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Abstract

In this article we merge two celebrated results by Kesten and Spitzer (1979) and by Kawazu
and Kesten (1984). A random walk performs a motion in an iid environment and observes an
iid scenery along its path. We assume that the scenery is in the domain of attraction of a stable
distribution and prove that the resulting observations satisfy a limit theorem. The resulting
limit process is a self-similar stochastic process with non-trivial dependencies.
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1 Introduction

The following model for a random walk in random environment can be found in the physical
literature (see Anshelevic and Vologodskii (1981), Alexander et al. (1981), Kawazu and Kesten
(1984)). Let {\;;j € Z} be a family of positive iid random-variables and A the o-algebra
generated by those random-variables. Let {X(¢);¢ > 0} be a continuous-time random walk on
Z having the following asymptotic transition rates for h — 0

PX(t+h) =j+1X(1) = j, A) = Ajh +o(h) (1)
P(X(t+h) =5 —1X(t) = j,A) = \j—1h + o(h) (2)
P(X(t+h) = jX(t) = j,A) = 1 — (\j + \j—1)h + o(h). (3)

In other words the process {X(¢);t > 0} is a birth and death process with possibly negative
population size, where for a population with j individuals birth occurs at rate \; and death
at rate \j_;. We will assume that the process {X(t);t > 0} starts in zero at time zero. The

*(Communicating author), Fakultat fiir Mathematik, Ruhr-Universitat Bochum, Universitatsstr. 150, 44780
Bochum, Germany; e-mail: Brice.Franke@rub.de

"Department of Mathematics, Keio University 3-14-1 Hiyoshi, Kouhoku-ku, Yokohama-shi city, Kanagawa-ken
prefecture, 223-8522; Japan; e-mail: saigo@math.keio.ac.jp



resulting process is symmetric in the sense that the permeability of the edge connecting the
vertices j and j 4+ 1 does not depend on the direction of the motion. This physical background
motivates the name of random environment for the sequence {A;;j € Z}. In the following we
denote the distribution of the random environment on the sequence-space by Py. The following
convergence results are described in Kawazu and Kesten (1984):

KK1: If c:= ]E[)\al] < 00, then for Py-almost all environments the distributions (after condi-
tioning on the environment) of the processes

1
Xn(t) = ﬁX(th);t >0

converge weakly with respect to the Skorohod topology toward the distribution of the process
{cY2B(t);t > 0}, where {B(t);t > 0} is standard Brownian motion on R.
(see also Papanicolaou and Varadhan (1981) for some related result)

KK2: If there exists a slowly varying function Ly such that

n
1
Z — in probability,
nL1 le )\]
then the distributions of the processes

<&ﬁy:%Xm%ﬁmw

converge weakly with respect to the Skorohod topology toward the distribution of standard Brow-
nian motion.

KK3: If there exists a slowly varying function Lo such that the sequence of random variables

1/aL2 Z )\

converges in distribution toward a one-sided stable distribution ¥, with index o € (0,1),
then the distributions of the processes

R, =

1
Xo(t) := =X (nI+o/ Ly (n)t)
n
converge weakly with respect to the Skorohod topology toward the distribution of a continuous

self-similar process {X.(t);t > 0} with scaling exponent n = 7.

Remark: 1) In the next section we will give a representation for the process X, in terms of a
standart Brownian motion and a stable subordinater associated to the measure 9,,.

2) We note that the results from Kawazu and Kesten (1984) are generalised in Kawazu (1989).
He considered random-walks in random environments defined by the following transition asymp-
totics

P(X(t+h) =j+1[X(t) = j, A) = (Aj/nj)h + o(h)
P(X(t+h) =7 —1[X(t) = Jj, A) = (\j-1/nj)h + o(h)
P(X(t+h) = jIX(#) = 4, A) = 1 = ((Aj + Aj-1)/nj)h + o(h),
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where {n;,j € N} is an iid family of positive random-variables satisfying suitable assumptions.
Similar to the situation studied in Kawazu and Kesten (1984) the resulting random-walks con-
verge toward appropriate continuous processes after scaling.

In Kesten and Spitzer (1979) new classes of continuous self-similar processes are described.
Moreover they proved that those processes are weak limits of random walks in random scenery.
Those random walks are defined as follows:

Let {¢(z);2 € Z} and {Z;;i € N} be two independent families of iid random variables, where
the random variables Z; are assumed to be Z-valued. One can think of the sequence {Z;;i € N}
as increments of a classical Z-valued random walk S := Ele Z;. The stationary sequence
{&(Sk); k € N} has some non-trivial long range dependencies, if the underlying random walk
{Sk; k € N} is recurrent. This is for example the case, if Z; is in the domain of attraction of
an a-stable distribution with o € (1,2]. The random sequence D(n) := Y ,_; £(Sk) is called a
random walk in random scenery. In Kesten and Spitzer (1979) the following convergence result
was proved for those processes:

KS1: If £(0) is in the domain of attraction of a (B-stable distribution with 5 € (0,2] and if Z;
is in the domain of attraction of an a-stable distribution with « € (0, 1), then the distributions

of the processes
[nt]
Dy(t) :=n""7Y "¢(S)
k=1
converge weakly with respect to the Skorohod topology toward B-stable Lévy motion.
(see also Spitzer (1976) for a special case)

KS2: If £(0) is in the domain of attraction of a (B-stable distribution with 5 € (0,2] and if Z;
is in the domain of attraction of an a-stable distribution with o € (1,2], then the distributions

of the processes
[nt)

Da(t) == n™ 3" €(S5)
k=1

converge weakly with respect to the Skorohod topology toward a continuous self-similar process
D, with scaling exponent § =1 — é + %

Remark: The statement in KS1 corresponds to the transient case and is not difficult to prove,
since in that case the sequence {£(Sk); k € N} has only weak dependencies. This is the reason,
why one obtains (-stable Levy noise in the limit. We also mention that the case g =1 is still
open.

Remark: There exist various generalisations of the results from Kesten and Spitzer (1979).
We only mention Shieh (1995) where the limiting process is generalised to higher dimensions,
Lang and Nguyen (1983) which deals with multidimensional random walks and some special
random scenery, Maejima (1996) where the random scenery belongs to the domain of attraction
of operator stable distribution, Arai (2001) where the random scenery belongs to the domain
of partial attraction of a semi-stable distribution and Saigo and Takahashi (2005) where the
random scenery and the random walk belong to the partial domain of attractions of semi-stable
and operator semi-stable distributions.

In this article we investigate, whether it is possible to substitute the classical random walk in
the result from Kesten and Spitzer (1979) by the random walk in random environment which



was introduced in Kawazu and Kesten (1984). We will restrict our attention to the result KK3,
since this is the case where a new type of self-similar process arises at the end. For simplicity
and in order to avoid abusive notations we will assume that the slowly varying function Lo
which appears in KK3 is constant and equal to one. The general case with non-constant Lo can
be treated in a similar way.

We now fix a probability space (2, F,IP) which is sufficiently large to support a family of iid
random variables {);;j € Z}, a birth-death process {X(t);¢ > 0} with asymptotic transition
rates given by equations (1)-(3) and a family of iid random variables {¢(k), k € Z}.

We assume that the families {{(k),k € Z} and {X(t);t > 0} are independent and that ¢ — X ()
is cadlag IP-almost surely.

Further, we assume that )\1_1 is in the domain of normal attraction of a one-sided a-stable
distribution 9, with o € (0, 1).

Moreover, we assume that £(0) is in the domain of normal attraction of a S-stable distribution
Y with 3 € (0,2]. Its characteristic function is given by

¥(6) = exp(— 0] (A1 + iAssgn(0)),

where 0 < A; < oo and |A]'As| < tan(r3/2). For 3 > 1, it follows from those assumptions
that IE[£(0)] = 0.
For 8 =1 we make the further assumption that there exists a K > 0 such that

E [£(0)T_,,(£(0))]] < K for all p> 0.

We can now define the following continuous time version of the random walk in random scenery

=)= [ ex(o)s
In the following we will use the space
D[0,00) := {7 :[0,00) — R : v is cadlag} .
with the Skorohod topology. We will prove the following theorem in this article:

Theorem 1 For x := é + % and ky, = n e the distributions of the processes

knt
En(t) :=n"" ; (X (s))ds,

converge weakly with respect to the Skorohod topology toward the distribution of a self-similar
8

stochastic process {E«(t);t > 0} with scaling exponent p=1— %5 + eI

Remark: The stochastic process {E.(t);t > 0} can be constructed as follows:
Let Z, and Z_ be two independent copies of the 3-stable Lévy-process which can be associated
to the characteristic function

0(0) = exp (—1617 (41 + iAasen(0)) ).



Further, let {L.(7,x);7 > 0,2 € R} be the local time of the stochastic process {X,(7);7 > 0};
i.e.: the random variable L. (7, x) is the derivative with respect to x of the occupation-time

T\ (7, (—00, 2]) = /O (e (Xe(0))dor

We will see in the next section that the local time exists for all except a countable number of
points x € R. Moreover for all 7 > 0 the processes

{Li(t,z—);2 >0} and {L.(7,—(z—));x >0}

are predictable with respect to the natural filtrations of Z, resp. Z_. The following integral
representation of the process Z, can be given

=,(r) = /O Lo(r,0—)dZ+ (2) + /O Lo(r, —(2-))dZ_(z).

2 The convergence of the birth death process

The goal of this section is to prove Corollary 2, which is the main ingredient to show that the
finite dimensional distributions of =, converge toward the finite dimensional distributions of
Z.. This corollary contains a statement on the weak convergence of certain functionals of the
occupation times of the rescaled processes X,,. A result corresponding to Corollary 2 is also
proved in Kesten and Spitzer (1979), however, we have to follow a totally different approach,
since we do not have so precise information on the potential theory related to the random walk
X. Instead we will understand the occupation times of X,, and prove that they converge in an
appropriate sense toward the local time of the limit process X,.

We describe some of the main arguments from the proof in Kawazu and Kesten (1984) for the

convergence of the processes
1 14+«

Xn(t) == ﬁX(n o

t)

toward the self-similar process X, defined in Kawazu and Kesten (1984). We can enlarge our
underlying probability space (£2, F,IP) in such a way that it contains a standard Brownian
motion {B(t);t > 0} and a cadlag-version of the stable Lévy-subordinator {W(z);x € R}
which can be associated to the one-sided a-stable distribution 9.

Furthermore we assume that {B(t);t > 0}, {W(x);z € R}, {X(¢);t > 0} and {{£(n);n € Z} are
independent. Moreover, we assume that W (0) = 0 and B(0) = 0 hold IP-almost surely.

In the future we will denote by {L(t,z);t > 0,2 € R} the local time of the Brownian motion
{B(t);t > 0}. The process

Vi(t) = / L(t, W (2))dz
R
is non-decreasing IP-almost surely. Therefore, we can define the following pseudo-inverse
W l(y) == inf{z e R; W (z) >y} and V. '(7):=inf{t > 0;Vi(t) > 7}.

In Kawazu and Kesten (1984) the following representation for the self-similar process X, is
given



Now we sketch the main arguments from the proof in Kawazu and Kesten (1984). We will need
some of those ideas in our proof of the convergence of =,, toward =,. Their approach is based
on the natural scale of the birth death process. One defines

SITANY forj>0
S(j) = 0 for j =0
Zkl At for j <.
This implies that conditioned on A := {\;;j € Z} the process S(X(t)) is on natural scale (see
Kawazu and Kesten (1984) p.565). This means that for all a,b,z € R with a < < b one has
b—=zx
b—a’

IP(S(X(t)) hits {a,b} first at a|S(X(0)) =z, A) =

It is then possible to represent the process S(X(t)) as the time change of standard Brownian
motion {B(t);t > 0} as follows:
One defines m(dx) := ) ;7 d5(;)(dz) and

V(t) ::/RL(t,x)m(d:n) = L(t,S(i))

€L

where again {L(t,x);t > 0,2 € R} is the local time of the standard Brownian motion B. One
can see that {B(V~1(t));t > 0} and {S(X(¢));t > 0} are both cadlag and have the same
distribution (see Kawazu and Kesten (1984) p.566).

Then one has to scale the above constructions.
Sn(z) :=n"YS(|nz]), neN, zeR,

where for a positive real number z we denote by [z] its integer part. It follows from the
assumptions on the environment {\;;j € Z} that for n — oo the processes {S,(z);x € R}
converge in distribution toward an a-stable Lévy-process {W(x); z € R}. Moreover, the process
W is strictly increasing IP-almost surely, since 1, is a one sided stable distribution and « € (0, 1).
By a method given in Skorohod (1956) and Dudley (1968) it is possible to construct a suitable
probability space (Q F, IP) with suitable D-valued random variables S, and W having the
properties that S, converges toward W almost surely with respect to P and that S, and W
have the same distributions as S,, resp. W (see Kawazu and Kesten (1984) p.567). One then
defines

V(1) ::/L(t z)m,(dz) and  Vi(t) ::/L(t,x)m*(da:)

R

/f mndx:/f da:and/f m*daz:/f

for all measurable f > 0. We then define S; Lw-1, Vn_ and V*_ in the same way as W1
resp. V.71 above.

with

In Kawazu and Kesten (1984) (see p.568) they prove that {B(V,71(t));t > 0} converges IP-
almost surely toward {B(V,"!(t));t > 0} in the J;-topology. For convenience we define

Xa(t) =SBV, (1), Xu(t) == WHBV,H(1)



We note that the process {)N(n(t);t~2 0} is defined on (Q x Q, F x ~]}, ,IP x IP). Tt is proved in
Kawazu and Kesten (1984) that {X;,(t);¢ > 0} converges toward {X.(t);t > 0} with respect to
the Ji-topology almost surely with respect to IP x IP (see page 569).
Moreover, for B, (t) := n~'/2B(nt) one has that (see Kawazu and Kesten page 572)

[ Xn(t) = S (B (Vi ()] < L/

n

and
[ BV )it = 0} 2 {5 B 1))t = 0} = { K1)t = 0.

If we define X, (t) := S;'(B,(V, '(t))) the previous observations imply that both processes
{X,(t);t > 0} and {X,,(t);t > 0} converge in distribution toward {X,(t);¢ > 0}, which has the
same distribution as {X.(¢);t > 0}.

In the rest of this section we analyse the distributional behaviour of the occupation times for
the process X,, (see Proposition 6). In order to obtain this result we prove an analogue result
for the process X, (see Lemma 5), which can be boiled down to Proposition 4. The advantage
of this detour is that we can prove almost sure convergence for the occupation times of the
process X,, toward the local time of X, (see Proposition 3). This result is based on the fact
that we have explicit formulas for the occupation times of X,, and the local time of X, (see
Proposition 2 and Corollary 1). The explicit expression of the occupation time of X,, and the
local time of X, unveils that in order to prove Proposition 3 it is sufficient to prove the almost
sure convergence of S, and f/n_l toward W, resp. f/*_l. The convergence of S, toward W, holds
by construction. The convergence of V,, toward V, is obtained in Lemma 1 and then used to

obtain the convergence of V! toward V,~! in Lemma 2.

2.1 The local times of X, and X*

We define the time that the processes X* and X, spend in the measurable set A until time 7 as
T T
Lu(r,A) = / T4(X«(0))do, resp. Tyu(1,A):= / I4(X.(0))do.
0 0

We denote by {L.(7,z);7 > 0,z € R} and {Li(1,2);7 > 0,z € R} the local times of X, resp.
X, if they exist. In this subsection we prove that both local times exist almost surely and relate
them to the local time {L(¢,x);t > 0,z € R} of the underlying Brownian motion {B(t);t > 0}.

Proposition 1 One has IP-almost surely that for T > 0 and all x € R that

T

L\ (r, (=00, ) = / LV (r), W(y))dy.

Further, IP x IP-almost surely that for all 7 > 0 and all x € R that

£ (r. (-o0.0) = | LV (), W)

—00

Proof: We have IP-almost surely that x — W (z) is increasing. It follows that the set N7 of
x € R, where W is not continuous, is countable. We define the set

Ny :={z €R: {(o; BV, (o)) = W(z)) >0},
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where ¢ denotes the Lebesgue measure on R. The set N is countable since for x1 # x5 one
has that the sets {o; B(V, !(0)) = W(x1))} and {o; B(V, '(0)) = W(x3))} are disjoined. The
statement then follows since there can not be an uncountable number of disjoined subsets of R
with positive Lebesgue measure. Thus the set N := N7 U N> is countable. Since the function
x +— [y(7, (—00,z)) is increasing and since

e [ LV (). W)y

is continuous, it is sufficient to prove the statement of the proposition for x € N¢.

The fact that W is increasing and continuous in x implies the equivalence of the statement
W (z) > y with the statement Jz9 < z: W(z9) > y.

The later statement is then equivalent to the statement W~1(y) := inf{z : W(z) > y} < z.
This then implies that T _ ;)(X«(0)) = Lo w(2))(B(Vi ' (0))).

We also note that ¢ — V/(¢) is continuous and non-decreasing. This implies V, o V71 = idg.

In the following we want to compute the derivative of the non-decreasing function

x
Mior [ LV 0) W)y
—00
Since W is increasing and continuous in z, we have that B(V, *(cg)) < W (x) implies
oo
o / LV, 0),W(y))dy is locally constant, say equal to cg, in a neighbourhood of oy.
x

Thus

o / LV, Y (0),W(y))dy = V. (V. (0)) — ¢cg = 0 — ¢y in a neighbourhood of oy.
Moreover, since W is increasing and continuous in x we have that B(V, !(0¢)) > W(z) implies
o / L(V; o), W(y))dy is locally constant in a neighbourhood of oy.

It therefore turns out that

;o[ 1 if BV Yo)) < W(x)
WO =10 i B W)

Moreover, for all 01,09 € RT with 01 < 09 we have that

xT

| v e Wy < [ L7 ). Wy

and
/ LV o0), W (y))dy < / LV, (02), W (w))dy.

This implies that

T

/m L(V, (02), W (y))dy — / LV, (o1), W(y))dy < Vi(V.7H(02)) = Va(Vi7H(01)) = 02 — 0

—00 —0o0



It follows that .
oo [ L) W)y

is Lipshitz-continuous with Lipshitz-constant smaller than one.
Since the set {0 : B(V, !(0)) = W(x)} is a zero set with respect to the Lebesgue measure £ for
all z € N¢, it follows that

| 8 Xatonde = [ Ao (BO @) = [ M@)o = (7).
The second statement is proved in the same way. g

Corollary 1 One has IP-almost surely that the local time L.(7,x) is defined for all T > 0 and

for all z, where x — W (x) is continuous. Further, one has IP x IP-almost surely that the local
time L (1,x) is defined for all 7 > 0 and for all x, where x — W(x) is continuous. In those
points one has

L.(r,x) = LV, (1), W(x)), resp. E*(T, x) = L(‘Zk_l(T),W(.TJ)).

Proof: Differentiation in Proposition 1 proves the statement of this corollary. O

2.2 The occupation time of X,

For a measurable set A C R we define

F(t, A) = /0 La(Xn(0))do, Tult, A) = /0 L(X,(0))do

and
T, (t, A) ;:/0 (X (0))do

This is the time that the processes Xn, X, resp X,, spend in the set A until time ¢t. In this
section we give an explicit expression for the occupation time of X,, in terms of the local time
{L(t,z);t > 0,z € R} of the underlying Brownian motion {B(t);t > 0}.

Proposition 2 One has IP x P-almost surely for all 7 > 0 and all z € R that

- _ %L(anl(T), Sy (x— %)) if ne € Z
Falr o)) = { 0 if na ¢ 7.

Proof: First we note that

S 1(Su(x)) =z +1/n for all z satisfying nz € Z

n

If we use the fact that {B,(V, 1(t));t > 0}} 2 {Sn(Xn(t));t > 0} then we can see that
{X,(t);t > 0} 2 {Xn(t) + 1/n;t > 0}. Therefore, we see that X, only takes values in the
lattice %Z Moreover, we have that S, and V,, have the same joint distribution as .5,, and V,.
Therefore, X,, = S;'(B,(V,7'(.))) has the same distribution as X,, = S 1(B(V,7'(.))). From

n n

9



this follows that also X, stays for all time in the countable state space {z € R;nz € Z}. This
implies that I'y, (7, {z}) = 0 for nz ¢ Z. This proves one part of the statement.

For the proof of the other part of the statement we will need the derivative of the function
- 1 . -
M(o) := EL(Vn_l(a), Sp(x —1/n)).

We first collect some useful facts, which help to compute the derivative of M.

Since S, is constant on the intervals [%, @) for all k£ € Z, we have

T(t) = /R (t, 8 ZL (t, 8 (i/n)). (@)

Since the (t,z) — L(t, ) is jointly continuous and non-decreasing IP-almost surely (see Boylan
(1964) or Getoor and Kesten (1972)), it follows that ¢ — Vj,(¢) is continuous and non-decreasing
IP x IP-almost surely. This then gives rise to

Veo Vol =idgs IP x IP — almost surely. (5)

) z € R} that S, 1(b) = z is equivalent to b = S’n(x—%)

By construction one has for all b € {5, (z
€ {Sp(z);z € R} for all 0 > 0 almost surely with respect to

Moreover, one has that B(V, (c))
IP x IP. Hence

X, (0) =S 4BV Y0)) =z is equivalent to B(V, '(0)) = 5, (x — %) (6)

Moreover, the random variables {\;" Lie N} are positive IP-almost surely and therefore

- 1 -
the restriction of = +— S, (x) to the set —Z is injective almost surely with respect to IP.  (7)
n

Since conditioned on A = o{\;;j € N} the process X is a Markov process, it follows that for
nx € 7 there exist non-negative random variables a; < b; < az < by < ... with the property

{o* >0; X,(0) = x} = U[ai,bi) PxIP—as.
1eN
This implies that for all og ¢ {a;;i € N} there exists a neighbourhood (o) containing oo with
the property that o — X, () = S, (B(V, ' (c))) is constant on ¢ (o). Then (6) and (7) imply
that o — B(V,;*(0)) must be constant on U(oy).
Therefore, for oo ¢ {a;;i € N} and B(V, *(00)) # Sn(z — 1) we have BV, Y(0)) # Sn(z — 1)
for all ¢ in a neighbourhood of ¢¢. Hence

o — LV, Y(0),S,(x —1/n)) is constant in a neighbourhood of .

The previous argument and the fact that X, only jumps to nearest neighbours in %Z lead to
the fact that oo ¢ {a;;i € N} and B(V; Y(00)) = Sp(z — 1) imply the existence of a suitable
co > 0 with the property
1 ~ 4 = . .
o — Z L(V, *(0),Sn(z/n)) = co in a neighbourhood of oy.
n
z#nxr—1

10



Therefore we can use (5) to see that B(V, *(09)) = Sy (x — 1) implies
1 - - o
o —L(V, Y 0),Sy(x — 1/n)) = Vo (V, 1 (0)) — co = 0 — co in a neighbourhood of oy.
n

Consequently the function

- 1 if B(V, Y(0)) = L
M'(c) = { . n = n
(o) 0 if B(V, (o)) # Sp(z — %)
Moreover, it is possible to prove that the function M is Lipshitz-continuous with Lipshitz-
constant one. From those properties, it follows that

| 1 Eatonie = [ A,y (BO 0o = [ N (o)do = i),

2.3 The convergence of the occupation times

In this section we investigate whether the occupation times of X,, converge toward the local
time of X, in an appropriate way as n — oo. For this we first need some auxiliary results.

Lemma 1 One has IP x IP-almost surely that V,,(t) converges toward V,(t) for all t € R.

Proof: We fix a T > 0 and define w, := sup{z : L(T,x) > 0} and w,, := inf{z : L(T,z) > 0}.
Those two random-variables are independent of IP. We know that {S,(z);z € R} converges
toward {W (z); 2 € R} with respect to the Ji-topology F-almost surely. We note that the local
time of Brownian motion (z,t) — L(t,z) is jointly continuous IP-almost surely (see Boylan
(1964) or Getoor R.K. and Kesten (1972)).

It follows that IP x IP-almost surely {L(t, S,(x));x € R} converges toward {L(t, W (z));z € R}
with respect to the Ji-topology for all ¢ € [0, T.

We fix a pair (w, @) € Q x Q with the property that {L(t, S, (z))(w,®); z € R} converges toward
{L(t,W (z))(w,®); z € R} with respect to the .J;-topology for all t € [0, T].

Then there exist suitable z,,z, € R with W(z,) < w, and W (z,) > w,, and there exists a
sequence of increasing, absolutely continuous, surjective Lipshitz-maps A, : [y, Zo] — [2u, o)
with the properties

sup ‘L(t, W(z)) — L(t, S’n(An(x)))‘ — 0 asn— oo

TE[Tu,To]

and

ESSSUD e[, 0] | An () — 1‘ — 0 asn — oo.

11



We should emphasise that the derivative of the function A, may not exist everywhere. However,
those points where it does not exist form a zero set, since A, is an absolutely continuous Lipshitz-
function.

Then by change of variables for all ¢ € [0, 7] one has

Zo

/% L(t,gn(g;))dx—/ L(t, S(An()))da

Ty

To 5 1
= /zu L(t, Sp()) (1 - M) dr +0O (xe?z?xo] [An(z) — 33‘) :

It follows from the assumptions on the sequence A, that the above difference converges toward
zero. Further, we have for all ¢ € [0, 7] that

/L(t, Sy ()))dz — / L(t, W (x))dz as n — oo.
R R

Hence one has IP x IP-almost surely that Vj,(t) converges toward V.(t) for all ¢t € [0,T]. Thus
we obtain for every T > 0 an zero-set N in 2 x €, where this convergence does not hold. The
lemma now follows, since the union

Ny = U Ur
TeN

is also a zero-set with respect to IP x P. ]

Let f: R — R be a function. We call 7 € f(R) a critical value for f, if there exist at least
two distinct points t1,t2 € R such that f(¢1) = f(t2) = 7. Further, we call a point 7 € f(R) a
regular value for f if 7 is not a critical value. It is straight forward to see, that the preimages
of critical values contain an open interval, if the function f is non-decreasing. This implies that
the set of critical values of a non-decreasing function is at most countable.

Lemma 2 One has IP x P-almost surely that V71 () converges toward V," ' (1) for all reqular
values T of V.

Proof: We note that IP-almost surely the local time L(¢,x) of the Brownian motion B is
continuous and non-decreasing in ¢ for all z € R (see Boylan (1964) or Getoor R.K. and Kesten
(1972) for the continuity). It follows that IP x IP-almost surely the function

t Vi(t) = /RL(t,m)m*(dx)

is continuous and non-decreasing.

Therefore, IP x IP-almost surely the function V,~(7) := inf{t; V(t) > 7} is strictly increasing
and right-continuous.

We use Lemma 1 to fix a pair (w,&) € Q x Q with the properties that:

(i) 7 — V,1(7) is strictly increasing and right-continuous;

(ii) Vi (t) converges toward Vi (t) for all ¢t > 0.

Since the set where V, is not continuous is countable, the set where V, is continuous is a dense
set in [0, 00).

12



We denote by K the set of critical values of Vi. As was pointed out before, K is at most
countable. For an arbltrary point 7 € [0,00) N K¢ and for any € > 0 one can find points
teoster € (ViU () — e, VoM (1)) and tea, tes € (Vo 1(7), Vil (7) + €) with the property

‘Zk(te,O) < ‘Zk(te,l) <7< ‘Zk(te,2) < ‘Zk(te,?))-
Now we can choose a § > 0 such that
Vilteo) 40 < Vi(te1) =6 < Vi(te1) +0 <7 < Viltea) — 6 < Vi(tea) + 0 < Vi(tes) — 0.

Since f/n converges toward f/* in all points where f/* is continuous, there exists an ng € N such
that for all n > ng we have

Vin(teo) < Vilteo) 40 < Vilter) — 6 < Vi(ter) < Vilter) +0 <1

and
7 < Viltea) — 6 < Vi(tea) < Valtea) + 8 < Viltez) — 6 < Vi(tes).

By definition of ¢, o we have that z < ‘7*_1(7) — € implies z < t.p. From monotonicity and the
first of both inequalities above, it follows that

Vi (2) < Via(teo) < Vilteo) + 6 < Vi(ten).

We thus have seen that 2z < V() — € 1mphes Vi(2) < Vi(te1). If we reverse the implication,
we obtain that Vj,(2) > Vi(t.1) implies z > V,"'(7) — e. From this implication it follows that

Vn_l(f/*(tal)) =inf{z: Vn(z) > f/*(te,l)} > f/*_l(r) — €.

For z = t.3 we have f/n(z) = Vn(t€73) > f/*(te’g). In other words there exists a z < 17:1(7) + €
with V,,(z) > Vi(tc2). This proves that

Vol () e > Vit (Valten)).

Altogether, we have proved that for all n > ny,

Vol (r) — e < Vit (Valten)) < Vi H(Valte2)) < VioH(r) +e
By monotonicity, for all n > ng and all 7/ € [Vi(t1), Vi(te2)] one has
Vo) —e <V () < Vo) +e
Since 7 € [Vi(te1), Vi(te2)], the proof is complete. O

Lemma 3 For all 7 > 0, one has that T is a reqular value of Vi almost surely with respect to
P xIP.

Proof: By the invariance properties of the Brownian motion we have that for all v > 0

{L(t,w);w € Rt > 0} 2 {y ' L(72t, yw); w € R, ¢ > 0}.

13



By the invariance of the a-stable Lévy-process that

{Lt,W(@)iz € Rt 20} 2 {7 'L(Y’t,/W(x))iw € R,t > 0}
Z (LW e)ie € Ryt > 0).
Substitution then yields
{/ L(t, W (x))dx; t > 0} = {’yl/L(72t,V~V(7°‘:c))d:c;t > O}
R R

IS

{7_1_“/ L(v2t, W (x))dx; t > O} .
R
By definition this means that

{Va):t > 0} 2 {7717 Vu(a1);t > 0},

We define 4, to be the image-measure of the Lebesgue-measure ¢ with respect V.. The previous
considerations imply

0.(dt) B 120, (v ay).

This identity implies that no 7 > 0 satisfies £.({7}) > 0 with a positive probability with respect
to IP x IP. To a critical value 7 corresponds an interval where t — V, is constant, which implies
¢,({r}) > 0. For a particular point 7 > 0 this can not happen with positive probability. This
finishes the proof of the statement. O

Proposition 3 For all T > 0 the sequence of functions x L(f/n*{(T), Sy (x+1/n)) converges
toward the function x — L(V,Y(1), W(z)) in the Jyi-topology P x IP-almost surely.

Proof: It is known that S, converges toward W in the J;-topology almost surely with respect
to IP. Moreover, by Lemma 2 and Lemma 3, for all 7 > 0 the sequence f/n_l (1) converges toward
‘7*_1(7) almost surely with respect to IP x IP. The proposition follows, since it is well known
that (¢,z) — L(t,x) is jointly continuous IP-almost surely (see Boylan (1964) or Getoor and
Kesten (1972)). O

Lemma 4 For allk € N, 64,...,0, € R and all 7, ..., 7 > 0,the set

k
C:= {c >0:¢ (az eR; ZﬂiL(f/;l(Ti),W(x))| = c) > 0}

i=1
is countable IP x P-almost surely, where ¢ denotes the Lebesque measure on R.

Proof: It is well known that x — W (z) is strictly increasing IP-almost surely. For ¢ > 0 we
define the level-sets
_ } .

Fix a strictly increasing path f : z — W(a:) and assume that there exist an uncountable number
of ¢ > 0 with the property £(f~1(N.)) > 0. For ¢ # ¢ the sets f~1(N,) and f~(Ny) are disjoint.
We would obtain an uncountable number of disjoint sets with positive Lebesgue measure. This
is of course not possible. ]

N, = {wER;

k
S GL(V () w)
i=1

14



Proposition 4 For allk €N, 01,...,0; € R and all 7, ..., 7, > 0 one has IP x IP-almost surely

that
c}—>€<:€€R:

for all except a countable number of ¢ > 0.

k
Z GJJ* (TZ’, .CC)

=1

k
Z eif‘n(ﬂ;, {x/n}) >

=1

1
card{ac €Z:n
n

>C> as n — oo

Proof: We can find a K > 0 such that {y € R: L(r;,y) # 0 for all i = 1,...,k} is a subset of
the interval (W (—K), W (K)). By Proposition 2, Proposition 3 and Corollary 1 the sequence

k

Z n(Ti, {x})

=1

Ap(x) =

ZOL (x—l/n))|

converges IP x IP-almost surely in the J;-topology toward

k
=N 6LV, (m), W(w))| :
=1

Then there exists a sequence of continuous increasing maps A, : [—-K, K] — [-K, K| such that

k

= Z HZIN/*(TZ,.T)

sup fl*(x)—flno)\n(x)’ — 0 asn— oo

z€|-K,K)]

and such that each )\, is Lipshitz continuous and satisfies
esSSUDye|— K, K] A (z) — 1| — 0.

We should emphasise that the derivative of the function A, may not exist everywhere. However,
those points where the derivative does not exist form a zero-set, since A, is an absolutely
continuous Lipshitz-function. We note that for suitably large n € N one has

k
> 0LV, (%), Su(z — 1/n))

1

—card {:c € R;

n ;
=1

> c} =/ (:c € [-K,K]; Ap(z) > c)

K -

-K

Then it follows that

K
%Card {;UE[ K,Kl;n C} _/_K (COO)(‘Z1 (An(2)))d

K p 1
= /_K T — ooy (An(z))dz <1 - M) dx 4+ O (bre[s_u}g’lq |An(x) — ac]) :

By the assumptions on the sequence {\,;n € N} the previous difference converges toward zero.
Furthermore,

(i, {z})| >

K B K ~
/ ]I(c,oo) (An()‘n(SU)))dx e /_K ]I(C’OO)(A*(SU))dSU as n — oo

-K



whenever the set {x € [-K, K|; A«(s) = ¢} is a zero-set with respect to the Lebesgue measure
£ on R. Since this was proved in Lemma 4, the statement of the proposition follows. O

Subsequently we make use of the following notations
k _ k _

Al = {:v €l: Zéifn(n, {z/n}) > O} resp. A, = {a: €L: Z&Fn(n, {z/n}) < 0}

i=1 =1

and

k _ k _
AT = {x €ER: Y O;L.(r,x) > 0} resp. A7 = {x €ER: Y OiL.(m,x) < 0} .
i=1 ;

Later we need the following version of Proposition 4:

Proposition 5 For allk € N, 61,....,0, € R and all 71, ..., 7, > 0 one has IP x IP-almost surely

that

1 I N A

gcard {:c EZNA; :n ;«%Fn(n,{x/n}) > c} — Y (:r ERNA™: ;QZ’L*(H,ZE‘> > c)
for all except a countable number of ¢ > 0.
Proof: The proof uses essentially the same arguments as the proof of Proposition 4. O

Remark: With the same proof as for Proposition 4, we can show that IP x IP-almost surely
1 - -
—card {x € Z:n’T% (1, {z/n}) > c} —{ (x eR: Li(n,x) > c) as n — 0o
n

for all except a countable number of ¢ > 0.

2.4 An usefull Lemma on integrated powers of local time

Lemma 5 For 1q,...,7 > 0 and 01, ..., 0 € R the two sequences of random variables

and nP~! Z

TEZL

B k
> 0iLa(m, {x/n})

=1

k
> 0ilo(m, {z/n})

i=1

nP=1 Z

TEZL

B k
sgn( 0.0 (73, {m/n}))
i=1

converge IP x IP-almost surely toward the random variables

B

[o.¢]
dxr resp. /
—00

Proof: We use the layer-cake representation of the integrals (see Lieb and Loss (2001)) to write

Z :ﬁ/ cﬁ_lcard{xGZ:n >c}dc
0

TEZ
16

k

>

i=1

_ k
HZ‘L*(Ti, .%')

p k
sgn <Z 0; L. (7;, :L')) dx.
i=1

gzi* (Ti, :L')
1

i=

B

K
> 0il(m, {x/n})

=1

k
> 0l (7, {z/n})

i=1




and

k
Z HZ‘E*(TZ‘, .Z')

i=1

0o k B 00
/ Z ;L. (1, 2)| do = ,6/ A1y (a? eER: > c) de.
=0 [j=1 0

We note that the convergence of V(7)) toward V. !(7;) and the fact that ¢ — L(t,y) is
increasing for every y € R imply that there exists an ng € N with

LV, Y(m),y) < LV, Y (m) +1,y) forally e R, 1 <i<k,n>n.

n

Moreover, for all i € {1,...,k} the functions y — L(V, (7;) 4+ 1,y) are continuous and their
supports are contained in [—K, K] for a suitable K > 0. Hence there exists a C' > 0 such that
for n > ng one has

So((z —1)/n)) <Z€ sup L(V, (1) +1,9) < C.

yER

k
n Z Gif‘n(n, {z/n})
i=1

This implies that all the functions

k
> 0:Tn(7i, {w/n})

CHC&Fd{LEGZ:n
i=1

> c} have support contained in [0, C].

Moreover, for all ¢ > 0 we have

k
Z Qifn('ria

card {a: cZ:n
i=1

c} < card{a: €Z:-K<S,((x—1)/n) < K}
Since .

¢ (:p; W(z) € {—K, K}) -
and since S,, converges toward W with respect to the Skorohod metric, we have that

lc&urd{:I:GZ:—Kggn((a:—l)/n)§K}—>€(956R2—KSI/T/(as)SK).

n
This implies that there exists a R > 0 such that for all n € N and all ¢ > 0 we have

C}SR.

The first statement of the lemma then follows from dominated convergence and Proposition 4.

k
Z 00 (75, {x/n})| >

1
—card {JJ eZ:n
n i=1

The second statement is proved in the same way by separating the positive and the negative
part of the integrals and using the statements from Proposition 5 instead of Proposition 4. [J

Proposition 6 For m,...,7, > 0 and 01, ...,0; € R the two sequences of random variables

B
EY and 13 Z n(7i, {x/n}) ng(ZQF Tz,{fﬂ/n}))

TEZ TEL i=1

29 (i, {x/n})

=1

converge jointly in distribution toward the random variables

B
o o
/ dxr resp. /
—Oo — 0

p k
sgn (Z 0; L (T, l‘)) dx.
i=1

17



Proof: We know that

(L, (tx)t>0x€R}_{ (ta:)tZO,azeR}

and

{821 Ba(V ()t 2 0} 2 { S (B ()t 2 0.

Therefore, by Lemma 5 the sequences of random variables

nP- IZ and nf~ 12 Z n(Tis {z/n})
converge jointly in distribution toward the random variables

z€Z zeZ \ li=1
0o o [| k B k
/ dx resp. / sgn Z O;L.(7i,x) | | de.
—0o0 - i=1 =1

Moreover, S;, 1(S,(z/n)) = (x + 1)/n for all x € Z. This implies that

ZG L ( TZ,{:L’/n}

=1

B
sgn (Z@ (T, {x/n}))

B

(72, 2) (72, )

Xn(7) = 8, (Su(Xn(7))) = Xu(7) + 1/n.

Hence we have I, (7, {z/n}) 2 Ly (r,{(x + 1)/n}) for all x € Z. Therefore,

_nﬁ 'y

€L

Ze T (73, {x/n})

=1

BIZ

TE€EZ

29 L (5, {x/n})

=1

and

& B k
nP1 Z ( Z Gifn(Tm {z/n})| sgn (Z Qifn(Tiv {x/n})))

TE€EZ =1

19

i=1
k 8 i
nf-1 Z Z@J‘n(ﬂ‘,{x/n}) sgn (Z 0L (i, {x/n}))
i=1 i=1

TEZ

This proves the proposition.

For the sequel we define the occupation time

t
T(t, A) = / La(X (s))ds
0
of the process X in the measurable set A C R. Consequently we have

E(t) =Y T(t{z})é(x)

We will use this fact and the following corollary in the proofs of the next section.

18



Corollary 2 For 7q,...,7x > 0 and 01, ...,0; € R the two sequences of random variables

_1_B8 _1_8
nlag andnlag

TEL TEZL

s k

> 0T (kuri, {2})

=1

k
> 0T (knri, {2})

=1

B k
sgn< 0.1 (k,Ti, {:U}))
i=1

converge jointly in distribution toward the random variables

[e.9] o
/ dx resp. /
—co |5z —o0

k B
Z 0; L. (7, )
=1

Proof: If we put k, := nltTa, for all n € N and « € Z we have that

k
QZL* (Ti, I’)
1

= =1

B k
sgn (Z 0; L (s, az)) dzx.

knT

Lp(r,z/n) = /OT Wpy/py (Xn(t))dt = k;l /0 Mgy (X ())dt = n_aTHF(knT, {z}).

The result then follows from Proposition 6. O

3 The finite dimensional distributions

In this section we prove the convergence of the finite dimensional distributions of Z,, toward the
finite dimensional distributions of Z,. In order to do so we first compute the exact expression
of the finite dimensional distributions of Z,. The proofs in this section follow the ideas given in
Kesten and Spitzer (1979).

In the introduction we defined

=(r) = /0 Lo(r,2-)dZ, (z) + /0 Lo(r, —(3-))dZ_(x),

where {Z,(t);t > 0} and {Z_(¢t);t > 0} are independent copies of the (-stable Lévy process,
which can be associated to the stable distribution ¥z with characteristic function given by

$(0) = exp (—1617 (41 +i4z5g0(0))

Lemma 6 Fortq,...,tp > 0 and 01, ...,0, € R we have that

k o | k p
IE [exp [ i) 0;E.(t;) = [E |exp —Al/ 0;L(tj, x)| dz
J=1 =1
0o | k A k
exp —z'AQ/ ZHjL*(tj,x) dz sgn ZHjL*(tj,x)
=1 j=1

Proof: The proof is similar to that given in Kesten and Spitzer (1979 p.16 ff.). Let v be the
Lévy measure of Z,. One can truncate the Lévy-measure as follows:

(B)=v(BN{yeR;ly| <1}) and we(B)=v(BN{yeR;|y >1}).

19



Let M (t) and A(t) be independent Lévy-processes with characteristic functions

E [eieM(t)} = exp (t /|y|§1 (ewy —1-— iﬁy) V1 (dy))
E [eiGA(t)} = exp <t/| - (ei9y — 1) yg(dy)>

ZH(t) = M(t) + A(t) + Dt,

resp.

such that

where D is a suitable real constant. This decomposition exists and is called the Lévy-Ito
representation of ZT. The advantage of this representation is that M (¢) is a martingale and has
all moments and A(t) is a process with bounded variation. Since the process {L.(t,z—);z > 0}
is left-continuous and independent with respect to the filtration F; generated by Z7*(t), the
process { L, (t,x—);x > 0} is Fy-predictable. Moreover, { L. (t,z—);z > 0} has bounded support
IP-almost surely. Therefore, we can find a suitable sequence of partitions {:L’l(n);l € Nhn eN

(n) (n)

with z;" < ;.7 for all [,n € N satisfying

_ : (n)y ()Y _
=o0 and nlingor{le&}\]x (l’H_l T, ) =0

lim x
l—o0

(n)
!
such that

/ Lo(t,o—)dM(z) = lim 3 Ly(t, 2" ) (M(xl(ﬂ) - M(xl(”>)) with probability 1
(see Meyer (1976) chap. II sec. 23). Moreover, we can also assume that

/ L.(t,z—)dA(z) = lim ZL*(t, l‘l(n)—) (A(l’l(i)l) - A(xl(n))> with probability 1.

From those considerations it follows that there exists a sequence of partitions (l‘l(n))leN such

that

/0 L.(t,z—)dZ(x) = nan;OZ L*(t,a:l(n)—) (Z.,.(asl(i)l) - Z+(xl(n))) with probability 1.
=1

Since the increments Dl(n) =74 (xl(i)l) —Zy (xl(n)), ! € N are independent and have characteristic
function

. (n) n n :
E [ezeDl } = exp <_( =20 (Ay +iAs - sgn(ﬂ))) :
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By dominated convergence we have

exp ZH / «(tj, x—)dZ ()

= lim I |exp ZZiejL*(tj,x§">—) (z+(x§_’?1) - Z+(g;§”)))
=1 j=1

B
00 k
= nILH;oE exp —Z (xl-s—l — a:l ) ZﬂjL*(tj,xl(")—)
j=1
k
x | A1 + 1Az -sgn ZHjL*(tj, xl(n)_)
j=1

B
| *
= IE |exp —Al/ ZﬁjL*(tj,xl(n)) dx
(VI

o | k A k
f’L'AQ / Z QJL* (t]’, I‘l(n)) sgn Z HJL* (tj, l‘l(n)) dx
0 |j=1 j=1
For Z_ one can proceed with similar arguments. O

Proposition 7 The finite dimensional distributions of the processes {Z,(t);t > 0} converge
toward the finite dimensional distributions of the process {Z.(t);t > 0}.

Proof: As in the previous sections, we denote k, := n(1T®)/® and x := é + 1. We already saw
that we can use the occupation time {I'(t,{z});t > 0,z € R} of the process {X(¢);t > 0} to
represent the process {Z(t);t > 0} as follows

=(t) = ST o))
TEZL

It follows that
En(t) = n"E(knt) =n" Y T(knt, {2})¢(2).

T€EZ

Let ¢(0) := IE [exp(i0£(1))] be the characteristic function of the scenery random variable £(1).
It then follows from the above representation that

k k
Y 0iEalty) =n "y Y 0T (katy, {a})é(x)
7=1 z€Z j=1

and

k
R, = exp ZZHjEn ng n- Zﬁfktj,{:z:}

j=1 TEZ
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The random-scenery {£(z);z € Z} is in the domain of attraction of a (-stable distribution with
characteristic function given by

(0) = exp(—|0]° (A1 +iAs - sgn(0)).
This implies that
1—p@) ~ |0°(A; +iAs-sgn(d)) ash — 0.
Thus

log(¢(6)) ~ log(1x(6)) as 0 — 0.

Therefore one has for |§| < 1 that

log(p(6)) —log((0))| _
log(1(6)) ' =0
If we define
k
Pem =@ n_"“z&j (kntj, {z})
j=1
and
k A k
Yy = exp | —n =" Z ;T (kntj, {z}) Ay +iAs - sgn Z ;T (kntj, {z})

j=1
for all x € Z one has

10g(¢xﬁﬂ‘_10g(¢xn
log(¥z,n)

k
Z L'(k t],{x}

This implies

log (H %,n) — log <H ¢x,n> ZIOg(@m,n) - Z log(Wu,n)
TEL TEZL

TEZ TEL

k
< Z log(¢zn) o [ n7" Z 0,1 (kntj, {x})
=1

TEZ

By Corollary 2 the right side of the previous inequality converges toward zero in probability.
The continuity of the logarithm then implies that

Ii[(Pxﬂl'_ ]jI dhan

TEZ TEZL

— 0 in probability as n — oco.
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We use this and dominated convergence to prove that the limit of the sequence {R,;n € N}
exists and is equal to the limit of the following sequence

B
k k
Qn:=1IE |exp | — Zn*”ﬂ Z 0, (kntj, {z})| | A1 +1iA2-sgn Z ;T (kntj, {x})

z€Z j=1 j=1

By Corollary 2 and Lemma 6 the sequence {Q,;n € N} converges toward
B

o] k k
Q* = IE exp —/ ZﬁjL*(tj,m) Al—l—iAQ-sgn ZQjL*(tj,:L‘) dm
—oo |5 j=1

= IE |exp ZZGJE* t]
7j=1

As we have seen in Lemma 6 that (), is the characteristic function for the finite dimensional
distributions of {Z.(¢);¢ > 0}. This finishes the proof of the proposition. O

4 The tightness

In this section we prove that the sequence {Z,,(¢);¢t > 0} is tight. The proof of Theorem 1 then
follows, since we already obtained the convergence of the finite dimensional distributions in the
previous section. The main proof for tightness also follows the ideas given in Kesten and Spitzer
(1979). In order to do so we first need some suitable inequalities for the occupation times of X,.
However the proofs of those inequalities differ from those given in Kesten and Spitzer (1979).

Lemma 7 There exists a function € : RT — RT with the properties e(A) — 0 as A — oo and
P (F(s,{x}) >0 for some x with |z| > Asl%a) <e€(A) for all s> 0.

Proof: For a positive real number = we denote by [z] the smallest integer which is larger or
equal to z. Obviously for all s > 0 we have

P (I‘(s {z}) > 0 for some x with |z| > Asl%a>

< ( r)| > AsTra for some 1 < 3)
_a - 1ta
< ]P(\X |>A Sl+a—|—1) for some r < {SHﬂ - )
14+ o
- IP(‘X< J‘; U))>A{51Ta]—Aforsomeu§1)
< P <Sup|Xn(s > A/2> for s > 1

with n(s) := {sl%a] — 00 as § — 00. Since

P <sup|Xn(r)| > A/2> — P (sup | X ()| > A/2> as n — 0o,
r<1 r<1
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we can define

€(A) :=supIP <sup | Xy ()] > A/2> for all A > 0.

s>0

This proves the statement of the lemma. O

Lemma 8 There exists a C > 0 such that for all s > 0 one has

> B [1(s, {z})] 2-1%a

TE€EZ

Proof: For a positive real number = we denote by |z| its integer part. We know that for
w(s) = LSTHJ one has

er(s (1 {z/w(s)}) =523 T2 ((w(s)) s, {z}) < s72 Y T2(s, {2})

TEZ €L TEZL
and

ST r)) < s YT ((w(s) + 1) (a))

T€Z TEZL

ENUIOES il iV a1 (1 {/(ws) +1)})

Consequently one has
2 E[M(s, {2)] ~ Y E [rw(s (1, {z/w(s) } SE [rz (1, {z/w(s )})}.
TEZ €L TEZ

It follows from the layer cake representation and the remark after the proof of Proposition 5
that

1
w(s)

) S T2 (1 {z/w(s)}) =

TEZ

/0 card {:U €Z: wQ(S)f‘?ﬂ(s)(l, {z/w(s)}) > c} dc

converges IP x IP-almost surely toward

/ E(xER:I?(l,x)>c) dc:/ii(l,x)dx.
0 R

Dominated convergence and Fubini theorems imply that

()Y E [rw(s 1, {z/w(s )})} — /RIE [iiu,x)] dz  as s — oo.

TEZ
Therefore
_2ZIE [T%(s, {z})] /IE[INJE(I,:E)} dr as s — oc.
TEL R
This proves the statement of the lemma. ]
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Lemma 9 1) For all 5 € (0,2] and p > 0 there exists a C; > 0 such that as n — oo one has

B [£0) T (0 3€(0)] | ~ Crn'7.

2) For all 5 € (0,2) and p > 0 there exists a Cy > 0 such that as n — oo one has
_1 2-8
[ (€200 (0 6(0)] | ~ Con 5.
Proof: The random variable £(0) is in the domain of attraction of a -stable random variable
with characteristic function given by
$(0) = exp(—]0|° (A1 + iAzsgn(9)),

with 0 < A; < oo and |A] ' As| < tan(n3/2). A consequence of this setting is that for 3 > 1
one has IE[£(0)] = 0. Further, if 5 € (0,2] then there exist By, Bo > 0 such that

lim p’IP(€(0) > p) = B1 and lim p°P(£(0) < —p) = Bo.
p—00 p—00

For 8 = 2 we have By = Bs = 0 since the decay of the tail-probabilities is exponential in that
case. For 3 # 1 we then have that

B [60n 0 5c0)]| = [ D)z o

0
B
on
~ (Bl +B2)/ c_ﬁdc
0

= (Bi+By)(1— ) p i),

This proves the first statement for 8 # 1. For § = 1 the statement is just our assumption from
the introduction.

Moreover, by similar arguments for 3 # 2 we have that

B[O, 0 FE0)]| ~ B+ By) /0 sy,

= (Bi+By)2-p) s,
This finishes the proof of the second statement. O

Proposition 8 The distributions of the sequence {ZE,;n € N} are tight with respect to the
Skorohod topology.

Proof: We follow the method given in Kesten and Spitzer (1979). Let ¢ > 0 be given. By
Lemma 7 there exists an A > 0 such that e (AT_HL&> < ¢/4. This implies that

P|E.(t) #n" Z D(kpt, {z}){(x) for somet <T

lz|<An
< P (F(k‘nT, {z}) > 0 for some x with |z| > Ak:F)
< € (ATfﬁ)
< €/4.
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There exists a pg > 0 with the property that for all p > pg and all n € N one has
3An(1 — ( pnﬁ <£(0) < pn%) <e€/4.
This is valid since for suitable By, By > 0 we have

lim p’IP(£(0) > p) =B1 and  lim p’IP(£(0) < —p) = Bo.

p—00 p—00

We define for all € Z the random variables
gn(x) = f(x)]l[fp,p} (niﬁg(x))
and

By i=n- [Zr (ot {2})én(x )] - %]E [Z I(knt, {2})E [&1()]

TEZL TEZ
and

[1]i

n(t) =17 T(knt, {z}) (&nlz) — E [€u(2)]) -

TEL

Claim 1) The family of random variables {E,(¢);n € N} is bounded. This is true, since by
Lemma 9 we have

> T(knt, {z})E [&( ]‘ | [£(0)]] Y " T(knt, {z}) = knt |IE [£,(0)]] < Ctn et 5(1-0)
TEZ TEZ

ando‘TH—F%(l—ﬁ)—m:O.
Claim 2) For all > 0 there exists an ng € N such that for all n > ng one has

—_ = €
P (sup|:n(t) —Z.(t) - Ept| > ;7) <3
t<T

To see this, we first note that

En(t) - En(t) - Ent = n" Zr(knta {x}) (f($) - gn(x)) ’

TEZ

since

En(t) = En(t) — Ent —n " Y T(knt, {2}) (£(2) - &u(2))

TEZ
- (Zr knt, {z})IE ; > T(kat, {2z} [€(x )]D
z€Z xCZ
n(grosin el
x€EZL €L

— 0 E [£0)] (knt—;kznT)
= 0.
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Lemma 9 implies that

P (n—m Zr(knt, {z}) (§(z) — & (z)) # 0 for some ¢ < T)

TEZ

IN

P (I‘(knT, {z}) > 0 for some z with |z| > Akﬁ)

P (¢(x) # &n() for some |a] < Ak )

IN

IN

e (ATH) 4 34T (¢(0)
—|—3An(1—IP( ns < £(0)

# £,(0))
<p

"))

Claim 3) There exists a Ky > 0 such that for all n € N one has

E [En(tg) - in(tl)ﬂ < oty — t1)> 5.

1+«

We define the o-field X = {X(¢);¢ > 0}. Then it follows from the independence of { X (¢);t > 0}

and {¢(z);z € Z} that

= [E |E

= E | (C(kata, {2}) — Tlknt1, {2}))°E [£(2)] X]

LxeZ

:Z]E

TEZ

This implies

E (|20 (t2) = Za(t1)]’]

© _(Z

TEL

(

D

TEZ

2
(C(knta, {2}) — T(knt1, {x}))fn($)> ]

2
(T (kutz, {2}) = Dlkats, {:c}»s‘n(x)) X]

(knta, {2}) = T(knt1, {2}))*] E [&(2)]

2NV [(D(kata, {0)) — T(katy, {2))?] B [€2(2)]

TEZL

n R [Z(rum, {2}) = Dlkats. {2)))?| I [E2(0)]

TEZ

Conditioned on A := {\;;7 € Z} the process X has the strong Markov-property. Using this
one can prove that for ¢; < t5 the conditional distribution of > _(I'(t2, {z}) — I'(t1, {z}))? with
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respect to A equals the conditional distribution of " T?(ts —t1, {z}) with respect to A. Hence

|

1D Z(F(tz,{fﬂ})—l“(t1,{w}))2] = E IE[Z(F(tz,{x})—F(tl,{fE}))2

TEZ €L

= E ]E[ZF2(tg—t1,{l'})

TEL

= E ZFQ(tQ—tl,{x})].

LxeZ

By Lemma 8 it follows that

) [Z(F(k”tQ’{x})F(kntlv{w}))2] < Chn T2 1)* TS

TEL

= CTLthTail(tQ — tl)Z_H%X.

Moreover, we know that
~ 1
E [€2(0)] < Cn®™73,

Altogether, we obtain
_ _ 1 a a
1 [ En(t2) — En(tl)ﬂ < Con* Do 22 T 1y — 1) T

Since (2 — [3)% — 2Kk + QI'fTa — 1 =0, the claim 3 follows.
Since 2 — 1, > 1 the tightness in the Skorohod topology of the family {Z;n € N} now follows
from the claims 1, 2, 3 and a theorem from Billingsley (1968) (see p.95). O
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