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LEAST SQUARES ESTIMATION FOR A PERIODIC MEAN REVERSION
PROCESS
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ABSTRACT. In this paper we propose a least squares estimator for the drift parameters of
a generalized Ornstein-Uhlenbeck process
dXt = (L(t) —OéXt) dt+UdBt, t Z 0.

The estimator is defined as limit of ordinary least squares estimators for a time discretized
version of this stochastic differential equation. We give an explicit formula for the time-
continuous least squares estimator. In the case of a periodic mean reversion function L(t),
we prove consistency and asymptotic normality of our estimator.

1. INTRODUCTION

The Ornstein-Uhlenbeck process is defined as solution of the stochastic differential equa-

tion

dXt = Oé(,LL — Xt)dt + O'dBt, t Z 0,
where a and o are positive constants, ¢ € R and (B;);>0 Brownian motion. Originally
introduced by Ornstein and Uhlenbeck (1932) as a model for particle motion in a fluid,
this process is now widely used in many areas of application. The main characteristic of
the Ornstein-Uhlenbeck process is the tendency to return towards the long-term equilibrium
i. This property, known as mean-reversion, is found in many real life processes, e.g. in
commodity and energy price processes, see e.g. Geman (2005).

In many real-life applications, however, the assumption of a constant mean level is not
adequate due to seasonality patterns or a long-term trend of the process. Thus we propose
the following generalized Ornstein-Uhlenbeck process, defined as solution to the stochastic
differential equation

where L(t) is a time-dependent mean reversion level and where «, 0 are positive constants.
Note that model (1) differs from the original Ornstein-Uhlenbeck process in the position of «
within the drift term. However, model (1) can easily be transformed to a process with drift
term «(L(t) — X;)dt where L(t) = L(t)/o. The advantage of (1) compared with the process
provided with the drift a(L(t) — X;)dt is the simplification of the study of the estimators.

In this paper we make a parametric model for the mean reversion function L(t). We
assume that

p
(2) L(t) = Y (),

i=1
where the basis functions ¢;(t),...,¢,(t) are known and py,. .., i, are unknown parame-

ters. In addition, the mean reversion rate « is assumed to be unknown. In contrast, the
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diffusion parameter o is assumed to be known which is a common assumption in the field
of drift parameter estimation for a time-continuous diffusion. This is due to the fact that
the measures corresponding to different diffusion parameters are singular so that ¢ can be
computed from a single continuous-time observation.

Parameter estimation for continuously observed diffusion processes is a well-established
area of research, for which a variety of techniques have been proposed. Kutoyants [8] de-
scribes several estimation techniques for ergodic time-homogenous diffusion processes. The
trajectory fitting estimator, originally introduced by Kutoyants [7], has been extended to
certain non-ergodic time-homogenous diffusions by Dietz [1] and by Hu et al. [4]. The tra-
jectory fitting estimator is based on the least squares fitting of the parameters applied to the
integral form of the stochastic differential equation (1),

(3) Xy = Xo+ /t(L(s) —aX,)ds + 0By,

by solving the minimization problem

T t 2
Orp = argmin%@/ <Xt — Xo — / (L(s) — aXs)ds) dt,
0 0

where 0 = (1, . .., ptp, @)'. In contrast with this, we propose a least squares method directly
applied to the stochastic differential equation (1). A formal definition will be based on a least
squares estimation in a discretized version of (1), followed by a limit as the discretization step
converges to 0. We show that this estimator can be explicitly computed and we establish
the asymptotic distribution in the case of periodic mean reversion function.

2. TIME-CONTINUOUS LEAST SQUARES ESTIMATOR

In this section we introduce a least squares estimator for the parameters of a general-
ized Ornstein-Uhlenbeck process, based on a time-continuous observation scheme. We first
discretize the Ornstein-Uhlenbeck process, consider the least squares estimator for the dis-
cretized process and then take the limit as the discretization step converges to zero. The
resulting estimator can be viewed as a time-continuous version of the least squares method.

The stochastic differential equation (1) can be discretized to the difference equation

p
(4) Xaynar — Xiar = <Z i (IAL) — aXiAt) At + o(Bitiyar — Biae), i=1,...,N,

j=1

where N = |T/At] —1 and where At denotes the constant time increment. Here |z | denotes
the integer part of x. The structure of (4) is similar to that of the classical linear model, given
by Y; = Z§:1 Bibij + i, i =1,...,n, where Y = (Y1,...,Y,)" is the vector of observations,
B = (b;;) the design matrix, 5 = (01,...,03,)" the vector of unknown parameters and where
g; are the error terms. The least squares estimator for [ is based on the minimization of
the functional (81, ..., 8,)" = 1L (Vi — 370, B;bi;)?, and is explicitly given by the formula
3 = (B'B)"'B'Y. The main distinction between (4) and the standard linear model lies in
the fact that the right hand side of (4) depends on X;x; which is an observed element of the
data. Nevertheless, this idea leads to an adequate estimator, as will be shown in Section 3.
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Analogy with the classical linear model leads to the task of minimization of the functional

N p 2
gy -y i, )t = Z (X(Hl)m — Xiat — (Z pipi(iAt) — oinAt) At) .

i=0 Jj=1

Lemma 2.1. The solution vector O, = 6 = (fu1, ..., flp, &) of the minimization problem
q(0) — min is given by
eAt = Q;}AtPT,Atv

where Qp ay € RPHIXPH) and Pr A, € RPFL are defined as

Zi\io ©1(1 At) (X ip1ar — Xiae)

Y

Grat ara :
Qrar = At ( . ’ . Pray= . '
arar bra i @i A (Xinar — Xiae)

- Zﬁio Xi At(X(i+1)At - XiAt)
and where Gp oy = (Zﬁio ©; (i At)pg(1 At)) € RP*P, bya, = Z?Lo X2, and apap =

1<4,k<p
—(N o1 AD X apy - N 0 (1 A X ar)

Proof. By general theory of least squares estimation in linear models, the solution to the
minimization problem ¢(f) — min is given by

(5) 0= (A'A)'A'D
where 6 = (u1, ..., iy, @)" and where
e1(0) ... ©,(0) —Xo Xar — X
A= Ap @1(415) - SDp(.At) _)'(At  D- sz Xat
©1(NAt) ... @ (NAL) —Xpyar Xivtnar — Xnae

Hence, the products in equation (5) can be calculated to be

A'D = AtPr a
and

At A — (At)2 ( GtT,At T At ) _ AtQT,At-
ar At bT,At

Thus we get § = (A*A)"'A'D = Q7 L\, Pr . O

Now a continuous-time estimator can be derived from the least squares estimator by
considering At — 0. Regarding the entries of Pra; as At — 0 we obtain

ZSOJ (iAt) - (X(H-l at — Xiat) —>/ ©;(t)dXy

=0

and

ZXzAt (i+1)At — XzAt H/ Xpd X,
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Note that both integrals are [to type integrals and that the convergence holds in L. For
the entries of Q7 a; we have (as At — 0):

S (iAo (iAH)AE — /0 o) om(t)dt,

1=0

N

T
i=0 0
and

N T
> XL At — / X2dt.
i=0 0

We have thus proved the following proposition.

Proposition 2.2. As At — 0, the least squares estimator N converges to Q}lPT, where
Qr € RPHXP+) gnd Pr € RPHL gre defined as

(6) Qr - (GT )

atT bT
t

(7) Py = (/OTapl(t)dXt,...,/OTgpp(t)dXt,—/oTXtht) |

and where G = ([} ¢;(0)on(t)dt)1<jpep € RPP, ap = —([T o1()Xsdt, ..., [ (1) X, ),
and by = [\ X2dt.

Definition 2.3. We define the continuous-time least squares estimator 0.5 for 6 by

(8) Ors == Q7' Pr,
where Qr and Pr are defined as in Proposition 2.2.

Remark. Note that our continuous least squares estimator is equal to the classical maximum
likelihood estimator in the case of the generalized mean reversion model introduced in (1).
The reason for that identity is the fact that the likelihood ratio £ of a general diffusion
process

dXt - 5(9, t,Xt)dt + dBt, 0 S t S T,

has the following form, see Kutoyants [6], for example:

T T
£(0, X,) = exp ( / S(H,t,Xt)dXt—% / S(G,t,Xt)zdt)
0 0

The maximum likelihood estimator is defined as the maximum of the functional
0— L(0,X;)
and the partial derivatives of the logarithm of this likelihood ratio are

0 0

T T
ln(ﬁ(Q,Xt)) = A a%S(H,t,Xt)dXt — A S(e,t,Xt) S(e,t,Xt)dt
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The drift function of our generalized mean reversion model is given by
p
S(0.t,X,) = mei(t) — aX,
i=1

such that

0 i), for 0, =, i=1...,p;
OHiS(e’t’Xt> a { - X,, for 0; = a.

Setting the partial derivatives of the likelihood ratio in (9) equal to zero yields the maximum
likelihood estimator which can be seen to be equal to the least squares estimator presented
in (8). In summary, we have the same result as in the ordinary linear model, namely the fact
that the maximum likelihood and the least squares methodology provide the same estimator.

3. LEAST SQUARES ESTIMATION FOR A PERIODIC MEAN REVERSION FUNCTION

In many applications, the data display regular seasonal effects. These can be modeled by
assuming that the mean-reversion function L(t) is periodic, i.e. that

(10) L(t+v) = L(t)

where v is the period observed in the data. The resulting stochastic process exhibits a
cyclical evolution due to the periodicity of this mean reversion mechanism. Combining the
assumption of periodicity with the parametric model (2) leads to the requirement

(11) 0i(t +v) = p;(t).
By applying Gram-Schmidt orthogonalization, we may assume without loss of generality
that o1 (), ..., ¢,(t) form an orthonormal system in Ly ([0, 1], 1d)), i.e. that

v v, 1=k
(12) [ etama={ b 2%
In the rest of this paper we will assume that we observe an integral multiple of the period
length, i.e. that
T=Nv,
for some integer N. Moreover, we will assume without loss of generality that v = 1.
Under the above assumptions, the matrix @), defined in (6), simplifies to

(13) Qr = ( Loy g ) :

t
ar
The inverse of a matrix () of this special form can be explicitly computed by the following
lemma.

Lemma 3.1. The inverse of the matriz Qr, given in (13), is given by

_ 1 I + ’}/TATAt —’}/TAT
14 P=— 77 T
(14 ot =3 (P
where
1 T
0

1 (7 & B
(16) Yro= (T/o thdt—ZA?r,i)
=1
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and AT = (AT71, c. ,ATvp)t.

Proof. We make use of the following formula for the inverse of a partitioned matrix which
can be deduced from the Frobenius matrix inversion formula, c¢f. Gantmacher [2], p. 73.
Alternatively the formula can also be verified directly. We have for a € R?, b € R

-1 I 1 t 1
—zad — s a
( I, a ) B < Pt P b—al? )
t - 1 t 1 )
at b S T 1
b=lal” b=lal”

where || - || denotes the usual Euclidean norm on RP. With the notation introduced above,
we can write () as follows,
I, Ar
Q=T t 1 (T y2
A N
and thus apply the above formula for the calculation of Q" O

We can now formulate our main results about the asymptotic behavior of the least squares
estimator in the generalized Ornstein-Uhlenbeck process with periodic mean reversion func-
tion.

Theorem 1. Let {X;,0 <t < T} be observations of a generalized mean reversion process
with a periodic mean reversion function as introduced in (2), satisfying (11) and (12). Then
the least squares estimator given in (8) is consistent, i.e.

Or5 — 0, almost surely,
as'T’" — oo.

For the description of the asymptotic distribution of éLs, we have to introduce some
matrices. We define the (p+ 1) X (p + 1) matrices C' and ¥ by

- o - (o

(18) Yo — (i ﬁ)

where the entries are defined by

(19) A = /lgoi(t)iz(t)dt, i=1,....p
(20) v = ( /O (ﬁ(t))2dt+E(Zl)2—ZA§>

(21) w = /Ol(iz(t))%lt+i

and A = (Ayq,...,A,)". Here, the function h: [0,00) — R and the process Z; are defined by
p t
(22) i) = > [ eptsds
j=1 oo

t
(23) Z, = ae_at/ e**dB,,

—00
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where (Bs)SeR denotes a two-sided Brownian motion, i.e.
Bs = leR+ (8) + B_31R7 (8)
with (By)s>0 and (Bs)s>o two independent standard Brownian motions.

Theorem 2. Let {X;,0 <t < T} be observations of a generalized mean reversion process
with a periodic mean reversion function as introduced in (2), satisfying (11) and (12). The

least squares estimator Org, defined in (8), is asymptotically normal. More precisely,
\/T(éLS —0) — N(0,C%, CY),
where C' and ¥y are defined as in (17) and (18).

The proofs of these theorems require a number of auxiliary results, which will be given in
the next two sections.

4. PROOF OF THEOREM 1

The proofs of Theorem 1 and Theorem 2 make use of a representation of the least squares
estimator that will be established in the following proposition.

Proposition 4.1. The least squares estimator O;s, defined in (8), can be written as

(24) Ors =0+ 0Q7' Ry,
where

foT ©1(t)dB;
(25) RT = )

foT op(t)dB;

— [ X,dB,

and where Qr is defined in (6).

Proof. By definition, we have
f.s = Q7' Pr,

where Qr and Pr are defined as in (6) and (7). We rewrite this by making use of (1). In
fact, the stochastic differential equation

p
aX, = (Y wiei(t) — X, )dt + 0B,
j=1

leads to

T p T T T
[ etwixe = Yo [ ewemd-a [ aoxdro [ amas. i-tp
0 = 0 0 0

T p T T T
0 j=1 0 0 0
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Hence, it follows that

f() 301 dXt
PT = : = QTQ + O'RT
fo SOp (t)dX,
fo X, dX,
so that éLS =0+ UQ;IRT. O

In what follows, we will show that Q;l Ry converges to zero almost surely, as 7' — oo. In
order to do so, we write

Q;' Br = (T Q7)) (% RT) |

We will show that 7' Q;' converges almost surely to a finite limit and that %RT converges
almost surely to zero. Both of these results require a number of auxiliary results which will
be proved first.

Lemma 4.2. The solution of the stochastic differential equation (1) has the explicit repre-
sentation

(26) Xt = e_atX(] + h(t) + Zt,

where

¢ P t
h(t) = e_o‘t/ e L(s)ds = e~ Zm/ e pi(s)ds
0 —  Jo

and .
Z; = ae_o‘t/ e**dB,.
0

Proof. The Itd lemma states for Y; = g(t, X;) that

dg dg 10%g
ot gy (b XXt 550

which reduces for g(t, ) = ez to
dY; = ae® X, dt + e*d X;.
Plugging (1) in this equation gives
dY; = e (L(t)dt + odB;).
Integrating and multiplying by e~ finishes the proof of the lemma. 0

dY; = =2 (t, X,)dt + =~ (t X;)(dX,)?

The process (X;)>0 is not stationary, since we have chosen an arbitrary initial value. Thus
we are unable to apply the ergodic theorem. In order to solve this problem, we will next
introduce a stationary solution to the stochastic differential equation (1). We define the
process

(27) X, = h(t) + Z,

where A(t) and Z; are defined in (22) and (23). As usual we denote by C[0, 1] the space of
real valued continuous functions on [0, 1].
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Lemma 4.3. The sequence of C[0, 1]-valued random variables
(28) Wi(s) = Xp_14s, 0 <5 <1,
15 stationary and ergodic.

Proof. We denote by hg the restriction of the function A to [0,1]. Since the function A is
periodic, we have the decomposition
k=14t

Wi(t) = h(k—1+1t)+ ge 2*=14) / e**dB,

—00

~ k—1+t ~ k-1 ! ~
_ ho(t)+o_6—a(k—l+t)/ 6asst+O_ Z e—a(k—l-l—t)/ eoasst‘
k-1 it -1

Making use of the time shifted Brownian motion
BY := By,

yields

Wi(t) = ho(t) +ae_at/ ¢**dB®™ + o Z e_o‘(k_l”)/ e**dBY

0 P 0
t 13 (k) : ( ) ' ;3 )
e**dB + o emallFt=j / e dBYTY,
)3 :

j=—00

:iMﬂ+a€m/

0

Consequently, this can be written as
0

ho(+) + Fo(Yy) + Z eV E (Y1)

l=—0

Wi(+)

where we used the a.s. defined functionals

t
Fy: C[0,1] — C[0,1]; w (t — ae‘at/ easdw(s)> ,
0

1
F:C0,1] — C[0,1]; w— (t — 0'6_at/ e“%w(s))
0
and the C[0, 1}-valued random variables
Y,=(s— BY - BY 0<s<1).

The series (Y});ez consists of independent and identically distributed random variables. This
implies that (W} )ren is stationary and ergodic since each element of this sequence can be
represented as a measurable function G : (C[0, 1])Y — C[0, 1] of elements of the iid sequence
(Yl)leZ, Le.

Wk - G(Yk, Yk—la . )

Lemma 4.4. Ast — oo one has

(29) )Xt _ X,

— 0, a.s.
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Proof. We have

Xt — Xt S 6_O‘t|X0| + ‘%(t) - h(t)‘ + Zt - Zt
P 0 0 .
< e X +e ™ Z ,ui/ e p;(s)ds + e~ / e**dB;.
i=1 - —0
Obviously, the three terms on the right side converge toward zero as t — oc. 0

Proposition 4.5. As T — oo, we have
TQ —C, as.,
where C' is the matriz defined in (17).

Proof. We first consider the entries of the vector Ar, i.e. 7 fOT Xip;(t)dt. From Lemma 4.4
we may conclude that

1 [T 1 [T
— Xgp-(t)dt——/ Xy, (t)dt — 0,
T/(; t¥g T 0 t¥g

almost surely. Moreover, we get by the ergodic theorem
T k

%/OT Xy, (t)dt = %; k_lfct%(t)dt — F (/01 Xip;(t) dt) = /01 h(t),(t)dt.

Thus we have established convergence of Ap;, 1 < j < p. In order to determine the limit of
vr, it suffices to consider the term 7 fOT X?Zdt. Again, it follows from Lemma 4.4 that

— X dt — = X dt — 0.
T/O t T/O t&

Moreover, again by the ergodic theorem, we get
1 T <y 1 T k ~y
— X:dt = = X7 dt
T/ ' 72 b
0 k=1
1
— F (/ thdt)
0
1 ~ ~
= 5 ([ o+ %)
0

= E(/Ol(fz(t))2dt+/Olfz(t)tht+/1 Zfdt) :/Ol(fz(t))th+E(Zl)2.

0
By Bessel’s inequality, we have

Sz < [y

and thus (fol(iz(t))th + B(Z,)? =P, A?) > E(Z;)? > 0. This proves the assertion of the
proposition. O

Lemma 4.6. The sequence ﬁRT is bounded in L*.
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Proof. Note that

1 T
N / pi(t)dB,
0
is Lo-bounded because

(30)  Var {% /0 ' gpi(t)dBt} ~ Var {% /0 ' @i(t)dBt] _ % /0 " Ryt = 1.

For the last entry of %RT we have to prove the boundedness of

1 T
Var | — X;dB

1 T

1 T
= 7B UO e Xoh(t) + e X Z, + e XE + h(t)Z, + h(t)* + Z2dt| .

Since Z; is a zero-mean random variable the expectation of the second and fourth term is
zero. Moreover, the variance

is bounded and justifies

Moreover, the function

is bounded due to the periodicity of ¢;(t), i = 1,...,p. The boundedness of h(t) gives

1 T
sup TE e~ Xoh(t)dt
0

< 0
T>0
and
1 T

sup —E [/ h(t)zdt] < 0.

>0 I’ 0
This finishes the proof of the L2-boundedness of %RT. O
Proposition 4.7. As T — oo, we have

.1
(31) 7121010 TRT =0, almost surely.

Proof. Observe that Ry is a martingale; thus we get by using Doob’s maximal inequality for
submartingales that for any ¢ > 0

1
P( sup =|Rp|>¢€) < P( sup |Rp|>e2")
2k <T<2k+1 ok << ok+1
4

< WE |R2k+1|2 = O(Q_k).
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Applying the Borel-Cantelli theorem, we obtain limsup;_ ., #|Rr| < €, almost surely, and
thus we have shown that Ry /T — 0. O

Proof of Theorem 1. This follows directly from Proposition 4.5 and Proposition 4.7. U

5. PROOF OF THEOREM 2

In the proof of Theorem 2 we use again the representation (24), i.e. Org — 0 = oQ' Ry,
which we rewrite as

T =VTQr Rr = (T —Ryr.
VIR = VTQ; By = (TQ7") 7
By Proposition 4.5, TQ}1 converges almost surely to the matrix C'. Then, by Slutsky’s
theorem, Theorem 2 is an immediate corollary of the following proposition. U

Proposition 5.1. Under the assumptions of Theorem 2, we have, as T — o0,

1 D
—Rpr — N(0,%)),
N (0,30)

where ¥ is the matriz defined in (18).
The remaining part of this section is devoted to the proof of this proposition. Recall that
T
% fO ®1 (t)dBt
%lfo ﬁp(t)dBt
— 7 fo X, dB;

Since the basis functions ¢, ..., ¢, are orthonormal, the first p entries of the vector %RT

are independent, normally distributed random variables with mean zero and variance 1.
Thus it remains to investigate the asymptotic distribution of the last entry

1 T
—_ [ xaB,
\/TA t t

and its joint distribution with the first p components.
By Lemma 4.2, the process (X;):>0 can be expressed as

3 -

t
X =e Xy +h(t) + ae_o‘t/ e*dB;,
0

and thus we have

1 T X(] T . 1 T 1 T rt (s—1)
32) — XdB, = — €_adB+—/htdB+O'—//6a8_ dBdB,.
02 7p [, K= g [} eame g [ wonseer g ] |

The first term on the right hand side converges to 0 in probability, as

I L,
Var [ — e 4B, | = —/ e 2ldt — 0.
(e am)=7 ]

The second term is normally distributed with mean zero and variance

% /0 (h(t))2dt — /0 (1)) 2dt.
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The asymptotic distribution of the third term, as well as its joint distribution with any
stochastic integral fOT ©(t) dBy, will be evaluated next.

Proposition 5.2. Let ¢ : [0,00) — R be an Lo-function, for which

o2 = lim ~ /0 ()2t

T—oo 1’

exists. Then, as T — o0,

1 T t (s—1) T » 1 0
_ (5 stdB,/ tdB)—>No,(2a )
([ [ | oum) =0 (5 )

where N (0, A) denotes a bivariate normal distribution with mean vector 0 and covariance
matriz A.

Proof. Application of the time change formula for stochastic integrals twice, cf. (Oksendal
[10] (Theorem 8.5.7, p. 148), for g(7) :=T'1, ¢'(7) = T, results in

1 T t ( ) 1 t (5—T%) 1)
— e VdBdB, = / / e~ 4B.dB
7l Y t

1 gt
ol (s— T
= \/T/ / T gBM g™
0o Jo
where BIST) = ﬁBTt. Therefore, it is sufficient to study the asymptotic distribution of
1t
VT / / T dW, AW,
0o Jo

where (W3);>0 denotes a Brownian motion with the same distribution as (Bt(T))tZO. The
symmetrization theorem for double Wiener integrals, cf. Kuo [5] (Theorem 9.2.8, p. 154),
provides the identity

1 t T 1 1
(33) VT / / TV AW, dW, = g / / e~ TIs=t g, dw,.
0 0 0 0

By Lemma 5.3 we obtain
1 1 0
(34) VT /0 /O e~ T aWw,dw, 23" Mj(€d, - 1)
j=1

where (A7 ;)jen is the set of eigenvalues of the integral operator with kernel fr(s,t) =

VT e=eTls= and where &7 = fol er;(t)dW;. Here we denote by er ;(t) the eigenfunction
associated to the eigenvalue \;. By Lemma 5.4 the eigenvalues have the properties

o0
lim E A =
T—o0 T.j
Jj=1

li | =
Aim max Az

S o=

Define &7 = % fOTgo(t)dBt. Note that &7, &7, 7 > 1 are jointly normally distributed and
that ({7,j);j>1 are iid standard normally distributed random variables. Projecting &7 onto
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the space spanned by the random variables ({7;);>1, we can write
§r = &ro + Z ar;ér;,
j=1

where &7 is independent of (£7,;);>1. Define 07, := = fo ©*(t)dt and o7 := Var(Erp) and
note that

oo
2

a?p = U?p,o + Za%j — 0.
j=1
We will now apply the Cramér-Wold device to prove convergence of the joint distribution of
& and Z;’il )\ij(g%j —1). Let u1, po € R; we will show that

0o > 1
pa€r + pro Z Arj(&ry — 1) — N(0, pio, + 2#%5)-
j=1

In order to do so, we compute the characteristic function of the left hand side and note that

€T + o Z Arj(&h; — 1) = paéro + Z(MlOéT,jfT,j + paAri (&5, — 1)).

=1 j=1
If Z is standard normally distributed, the characteristic function of a Z + b (Z? — 1) is given
by

12 a2t2

t) = (1 — 2ith)™ —ibt — ——— ] .

(1) = (1 — 2ith) eXp( ‘ 2(1—2z'bt))

Thus the characteristic function of 1§z + 272 (T jrj + padr,; (67, — 1)) equals

o0

wT(t) = e_%ufa?r,oﬂ H (1 — ity -t)_1/2 exp ( —ipohp it — (Iulaij)2 2 |
i ! I 91 = 2ippArt)

Taking logarithms and using Taylor expansion, we obtain

1 e 1 o i 11 (1 = 2ipsha jt) + g ke st + M%a%,jm
ngT - §MIUT0 j=1 5 o8 H2AT 2T 2(1 _2iM2)\T7jt)
1 2 2 42 . 2 1 2
= —guoho = SO0, + gitad ) + ol
j=1

1
o1 SO W) SEEA TS

Ly 22\ 2

- 3 <u10¢+u25 t*.
Note that the right hand side is the logarithm of the characteristic function of a normal
distribution with mean 0 and variance ,u%ai + ,u%% U
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Lemma 5.3. Let f : [0,1]> — R be a symmetric continuous kernel and let (\;)i>1 and
(€i(t))i>1 denote the set of eigenvalues and correspondmg ez’genfunctz’ons of the integral op-
erator Gy : L*0,1] — L?[0,1] with kernel f, i.e. G;g(x fo f(x,y)dy. Then

/ / f(s,t)dWdet:Z)\i(gf—l),
0 J0 i=1
where .

i = 7 d t:

£ /0 ei(t)dW,

The random wvariables (&)ien are independent and standard normally distributed random
variables.

Proof. Since the kernel f is continuous and symmetric the operator Gy is self-adjoint and
compact. By Mercer’s Theorem it holds that the kernel can be represented as

(35) Fls,t) = Z Aiei(s)e;(t)

where \; and e;, ¢ € N, are the eigenvalues and eigenfunctions of the integral operator Gr,
ie.

/0 f(s,t)ei(s)ds = Nies(t), ieN.

Moreover, it holds that the functions ¢;, i € N, form an orthonormal basis of L?[0, 1]. Define
the random variables

1
Si = / el(t) th, 1€ N,
0

and note that (&;);>1 is an iid sequence of standard normally distributed random variables.
It follows by (35) that

1 1 o] 1 1 [e'e)
/ / Fls, )dWdW, = Ai/ / ei(s)ei(t)dW,dWy = Y~ M\(&2 — 1).
0 0 i1 0 0 pr

The last equality follows by It6’s Theorem which states that

/ / (1) dW,dW, = H, ( /0 lei(t)th),

where Hs is the second Hermite polynomial, i.e. Ho(z) = 2% — 1. O

We now consider the kernel fr :[0,1] — R, defined by
(36) fr(s,t) = VTe Tl s te0,1].

Lemma 5.4. Let (Ar;);>1, denote the set of eigenvalues of the integral operator with kernel
(86). Then we have

[ee] 1
. 2 _
(38) lim max |Ari| = 0.

T—oo 1>
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Proof. Note that the operator Gy, is self-adjoint and bounded so that its eigenvalues are
real-valued, and

max\p; = sup |Gl
21 geL?[0,1]:]|g[|=1
where || - || denotes the standard Ly-norm on L?[0,1]. By an equality in Lax [9] (Theorem 2,

p. 176) we get
1
sup — [Grogll < sup [ Ifn(s.0)lds
0

geL2[0,1]:[g|=1 t€[0,1]
Simple integration yields

1 1
1
[ tststas = [ Vet - L e enion
0 0 aT
and thus it follows that

(39) %%NX)\T’Z <5 0 asT — oo

The assertion of Mercer’s Theorem given in (35) and the orthonormality of the eigenvalues
provide the identity

oo 1 1 1 1
A7 = t)Pdsdt = — (24 —(e>T -1
S at= [ grtopasie= g (o gt -

where the last equality is obtained by simple integration. U
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