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Abstract

We investigate the recursive sequence Z,, := max{Z,_1, A(Z,—1) X, } where X,, is a sequence
of iid random variables with exponential distributions and A is a periodic positive bounded
measurable function. We prove that the Césaro mean of the sequence A\(Z,,) converges toward
the essential minimum of A. Subsequently we apply this result and obtain a limit theorem for
the distributions of the sequence Z,,. The resulting limit is a Gumbel distribution.
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1 Introduction

The extremes of random recursions involving maxima of a sequence of iid random variables is
a field having many practical applications (see for example Hooghiemstra and Keane (1985),
Helland and Trygve (1976)). In this article we investigate a special type of recursions involving
randomness. Let {X,,,n € N} be a sequence of iid random variables having exponential distri-
butions with parameter one and let A : R — R be a positive bounded measurable and periodic
function. We denote by Ajur the essential infimum of A on R, Starting with Zy = 0 we define
the following stochastic recursion equation:

Zn = maX(Zn_l, A(Zn—l)Xn)-

This is a Markov process on R* with increasing paths. When the process is in location = at
time n it waits until the first time when the sequence {\(z) X, 1r; k € N} exceeds the value z.
If this happens at time n + m then the process jumps from z to the new location A(z)X,
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and waits there for the next jump.

In the next section we investigate the behavior of the string of observations {f(\(Zx)); k € N},
where f is a bounded measurable function which is right-continuous in Aj . For this we study
the Césaro means

My = 3 SONZ).
k=1

How does the sequence {M,;n € N} behave? First we observe that the larger the process
{Zy;k € N} growths the longer it takes for its next jump to occur. Since the process goes to
infinity this means that the process has larger and larger times of constancy between its jumps.
Those times of constancy also depend on the value of A at the location where the process waits
for its next jump. At locations where X is small we have to wait for a longer time-period until
we see the next jump. Therefore, we expect that the process has larger times of constancy
when the process stays at locations where the function X is near its bottom Aj,¢. This would
imply that the Césaro mean has larger and larger proportions, where values of f near A\j,r are
added. From this would result the convergence of the Césaro mean toward f(Ajn). This is the
statement of our first theorem. The arguments that we just developed are however not water
proved. They do not take into account the possibility that after having accumulated a certain
number of small values of A the process makes a very large jump into a region with large values
of A. Since at far locations the hurdle that the process has to take is large, this also results
in a long waiting time until the next overshoot. In that case the process might have to wait
for a very long time before it jumps back into a region with small values of A. Ruling out this
possibility is one of the main difficulties in the proof of Theorem 1 (see Lemma 3).

In a second theorem we investigate for a < b the behavior of the sequence

[nb]

Maa,6) = > FONZ).

k=[na]

This case is more difficult to handle than Theorem 1, since it is not clear that during the time
interval {[na|, [na]+1, ..., [nb]} the process jumps into the region where X is small. In our second
theorem we prove that M, (a,b) converges in probability toward (b — a) f(Aint)-

In the final section we apply our main result in order to obtain a limit-law for the sequence of
random variables {Z,;n € N}. The resulting limit distribution will turn out to be a Gumbel
distribution.

A number of questions seem to arise for further studies. It is probably possible to prove similar
results to Theorem 1 for sequences {X,;n € N} with more general marginal distributions. The
proof of such results however requires a much more technical approach, since we used the no-
memory property of the exponential distribution at several places in our proof. It could be that
the tail decay of such distributions has an effect on the limit behavior of the Césaro sum, since
heavier tails might increase the chance that the process {Z,;n € N} makes large jumps after
having accumulated a certain amount of small values of A. The statement in Lemma 3 might be



wrong in such situations. It seems that the periodicity of A can be replaced by a condition which
makes sure that at far locations the function A has sufficiently many values which are close to
Aint. However, in such cases a proof requires considerably more effort, since we can not rely
on a nice Markovian structure like in the proof of Lemma 2. Another question is whether the
string of observations {f(A(Zx)); k € N} satisfies a limit theorem or whether a large deviation
result can be proved for this sequence.

2 A Césaro convergence theorem

In this section we prove the following theorem.

Theorem 1 For every bounded measurable function f : RT — RT which is right-continuous in
Aint follows

1 n
- Zf()\(Zk)) — f(A\inf) P — almost surely as n — oc.
k=1

Proof: For an arbitrary § > 0 we can find a € > 0 with the property

sup  [f(2) — f(Aie)| <6
2€[Ainf, Ainf+2¢€]

We define through induction the jump-times
Om i=nf{l > opm_1: 2] # Z1_1}, 00 :=0.

Moreover, we define the sequences of random variables S, := Z,, ; m € N. The time that the
process {Zx; k € N} spends after the m-th jump in S,, is given by

Tn(Sm) := Oms1 — Om, m € N.
Finally we use induction to define the waiting times
70 =0, 7 :=1inf{m > 751 : S; € A}, where A :={z € R: \(x) < A} and A := \jpt + €.

The following proposition gives upper bounds for T,,(S,,), when A(S,,) is larger than \ :=
Aint + 2¢. This will be crucial for the proof of Theorem 1:

Proposition 1 The probability space (2, A,IP) can be enlarged to a probability space (Q, A, P)
in a way such that there exists on (2, A, IP) a family of random variables {T,(x);m € N,z > 0}
satisfying the following properties:

i) One has Ty, (Sm) (W) < Ti(Sm)(w) for all w € Q with A(Sp(w)) > .

i) The map x — T (x)(w) is increasing for all m € N and all w € Q.

iii) For all x > 0 the sequence {Ty(z);m € N} is éid with marginals having a geometric

distribution with parameter q(x) = exp —%x .



i) For ally >0 and m,my,....,mu—1,n € N one has

Sr, = x)

Sr = 2)P(Taly) = m1, o, Tooi () = ),

]P<TTk <S7—k) = m77_’€+1 — Tk = n7TTk+l(y) = ml, 7T7'k+n—1<y) = Mp—1

= ]P(To(a:) = m)IP(Tk+1 —TEk=n

where Ty(x) is a random variable having a geometric distribution with parameter

= (=550

Proof: We enlarge the probability space (€2, A,P) to a probability space (Q,.,Zl,IlE’) in such a
way such that there exists on (2, A, IP) a family of random variables { X, ,; m,n € N} with the
following properties:

1. The family {X,, ;m,n € N} is iid with marginals having an exponential distribution with
parameter one.

2. The two families {X,, ,;m,n € N} and {X,,;n € N} are independent.

We now define the auxiliary sequence

b | Xop4n forn <opmyr —om
mn Xmn forn>omi1 —om

and the family of random variables
T(x) :=inf{n € N: XX, > z}.

We first prove that the two families {Xmm; m,n € N} and {X,,,;m € N} are independent and
that the family {X’m,n; m,n € N} is iid with marginals which are exponentially distributed with
parameter one.

For some array {.Z‘Z'J', Ziyzm+1;1 <1 <m,1 < j <n} of real numbers, we define the sets

Unn = { Xiy = @i, Xo, 2 20 Xpy = 2ms1 i <m—1,1<j <n}

and
Vm,n = {Xm,j > -Tm,jaXJm+1 > zmt+1;1 < J < ’I’L} .

We note that:

1. For all ky,...,k, € N the set {01 = ki,...,0m = kn} is measurable with respect to the
o-algebra o{ X1, ..., X, }

2. For all k1, ..., ky, € N the set Up, , N {01 = k1, ..., 0 = ki } is measurable with respect to the
o-algebra a({Xl, e X fU{ X1 <i<m -1,k € N})

3. For all k1, ..., ky, € N the set Vy, , N {01 = k1, ..., 0y, = ki, } is measurable with respect to the
o-algebra U({Xkl, ...,ka} @] {ka+l;l € N} U {Xm,k; ke N}) .
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For M > m it follows from those observations that conditioned on X,, = v1,..., Xs,, = ym the
two events U, , N {01 = k1, ..., 0m = ki } and V., N {01 = k1, ..., 0 = ki } are independent.
We compute the probability of the event V,, , N {01 = ki1,...,0m = ky,} under the condition
Xoy = Y15, Xoy, = ynm- For this we define

Y O M

1

Sm 1= mMax{8;,—1, A(Sm—1)Ym}, so =0 and rp, = msm‘

Under those assumptions we have for [ < n that

Xopmir = Zmt1, Xmj = Ty j for 1 < j < n together with 0y, 41 — 00 = (
is equivalent to
Tm > Xkpti > Tm,; forallie {1,..,01 -1}, X 4+ > max{rm, Zm+1},

and
Xonkom+j = Tmy forall j € {l,...,n}.

Hence it follows for [ < n that

IP(me N {0’1 = kl, vy O = km} N {Um+1 — Om = l} Xal = Y1, "‘7XO'M = yM)

_ IP(rm > X 2w, 1< <11, X 2wy, 1< G <0y X >, v,zm+1),

)

where {X i(aux);i € Nop} is an auxiliary iid sequence of random variables having an exponential
distribution with parameter one.

For [ > n 4+ 1 we have that

Xomir = Zmi1, Xmj = Ty j for 1 < j < n together with 0y, 11 — 00 = {
is equivalent to
Tm > Xkpti = Tmyg foralli € {1,...,n}, ry > Xy, 45 forallje {n+1,...,1 -1}

and
XkTIL+l Z max{,rm’ Zm+1}

Hence it follows for [ > n + 1 that

IP(Vm,n N{o1 =ki,.cc,om =km} N {omt1 —om = 1}|Xo, = Y1, .0, X5, = yM)

_ IP(rm > X > g 1<i<n, rp 2 X, np1<j<i—1, XP zrmwmﬂ),

)

where again {Xi(aux);i € Ny} is an iid sequence of random variables having an exponential

distribution with parameter one.



Summing up the conditional probabilities over [ € N yields

P(Vm,n N {01 = ki, oy O = /<;m}’X(,1 =y Xy, = yM)

o0
= Z]P(Vm,n N{o1=ki,...,om =kn}N{omt1 —om = Z}‘XU1 =Yy, Xgy = yM>
=1

= ]P<Xj(aux) > T, Vi€ {1, ...,n})]P(X(()aux) >rn, \/zm+1>

n
= exp ( — mej) exp ( —Trm V Zm+1>-
j=1

We have that
1
(Sn)

o1 =ki,...,0m = kp, together with X, =w1,..., X5, =yn imply S = T'm.

We note that ﬁ&n is measurable with respect to the o-algebra o{X,,, ..., X5, }.
Together with the conditional independence discussed above, this yields

IP(um,n A Vi N {01 = ki, ooy O = km}’Xgl, XUM>
= P (Unin 1 {01 = Ry = km}’Xal, s Xoy,)
TP (Vi 1 {01 = Koy = km}‘XUI, s Xoy, )

_ 1p(um7n N {01 = ki, oy om = km}’Xm, UM)

Sy -
- € —Zz V 7> e ( - T )
Xp < m+1 )\(Sm) Xp J; m,)
Summation over all possible values of ki, ..., ky, € N and an induction argument now yields

o XC,M>

Xy, ...,XUM) exp ( — Zmy1 V )\(S) exp ( med)

P (um,n A Vi | X

- P (um,n

= exp(—a)exp(—@\/}&) exp(—zmﬂ\/)js,n:n))exp( Zme)

i=1 j=1

Taking expectation now implies

]P(Xi,j > Tijy Xoy = Zis Xoppt1 = Zmy131 <1 <m, 1 <5< n)

= IE[exp(—zq) exp(—ZQ\/)\f;l)) exp(—zmﬂ\/)jg;l))] exp( ZZJCZJ)

i=1 j=1
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From this follows that the family {men; m,n € N} is iid with marginals having an exponential
distribution with parameter one. Moreover, this also proves the independence of the two families
{Xnn;m,n € N} and {X,,; k € N}.

i) The first claim follows from the fact that A < A\(S,,) implies

Tm(Sm) = Om+4+1 — 0Om

inf{l € N: A\(Sp)Xo,,+1 > Sm}
inf{l € N: M\(Sp)Xns > S}
inf{l € N: XX,; > S}

Ty (Sm)-

VANVAN

ii) We see immediately from the definition of T, (z) that the map z + T,,(z)(w) is increasing
for all m € N and all w € Q.
iii) The fact that the family {Xmm;m,n € N} is iid with marginals which are exponentially
distributed with parameter one shows that the sequence {T,(z);m € N} is iid with marginals
having a geometric distribution with parameter g(z).
iv) We just saw that the sequence of random variables {X,, ; £ € N} and the family of random
variables {van; m,n € N} are independent.
The event {7441 — 7% = n,7, = [} is measurable with respect to o{S,, Xo, ..., X0y, }-
It follows from the definitions that {7, +i(y) = m;, 7, = [} is measurable with respect to
o{X;1i;;j € N}. Moreover, the event {75, (S, ) = m, 7, = [} is measurable with respect to the
o-algebra 0{S;,, Xoy 41, Xoy4m}. From the construction of the family {X,,.;m,n € N} it
follows that for + € N the o-algebras

0{Xi1ij;7 €N} and  o{Xo,41, ..., Xoy4m, X,

O1+4+1

X, Xy, } are independent.

01429 " XX 01 4n

Thus it follows

]P<T7'k (STk) =M, Tk+1 — Tk = naTTk+1(y) = my, -"7TTk+n71(y) = Mnp—1 STk = J?)

o0
= Y P(T5(Sn) = m it = 7 = m T () = mis e Ternoa () = M1, 7 = 1| Sy = )
=1

o0

= Z]P<T7—k(s’7'k) =M, Thpp1 — T =N, T = |
=1

Sy, = x)

: IP<TI+1(y) =mi, ., Tipn-1(y) = mn—l)

= IP(TTk(STk) =M, Tpy1 — Tk = 0[Sy, = z)IP(Tl(y) =my, ., Tno1(y) = mn,l).

In the last step we used the fact that the sequence {Tk(y);k € N} is iid and that the set
{T131(y) = m1, ..., Tiin_1(y) = mp_1} and the random variable S; are independent.



Moreover, we have that

IP<TTk(STk) =M, Tg41 — T =N STk = l’)
= ZZ]I)(TT’C(STIC):m7Tk+1_Tk:ank:laal:j S_rk:l)
I=1 j=1
Y ({Tk = 1,00 = j} N Mg OV Njma|Sr, = :,;)
=1 j=1
with
Mjm = {)\(aj)Xj+1 <2y, M) Xjpme1 < 2, \(2) X > x}
and

-/\/’j,m,l = {Sl+1 = A(x>Xj+m ¢ A, SH—Q ¢ Ae, ..., Sl—i—n—l ¢ A, Sl-l—n € Ae}a

where A¢ ;= {y € R: A(y) < A}. The sequence {Z,;n € N} is a Markov process and the random
variables {0,,; m € N} are Markov times. Thus the sequence {S,,;m € N} is a Markov process
with transition probability densities

) = 5520 (= 57550~ ) B0

It follows from the Markov property that

I ({Tk =l,0,= ]} m-/\/lj,m rjjv‘j,m.l

Sr. = ZE)

= E[H{Tk:l,al:j}]l(oo,x}(A(x)Xj-&-l) oo T o 2] (A@) Xjm—1) L, 00) (M (@) Xt

: ]IAg()\(x)Xj-i-m)/p //A PNE) Xjms y2) - D(Yn—1,Yn)dYn-..dy

Sr. = x]

Since the events {1, = 1,07 = j, \N(2)Xj11 < z, ..., \(2) Xjym—1 < x} and {\ () Xj1m > x} are
independent, we have that

IE[]I{Tkz,alj}]l(—oo,x]()\(x)XjH) e T 0,2) (A (@) Xjgm—1) Tz 00) (A (@) Xjpm)

']IAg()\(CU)Xjer)/ / /A PAN®) Xjtm, Y2) - P(Yn—1,Yn)dYn-..dy1

M) Xjpm > a:]

= IE|:]I{Tk:l,ol:j}]l(foo,z}(A(x)Xj-i-l) ][(foo,w}()‘(x)Xj-ﬁ-m—l)} Lz 00) (AM(@) Xjm)

IE[HAg()\(a?)Xj+m/ / /A PAE) Xjrm, v2) - PWn—1,Yn)dYn...dy1 | N(2) Xjym > UC]
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It follows from the fact that the exponential distribution has no memory that

E[mgwmxﬂm [ /A POE) X s 92) - (1, Y-y

= /// /Ap(x,yl)p(yl,yz) o P(Yn—1, Yn)AYn-..dy1.

This then yields

ANx) Xjpm > x]

]P(TTk (Sr,) =m, Tpp1 — T = n|S;, = x)
= ZZIP ({Tk =l,0,= j} ﬂ./\/lj,m m-/\/’j,m.l STk = :E)

=1 j=1
= ZZ]E[]I{Tk:l,crl:j}]l(—oo,m]()‘(x)XjJrl) H(_oo,z}()\(x)Xqu)]

1=1 j=1

BT O@X0)] [ [ pnpn ) 1)
_ m—1 _ —
= (1-q) qIP (Tk—H — T =n|Sy, = x)
= IP(TO(JJ):m)P(Tk+1—Tk:nSTk:g;‘)'
This finishes the proof of part 4. O

In order to minimize abuse of notation we will use the notation (2,.A,IP) for the enlarged
probability space (€2, 4, IP) in the remaining part of the manuscript.
We will later need the following lemma on the increments

1

Yoo = ———
A(Sm—1)

(Sm — mfl), m € N.

Lemma 1 The family of random variables {Y,,; m € N} is 1id with marginals having an expo-
nential distribution with parameter one.

Proof: In this proof we will need the fact that the exponential distribution has no memory.
We saw in the proof of Proposition 1 that {S,,;m € N} is a Markov process with transition
probability densities

p(x,y) = A(‘;) exp ( - A(lx)(y - w)) T}, 00)(y)-



It is not difficult to see that the o-algebras o (Y1, ..., Y;—1) and (S, ..., S;—1) are equal.
Then it follows from the Markov property that

]P(Ym > ym‘a(Yl, ...,Ym_1)> . (A(Sl_l)(sm — Sm1) > ym)a(sl, Sm_1)>

1
= IP (A(Sm—l)(sm - Sm—l) > ym)O'(Sm_ﬁ)

- P (sm > A(Sm1)ym + sm_1]a<sm_1>>

= [E [exp < - )\(Srln—l) (A(Sm—l)ym + Sm—l - Sm—l))]

— o~ um).

An induction argument proves that the family of random variables {Y;,;m € N} is iid with
marginals having an exponential distribution with parameter one. U

In the following we denote by Agyp the essential supremum of the function A\. The choice of
€ > 0 at the beginning of the proof of Theorem 1 implies the following inequalities

1 & 1 1
= fAMZ) = fing)| € 0=(Gn+Dn)+2  sup  |f(2)|=By,
n k=1 n 26[)\inf7>\sup] n
with "
Gn =) (o nnete)(A(Sk))Tk(Sk)
k=1
D= My renmr20) (ASk)) Te(Sk)
k=1
and .
B, = ]I[Ainfﬁwo)()\(Sk))Tk(Sk).
k=1

In the remaining part of this section we will study the relative behavior of the two sequences
{Bn;n € N} and {G,;n € N} as n — oo. In order to do so we will first find some upper
bound B,, for B,, and some lower bound G,, for G,,. Later we will use those bounds to see
that G, dominates C'B,, for arbitrary large C' > 0 as n — oo. This will imply that in the
previous decomposition of the Césaro mean the part including the G,-sequence dominates the
part containing the B,-sequence. This will finally prove Theorem 1.
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If we define the random variable
BY = D Mprt2e,00) (ASK) T (Sk)
k=1

it follows from part 1 in Proposition 1 that
B, <BY.
We already defined the waiting times
T0=0 and 7 :=inf{m > 7p_1 : A(Si) < A}

Then we define the random variables

and
Bui= 3, | X TulSw
kimp<n \Tk—1<m<T

It then follows that
G, <G, and B,<BY <B,.

We will see later in Lemma 4 that for all C > 0 we have that

P(C Y Tu(Sm)>T(S,) infinitely often | = 0.

T <M<Tgi1
This will imply that
1— 1
IP(C—Bn > —G,, infinitely often) =0
n n
and thus 1 1
IP(C—Bn > —(@, infinitely often) =0.
n n

Applying this to the constant C' := /(2 SUP e Asnr Aeup] | (2)]) yields that IP-almost surely there
exists an ng € N with

LS FMZ)) = fOun)| € 05(Gon+ Du) + 602G < 25 for all n > ng.
n n n
k=1

Since § > 0 was arbitrary this finishes the proof of Theorem 1. O

We now turn to the proof of Lemma 4. We have to find arguments to make sure that between
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the times 7;_1 and 75 the process does not visit a cite where the waiting time to the next
jump exceeds the time that the process had to wait in S, _,. This would happen if the process
{Sm;m € N} would jump over AS;, /A during the time-interval [ry,7x11]. We will prove in
Lemma 3 that this happens only a finite number of times. To prove Lemma 3 we first need the
following lemma on the growth of the sequence {S;,; k € N}.

Lemma 2 One has
P (STk < vk infinitely 0ften> =0.

Proof: We define the map pr : [0,00) — [0,1); 2 — 2 mod 1. The function A is periodic with
period one, hence Sy, := pr(S}) is a Markov process on the interval [0,1). For z,y € [0,1) the
transition densities for the Markov-process {Si; k € N} are given by

plz,y) = Z )\(1x)exp <—)\(1$)(y+m—a:)> :

meN

Therefore
inf p(x,y) >0
r,yG[O,l)p( v)
and it follows that there exists an invariant measure 7 on [0, 1) with the property
k
1 ~
z Zf(Si) — [ )f(a:)w(dx) IP — almost surely as k — oo,
i=1 0.1

for all bounded measurable functions f : [0,1) — R (see Doob (1953) p.220). This yields that
for the set
Ac:={z e R: ANx) < \ipg + €}

one has as £k — o

1 1
Einf{j € Np: Tj > k} = %card{i S {1, ,k‘} 0 S; € AE} =

=

k
Z ]Ipr(Ae)(gz') — m(pr(Ae)).
i=1

As k — oo we have 7, — oo almost surely with respect to IP. This implies that IP-almost surely

k 1
—=—inf{j eNg:7; > 7} — 7(pr(Ae)) ask — oo
Tk Tk

-1

and consequently one has IP-almost surely 7,/k — (7(pr(A¢)))~" as k — oo. Moreover, we

have by induction that

Sn =Op-1+ )\(Sn—l)yn > Sn—l + )\iann > )\inf ZY;
i=1

12



It then follows from the law of iterated logarithm applied to the iid sequence {Y,,;n € N} that
for all ¥ > 0 there exists a kg € N such that

Tk
S = A Vi = (Aint — v) (Tk — /23 loglog Tk) for all k > ko.

=1

Since 7, — 00 as k — 00, we can assume without loss of generality that

(Ainf — V) (Tk — \/277€ log log Tk> \/77 (pr(Ae))y/Tx +1 for all k > ko.
The asymptotic behavior of 73, that we discussed above then yields that

Vr(pr(A)) /7 + 1>V for sufficiently large k € N.
This finishes the proof. U

1—1

S
We now are in position to prove Lemma 3. It turns out that —£*— exceeds S% only a finite

number of times. The proof is based on a Borel Cantelli argument.

Lemma 3 For all0 < p < X\ — \ one has

S S,
P ()\Hll > % infinitely often) =0.
—p A

Proof: To prove this result we use Borel Cantelli. We define g, to be the essential supremum
of the bounded measurable function A. We note that

S, 8
IP(W>S)\’“, STkz\/%>

A=p
Tk+171 *_
= IP S‘f'k+ Z )‘(Sm—l)ym>TpSTk’ STkZ\/E
m=7+1 -
Th1—1 3 — P
< P [ A Y. —_— =
<P 3 >( 2 1) S 502 VR
m= Tk—‘rl
Tk+1—1 f
k p
< P Y
<l 2 e (550)
m=T1+1
00 T +1—1 \/E X
P
< DY P Y Y >Asup< 3 —1>,Tk+1—fk=z
=1 m=T;+1



By Cauchy Schwarz inequality we obtain

00 T+l—1 -

A —
Se (3 v (A1) =
=1 -

m=Ti+1 SUP

iJIP<§Ym> )\1 ()‘;P_1> ﬁ)\/IP(Tk-H—Tk:l)

=1 m=1
Zexp ( e <A;p = 1) \/E> VP (i1 — 7 =1).

As in the proof of Lemma 2 we define

Ac:={z eR: A\(x) <A}

IN

IN

and use the strong Markov property for the Markov process {S,;n € N} to see that

IP(Tk-i-l - Tk = l) < P (STkJrl ¢ A, .. STk-i-l—l ¢ Ae)

- [/ / (Sr,dxy) - .. - p(@y—2, dag— 1)] ;

plasd) = 550 (=35 )) T )

is the transition kernel of the Markov-process {S,;n € N}. Since the set A and the function A
are periodic it follows that the function

where

r— [ plz,dy)
Ag

is periodic and bounded from above by a constant p < 1. It then follows that
IP(Tk+1 — T, = l) < ﬁl_l.

Together with the previous computation this implies

S’Fk+1—1 S‘rk - \/E A— p —(1-1)/2
L= < - 270 ,
IP( - > X ,Sn > VE) < exp TR 3 1) |p

We see that

Tht1—1 h > _ o B vk X—p_ —(1-1)/2
ZIP( > S5 2 V) = Zzexp< (A2




We now introduce a new summation index m?2 = k. Then

m<Vk<vVk+1l<..<Vk+n(m)<m+1
implies
m?* <k<k+l<..<k+n(m)<(m+1)>2<m?+2m+2.
If we define

o(l) == exp <—2M1wp (AAP - 1>> ,

then it follows from the above consideration that

2o <_ 2l\fup <A;p - 1)) <2) (m+1)(q)" = 2jq

k=1

Further, one has

(1—1q<l>)2 B <1 m e <_2M15up <AA_p - 1>>>2 ~ <2M1$up <Ax_p - 1)>2 -

with

Since p € (0,1) it follows that

ZIP Tk+1 1 ﬁ S, >\/E <i (1— 1)/2072<OO.
PN - (1—q(1))?

The Borel Cantelli Lemma now implies

S, . S,
P <)\k“1 > % and S, > Vk infinitely 0ften> =0.
—p A

An application of Lemma 1 now finishes the proof.

Lemma 4 One has for all C >0

P|C Z Ty(Sm) > Tr,(S7,) infinitely often | = 0.

T <M<Tg41
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Proof: We can compute for all z > 0 that

rlc ¥ TZ-<A;%> > T, (8:)|S:, =«
T <t<Tg+4+1 -
o0 o0 X_
= ZZIP C Z T¢< pa:) >UT, (S)=0,Tky1 — Tk =m|S,, =7
m=1 [=1 T <E<Tgp41 -

It follows from part 4 of Proposition 1 that this is equal to

ST Cm_lf A-p 1 P (Ty(z) =1)P —
;Z ( ; 2< b\ x>>> (0(35)—) <Tk+1—Tk—m

Sy, = .1‘)

[e'e) [e'e] m—1 ~
B DI o (z r(250e) > wm) o,
m=2 =1

In the last step we used the inequality IP(TkH — T = m‘STk = a?) < p™~ ! which can be found
T

in the proof of Lemma 2 and the fact that the random variable Ty(x) from part 4 in Proposition
1 has a geometric distribution with parameter

0= (<5050

We know from part 3 of Proposition 1 that for y > 0 the random variables T1(y), ..., Tm—1(y)
are iid with marginals having a geometric distribution with parameter g(y) = exp <—%y) This

is due to the fact that the random variable T (y) are the waiting time for a first success in a
row of iid Bernoulli experiments with success probability g(y). The sum of m — 1 iid copies of
T1(y) is just the waiting time for the m — 1-th success in a row of iid Bernoulli experiments
with success probability G(y). This random variable has a negative binomial distribution, i.e.:

m—li . J—1Y\,_ m—1 — j—m~+1
P> Tily)=j)|= (m _ 2) (@)™ (1 —ay) "
=1

If we define

then this fact and the inequality

<j—1> _ (j— 1) jm?
m—2) " G—m+1)! (m—2)! = (m—2)

16



imply for large x > 0 that

]P(c YT <)\;px)>TTk(STk)

Tk <i<Tk+1

G m—1 = ]_1 —m—1 — m—+1
< Zl_Qx qg:zp Z <m_2> (1_Qx)J

I=1 J=[/C]
00 00 m—2
m—1 ] —m—1 — i—m-+1
< Zl—% %ZP Z mf]w (1-7q,)
= J=11/C)
— pen-n) Y0t Y a-npe (i)
I J=l/C I
_ -1 00 _
< p qum(l Qac) _ Z(l _ qx)l_l(l _ q$)[l/c exp ([Z/C] Qx]i ) )

1= (1—g,)exp (225) 1= 1-g,)

Here we used that for + — oo we have g, — 0 and thus for large z > 0

(1 -z)ew (22) = (1-2,)(1+ 72+ 0@) = (1-2,) + 2.5+ O@) < 1.

For u € (0,1) one has ult/¢! < y#/C=1 = (1=1)/C+1/C=1)  Thus we obtain that

(o 3 ( sWx)

T <t<Tg41
P 40, (1—,)"“ 2 exp (%)
(1= 0= aew (4)) (1= 0= 00 -2 e (of5))

Taylor-approximation yields that (1 —g,)"/¢ = 1+ O(g,) as g, — 0. Further, we have that

exp (( ng )) =14+ 0(q,) as g, — 0. It thus follows that

> > 17, (S,

<

u—%m—%Wﬁm(Cﬁfm)=a—mu—m%mu«mm=1—%+m%»

On the other hand we have 1 — exp ((16_2? )> = 0(q,) as g, — 0 and it follows that

(1-a-mew (=2 )) = 0@ +2.00) = 0@,

17



Finally we also have that
_ _ - 4P _
P @,(1 —q,)"9 % exp <1fq> = 0(q,) -
x

It then follows from those considerations that

IPCZ(

T <t<Tg41

O(%)Qz _ O(1>q:s
T 0(Q) (¢ +0@@,)  (4+0(@,)

x> > T (S7)| 87 =

This yields for g, — 0 that

]P(C 3y Ti<)\;px)>TTk(STk)

Tk <’i<7’k+1

=z O(l) .
e ) = (15 0w)/a)

For z € Ac := {z € R: A(z) < A} one has ¢, < exp (—%m) =: g . Therefore, there exists in this
situation a K > 0 with

oz

T <t<Tk41

> > Tr,(Sr,)

Sy, = SK%SKeXP<_px>'
4z AN

Since
Tk = 1nf{m > 7,1 : A\(Spm) < A}

it follows that S, € A.. Moreover, we saw in part 2 of Proposition 1 that y — T(y) is
increasing. Those facts imply

_ s, 2
PO S Toul(Sm) > T (Sn), 222 < ST S >V

T <M<Tk41 -p

[N —
<plc Y Ta <APST,€> > T (Sr), So > VE
T <M<Tk41 -
P
= / c Y Tn ( X > > Ty, (Sr)|Sr, = x| P(S5, € da)
f Te<mM<Tk41

IN

K/ exp <—x> P(S;, € dr)
K exp (—M\/E> .

IN

18



Since -
Zexp <—p\/E> < 00,
k=1 /\A

it follows from the Borel Cantelli lemma that

_ S, S
P|C Z Tp(Sm) > Ty, (Sr,), % < %, S;. > Vk infinitely often | = 0.
T <M<Tk41 - P -
Applying Lemma 2 and Lemma 3 finishes the proof. O

3 A weak law for the Césaro convergence

We will need another version of the Césaro convergence theorem in the next section of this
article. This version is different in two point from Theorem 1. The main difference is that we
do not add up the full range {1,...,n} in the Césaro summation. We restrict the summation
to {[an],[na] + 1,...,[nb]} where a and b are two positive real numbers. We are not able to
prove almost sure convergence in this situation. So we have to restrain ourself to stochastic
convergence, which is sufficient for the applications that we have in mind.

Theorem 2 For all a < b and every bounded measurable function f : RT — RT which is
right-continuous in Ans follows
[nb]

Z FAMZk)) — (b—a)f(Aing) in probability as n — oco.
k=[nal]

1

n
Proof: We use the same arguments as in the proof of Theorem 1 to see that for all § > 0 there
exists a suitable € > 0 such that:

[nb]

1 1 !
=) @) - b a)f )| < 5 (Gu+ D) +2 sup  [f()] B
" k=fna) ' e '
with
[nb]
G = D Lcooprag(ASK)Ti(S),
k=[nal]
[nb]
D, = Z ]I[)\inf+€,)\inf+2€)()\(Sk))Tk(Sk)
k=[na]
and
[nb]
Byi= Y L9000 (ASK) Tk (Sk).
k=[nad]
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From this then follows that
[nd]

P Y SO — - @) Oun)| > 35

k=[na]

IN

P <671L(Gn + D) > 5) P (2 sup \f(z)]%Bn > 25)

zE [)‘inf )‘sup}

zE [Ainfv)\sup]

< 0+IP(2 sup |f(z)|:LBn>26>

since
Bni= Y, > Tw(Sm) | > Ba.
k:nal<tp<[nb] \Tk—1<m<Ty

In order to finish the proof, it suffices to prove that for C':= 6/(2sup.¢y, ;,a.,) [ (2)]) one has
P(CB, > G,) — 0 asn — oo,

where

G, = Z TTk-(STk) < Gp.

k:[nal <7, <[nb]
For all p > 0 and all n € N there exists a maximal natural number M,, € N such that
P(1ar, < [na]) < p. It follows that M,, goes to infinity when n — oo. Moreover, we have that

> P|C D Tw(Sm) > Tn(Ss)

k>M,, T—1<m<Tj
3l S‘Fk+1 STk \[
S Z P C Z Tm(Sm) > T’Tk(STk)u Xi—p S Ta STk Z k
k>M, T—1<m<Tg
+Y P Sris o Sne + 3 P (S, < VE)
A—p A ™ '
k>M,y, k>Mny,

We saw in the proof of Lemma 4 that the first series on the right side is finite. For the second
one we have that

Z]P<fﬁ+;>%k>§ Z]P(f\””;>iﬂ“,smz\/ﬁ>+ ZIP(STk<\/E).

k>M, k>M, o = k>M,

Here again the first sum on the right side is finite as we saw in the proof of Lemma 3. We saw
in the proof of Lemma 2 that S;, > Aint(Y1 + ... + Y%). This implies

k
P (S, < VE) <P (Nur(¥i .+ i) < VE) = IP(\}E ;(Y _Ey)]) < Xl - \/%E[Yﬂ)

inf
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and it follows by the central limit theorem that
> P (S < VE) <.
k>My,

Finally, it follows that there exists a large n € N such that

]P(CETL > Qn> < IP(TMn < [na]) + IP(CEH > G, M, = [na])

< /0+IP< U {C Z Tm(Sm)>TTk(STk)}>

k>M,, T—1<m<Tg

< p+ Y 1P<C > Tm(Sm)>TTk(STk)>

k>M,, T—1<m<Tk
< 2p.

Since p was arbitrary, the desired stochastic convergence follows. O

4 Convergence of the extremal process

In this section we prove a limit-theorem for the sequence of processes

1

Zt(n) = ;

(Z[nt] — log TL) .

The sequence has some dependence coming from its Markovian structure. The extremes of
sequences which are related to an underlying Markov chain have been investigated in a number
of research articles (see Resnick and Neuts (1970), Denzel and O’Brian (1975), Turkman and
Walker (1983), Turkman and Oliveira (1992)). In those articles a discrete Markov chain influ-
ences the behavior of a sequence of random variables. This is also the case in our model, but
the influence occurs in a different way.
The sequence of random variables {A\psX,;n € N} is iid and has marginals with distribution
function F(z) =1 — e~ %/ At If q,, := Aips and by, := logn it follows that
n —z\ "

F"(apx +by) = (1 - e_("”log”)) = (1 - en> — exp (—e ) =G(x) asn — oo.
It follows from the previous computation that the exponential distribution is in the domain of
attraction of the double-exponential distribution G(z) := exp(—e™*),z € R; i.e.:

IP(max()\ianl, oy AinfXp) < apx — bn) — G(x).

The distribution G(z) is also called the Gumbel distribution in the literature. It follows from
Theorem 1 and Theorem 2 that the sequence {Z,,;n € N} stays at locations with small A-values
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most of the time. This fact gives a strong hint that the sequence {Z,;n € N} behaves like the
sequence {max(Aijnf X1, ..., AinfXn);n € N} on large scales. Thus we expect that the distributions
of the sequence {ﬁ(Zn — by);n € N} converge toward a Gumbel distribution as n — co. We
prove this result in this section. In order to do so we first prove the convergence of a suitable
sequence of point processes which is associated to the processes {Zt(n);t > 0}. The convergence
of the sequence will then follow from an application of the continuous mapping theorem. This
indirect approach to prove a Lamperti theorem can be found in Resnick (1987).

There exists a finest topology on (—o0, 0] such that x +— cot(z) is a homeomorphism from
(0,7/2] to (—o00,00]. We now define a suitable point process on R* x (—oo, 00]:

Ny(dt,dz) == 5(k o2 (Ze o) (dt,dz).
keN "

Theorem 3 The point processes {Nyp;n € N} converge toward the Poisson point process N, on
[0,00) x R with intensity measure

v([0,t] x (x,00]) :=te™ ™

Proof: Since the the random measures {N,;n € N} are simple point processes it is sufficient
to find a basis 7 of relative compact open sets in RT x (—o0, 00| which is closed under finite
intersections and finite unions having the following properties (see Resnick (1987) p.157):

i) P(N.(0F)=0)=1for all F € T;

ii) limy, oo IP(Np(F) = 0) = IP(N.(F) =0) for all F € T;

iil) limy,— 00 IE [Ny, (F)] = IE[Ni(F)] for all F € 7.

We call a set F' a figure if it is a finite disjoint union of open relatively compact rectangles from
RT x (—00,00]. The set of figures 7 is obviously closed under finite unions and intersections.
Moreover condition (i) is certainly fulfilled since the limit-process is a Poisson point-process
with absolute continuous intensity measure. Let K be an element from 7, then the family

NI(t) := N, (K N0 ((0,1] x (—00,0)))

defines a point process on R*. The stochastic process {Nr(LK) (t);t > 0} has a canonical filtration

f,fK’n) = U(NfLK)(s); s < t). Let {A%K) (t);t > 0} be the compensator associated to the process
(K)

Ny and the filtration F") (see Daley and Vere-Jones (1988) p.514). We want to obtain an
explicit representation for the compensator A). The figure K has the following decomposition

M
K= (7 x @),
=1
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where T; C RT and @Q; C (—o00, c0] are open relatively compact intervals. The compensator for

N has the following expression (see Jacod and Shiryaev (2003) p.94)

M
A Aj
A(K) — inf / _ inf 1
n (8) Z Z NZ,0) Qiexp )\(Zj_1)y ogn | dy

i=1 j/neT;N[0,t]

N ;f 2 A();;fl)/iexp <_)\();;i1)y) W

=1 j/neT;N[0,t]

By Theorem 2 this converges for every ¢ > 0 in probability toward

M
AR (1) = ST TN o,1) /Q exp (—y) dy,
i=1 i

where we denote by |I| the lenght of an interval I C R. The last expression is just the compen-
sator of the point-process

NE(t) := N (K N ((0,4] x (=00, 00])).

The distributional convergence of the processes N}LK) toward N implies the distributional

convergence of N,(LK)(G) toward N ) (9) for # := sup; sup T;. This proves condition (ii), since

lim P(N,(K) =0) = lim P(N)(9) = 0) = P(N5)(6) = 0) = P(N.(K) = 0).
In order to prove condition (iii) we note that the fact that A&K) and A&K) are compensators

yields

n n n

E [N, (K)] = E [N(K) (0)} - [A<K>(0)] and E[N,(K)] = E [NUO(@)} ~E [Aﬁfﬂ (9)} .

Condition (iii) then follows by Theorem 2. O

To the distribution function G we associate an extreme-value process having finite dimensional
distributions defined as follows

k k
Gth---ik (1‘1, ,wk) = th </\ :1:,) Gt27t1 (/\ .CCZ> et Gtkitk*l(l'k).

i=1 =2

The resulting stochastic process {Z(t),t > 0} is a Markov-process with non-decreasing paths.
A version of this process exists in D(0, 00) (see Resnick (1987)). We now define the associated
maximum processes

Zt(n) = aln (Z[nt} — log n)
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Corollary 1 The processes {Z(”); n € N} converge toward the extreme-value process associated
to the Gumbel-distribution
G(z) =exp (—e 7).

Proof: For the proof we define the map

Uk Zp([oaoo) X (—00,00]) = D(0,00); p = Zétk,jk =t \/ Jk
k

0<t, <t

It follows that F(N,) = Z(™ (see Resnick (1987) p.209) and that § is continuous almost ev-
erywhere with respect to the distribution of N,. The continuous mapping theorem and the
Theorem 2 then implies that Z(™ converges in distribution toward Z = §(NV). O

Corollary 2 The sequence ]P(é(Zn — log n) > :c) converges toward the Gumbel-distribution
G(z) =exp (—e™").

Proof: This follows directly from the previous corollary. g
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