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Abstract Let (U, (t)),cre be the empirical process associated to an Révalued sta-
tionary process (X;);>o. In the present paper, we introduce very general condi-
tions for weak convergence of (U, (t))scra, which only involve properties of processes
(f(X;))i>o for arestricted class of functions f € G. Our results significantly improve
those of [8] and [7] and provide new applications.

The central interest in our approach is, that it does not need the indicator func-
tions, which define the empirical process (U, (t));cra, itself to belong to the class G.
This is particularly useful when dealing with data arising from dynamical systems
or functionals of Markov chains. In the proofs we make use of a new application of
a chaining argument and generalize ideas first introduced in [8] and [7].

Finally we will show how our general conditions apply in the case of multiple
mixing processes of polynomial decrease and causal functions of independent and
identically distributed processes, which could not be treated by the preceding results
in [§] and [7].

1 Introduction

The present paper concerns the question of the weak convergence of empirical processes under
weak dependence of the underlying process. Let us consider some stationary Ré-valued proces
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(Xi)ien. The empirical process of (X;);en is the process (U, )pen+ of ]D([—oo,oo]d)—value
random variables

Un = (Un(tla cee 7td))(t1,...,td)€[foo,oo}d

given by

1 n
Un(ty,. .., tq) 1:% Z(lnjzl[_oo,tj}(Xz’) — Elry;:l[_oo,tj}(Xo))-
=1

The study of the weak convergence of such a process began with Donsker [10], who proved
convergence of the empirical process to some Gaussian process in the case of i.i.d. R-valued
data. Donsker’s result has been extended to sequences of weakly dependent (R or Re-valued)
random variables by many authors. Among others, it shall be remarked that Billingsley [2]
gave a result for functionals of ¢-mixing sequences, Berkes and Philipp [I] under strong mix-
ing assumptions, Doukhan, Massart and Rio [I2] for absolutely regular sequences, Borovkova,
Burton and Dehling [3] for functionals of absolutely regular processes, Doukhan and Louhichi
[11], and Dedecker and Prieur [6] for new dependence coefficients.

The technique of the proof usually consists of establishing finite-dimensional convergence of
the process and to use an appropriate moment bound to get tightness of the process (see [9]).

In the recent paper [§], the authors introduced a new approach which is useful when the
required properties on the underlying process are only established for a class of functions not
containing the indicators. The required conditions are the Central Limit Theorem and a bound
of the 4-th moment of partial sums for the process (f(X;))i>0, when f belongs to the class of
Lipschitz functions. Under these conditions, in the case of R-valued data, they were able to
prove an empirical CLT. Later, in [7], the technique was adapted to treat the case of Ré-valued
data and using the class of Holder functions. In that case bounds on higher moments are
needed.

These required conditions can be satisfied in cases where the data arise from a dynamical
system. In particular, for a large class of dynamical systems, they can be derived from the
study of the so called Perron-Frobenius operator. More generally, they can be established in
cases where the system presents some multiple mixing properties (see Section and [7] for more
details).

The aim of the present paper is to give a very general setting under which the technique
of [8] and [7] can be applied. In this way, we obtain extensions of the previous results. In
particular, we show that the approach of [§] and [7] can be applied with more general classes
of functions than Lipschitz and Hoélder functions. We provide general conditions on the class
of functions for which the CLT and moment bounds have to hold. In addition, we use a more
general moment bound, balancing conditions on the distribution of X, with properties of the
class of functions.

Our results allow us to handle processes with weaker moment bound than in previous works.
In particular, we are able to treat systems satisfying a multiple mixing property with polynomial
rates, whereas in [7] exponential rates were required. As a concrete application, we obtain new
result for causal functions of i.i.d. processes.

2Let D([—o00, 00]?) be the space of generalized multidimensional cadlag functions [—oo, 00]? — R (for definition
see [16 p.1286]), equipped with the multidimensional Skorohod metric dy as introduced in [16, p.1289] (see
also [17]). Note that (D([—o0,0]9),dp) is a complete and separable space (more precisely, [16] and [17]
proved this for the space D(]0,1]¢), but — since [0,1] and [—o0, 0] are homeomorphic — the metric on
D([—o00, 00]?) can naturally be extended to a metric on ID([—o0, 00]?) which conserves all relevant properties
(c.f. [T, p.1081L))).



2 Central Conditions and Statement of Main Results

2.1 Conditions

Before coming to the statement of our main results, let us have a look at our conditions, what
they are needed for and some example of how they can be established.

As pointed out in the introduction, the present paper presents a technique which differs from
the usual finite-dimensional convergence plus tightness of U,, approach. This is useful in cases,
where one cannot or not without great effort directly prove these conditions, but where one can
establish similar results for functions (f(X;))ien of the underlying process. These situations
appear, e.g. when dealing with data arising from Markov chains or dynamical systems (c.f. [§]
and [7]).

2.1.1 Central Limit Theorem under a Class of Functions.

We say that a process (X;);en satisfies a Central Limit Theorem under a class of functions G,
if for every f € G such that E(f(Xy)) = 0, there exists 07 < oo such that

% ;f(Xi) 2, N(0,02). (1)

A lot of research has been devoted to establish CLTs under various classes of functions, such
as functions of bounded variation, Lipschitz functions and Holder functions. Hennion and Hervé
[13] give a survey of such results for dynamical systems and Markov chains, where the Perron-
Frobenius operator or the Markov operator satisfies a spectral gap condition. Another example
are ergodic torus automorphisms, for which Leonov [15] and Le Borgne [14] established CLT's for
Holder functions. In the present paper, we consider causal functions of i.i.d. processes where
the CLT holds for Holder functions. CLTs for Lipschitz functions were studied for random
iterative Lipschitz models and linear function of i.i.d. processes in [§].

2.1.2 Moment Bounds under a Class of Functions

To prove tightness, one usually makes use of conditions on the moments of increments of the
empirical process. In order to restrict our conditions to functions of the process we will work
with the following type of moment bounds under the same function space G for which the CLT

holds:

There are finite constants C' > 0, r > 1, p € N* and nondecreasing functions ®;,...,®, :
Ry — RJ such that for all f € G with || f]je < 1 and all n € N* we have

A

< Czn 1£(Xo) = E(f(Xo))Il2 @:(ILf — E(f(Xo))llg). (2)

B (|3 06— B(70%)

This condition is met, e.g. for processes satisfying a multiple mixing property.

Definition 1 (Multiple mixing property). Let (X;);en be a stationary stochastic process of
R%valued random variables and let G be a class of measurable real-valued functions defined on
R? and equipped with a seminorm ||-||g. For integers i1, ..., 7;, we write i% := i1+...+4;. We say
that (X, )nen is O, r-multiple mixing with respect to G if there exist a constant r € [1, 00) and



a nonincreasing function © : N — Ry such that for any p € N* there is a constant K, < oo
satisfying:

|Cov (f(Xo)f(Xis) - .- f(Xax ) F(Xag) f( Xz ) - f(Xis)|

< I [LF (Xo) 11 Fllg© (i) (3)

for all f € G with ||f]loc < 1 and E(f(Xo)) =0 all ¢y,...,i, € N, g € {1,...,p}. In that case
we write (X,,)neny € MMog . (G).

The following proposition shows that multiple mixing systems satisfy a 2p-th moment bound
(2)-

Proposition 1. Let (X,)nen € MMeg,(G) for a function © such that there exists p € N*
satisfying

D i7?0(i) < . (4)
=0
Then there is a C' > 0 such that holds for all f € G such that || f|leo < 1, with r and p as
above and ®;(x) = x'.

The proof of Proposition (1| will be given in Section

Note that similar moment bounds have been obtained in [7] under the stronger assumption
of multiple mixing with exponential rate, i.e. when O(i) decreases exponentially. Under this
assumption, one can get sharper moment bounds, with ®;(z) = log® “(z + 1). The moment
bounds obtained in the present paper are sufficient to apply Theorem (I, and thus our general-
ization allows one to treat processes that are multiple mixing with polynomial rate.

2.1.3 Approximation of the Indicator Functions

Conditions and refer to the processes (f(X;))ien for f € G. In order to obtain results
for the empirical process U,, we need to approximate the indicator functions occurring in the
definition of U,, by functions from G. To describe the quality of this approximation with respect
to || - |lg, we introduce the upcoming definition.

In the following, <, <, ... used in R? are to be understood Component—wis and sets such
as {x € [-00,00]? : a < x < b} are denoted by (a,b]. We will also use the notation w, for the
modulus of continuity of a real-valued function g, which is defined by

wy(0) = sup{|g(t) — g(s)| : 5,t €RY, ||t — s[| < 0}

Definition 2 (G-F-control function). Let G be some vector space of real-valued functions de-
fined on R?, equipped with a seminorm ||-||g, and let I’ denote the multidimensional distribution
function of an R%valued random variable X. We call a nondecreasing function ¥ : R} — R
a G-F-control, if for every a < b € [—00, o] there is a function ¢, € G such that for any
r € R4

1—o0) < P(ap)] < Lcoop)- (5)
and such that
1
a <V . ) 6
loalle < (i) ©)
i=1,...d
3ie. for a = (ay,...,aq), b= (by,...,bq) € [~00,00]? write a < b if and only if a; < b; forall i =1,...,d



where F; denotes the i-th marginal distribution function of X.

If such a function ¥ exists, we say that G approximates the indicator functions (of rectangles
[—o00,1], t € R?) with G-F-control .

Example 1. As an example consider the class of bounded a-Holder functions H, equipped
with the a-Hoélder norm

flx) = fly
11, 5= 1o+ sup{ =IO iy et 2y,
|z —yll
Choose Y € Ha as
QO(a’b)<£L'1, ce ,md) = H (,0(1(,00700)2@11', bl) . bz — CLZ-)’

where ¢ : R — R is given by ¢(z) = 1|« —1)(2) — 21(_1g(x). Obviously this choice of ()
satisfies (F]). Let us now check condition (6]). Since for all j = 1,...,d, wr;(0) < wr(6), we
have

e

1
< S R
logap . < djgf%ffdl(foo,oov(ayaby) ETAD +1

< d<w§('mindwpi(bi - ai)>>_a +1,

i=1,...,

where wi (y) := inf{§ > 0 : wp(6) > y}. Hence (6) is satisfied for the nondecreasing function
U given by

U(z) = d(w? (1)>_a +1 (7)

z

and thus ¥ defines an H,-F-control, which gives us the following lemma:

Lemma 1. The space of bounded a-Holder functions H, approximate the indicator functions

with He-F-control ¥ given by .

2.2 Main Theorems

Our main result is the following:

Theorem 1. Let (X;)ien be a stationary process of R%-valued random vectors with continuous
multidimensional distribution function F. Assume that there is a vector space G of measurable
functions R? — R, containing the constant functions, equipped with a seminorm ||-||g, satisfying
the following conditions:

(1) For every f € G such that || f|le < 00, the CLT holds.

(i1) G approximates the indicator functions with G-F-control V.



(11i) There are constants r > 1, p > rd, v1,...,7, satisfying

0§'yi<3+2(p—i)—d foralli=1,...,p, (8)
r
and some nondecreasing functions ®q,...,®, : Rf — RY satisfying
Q,(2U(2)) = O(2")  as z — oo, (9)

such that for every f € G with || f|lcc <1 the moment bound holds.

Then there is a centered Gaussian process (W (t))ie(—co,00)¢ With almost surely continuous sample
paths such that U, —= W, in the space D([—o0, 00]%).

Remark 1. In fact, the functions @4, ..., ®, and the function ¥ only have to be nondecreasing
for sufficiently large arguments. Note that condition has only to be satisfied for a certain
subclass of G, see Remark

As a consequence of this abstract theorem, we can give a statement for multiple mixing
processes, for which conditions are more easily verifiable.

Theorem 2. Let (X;);en be a stationary Re-valued process with continuous multidimensional
distribution function F. Assume there is a vector space G of measurable functions R¢ — R,
containing the constant functions, equipped with a seminorm || - ||gthat satisfies the following
conditions:

(i) For every f € G such that || f||c < 0o the CLT holds.

(i) The process (X;)ien+ is O, r-multiple mizing with respect to G for some r > 1 and a
O : N = R{, such that there exists a p > dr satisfying Yo 1P ~20(i) < oo.

(iii) G approzimates the indicator functions with G-F-control ¥ such that V(z) = (’)(z%) for

some y > piﬁd.

Then there is a centered Gaussian process (W (t))ie|—co,00)¢ With almost surely continuous sample
paths such that U, —=s W, in the space D([—o0, 00]%).

Proof. By Proposition holds with ®;(x) = z*. Then, taking v; = %’ the assumptions of
Theorem [I] are satisfied. O

The rest of the paper is organized as follows: In Section [3| we present some particular cases
of the theorem and some applications. The proof of Theorem [I] is given in Section [4 Section
is devoted to the proofs of the results of Section [3|

3 Applications

While Theorem [1|is stated in a very general context, this section is devoted to the special case
where G = H,,, the class of bounded a-Hélder functions. We will first obtain a corollary to
Theorem [1| specifying the conditions for this choice of G. As an application, we will study
empirical processes of causal functions of an i.i.d. process.



3.1 Assumptions on Hdélder continuous functions

The case of Holder continuous functions has already been considered in [7]. In the present
paper, we obtain generalizations of the results in [7], by allowing a larger class of functions ®;
in the moment bound . In this way, we are able to treat processes that satisfy a multiple
mixing condition with polynomial decay, rather than the exponential decay considered in [7].

Theorem 3. Let (X;)ien be a stationary R*-valued process with continuous multidimensional
distribution function F. Assume that:

(i) For every f € H, the CLT holds.

(i) There are constants B >0, v>1,r>1,p>rd, ki,...,k >0, A\ >1, zp € R* and an
invertible increasing function ® : RY — Ry satisfying
wr(y) < BR(y~) 7, (10)
r
D(22) < A\P(2), Vz > z, (12)

such that for all f € Hy with || flle < 1, the moment bound holds with ®; = ®"i.

Then there is a centered Gaussian process (W (t))ie(—co,00)¢ With almost surely continuous sample

paths such that U, —= W, in the space D([—o0, 00]%).

Proof. Using Lemma , it is sufficient to show condition @ of Theorem [1| for the function ¥

defined in and for suitable 71, ..., satisfying .
By , for z > 0 we have

S

Wi (é) > inf{x >0:6(P(x7)7 > %} = inf{x >0: P27 < <Bz)

and therefore, since ® is invertible, we obtain

2=

).

Wi <§> - > inf{x >0:2> (<I>_1((ﬂz)%))_é}_a = ¢! ((Bz)

Using , this yields that there is a finite constant C” € R such that

@,(20(2)) = (24 (wi: (%))W +2)
< (@de'((82)7) +2)) "
<c'(@@((8)7)"
— 'Y 2

for every i € {1,...,p} and all sufficiently large z. Here, by (1)), each exponent v; = k; /7 is
positive and strictly smaller than i/r + 2(p — i) — d. Thus conditions (9) and (8] of Theorem
are satisfied. O



Remark 2. We will now show that by taking ®(z) = log(z + 1) and special choices of the
constants, the main results of [7] and [8] can be obtained as corollaries of Theorem 3| Note
that this ®-function arises in (2) when the process is multiple mixing with exponential decay
(see [7]). For the above choice of @, (10)) can be simplified to

wr(y) < Bllog(y)|™”
for some 3 > 0.
1) If we choose k; = 2p — i, we get

2p —1 D
X = = ,
i=1,..., p%+2(p—i)—d p—rd

and thus condition in Theorem (3| is equivalent to v > piﬁ -. In this way, we obtain
Theorem 3 in [7, p.1081].

2) If we choose a,d,r = 1 and p = 2, condition in Theoremreduces toy > max{%, ka}.
Thus we obtain Theorem 1 in [8, p.3702].

This shows that Theorem [3|is a far-reaching generalization of the result obtained in [7] and [8].

We finally obtain a version of Theorem [2| for the special choice G = H,,.
Corollary 1. If conditions and of Theorem@ hold with G = H,, and if F' is 9-Holder

for some ¥ such that

9 rp
— 1
a>p—rd’ (13)

then the empirical CLT holds.

Proof. We will apply Theorem |3| and thus have to verify assumption . Choosing k; =7 and
®(x) = x, we obtain the moment bound by Proposition [} while (12)) is obviously satisfied.
Choosing moreover v = g, follows from . Finally is a consequence of the Holder

assumption on F. O

3.2 Causal functions of independent and identically distributed processes

One example of processes that feature the multiple mixing property and that can be treated
by our methods is the class of causal functions of i.i.d. processes, which are defined as follows:

Definition 3 (Causal function). Let (&;);ez be an independent identically distributed process
with values in a Banach space X. We call (X;);ey a causal function of (§;);ez if there is a
measurable function G : XN — R? such that each X; is of the form

X; = G((&—j)jGN>‘

Let us now introduce a measure of the dependence structure of a causal function of an i.i.d.
process (&) ez. Set

X’i = G(f’hﬁi*h cee 7517567€L17 . ')7

where (}) ez is an independent copy of () jez, i-. (§;)jez and (&) ez are identically distributed
and both processes are independent from each other. We can now define for i« € N* and s > 1,

1
s = 1 = Xills == B(11X: - Xilla) " (14)

This physical dependence measure was introduced by Wu [1§].



Proposition 2. Let (X;);en be an R -valued causal function of an i.i.d. process, a € (0,1] and
re[l,00), s e (1,00 witht+<=1. Then

(Xi)ien € MMe ,(Ha),
where ©(i) = (8;5)*. As a consequence of Proposition [1], if

D (650" < o0 (15)
=1

for some p > rd, then the moment bound holds for all f € H, such that || flle < 1, with
p,7 as above and ®;(z) = x'.

The second crucial point in the assumptions of Theorem [l| is the CLT (1). The following
proposition gives a criterion for (1| in the situation of a causal function of an i.i.d. process.
Proposition 3. If (X;)ien is an R%-valued causal function of an i.i.d. process and satisfies

o0

> (0i9)* < o0, (16)

i=1
for i())me a € (0,1], s € [1,00], then the CLT under Heo holds with o7 = E(f(Xo)?) +
2 Zizl E(f<X0)f(Xz))

The proofs of the two preceding propositions are given in Section [5] As a direct application
of previous results, we obtain the following one:

Theorem 4. Let (X;)ien be an Re-valued causal function of an i.i.d. sequence. Assume that:
(i) The distribution function F of Xy is ¥-Hélder for some ¥ € (0,1].
i ere are some r € |1,00), s € (1,00] satisfying =~ + - = 1, an integer p > rd and a
i) Th 1 1 tisfying + + + =1 int d and
positive constant « € (0,1] satisfying and .
Then there is a centered Gaussian process (W (t))ie|—oo,00d With almost surely continuous sample

paths such that U, —s W, in the space D([—o0, 00]%).

Proof. We will apply Corollary (1} By Proposition |3| the CLT holds under H,. Proposition
shows that (X;);en € MMeg . (Ha), where O(i) = (8;,)* and thus Y = i*7?0(i) < co. [

Example 2 (Time delay vectors). Let (X;);en be a real-valued causal function of an i.i.d.
process. We define the time delay vector process (Y;);en of dimension d > 1, by

}/;: (Xz --'7Xi+d71>7 ZGN

If the scalar process (X;);en satisfies (i) and of Theorem , then the Empirical Central Limit
Theorem holds for the process (Y;);en-

Proof. Assume that (X;);cy satisfies (i) and of Theorem (| and let us check that the process
(Y;)ien also satisfies these assumptions. Denote by Fx the distribution function of Xy and by
Fy the multidimensional distribution function of Yy. The marginals of Fy are all F'x and then
wp, < dwp, . Thus Fy is 9-Holder. Denote by 6; <(X) and 6; s(Y') the coefficients introduced in
relative respectively to (X;);en and (Y;);en. We can see that there exists a constant C' > 0
such that for all i € N,

0is(Y) < C(0is(X) + ...+ dira1.5(X)).
Thus, we infer that (Y;);en satisfies with the same constant « as for (X;)en. O



Example 3 (Linear processes). Let (X;);en be a causal linear function given by

Xi = Z a;&i—js

jEN

where (§;) ez is an i.i.d. X-valued process and (a;);ey is a family of linear operators from X to
R?. We denote the norm of such operators by

lal = sup{[|a()]| - x € &, |z|x <1}

If ||ol|s < oo for some s > 1, if the distribution function F' of X, is ¥-Holder and if

| = O() wi A V]
]Z:;|CL]|—O(Z ) Wlthb>p€r£;r>1rdq9 P

for r = %5, then the Empirical Central Limit Theorem holds.

Proof. Let (&})jez be an independent copy of (;);ez and p an integer which realizes the mini-
mum in the condition on b. By assumption, there is an € > 0 such that b > (1 +¢) (jg’p__lr);f . We
can choose a = ¥(1 + 6)_”;—;[1, ensuring that is satisfied. Since

Gio = || D iy — &) < 1o —&lls D layl,
=i s =i
we have
P2(0,)" < @llell ) (P lagl) = 0@,
=i
where 2p —2 —ab <2p—2— (2p — 1) = —1, thus holds and Theorem W4 applies. ]

The example of causal linear processes has already been studied by several authors. Dedecker
and Prieur [6] could allow lower rates of convergence for 3 % |a;| but required that X, has a
bounded density. Wu [19] also assumes that the underlying i.i.d. process has a density. In the
present paper, no assumption is made on the distribution of the & except moments and the
distribution of Xy does not need to be absolutely continuous. In the case where &; are R-valued
and d = 1, very weak conditions can be found in [5].

4 Proof of Theorem [1]

To prove the convergence of the empirical process we will use the following result obtained in [8],
Theorem 2|. Note that this result is a modification of a classical theorem on weak convergence;
see [2, Theorem 4.2].

Proposition 4. Let S be a separable and complete space with metric p. If U,, U,(lm) and U™,
n,m € N*, are S-valued random variables such that

utm 25 U™ asn — oo, for allm € N* and (17)
lim limsup P(p(U,, U™) > &) = 0 for all € > 0, (18)

m—00  n oo
then there is an S-valued random wvariable U such that U, Py U asn — 0o and U™ 25 [
as m — 00.

10



Remark 3. We will apply Proposition 4| to the situation where S is chosen as D([—o0, 00]?)
(equipped with the Skorokhod metric dy, c.f. p and U, denotes the empirical process. If
one wants to prove the convergence in distribution of U, Proposition {4| assures us, that it is
sufficient to find a process Uy(Lm) which approximates U,, as m — oo in the sense of and to
show that this process is convergent in distribution for each m as n — oc.

Following the techniques presented in [7), p.1078 ff], we begin by introducing a partition for
[—00,00]%. Let F; be the i-th marginal distribution of F, 0 = T(m) <M< <M =1a
partition of [0, 1] and set for i € {1,...,d}, j; € {0,...,m},

10— F (),

,Ji "

where F;7(y) := sup{x € [—o00, 0] : F;(z) < y}.
Note that F; are injective since F; are continuous. For convenience we also define ¢; m) 1= tf”n?
For j € {O,...,m—i—l}d set

= (Y = (B ), B ().

Lj1» ?7d,ja J
To keep notation short, denote (z,...,z) € [~o0, cc]¢ by T.
We can construct a G-approximation of the indicator function 1[7@ Lm)] by setting for j €
Sy
{1,...,m}?

@ (om o), AT =2,

_ (19)
Q ﬁjzz

where go(tm) t(m) € G satisfies (b)) and @ Observe that t(m) < t( Z since all F;7 are injective.

To approxnnate the emplrlcal distribution function we mtroduce

F,Em)(t) = Z < Z ) [t(rn) (m))(t)

JE{L,...,m}e
Note that for ¢ in any fixed rectangle [t(ml, t§m)) we have the simple form
m 1 - m
e = L3 )

i=1
By the definition of the gogm) it is easy to see that therefore
(m) (m) (¢ (m) (m) 4(m)
Fn(t] 3) S E(E) < Fn(tj_I) vVt € [t t] ).

Thus it is natural to approximate (as m — oo) U, by

where

11



Remark 4. Notice that at this point the gog-m) and thus Uém) depend heavily on the chosen
partition rg, ..., 7, on [0, 1]. Therefore the notation with the superscript m may be misleading
at first glance, but since whenever the choice of the partition matters we will only use equidistant
partitions of [0, 1], the partitions will in all relevant situations be uniquely defined by m.

The central idea to prove Theorem (1] is to use Proposition . Thus we need to check
and for S = D([—o00, 00]?). This is done in the next two lemmas.

Lemma 2. For every partition 0 = r((]m) <<= of [0,1], Ul converges weakly to

some centered Gaussian process W™ € D([—o0, o0]?) whose sample paths are constant on each
of the rectangles [ 1,t§m ), j€{1,...,m}

Proof. Since all the U™ are constant on each of the rectangles | ; % t§ )), it suffices to show
weak convergence of the sequence of vectors
1 = m m
(FEErm-srm))
=1 JE{L,..om}d
which is a consequence of the CLT and the Cramér-Wold device. n

Lemma 3. Let 0 = T(m) < rgm) < ... <18 =1 be the partition of [0,1] defined by r,im) =L

Then for every €,n > 0 there is a my € N* such that for all m > myg

lim SupP< sup  |Un(t) — U™ ()| > 8) <.

n—00 tE[—o0,00]¢

P(ro)of. Let us consider €,n7 > 0 fixed for the rest of this proof. Consider the partition 0 =

ro  <...< ri =1 of [0, 1] defined in the statement of the lemma and set h = L. For each
k € N*, consider the refined partition

<< <t
of [r((;f%, r((lm)], where
(k) . (m)

0€{0,...,2%} and ¢ € {0,...,m}. Setting for i € {1,...,d}, j; € {1,...,m}, l; € {0,...,2F}
k
S’E,j)z,l _F_>( j“)li)7

we obtain partitions

m k k k m
of [tET)_I, tf b )] To simplify the notation in the following calculations we set
k k , (k k :
sl{j)h,l = s§7j1_172k_1, for j; > 1, and s, 7])“21%1 = sg’j)ﬁl’l, for 7, < m.
Let us now focus on a fixed rectangle [ 1, ] ™) for some j = (j1,...,ja) € {1,...,m}"
Our aim is to construct a chain to link the point t;mi to some arbitrary point t € [t(mi, tgm)).

Therefore we set

li j,(k,t) = max{¢ € {0,...,2"} : s” <t} €{0,. —1}.

12



Since we consider j to be fixed, we may drop the index j in order to simplify further notation.
More precisely, we set

k k k
st = (8 sl ) and (k1) o= (L, (k) L (K, E)).
In this way for any k € N*, we obtain an ([—o0, 0o} valued) chain

(m) _ () (1) (k) ()
tj TS0 S S S Sy ST S (k)41

Now set
@/%0) =P (plm) ym)y

71J

and choose for every k € N* and [ € {0,...,2*¥ + 1} a function wl(k) € G such tha

0, ifdie{l,....d}:jj=1and ;=0
o _ 1, if (Jie{l,...;d}:ji=mandl; =2"+1) (20)
t and (i € {1,...,d} :j; =1and [; = 0)

QO(S(Q s(k)) else,

where 90(S<k) satlsﬁes and @
-1’

By this deﬁnltlon we have for every ¢t € [—o0,00]? and [ € {0, ..., 2"} the following inequal-
itles:

k
1[*@751_T] < ¢§ ) < 1[*@:&] (21)

(k) (k)
< 7vZ’z(lt <...< wl(k,t) S Ipsy < @bl(k,t)g' (22)

Using inequality . we obtain for ¢t € [t(mi, tgm)) and K € N*, the telescopic-sum representa-
tion

f %i( (X0) = i (X)) + %i(n_m A — il (X)), (@)
Let us now COIlSldel“_ )
U,(t) — U (1) = v/ (% Z s (Xi) = F(t)) = va(E™ () - F™ (1))
Equation (23) yields )
1) ~ U0
=3 S 00~ Bl 00— (4 0 = i )
‘7 i(l[_m] (X0 F0) ~ (530 () ~ V(i (X0) 1)

4the reference to the indices j and m is omitted, since these are considered to be fixed.

13



Applying the inequalities in , we gain the following upper bounds for the last sum on the
right-hand side of the above inequality:

(1000 = F0) = (4452000 ~ B2, 09)

> — VBl 2(Xo) — BY (X0)) (25)
and
% i((l[-ooﬂ (X)) = F (1)) = (0410 (X0) — Bo(, (X0))
Z( (%) = BUl(, 5(060) = (W{f () — Ev{f, (X0)
T \F(Ew o 2(Xo) = BU(, (X0) ). (26)
For convenience, let s(.k) mokyl = sz(kri k- BY equation and the continuit of F', we obtain

K
\/_‘E¢ UK L) +2 (Xo) — Ewl(l{)t)( )’
< \/E‘El[*@vszm,t)@) (XO) o El[*@’szm,t)fi)(Xo)‘

3dy/nh
= ‘/_(d mex { (81,1, ()+3) ~ E(Sz‘,ji,zi,ji(K,t)—T)D T oK

,,,,,

and thus, if we choose

24d
K= Kn = IOgQ ?\/ﬁh y (27)
we obtain

]Ewl(,ﬁ”( ) = Bl (Xo)| < 5. (28)

In summary, using , and in equation yields, for all n € N*,
\/_Z{< lkt E¢lkt)( )>
(wl 0000~ vy, ()

‘\/_ Z{ Il?)t +2 Xi) = E%(K t)+2( 0)>

- (uff 000 - By (x0) |+ 29

§ % 5 )) By the definition of the

S e e e R

®note that for continuous F, we have F o F~(z) = x for all z € [0, 1].

Consider the maximum of the terms in over all t € [t
I(k,t) we have

14



We therefore obtain

sup |Un(t) -

k k
s (10000 B0
ey e VIIEDe

(%Zﬁ’( )= Euffa o) §

(K'n (Kn
* ﬁ le{o,.,r.r,lz%f_l}d Zl{ <¢l+2 ( l) E77Z)Z+2 ( ))

- () - e o) |

DO ™

Choose ¢, = and note that >~ e, = ¢/4. An application of Markov’s inequality for

4k(k+1)
the 2p-th moments combined with condition ([2|) implies

P( [sup U, (1) — U™ (1)) Ze)

(m) (m))

-1t

Z{W( ) — B (X))

=1
> Ek)

> {00 - oty )

=1

S IRC

k=1 1€{0,...,2k—1}4

— (f)) (X) = Bl (X >)}

1

+ p(_
lG{O,...,QZKn—l}d \/ﬁ

— (" (x,) — Ewl(K”)(Xo))H - Z)

i k k—1 7 k k—1)
St P (o) = vl (Xo) I @i (20w~ wif,) o)
i=1

4%p
+ Z €2pnp

lef{o,..., 2Kn71}d

Zn et (Xo) = ) (X)L @i (201wls” - v llg) } (30)

The critical part in these terms is the argument in the functions ®;. We therefore collect the
necessary auxiliary calculations in the following lemma:

15



Lemma 4. For alll € {0,...,2 —1}4, k,n,r € N*

3dh =
e () = vl Xl < (5)
3dhy +
o) (o) = o o)l < (557)

160l < max{ o

k

) Il

Proof. By and the continuity of the Fj,

k
I (Xo) = vial (Ko)llr < 1 _g o, (X0) = L = 1(Ko)s

k k
<d max (Fl(sﬁjill) — Fz’(Sg,j)i,zi—g))>

i=1,...,d

1
T

The second inequality can be proven in a similar way.

In the first two cases of the definition (|2 wlk is a constant function taking either the value
zero or one for each argument. In thls cases the last inequality of the lemma is trivially satisfied

by the conditions on || - ||g. Else 2/1l has a representation Plath) o), where
(k) _ [ (F) (k) _ (k) (k)
Sl - <81,j1,l1’ Y djd ld> - <F1_> (8]1 l1)7 Y Fd_> (S]d ld)>
(k) _ [ () (k)
517 <51,j1711—1’ 1 5d,jq ld_1>
_ (k) —k (k) —k
(F (s, = n27), o B (s, = h2h))

and hence, for every i € {1,...,d},

s =t e{d>0:3teR, |F(t) — Kt —4)] > h27F}
C {6 >0:wg(6) > h27%} (31)

To see this, set § = F%(sgk)) F (s ( 7)) >0,t=F;(s (k )) and recall that the F;~ are injective.
Now condition @ yields

Il < ¥ 1 )<u(%)
since min;_y, 4 wr, (s 5 )l — sﬁkj) 1—1) > h27* by (31). O
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An application of Lemma 4| to yields

P( o \Un<t>—U£m><t>rzs)

i) )

2dk

<2C{ZZ

k=1 i=1

p dKn, %)
20Knp=(0=1) ,3dh
i=1 4

+ D{i 2<d—¢>kk4p@p(2qf<2—;))hf} (32)

for every j € {1,...,m}?, where D > 0 denotes some finite constant. In the second inequality
we used that ¥ and ®; are nondecreasing functions and e/d > ek, .
Let us first deal with the term in the last line of (32 . ). By condition @[} we have

sz—* “era, (20 ( h))h <C"h *—%22% (R-kte

where 7, < 2 — d. Hence there is a nonnegative constant D’ < oo such that

Zzw Bk Argy (2\1/(%))%1 < D'RE" = o(h?). (33)

Now consider the ﬁrst summand on the right-hand side of inequality . In we chose
K, = [log,(2*d\/nh/e)|, hence condition (9) yields for any i =1,...,p — 1,

( ) 2Kn d_% dp+1 2Kn d
—lp=e K770, 20 h

" ( h ) < ( h ))

< D"lo 4p+1< \/_h) (\/_)%7($’+2(p7i)*d)hd

for some nonnegative constant D” < co. Since v; < £ +2(p—i) —dfori=1,...,p—1, by (9)
we obtain for all n > 0 and sufficiently large n € N*,

d—21
DZ om0 (22 g g (w20 ) Y b < L (34)
n (2 h — 277 °
Finally, by (32), (33) and ( ., for any n > 0

lim supP( sup  |Un(t) — U™ (1) > 6)

n—00 te[—o0,00]?

17



since h = 1/m. Hence there is a my € N* such that

lim supP( sup  |Un(t) — U™ (1) > €> <n
te]

n—0o0 —oo’oo]d

for all m > my. L]
With Lemma [2l and Lemma, [3] established, let us finally prove Theorem

Theorem [1. By application of Proposition {4 on D([—o0, 00]?) equipped with the Skorokhod
metric p, Lemma (with r,gm) ;= £) and Lemma [3 show that U, converges in distribution to
a process W which is also the limit process of the sequence W™ m € N*. Since all W™ are
centered Gaussian processes the limit process must also be centered Gaussian.

It remains to prove the continuity of the sample paths of W. At this point we already know
that U, converges weakly to W. Therefore it is sufficient to show that for every e, > 0, there

is a d > 0 such that

lim supP( sup |Uy(t) — Uy(s)] > 35) < 3n. (35)

n—oo  \|t—s|<6

The sufficiency of this condition can be proven exactly the same way as in the proof of Theorem
15.5in [2, p.127 f.].
For all m € N*| by some triangle inequality arguments we obtain

lim supP< sup |U,(t) — U,(s)| > 36)
n—00 lt—s||<é

< 2lim supP(sup U, (t) — U™ (1) > 6)
t

n—o0

+ lim supP< sup |UM™(t) — UM (s)| > 5)

n—00 [[t—s||<d

and thus, by Lemma (3] there is a mg € N* such that for all m > my,

lim supP( sup |Un(t) — Up(s)| > 35)

n—00 l[t—sll<é
< 2n+lim supP( sup (U™ () — UM (s)] > 8). (36)
n—00 [t—s]||<d

Now set d,, := % Minjco,... m}e {maxizl’_“,d tj, _tji—1|} and observe that 4, is strictly positive for
any m € N*, since the F;” used in the construction of the ¢; are strictly increasing. Obviously
for all 6 < 6,, and ||t — s|| < &, the points s, € [—00,00]? must be located in adjacent (or
identical) intervals of the form [t;,¢, 7). Since the process U™ is constant on any of the
intervals [t;, tj,j) and by symmetry in the arguments s,¢ we obtain

sup |Uy™(1) = U™(s)| = max U™ () = U™ ()],

n . n
l[t—s]||<é j€{0,...,m}?
2€{0,1}%, j>=

thus

P( sup [US(1) ~ UL ()] > ¢)

[[t—s||<d
<2m+1)7? max P(|U,(Lm)(tj) — U™ ()| > 5). (37)

n
je{07"'7m}d
2€{0,1}%, j>z

18



Recall that the functions gogm) are defined in . Analogously to the calculations in Lemma ,
one can show that for all j € {0,...,m}¢ and 2z € {0,1}% such that j > z, we have

(m) (m) 3d\+
e (o) = ool < ()

167 lg < max{ W(m), |[1g }-

Then, by applying one after another Markov’s inequality, the 2p-th moment bounds and
the preceding inequalities, we obtain

n

P () = U (ty-2)] > <)

2p

< n e WE| S (HTH(X) — o L(X) — B($U(X0) — ¢l (X0))
1=1

p
< 20m e Yl (Xo) — ¢ (Xo) i@ (2067 - TS _lg)

=1

< 2CnPe Zp: n (%) ", <2m(m))

1=

p—1
< Dm» & LD Zn—(p—i)mw—%’
i=1

where D is some finite constant. Therefore by there is another finite constant D’ such that
p—1 v
P( sup U™ (t) — U™ (s)] > 5) < D'm? (mwpfg n Zn%pﬁ)m%,;)’
llt—sll<s £
and thus

limsupP( sup U™ (1) — U™ (s)] > g) < DD <

n
n—00 [[t—s||<0m

for sufficiently large m € N* say m > m;. By this implies that holds for § =
5max{m0 ;mi}. O

Remark 5. We saw in the proof, that the theorem also holds if is only satisfied for a certain
subclass of functions in G, more precisely if holds for all functions f € G of the form

[ = Qap) — P )

where a,b,a’,b' € [—o00,00]?, a’ < b, are such that

P(X, € [, V]) < 2P(Xo € [a,b]) < P(X, € [d,b]) < 3P(X, € [d, ). (38)

Choosing for each m € N* an f,, := @ — @@ ) such that is satisfied for P(X, €
[a',b']) = 1/m, it can be shown that

. vi—t

19



5 Proof of Proposition [I, Proposition [2| and Proposition 3]

5.1 Proof of Proposition [1]

By stationarity, we have

(S r00))

:‘ 3 E(f(Xil)'---'f(Xz‘p))‘

1<it,ip<n

S B f(XG )|

0<i1,.mnyip—1<n—1

i <n—1

<pln

Using the notations I,(0) := |E(f(Xp))| = 0 and

In(p) = Z |E(f(X0)f(Xi;) Tl f(Xz';;)) }’ (39)

0<in,...ip<n—1
ir<n—1

for p € N*| we therefore have

]E((Z 10)")| < plda(p = ). (40)

Decomposing the sum in (39)) with respect to the highest increment of indices i, ¢ € {1,...,p},
we receive a bound

L,(p) < Z Jn(p, ),

where

n—1

Jn(p,q) = Z Z ‘E(f(Xo)f(Xf;) Teee f(Xz';)) ‘

ig=0 0K i1,0yig1,ig 11 mmmrip<iq
ip<n—1

Lemma 5. Let (X,,)neny € MMeg ,(G), then for all p € N* such that

Y (i) < oo (41)

i=0
and all g € {1,...,p} there is a constant K' such that

Ju(p:q) < K'| f(Xo)lo[| fllg +nln(q = 1)1n(p — )
for alln € N* and f € G.

Proof. Set

Ay iy =|Cov(F(Xo) F(Xag) - F(Xa: )y F(XG) F(Xin ) - F(Xa))|

P

iy =B (X0) F(Xap) - F(Xar D) [B(F(Xo) f(Xig) o f(Xigiz)

Y
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where we used the stationarity of (X;);en in the last line. We have

In(p,q)
n—1 n—1

< E E Aip iy + E E By,
ig=0 01,0 sigo1,ig41smensip<iq ig=0 0< 1,0 yiqo1,ig41smensip<iq

ip<n—1 i5<n—1

An application of the multiple mixing property yields

n—1 n—1
> > Airyin < KN X0l llg D (g +1)770(y)
iq=0 0<i1,0erig1,0qt1yemmrip<iq iq=0

i <n—1

< K'lf(Xo)ll- 11 fllg

for some constant K’ < oo, since Y >, '0(i,) < oo by (41). Finally

1q=0 "¢

n—1

> > B,

iq=00<i1,yig_1iga1ip<iq
i*<n—1

Z [E(f(Xo0) f(Xiper) - - f(Xz‘;;—z‘:;)){}

0<ig1ymip<n—1

Ao
ip—ig<n—1

=nly(p — 1) In(p — q).

]

Lemma 6. If (X,,)neny € MMog . (G), then for all p € N* such that is satisfied there is a
constant K, < oo, such that

2/2]
Li(p) < Kp Y 0 HIF(X0) 111l (42)

i=1

for all f € G with ||f|lcc <1 and E(f(Xy)) = 0.

Proof. We will use mathematical induction to prove the lemma. By Lemma [5| we can easily see
that

L,(1) < K|l f(Xo)ll- 11l

for some constant K; < oo if is satisfied. Now consider an arbitrary p > 2 satisfying
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and assume that holds for all p < p — 1. We have

P) <D Ju(biq)

<> (KNI lg +nlula = DI — )

q=1
b [ -
< K|l f(Xo)llo A fllg +n ) K" Y a A F(Xo)If1lg

q=1 =2
[5/2] 4 ' '
< Ky Y 0 Al
i=1
for some constants K’, K", K; < oo, since ’—q;—l-‘ + ’_I%-‘ < (g-‘ O

Proposition [1 By and Lemma |§| we immediately obtain

Z(OHES

since (4)) implies that holds with p replaced by 2p — 1. O

") < ot 1) < K Znnf Xo)l: £z

5.2 Proof of Proposition 2]

Since (X;)en is a causal function of an i.i.d. process, we have a representation

Xi = G(fu gi—l) .- ')7

with G : AN — R Let (&5)jez and (&7 )jez be copies of the underlying process (§;)jez such
that all three processes are independent. Set

k)

X( = (51752 17"'agi—k-i-lag;—kagz{—k—la"')
k)

X( = (57,752 17"'a€7§—k+1a 'Z,—ka gl—k—la"')

and note that therefore (X;);en L (X»(k))ieN L (Xz(k )ien. We have

1

[Cov(f(Xo) . f(Xiz ), [(Xiy) . f(XG))]
< |Cov (f(Xo) - f(Xi ) = F(XG7) .o FXE ) (K)o  f(XG))|

+[Cov (XS FXE ), F(X) - F(X) = PR X))
+|Cov (F(X67) . FXE ), FOXE) L f(RED) . (43)

Since f(XF) ... .- f(Xf;jl) is o ({& 1 < it} UL ¢ j € Z})-measurable while f(X{7)-...-
f(XZ(k)) is o({¢ :j > it —k}U{¢] : j € Z})-measurable, the functions in the last covariance
on tlfe right-hand side of are independent as soon as k& < 7, and thus the last summand is
equal to 0 in this case.
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Recall that we only consider such f that satisfy || f|| < 1. If we apply Holder’s inequality
to equation we obtain for r, s satisfying 1 + 1 =1

|Cov (f(Xo) .+ f(Xir )= X)X ), F(X) - f(Xay)|

<2 f(Xo) - F(Xi ) = PG o S DX - S
< 2q|| f(Xo) | [l F(Xo) — F(X)s (44)

where we used that for a;,b; € [—1, 1],

n n n
i=1 i=1 =1

Since |f(x) — f(y)| < || flln. ]z — y||*, an application of Jensen’s inequality to yields

[Cov(f(Xo) - f(Xiz) = XY - o- FXP)), () - F(Xp))|

< 29|l F(Xo) I | Il (110 — X$P11)
= 2gLf (Xo) Il fll300 (G16)

Analogously we can show that

|Cov (F(XG7) . FXE ) F(Xi) oo f(X) = D) (X))
< 2(p — Q)1 f (Xo) I 1 f 131 (Bk5)",

thus for £ = i, we have

|Cov (f(Xo) - f(Xix_ ) o F(X) - (X)) | < 2a)1F (o) [l f 134 (81,,6)

This proves the first part of the proposition. The second part is a consequence of Proposition
1l ]
5.3 Proof of Proposition 3]

We will apply the following result obtained by Dedecker in [4].

Proposition 5. Let (Y;);en be an ergodic stationary process with E(Yy) = 0 and E(Y{) < oo,
which is adapted to a filtration (M;)ien. If

ZYOE(YHMO) converges in Ly,
i=0
then
1 <~ D
—ZY} — N(0,0%) asn — oo,
VS
where 0 = E(Y$) +2> .7, E(Yy - Y;) < +o0.

Proposition[3 Choose an arbitrary f € H, with E(f(Xo)) = 0. The process (Y;);en given by
Y; := f(X;) is centered, ergodic, has finite second moments and is adapted to the filtration

(Mi)ieN = (U<§ia i1, - - '))ieN'
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As before, let (£)jez be an independent copy of (&;)jez and set

X =G, & 1),
X} =G, & 1, €, 0,61, )

Observe that by the independence of Mg and o({¢} : i € Z}) we have that

E(f(X))|Mo) = E(f(X])) =0, E(f(X)|Mo) = E(f(X])|My).

Thus

)
- ||f||OOE{}E(f(X£) —f X£)|M0)|}

< IF Bl F(XD) = FXT)

(67

B{ OB (YilMo) |} < 11l B{ [E(£(X0)Mo)
(
|

< |15 BIX - X
< 113, (3:1)°,

where we used Jensen’s inequality and f € H, in the last steps. Therefore, by ,

Z YoE (Y3 Mo)
i=1

converges in L; and thus Proposition |5 applies. O
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