Ger\era%‘nj F(AV\C‘\'\'OVIS Quracktohc. ol |m—€}m'43 (Cadl L)

Ex. B swmoottn mqw'-ﬁ)/o() Tt "B = B w+aMJ&A+ bundle .

Debne a A-focm Nege, on T*E by
A (X)) i= A (e (X)) , Xe i el e St

Let g,.,q, be Local wordinakes on B andk g, 4, ps.., pa toe

associoted Local coordinates on T K. Theu

¥

S ' odg; Adlp; .

\ = i . . M'> W = -dA o =i
/ con = P\ @{q“ Can
H&Ace, (’r*ﬁ, Wean ) 5 an eXack Jym{)ledn'c, vmanmdoled .

A Symp(H.w) onch  Hea (M )

Let (M) be a ggmpleche manibolol. Denole ik
Syrp (M) =1 9 H=p1 | € stiffeo. andl €% = |
e group of Jym,o/echmrpm‘imr on (M,Q).
A Smootlh  (bime-depamdent ] Hamiltorizn Hy* M =R, € elo, 4]

moluces a  family {¥¢ }te{:o,ﬂ é{ymp (M) by

Jf‘— - X e e
1 -e Ht (S

O

where XHe i Ahe (b’mefa{ep.) Hamilforskan veckor field chefineel



by Cxy, @ = W (Xpe, ) = -elHe.

Note 4wat Xy, is uw(g(,uely definecl Jince v it pon-olegenerate.

Pe DS (M) ir called Hamilfonian (symplectomorplism) if Hiere

exists o (bme-odep.) Hamilbowian He: M>R & P-4, e

P is the bme-4- Hamilbwiowm flow of He. We inote wits
Ham (M,3) == {9:H =K | ¥ Hamitonian }

’HAC 5@(4{3 of Hm’m‘/-t‘om'aw Jymp\ec*l-omrphiJMJ,

Rml The vector Space of Hamildonian vector Gelchs 1§ i froante -
olir"\&vux'oma(. In meh‘mlqr, Hm"'l (MIN)Q-S&MP(M'W) iJ amw

infrs'wLJre - cimemdional L{e_ ‘jt‘oup.

A Symplec—!omr[)h{:m Y of an exact Jymplecfkc Mmanifol oA

(M, w=-AA) s called exact it A) i P*A-A i1 exact.

(e will nov) see fhat every Hamiltonian Jymplectonurp hism

of lan ey dt {yMﬂleCHc manihlod 5 exact.

Lemman Let {L&}te{o.ﬂ be a yymplechc wofopy of an exact
ympleche manifoldl (M, = -dA). Thew € i Hhe Flow of
o (bime-dep.) Hamilfopian iff

PrA -A = dSe
for o ool fanily of funekons S, H MR . s case



t
Se =) (AG)r ) -4 o,

Where Xt 5 Mhe vechs Qe(d jememh'wj Y. anch He : M —=1R

the oorre.r,oor\oumj H arnuifonian.

b Loﬁrq\/\&x‘av\ fubMa\MFo\dS

(M‘W) 20 - olim {yvv(plec’n‘c manido lod .

Def A Lajrqulaw Jsubmambld of M is an n-oum Jubrmamfoleh
LeM sucn #nat %o = 0, whece ¢ 1L SH denotes He inclusion
A Lajramjl'ah Jubrmanifoled £ of an exact Symplechc nanifold
(M. =-chA) is saich fo be exact (wvh. A) if He (closec)
A-forr (A il exack.

B Lineoc ayebrc\

Rubk 4) LM submanitold coidta (_"L"w =0 = dum L € n
2) L|c (H,OJ =-dA)N) exack ancavxj('am : CZG%,M() (H,w) exact
= @P(L)c M exack Lvraujn‘aw Jince
CZIILABR ATV SV ER DY

erack exact
Ex. (Haw.), (My,0,) Jympleckc manifelols. Thew the devivteeh
Prockud' /‘7,, ) ML 1= (M, |x M| G ®w,|) | al Jyrmplectic pmfol.
(H,w) sympl. mfch. Thew Hhe okingonal
A=fg.9) lge ] < ArHM

1§ o /—ajmmgmm Submanifold .



Given a  oliffeomorphism @:H =H, fen it greph
gr (€)= { G, 9%9) | ge M f<fxM
i Lageangian iff Qe Symp (Hw). Indeed, identify
4,0 MxM 2 Tg H X’l’m,,ﬁ , Hen Tﬂ,‘(,(g‘,(jr(ce)) gjr(d‘?t%))
and Aherefoce
) 0w (5,0 9(F)), (g, d40))) = - (F )+ €70 (¥ )
> gr(¥) Z.qgromjfam iff 1P*w =)

Example & :E—=>T*'CE A-form (vieweed as a sechon)
Then its  graph 1 =={(q,okq,) | 3,63}91’*@ ;s
1) Lajram\ﬁmm iff k=0,

2) exact Lograngian ff &A= Af | [feC7(R).
proof  (x: B 2T*C g > (q,%g) is a oiffesnwrphism onto
45 iMage R(C) =T, Compnre for Xe To K-

L Acdn (XD 3 A Cole, O |7 ot I edre Codel, (XN |= [ { X)) -

W parbwlar, 4he O-secbon T, := 1,0 |4eB]<T*B it exact
Lagrctlnﬂfam.
Rmbe £ Qe Ham (T8, e ) |, e DUB,) i) exact Lagrangian
L €9 1 i crte 4o ek
by Lemma A 1}, in adelibon, Y(.) is a Jechon, fnew I £ C(R)
such 4hot  CUR) =Toe  ln s cae, § i1 called a generahng

—Qumch'or\ for Y(£, ).



Note ot (dransvese) intersechons of Y (Bo) witts Bo Correlponch

to  (non-dhegeneate)  cribcal pointe  of f.
~> 1Y(B) n Rl = Lerid (£)] 2 ent () :=min{ lerib$)] | fec‘,”(K)}‘.

"Lagmmgiam" Acnold OOﬂJ'ec4Mf€. (\Coc co-]—emj@v\*' bunelles )
Let Ye |Ham (TE, teg.) : I compact. Ther
1Y (o) A Bal = erit (B).
£ i adaibion Y(B,) A ﬁno : %w{ e A
[@18) A Bol 2 2 olim W;(B; 7).

1=0

Rmk Above: 4rue if @ is C'-gmall v

Con be proven in genercl using j.ﬁq,f (Jee below )



& Coi&o%ropic. Subv\nam-ﬂolds, Chavactensbce Foliatons

Mjﬁ_/\’ple_ckc_ Re duncton

Let (M, ) be a J\(/mr)le_c'h'c_ manifoldd . Given e compact
ornemtable hypaJu(Qacc, SeM coan odehne oo Line bundle L over

S b
j .,KP:-: (RS)N:{E‘éﬁH | OJ[,(lzl§)=O VLLE—’—PS }

Thew L delernunes a A- dimensiona\l foliaton of S, evicdh 1S

callech e chogacterisfe foliation.

Ex. H:M =R Hamitonion , Se 2 regulas value ool S:= H”(s))
Hier W(XI-I.Y): a(/'I(Y)=O for all VY ‘/'amyewl o §.
H@MCQ ofp = JPOW\ ‘\‘ XH (P)} and ’hAC Leaves of Hre &uako,,,

are  4he in}c(7ral cwvves of X .

More jemefallg, Let MN=M be o coisotropic Jubmarifoled | (e

we have (TMN) TN,

Lemma 2 —The  cuistibubon (TN S TN & integrable | je. for all

XYeTUTP) wilh valwes in (TN)® 4he Lie bracket [X VY]

also  takes valuesr in (TN)7.
QrOof Let GEN, vETL N andl ZeTHUTN) wih Z(g):v. Thew

0= dw(X,VY,2Z)



= Ly (W )+ Ly (X, TN+ L, (Y, X))
+ el [XY T, Z) e 1Y, 20 XY ¢ o (L2, X7 Y)
= (X Y] &)
Where we have wiedd w (X, V):=w(¥Y,V)=0 V VeT(Tu) b
conclude  4he fast  equality.

By tme Frobenius Hneorem, His implies Ahat thece is a foliakan
on N Ahat iw%egm’rer te olistibubon (TWN)T . Tl dlakon is
called e clacoctenshe folickon of N. We oehne an equivaleuce
elafon ~ on M by p,~p, ff Po andd p, lie on de Jame
Leak, ie. ith fuere exsts a umootlh pakty yil0,41 > L€
y(o)=po, yeal=p, an )'/({)G(T)qé)/\f)w Vi, Asiupme now faat
tne  vesulbing  quotent My = N/~ 3 a dmocts manifold and

OAGA/IO‘IlC éﬂ 7C ¢ /U =% /:(_A/ 'Hné {omJ'ec(-\'cn.

Lerma S Thete 5 a fympleekhic form & on FN Juch Htat

/*

T70* (| =| (Fb | whee (N SM s e includion.

The {tjlmplac—\-k_ Mmani ol ok U:(/v.‘:’) i5 callech e Jyn«p\ec%’c_

redumeton of (MH,w) at e coisodropi'c JubmarmdfoldA M.

Lepyima4 1§ L 5 & Laﬁrewxg\'am Jubmarfolodd of M wichh s

tranjvese o /U) Aen C = (lap) is an immeuvedd

Lagmv‘@(am Jubraanm folA  of (RN,LT)).



4 Genera'(\‘nj Funckons for Lajcanjn'am Jubmagnifolds

of M Co-‘amuqen‘f’ Rundhle

We have Jeen 4hat any exact (_ajranj('am Jubrmanifolod
of T*B 4af is a seckon (s tue graph of a Affecendiol
of a Jmoolsn hnckon FiB > IR. In huis case § 5 called a
3ev\e_ca’n'mj funckon for L and CV\-on—o(ejemeraie_) cnbeal points
of f correspond 4o (brandverje ) inteveckons of L wdn He
O-sechon B. ~> Link between sympleche geometry of L and He
Morse fheory of £ However Aeu'nj a Sechon i very reitnchve.
Goal : genesalize fhis idea. (ie. he pokon of o genesatng
—\:w\c,'u‘oh)/ $o awocate o jer\erod\‘nj funchon 4o every
Lagmt«wjmm Jabmarnifolol of TH*E HMiat is Harnltonian

(Jo%op/'c i | B, .

let p: € >V be o hbec bundle, andh conviodesr its fber
conormal  bundle

AL < TEN Il L d Fob,
ic. 4he Space of A-formi Ahat vanish in flhe verhcal olireckon.
Assume that F:E =R s a Jrwodl funchon Juct. fhat
T A Ng  Gie 4he graph of fue olffeceukal of F i Framveve

o e Fbe normal bundle). The set of Lber cribeal pornts



of F s
ZF :{e_eé l e 1 & criheal POM" of 7:_,
={¢G_El OAF,TQP_ :O}-

“(pcey)

P ip@) }

Note Auat, if we idenkfy <(: 3o =T*E, er>ce dfe@), Hen
(.(ZF):"/’AF/]NE. 71’“‘"“1 Jince T_ra(F'/h/UEI C(ZF)G-T*E g
a  Swaofth manidoloh  of Mmmendi'on

it ((Zg) = olimm Ty +oite Ug ~olin T*E = olin §.

\/_ E
= olim E =oum € tolim B =20um €

-KenT*E _’E

¢
ln Pa(%‘wlm, 7Ze (((Zg)) = Zg €E s a gmoots submanifold ih.
oim L = oimm B. Given o point ee Zp we coan asfociate 4o it

on  element V*(e)e(r;(e) K b\lj okef{m'mj

vEey(X) = A Feer [ X]

N

for X€Toe, 8, where X s any Lft of X, e X e T.E wit

Py (X) = X This i well- chehnack: 1F Y is a LF of X, Hre
)Q-Yeéer Px IS Verdcal and Lhesehore AF ) [ X-Y1 =0 since e
The map

(g | —=THE| | o> (pre) vi*(e))

J an exact Laﬁmmjfam imMeyion, j.e. an imMMeSion anok LF :C.F(ZF)

iy an exact Layramg:’am Jubranifold  witi ('F*/\Can = d(Fle).



Indeed, fake Xe T, To  then
eT(—e,V!(e)\T* K
. ox A
Gry e (X) = Acan (olcp (X))

V¥(e) (7T (olip (X))
reete 7P

<o

V* @) (ahp (X))
dF @ (X].

1

M s case, F s called o generating fnchion for L g .

221"44 £ E =8 and P = iod : 8 =K 5 4ne l'a{eu“"‘%y, Haen,
(r (Zg) - 71“: . Thus s construckion indeee genealizes Hre fact

fuat every smooln funckon £:8 — R jewmjrei Mue (exact)

Lajmmg{am Jubranifolod Ty of TG

Bk E=ﬂ><1RN, P-.Bx[?”' — K
Thew

c'F(ZF)={(‘}.P7eT*B | BEeR" st gg(ﬁf,f) =0, 93,(3/ s }
l——\ﬁ-

conelibon Hual Here evdsts
e Bbe enbeal poin-}* n Hhe
Lbe over g€ B

(g V) rrq [Tl B R IR

Rmbk The above conitruckon cean be eg(,,ava(w-l—bj descnbec ot
the comc.apa/-f Introcluced n Jeckon 3: Mg 1§ a colbofropic
Subpanmifoldd  of T*E, anh {he Jymp(eckc recuckon aid A

can be naturally idevkFed ity T*B. Jince Thp A Mg,

= affe noducal idewhihc oo n
Lepma Y jm()bfes 4uat ldF=f(’anME)CTK Joan



immeJect Lag(am@u‘am Jabraarifoldl. 720(1: wincidkes Wit L g

Lemma S (/Uom—dejwc/ah’.) enbcal ponts of F correspone

o (dransvese) interseckons of LF with He Q-rechon T, .

Nole Ahat Lepma 7 owe; not neceuarily imples Hat L g

o n My case, fhe Lowe bound m e Lagrangian Armeld conjechnre foc Ye Ham (Mw) wita
. " F y q(ﬂc)=LF 15 fval
mievects 1, , dince E is wt nece JSQV1ly compact.

~> neech 36!/\2(&&(!/\3 funchions with Jome condukon at in&'rv&(:\l
/h/q{ Males Ahem bebmve, ad 'FAnc'HonJ ’I'L\av(' ale defineck on

o compact  manifold .

_ prelivinasy

Def A genUating funchon F:E =2 R i5 Jaued h be guadiatic
at im&iwﬁy f piE—=>B i &« vechr bundle (of finite vank)
andl  F coincesles with o non-degeneale  quad@ie form

Q: & — R outside a wmpac-{ Jubset.

Theorem Let B be a compact monmiblh. [ L 5 a Lagrangian
Submaniboleh of T*B Hat o Hamdlbforian jjotopic 4o Hre O-seckon
(te. L=Y(B,) foc some ¥Ye tam (Mw)]) dhen i+ has a genvrakng
fumeon quadiade ot infinity.

Mor e jwe_ml(, LY T*8 has | \7.5.9(,/. anch b
a Hamiltorian flocw of T*E, fhern Hhece exisés a  conbnuoud

fanullyl of | g flglil Tl € >R bt L] =l (L)



ASJMVWCIAj Nus  Hheorem | (a eskes verfion of ) Hhe Lajrcw\j/an Avrnolel

cov\\)‘ec«lure. (n m{aij* bundles) follows drom Ahe -FONAwiv-ﬁ Mreorem .

Thearem Let B be o compact mfd, P E = a vecdr bundle andh

FiE =R o smoots funchon guadiokc at infnity. Thew crit (F)
is boundecd below by He cup—ﬂwj*b\ of B. Moreover, \F we asfume
thok, in adolikon, T is a Morse funchon , 4herw

crit(F)[z] 2 1.1 oum B (R] 2,1



