2ith)” —ibt — —— ] .
P(t) = (1= 2ith)™ " exp ( RATE —Qibt))
Thus the characteristic function of p1&r + Z;o:1<,u105’]’7jf’f,j + fo A7 (£%J- — 1)) equals

et 2 t2
Yr(t) = e 3o T { (1= 2igisdr 1)1 exp <_w2 At — (o) ) } |
Jj=1

2(1 — 2ip Az jt)
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Taking logarithms and using Taylor expansion, we obtain

L,y o (1 | . piag ;t°
logyr(t) = —guioret’ =) 5 108l = 2ipArt) it + 550 L
= H2AT,j
_ _1 2 2 tQ_i( 2)\2 +1 2 2 )t2—|- (1)
= —5MoT HaATj T 50T 0
j=1

1 o0 [e.e]
- b (st Do 23 ) ot
j=1 j=1
1 2
~ -3 <u§ai + u§a> t2.
Note that the right hand side is the logarithm of the characteristic function of a normal

distribution with mean 0 and variance pio} + p32. O

Lemma 5.3. Let f : [0,1]> — R be a symmetric continuous kernel and let (\;)i>1 and
(€i(t))i>1 denote the set of eigenvalues and corresponding eigenfunctions of the integral op-

erator Gy : L*|0,1] — L?[0,1] with kernel f, i.e. Grg(z) = fol g(y)f(z,y)dy. Then

/ 1 / fs DWW, = 3 A€ - 1),
0 J0 i=1
where )

The random wvariables (&)ien are independent and standard normally distributed random
variables.

Proof. Since the kernel f is continuous and symmetric the operator G is self-adjoint and
compact. By Mercer’s Theorem it holds that the kernel can be represented as

(33) Fls.) = Y heil)el)

where \; and e;, ¢ € N, are the eigenvalues and eigenfunctions of the integral operator Gr,
ie.

/0 F(s,ei(s)ds = hes(t), i €N,

Moreover, it holds that the functions e;, i € N, form an orthonormal basis of L?[0, 1]. Define
the random variables

1
& i— / e(t)dW,, €N,
0

and note that (&;);>1 is an iid sequence of standard normally distributed random variables.
It follows by (33) that

1 1 e e} 1 1 [e%s) ,
/0 /0 f(s,t)dWSth—;)\i/O /0 ei(s)ei(t)dWSth—;)\i(@ —1).
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The last equality follows by [t6’s Theorem which states that

/0 1 /0 1 ei(s)e:(t)dW,dW, = Hy ( /O 1 ei(t) th) ,

where H, is the second Hermite polynomial, i.e. Hy(x) = 2 — 1. O

We now consider the kernel fr :[0,1] — R, defined by
(34) fr(s,t) = VTe ol st e0,1].

Lemma 5.4. Let (Ar;)i>1, denote the set of eigenvalues of the integral operator with kernel
(34). Then we have

G 1

. 2 _

(%) A2 N = g

(36) lim max|Ar;| = 0
T—oo 121

Proof. Note that the operator Gy, is self-adjoint and bounded so that its eigenvalues are
real-valued, and

maxAp; = sup |Gyl
=T ger0akgl=1
where || - || denotes the standard Lo-norm on L?[0,1]. By an equality in Lax [6] (Theorem 2,

p. 176) we get
1
sup —[Grogll < sup [ (s t)lds
g€L2[0,1]:||g||=1 tef0,1] Jo

Simple integration yields

1 1
/7 1
/ |fT(87 t)|d5 = / Te_aT‘s_ﬂds = _(2 — oIt _ G_QT(I_t)),
0 0 ol

and thus it follows that
2
(37) maxAy; < — — 0 as T — oo.
ieN ol
The assertion of Mercer’s Theorem given in (33) and the orthonormality of the eigenvalues
provide the identity

o0 1,1 1 1
2\ = 2dsdt = — (2 4+ — (e 29T — 1
iz:; 7 /0 /0 fT<S7 ) S 205( +T0é<€ ))

where the last equality is obtained by simple integration. ([l
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