
 

Generating Functions Quadratic at Infinity Part II

Ex B smooth manifold x ̅ T B B cotangent bundle

Define a 1 form can on B by

can X α die X XE Tig α B

Let go gu be local coordinates on B and an qn.pe pn the

associated local coordinates on T B Then

can Es Pidg wenn Alcan Endgindpi

Hence T B wean is an exact symplectic manifold

1 SympIM.ws

andHamIM.wlLetIM
wl be a symplecticmanifold Denote with

Symp IM w Y M M 4 differ and 4W w

the group of symplectomorphisms on 1M w

A smooth time dependent Hamiltonian Ht M R EETO 1

induces a family 44Steion Syrup Mw by

Yt Xp 4 F
Flow of the

Yo id

where Xy is the timedep Hamiltonian vector field defined



by zw WCXHt.it dHt

Note that He is uniquely defined since w is non degenerate

YEDiff M is called Hamiltonian Isymplectomorphism if there

exists a time dip Hamiltonian He M IR s t 4 41 i e

4 is the time 1 Hamiltonian flow of Ht We denote with

Ham Mw Y M M 4 Hamiltonian

the group of Hamiltonian symplectomorphisms

Rmk The vector space of Hamiltonian vector fields is infinite

dimensional In particular HamIM w Symp Mw is an

infinite dimensional Lie group

A symplectomorphism 4 of an exact symplectic manifold

IM w di is called exact lwrt.tl if 4 1 1 is exact

We will now see that every Hamiltonian symplectomorphism

of an exact symplectic manifold is exact

Lemmas Let Yttteroing be a symplectic isotopy of an exact

symplecticmanifold M w di Then Yt is the flow of

a time dep Hamiltonian iff

4 1 1 1St

for a smooth family of functions St M R In this case



St 11 Xs Hs 4s ds

where Xt is the vector field generating Yt and He M IR

the corresponding Hamiltonian

2 Lagrangian Submanifolds

M w 2h dim symplectic manifold

Jef A Lagrangiansubmanifold of M is an n dim submanifold

LCM such that ftw 0 where i L UM denotes the inclusion

A Lagrangian submanifold of an exact symplectic manifold

M w dit is said to be exact wut 11 if the iclosed

1 form IEA is exact

Rmk 1 L M submanifold with in 0 TÜTE

2 L IM w dit exact Lagrangian YESympLM.nl exact

41L CM exact Lagrangian since

190 21 1 ist 19 1 1 IX
Fact Fact

Ex Mnweil Mawat symplectic manifolds Then the twisted

product MI Mz Ms Ma tun Wz is a symplectic mfd

Mwl sympl mfd Then the diagonal
Δ 19,91 GEM MxM

is a Lagrangian submanifold



Given a diffeomorphism 4 M M then itsgraph

grill 19,9191 GEM EM M

is Lagrangian iff YESympIM.ws Indeed identify

Tigeig MxM Tgm Teig IT then Tgpgylgr1411 grid91911
and therefore

1 Wow 13,14151 In damit w 3,21 9213,4

gr 4 Lagrangian iff ftw w

Example α B T B 1 form viewed as a section

Then its graph Th 19,211GEBIET B is

1 Lagrangian iff da 0

2 exact Lagrangian iff α df feCCBI

proof in B B q Iq dat is a diffeomorphism onto

its image Rlial TL Compute for XE Tat

i Ican X can dialXII α die did XII X Bad

In particular the O section Bo 19,01 GEBIET B is exact

Lagrangian

Rmk If MEHam TAB want then 4 Bol is exactLagrangian

by Lemma 1 If in addition YIB.li ÄÄÄÄ I C B

such that 4 Bo Taf In this case f is called a generating

function for 4Bo



Note that transversel intersections of 4 Bo with Bo correspond

to non degenerate critical points of f

14 Bo n Bol Icrit f crit B min lcritlflllf.ec B

Lagrangian Arnold conjecture Iforcotangentbundles

Let YEHam IT B wean B compact Then

14 Bo n Bol erit B

If in addition YIB.lt Bo then

14 BolnBol dimH.IE

Rmk Above true if 4 is C small

Can be proven in general using g fg i see below



3 Coisotropic Submanifold Characteristic Foliations

and Symplectic Reduction

Let IM w be a symplectic manifold Given a compact
orientable hypersurface SEM can define a line bundle L over

S by
Lp IPS BEIM Wp14,51 0 KREIS

Then I determines a 1 dimensional foliation of S wich is

called the characteristic foliation

Ex H M IR Hamiltonian SEIR regular value and S H Ist

then wlXH.tl d Yt 0 for all µ tangent to S

Hence Lp span Hip and the leaves of the foliation

are the integral curves of Xy

More generally let NEM be a coisotropic submanifold i e

we have TNI TN

Lemma2 The distribution ITN WE TN is integrable i e for all

YET TW with values in TUI the Lie bracket IX Y

also takes values in ITN

proof let GEN VEIN and ZETITN with Zigt v Then

0 du X V Z



Lx wlZ.tl LylW XZH Lz WIY XI
W IX Y ZI WITT Z X WITZ X Y

W X Y Z

Where we have used w X V WIN V1 O VETITNI to
conclude the last equality BEI

By the Frobenius theorem this implies that there is a foliation

on N that integrates the distribution ITN This foliation is

called the characteristicfoliation of N We define an equivalence

relation on N by pomp iff po and ps lie on the same

leaf i e iff there exists a smooth path g 0,1 NS.t

8101 po 811 p and JHIEITGH N t Assume now that

the resulting quotient Un N is a smooth manifold and

denote by x ̅ N AN the projection

Lemma There is a symplectic form w̅ on In such that

w̅ Etw where i N M is the inclusion

The symplectic manifold Mn w̅ is called the symplectic

reduction of IM w at the coisotropic submanifold N

Lemma4 If L is a Lagrangian submanifold of M wich is

transverse to N then I MILAN is an immersed

Lagrangian submanifold of An w̅



4 GeneratingFunctions for Lagrangian Submanifolds

of the Cotangent Bundle

We have seen that any exact Lagrangian submanifold L

of B that is a section is the graph of a differential

of a smooth function f B IR In this case f is called a

generating function for L and non degenerate critical points

of f correspond to Itransversel intersections of with the

O section B Link between symplecticgeometry of and the

Morse theory of f However being a section is very restrictive

Goal generalize this idea i e the notion of a generating

function to associate a generating function to every

Lagrangian submanifold of TAB that is Hamiltonian

isotopic to Bo

Let p E B be a fiber bundle and consider its fiber

conormal bundle

NE le RIET E klkedpie 04
i e the space of 1 forms that vanish in the vertical direction

Assume that F E IR is a smooth function such that

Pdf NE ii e the graph of the differential of F is transverse

to the fiber normal bundle The set of fiber critical point



of F is

Σ EEE e is a critical point of ftp.nipiey
YeeEl df Tepapier

Note that if we identify i Σ T E en le dfteil then

LIEF Pdf 1 NE Thus since TUEA NE LIEF E T E is

a smooth manifold of dimension

dimiEFI.EE EEEEEIFEEE dimB

In particular TÄÄTEIT Σ EE is a smooth submanifold with

dim EF dim B Given a point ee IF we can associate to it

an element le ETI B by defining

viel Xl dFleitX

for ETpie B where x ̅ is any lift of X i e FETE with
P X X This is well defined If Y is a lift of X then

I Yorkerp is vertical and therefore dFiel x ̅ Y 0 since es F

The map

if Σ T B e Ipiel v tell

is an exact Lagrangian immersion i e an immersion and LF If 12ft
is an exact Lagrangian submanifold with if Alan d IF Er



Indeed take TeEF then

can X Ian
IN B

Viel di dir 1 7
F IF P I e ldp IX

dfie X

In this case F is called a generatingfunction for LF

2mL If E B and p id B B is the identity then

IF I IF Pdf Thus this construction indeed generalizes the fact
that every smooth function f B IR generates the exact

Lagrangian submanifold Tat of TAB

Ex E BXIRN p B IR B Iq v1 q F B IR B

Then

4 149 NET
BIEEEEEEEE E

2mL The above construction can be equivalently described with

the concept introduced in section 3 NE is a coisotropic

submanifold of 1 E and the symplectic reduction at NE

can be naturally identified with B Since Pdf ANE
Lemma 4 implies that Tar x ̅ Tarn NE EFEYY.frEentitication






