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CHAPTER 1

Boundary Value Problems for Ordinary
Differential Equations

I.1. Initial Value Problems

In this and the following section we recall several properties of initial
value problems for ordinary differential equations and of their numerical
approximation. For further details we refer to [3].

I.1.1. Initial value problems for first order ordinary differ-
ential equations. Given an interval I, a subset D of R? a function
f(t,y) : I x D — R% an initial time to € I and an initial value yo € D,
an initial value problem consists in finding a differentiable function
y : I — D such that

y'(t) = f(t,y(t)) forallt el (differential equation)
y(to) = Yo (initial condition)

ExAMPLE I.1.1. Assume that the function y describes the size at
time t of a population with constant death or birth rate A. Then y
solves the initial value problem

where
I=R, D=R, f(t,y) =Ny, to =0, yo =c.

The exact solution is

y(t) = ce™.

ExXAMPLE [.1.2. The initial value problem

o= (5 3

describes a damped oscillation. Here we have

A =
I:RaD:Rza f(t7y):(w /\w)y7 t0:07 y0:<61)'

7



8 I. BOUNDARY VALUE PROBLEMS FOR ODES

The exact solution is

y(t) = e (cl cos(wt) — ¢ sin(wt)) '

c1sin(wt) + ¢, cos(wt)
ExAaMPLE [.1.3. For the initial value problem
y'(t) = y(t)®
y(0) =1
we have
I=R, D=R, f(t,y) =1> to =0, yo = 1.

The exact solution is )

y(t) = 1T-¢

The solution explodes, when the time ¢t approaches the value 1 from the
left.

ExamMpPLE 1.1.4. For the initial value problem
Yy (t) = VIy()l
y(0) =0

we have

I'=R, D=R, f(tay): V |y|a to =10, yo = 0.
It admits an infinite number of solutions; two of these are given by

y(t) =0 for all t,

(1) = 0 for t <0,
M= 0 fort >0

Figure 1.1.1 shows a typical solution.

| |

Ficure 1.1.1. Typical solution for example 1.1.4

ExampLE 1.1.5. Higher order differential equations can be trans-
formed into first order equations by introducing new unknowns. For
the mechanical system, e.g.,

Mz"(t) + Ra'(t) + Kx(t) = F(t)
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in R? one introduces the velocity v(t) = 2/(t) as a new unknown and
thus obtains the equation

V() =2"(t) = M'F(t) — M—'Ru(t) — M ' Kz(t).

This transforms the original differential equation of second order in R?
into a differential equation of first order in R?>* which corresponds to
the data

J(ty) = (MlOF(t)) + (—MolK —MllR) y

1.1.2. Existence and uniqueness of solutions. As demonstra-
ted by examples [.1.3 and 1.1.4, not every initial value problem admits a
unique solution which is defined on the same interval as the right-hand
side f. The following result gives a simple criterion for the existence
of a unique solution of an initial value problem and the size of its
existence interval. The criterion is not the sharpest possible. The
condition concerning the right-hand side f can be relaxed to requiring
the existence of a constant L such that

|f(t,y1) — f(t,y2)| < Llys — ya|  (Lipschitz condition)

holds for all ¢t € I and all y;,y, € D. Continuously differentiable func-
tions with a bounded derivative satisfy this condition. The function
y +— |y| is an example of a non-differentiable function satisfying the
Lipschitz condition. The functions f of examples I.1.3 and 1.1.4 do not
satisfy the Lipschitz condition.

If the function f is continuously differentiable w.r.t. the
variable y, there is an interval J = (t_,t;) with ¢, € J and
a unique continuously differentiable function y on J which
solves the initial value problem

y/(t) = f(tv y(t))v

y(to) = Yo-
Moreover, either J equals I or y(t) tends to the boundary
of D when t approaches t..

If the derivative of f w.r.t. the variable y is bounded on
I x D, J equals I.

1.1.3. Dependence on the initial value. The dependence of the
solution of an initial value problem on the initial value is crucial for
solving boundary value problems. The following result gives a simple
criterion whether the solution of an initial value problem is a differ-
entiable function of the initial value and simultaneously shows how
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to compute the corresponding derivative. This will be crucial for the
practical solution of boundary value problems with the simple shoot-
ing method in section [.4.1 and the multiple shooting method in section
[.4.3.

If f is twice continuously differentiable w.r.t. the variable
y, the solution y of the initial value problem

y'(t) = f(t,y(t))
y(to) = o
is a differentiable function of the initial value vy, i.e.
y(t) = y(t;vo).

The derivative Z(t) of the function yo — y(t; o) solves the
initial value problem

Z'(t) = Dy f(t,y(t; 90)) Z(t),
Z(ty) = 1.

Here, D, f(t,y) is the Jacobi matriz of f w.r.t. the variable
y and I denotes the identity matriz.

ExAMPLE 1.1.6. For the damped oscillation of example [.1.2 we

have
f(tay> = (3 _)\W> Y.

The Jacobi matrix of f is

Dyf(t,y) = (3 —Aw) :

The function Z takes its values in the set of 2 x 2 matrices. The initial
value problem for Z is

z0-() )20,

Z(0) =
or in components
21(t) = Az (t) —w2ea(t), 21,1(0) =1,
219(t) = Az1a(t) — w2a(t), 212(0) =0,
zéyl(t) =wz11(t) + Az21(t), 221(0) =0,
25’2(15) = wz12(t) + Az22(t), 222(0) = 1.

I.2. Numerical Methods for Initial Value Problems

1.2.1. Basic idea. The numerical solution of initial value prob-
lems is based on the following idea:
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Approximate the solution y of the initial value problem at
discrete times g < t; < t5 < ... and denote by 7n; the ap-
proximation for y(¢;). For i = 0,1, ... successively compute
Niy1 using f and n; (single step methods) or using f and
Niy- o Niem (multi step methods).

In what follows we will only consider single step methods.
Many methods, in particular Runge-Kutta methods, are obtained
by applying a suitable quadrature formula to the integral in the identity

tit1

Niv1 — N = Y(tip1) — y(ts) = f(s,y(s))ds.

t;
For abbreviation, one denotes by h; = t;.1 — t; the i-th step-size.
In the simplest case the points %, t1,... are chosen equidistant, i.e.
h; = h and t; = tg + th for all i.

RN

FIGURE 1.2.1. Quadrature formulae for the explicit Eu-
ler method (left), the implicit Euler method (middle) and
the trapezoidal rule (right)

1.2.2. Simplest methods. The simplest numerical methods for
solving initial value problems are the explicit Fuler method, the implicit
Euler method and the trapezoidal rule which is also known as Crank-
Nicolson scheme. Figure [.2.1 sketches the corresponding quadrature
rules.

Explicit Euler method:

o = Yo,
Nit1 =0 + hif (ti, i),
tiv1 =t + hy.

Implicit Euler method:
No = Yo,
Nivr = M + hif (tiv1, Miv1),
tiy1 =1t + h;.
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Trapezoidal rule alias Crank-Nicolson scheme:
o = Yo,

hi
Nig1 =1 + 5 (i, mi) + f(tigr, mig1) |

tiv1 =t + hy.

1.2.3. Runge-Kutta methods. The three methods of the previ-
ous section are particular representatives of a larger class of methods,
the so-called Runge-Kutta methods. These have the following general
form:

Runge-Kutta method:
o = Yo,

Mg =i +hi > apf(ti+cphomig) forj=1,..r
K1

Nig1 = 1 + Iy Z bif(ti + ckh,mig),
k=1
tiy1 =t + h;.

Here, 7, 0 < ¢; < ... < ¢ <1, (ajr)1<jr<r and by, ..., b, are given
numbers characterizing the particular method. The number r is called
stage number of the Runge-Kutta method.

The two Euler methods correspond to the choices r = 1 and ¢; = 0,
a;; = 0, by = 1 for the explicit Euler method and ¢; = 1, a;; = 1,
by = 1 for the implicit Euler method. The trapezoidal rule corresponds
torz?andcle, 02:1,a11:a12:0, Gglzaggzé, blzbgzé.

The method is called explicit, if aj; = 0 holds for all & > j. It
is called implicit, if a;j, # 0 holds for at least one k > j. The most
prominent representative of explicit methods is the so-called classical
Runge-Kutta method with stage number 4:

Classical Runge-Kutta method:

Mo = Yo
Ni1 =1
hi
Ni2 =M + 5f(ti, i)
h; h;

N3 =1; + Ef(ti + 57771',2)
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hi
nia=mn+hif(t; + 5 7i3)

Niv1 = 1; + E{f(ti;ni,l) +2f(t;i + 5 Ni2)
hi
+2f(t; + 5 7i,3)
+ f(ti + D, 771‘,4)}
tiv1 =t + i
When using an explicit method, the quantities ;1,...,7;, can be
computed successively. When using an implicit method, the compu-
tation of n;1,...,m;, requires the solution of a (non-linear) system of

equations with r - d equations and unknowns.

Thanks to their high order and good stability, strongly diagonal
implicit Runge-Kutta methods or SDIRK methods in short are of a
particular practical importance. They have a lower diagonal matrix
(aij)1<ij<r with identical diagonal entries. The computation of n;1, .. .,
n;.» therefore requires the successive solution of  (non-linear) systems of
equations with d equations and unknowns each. Moreover, all systems
have the same Jacobi matrix which reduces the computational cost
of Newton’s method. Two examples of SDIRK methods with stage
numbers 2 and 5, resp. are:

SDIRK2:
To = Yo
Nig =1 + ’ +6\/§hif(ti + S%ﬁhi’ Mi1)
Nig = 1; — \/?ghif(ti + St \/_hu Mi1)
+ 5 +6\/_h ft: + 5 6\/3]1@,7]12)
Nit1 =1 + Z {f(f ;2 +6\/§hi,77¢,1)

3-3
+ f(ti + G hzﬂ?ﬂ)}

ti+1 =1; + hz




14 I. BOUNDARY VALUE PROBLEMS FOR ODES

SDIRK?5:
Mo = Yo
h; 1
Nig =N + Zf(tz + Zlhi; Mi1)
h; 1 3
Ni2 =N + _{2f(ti + th ni1) + f(t + Zhi; Ui,z)}
h; 3
i3 =N + 100{34f(t + 4h27 ni1) — 4f(t + th‘,m,z)
+25f(ti + —Ohi,m)}
Mo =+ s TAF (6 e min) — 13TF (4 o)
+ 75f(t; + —Ohi, nis) + 680f(t; + §hi7 771',4)}

h; 1 3
Nis =N + 48{50f(t + hzanzl) 49f(t; + Zhi,mg)

1
-+ 375f(tz + hi, T]Lg) — 340f(t1 -+ ih“ 7]1’,4)

%
+12f(t; + hz’ﬂh's)}

h; 3
Miy1 = 48{50f(t + 4hz77h1) 49f(t; + Zhi,nm)
1
+ 375 f(t; + %hi: ni3) — 340 f (t; + §hi7 i)

Liv1 =t +h;

1.2.4. Order of a single step method. The order is a measure
for the quality of a single step method. It measures the error of one
step of the method and is defined as follows:

A single step method has order p > 0 if
ly(t1) —m| = O(RT™).

The error after an arbitrary number of steps of the single step
method satisfies:

If the single step method has order p and if the right-hand
side f is continuously differentiable w.r.t. the variable y
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with bounded derivative, the error satisfies for all ¢

jy(t:) =il = O((max hy)")

1<j<i

Both Euler methods have order 1. The Crank-Nicolson scheme is of
order 2. The classical Runge-Kutta method has order 4. The methods
SDIRK2 and SDIRKS5 given above are of order 3 and 4, respectively.
There are Runge-Kutta methods of arbitrarily high order.

1.2.5. Stability of a single step method. The order of a single
step method describes its asymptotic behaviour for step-sizes tending
to zero. In practice, however, one of course uses a given finite step-size.
Therefore, the single step method should yield a qualitatively correct
solution for an as large as possible range of step-sizes. This requirement
is described by the concept of stability.

ExAMPLE [.2.1. When numerically solving the initial value problem

y'(t) = —100y(t)
y(0) =1

with exact solution y(t) = e71% by the two Euler methods and the
Crank-Nicolson scheme with constant step-size h we obtain

(1 — 100h)i for the explicit Euler method,
i = 4 (1+100k) " for the implicit Euler method,

(11282)1 for the Crank-Nicolson scheme.

Hence, we observe:

e The explicit Euler method only yields a decaying solution if
the step-size is less than =.

e The implicit Euler method and the Crank-Nicolson scheme
yield decaying solutions for all step-sizes.

Explicit methods cannot by stable. But there are stable implicit
Runge-Kutta methods of arbitrarily high order.

The following examples demonstrate the effect of good stability
properties.

ExAMPLE [.2.2. Consider the damped oscillation
i (—09 —6.3
vt = ( 6.3 —0.9) y(t)

w0 = ()
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FiGure 1.2.2. 100 steps with step-size h = 0.1 of the ex-
plicit Euler-method (red), implicit Euler method (blue),
the trapezoidal rule (green), the classical Runge-Kutta
method (yellow), the SDIRK2 method (turquoise) and
the SDIRK5 method (orange) for the initial value prob-
lem of a damped oscillation of example 1.2.2 (left) and
an undamped oscillation of example 1.2.3 (right). The
explicit Euler method leaves the frame within few steps.

with exact solution
_o.9¢ [ cos(6.3t
ylt)=e (sin((6.3t))) '

The function ¢t — y(t) describes a contracting spiral with centre at
the origin. The left part of figure 1.2.2 shows the result of the two
Euler methods (red and blue), the trapezoidal rule (green), the clas-
sical Runge-Kutta method (yellow), the SDIRK2 (turquoise) and the
SDIRK5 method (orange) for 100 steps with constant step-size h = 0.1.
The explicit Euler method (red) explodes within few steps and leaves
the frame of the figure since the step-size is too large. In order to ob-
tain a qualitatively correct solution with this method one would need
a step-size which is smaller by about a factor 10. The implicit Euler
method (blue) damps the solution too much. This effect diminishes

when reducing the step-size but persists in principle. The other meth-
ods yield qualitatively acceptable solutions.

ExampLE 1.2.3. Consider the undamped oscillation

vio=(g5 07w

with exact solution
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The function t — y(t) describes a circle with radius 1 and centre at
the origin. The right part of figure 1.2.2 shows the result of the two
Euler methods (red and blue), the trapezoidal rule (green), the clas-
sical Runge-Kutta method (yellow), the SDIRK2 (turquoise) and the
SDIRKS5 method (orange) for 100 steps with constant step-size h = 0.1.
The explicit Euler method (red) explodes within few steps and leaves
the frame of the figure since the step-size is too large. This effect per-
sists with decreasing step-size although more and more weakly. The
implicit Euler method (blue) damps the solution too much. This effect
diminishes when reducing the step-size but persists in principle. The
other methods yield qualitatively acceptable solutions.

I.3. Boundary Value Methods

1.3.1. General form of boundary value problems. Given an
interval I in R, two distinct points a and b in I, a subset D of R?, a
function f(t,y) : I x D — R% and a function 7(u,v) : R x R? — RY,
a boundary value problem consists in finding a differentiable function
y : I — D such that

y'(t) = f(t,y(t)) forall t € I (differential equation)
r(y(a),y(b))

0 (boundary condition)

ExAMPLE [.3.1. The boundary value problem

o= (3 3w

2w
for a damped oscillation corresponds to the data
s

=R, a=0, b=-—, D=RZ
2w

The exact solution is
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ExXAMPLE [.3.2. In analogy to initial value problems, boundary
value problems for higher order differential equations can be trans-
formed into boundary value problems for first order equations by in-
troducing new unknowns. For the mechanical system, e.g.,

Mz"(t) + Ra'(t) + Kx(t) = F(t)
z(0) = xg
z(L) = xp

in R? we introduce the velocity v(t) = 2/(t) as a new unknown and
thus obtain a boundary value problem corresponding to the data

I=R, a=0, b=L, D=R*

Jty) = (MPF(t)) * (—MolK —MllR) Y

r(u,v) = (é 8)u—|— <? 8>v— (;2)

1.3.2. Eigenvalue and free boundary problems. Some prob-
lems which at first sight are no boundary value problems nevertheless
fit into the framework of the preceding section. The most prominent
examples are eigenvalue and free boundary problems.

ExAMPLE 1.3.3. We are looking for a function w : [a,b] — R and a
number A € R such that

u'(t) = g(t, u(t)),
p(u(a), u(b), A) = 0,
where g and p are given functions. Interpreting the number \ as a

constant function, this eigenvalue problem corresponds to a boundary
value problem with the data

, D=R’

T(U, U) = p(ub (%0 /02)-

ExaMPLE 1.3.4. We are looking for a number 5 > 0 and a function
u : [0, 8] = R such that
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where g and p again are given functions. This is a free boundary prob-
lem, since the point 3 is part of the unknown solution. Interpreting
the number  as a constant function and judiciously introducing a new
variable ¢, this problem corresponds to a boundary value problem with
the data

I=R, a=0, b=1, D=R2

e = (0,

r(u,v) = plug, vy).

1.3.3. Existence and uniqueness. Contrary to initial value
problems there is no general existence and uniqueness result for bound-
ary value problems. Instead the solvability and the eventual number of
solutions of a given boundary value problem depend on the particular
problem and the interplay of the differential equation and the boundary
condition. This is illustrated by the following example.

ExAMPLE 1.3.5. Consider the boundary value problem

vo=(0 3 )u

(6 0)s0+ (3 0)unr=(5)

for an undamped oscillation. The general solution of the differential
equation is

y(t) = (01 cos(wt) — ¢y sin(wt)) |

c1 sin(wt) + ¢5 cos(wt)

The data L = %”, a =0, 8 =1 lead to the contradictory conditions
c1 = 0 and ¢; = 1. Hence, the corresponding boundary value problem
doesn’t admit a solution. The data L = 27”, a =0, 8 =0, on the other
hand, lead to the single condition ¢; = 0. Hence, ¢y is arbitrary and
the corresponding boundary value problem admits an infinite number
of solutions.

I.4. Shooting Methods

I.4.1. The simple shooting method. The simple shooting
method is the simplest method for solving a general boundary value
problem. The underlying idea can be explained as follows:
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Denote by y(t; s) the solution of the initial value problem
y'(t) = f(t,y(1),
y(a;s) = s.
Then y(t; s) solves the boundary boundary value problem
y'(t) = f(t,y(t),
r(y(a), y(b)) =0

if and only if
r(s,y(bys)) = 0.
Determine a zero of the function
F(s) =r(s,y(b;s))
using Newton’s method.
The derivative DF(s) of F' at the point s is
DF(s) = Dyr(s,y(b;s)) + Dyr(s,y(b;s))Z(b;s),

where Z solves the initial value problem

Z'(t;8) = Dy f(t,y(t; 8) Z(t; s)

Z(ays) =1
with I denoting the identity matrix.
Solve the initial value problems for y(¢; s) and Z(t; s) approx-
imately with a numerical method for initial value problems as

described in section 1.3. In doing so ensure that both methods
use the same set of grid points t;.

This idea gives rise to the following algorithm:

ALGORITHM [.4.1. (Simple shooting method)
(0) Given an initial guess s© € R? and a tolerance . Set i = 0.
(1) Using a numerical method for initial value problems compute
an approzimation n®(t) for the solution y@ of the initial value
problem

y () = ft,y (1)),
y(i)<a> — g
Set
o — r(s(i),n(i)(b)).
(2) If | F9|| < e stop, otherwise continue with step (3).
(3) Using the same method and grid points as in step (1) compute

an approzimation (% (t) for the solution Z™ of the initial value
problem
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Set
D = Dyr(s, 5O(5)) + Dyr(s®, 50 (8))CO D).
(4) Solve the linear system of equations
DOAD — )

Set

increase © by 1 and return to step (1).

The simple shooting method has the following properties:

The initial value problems in step (1) have d unknowns.
The initial value problems in step (3) have d* unknowns.
The initial value problems in step (3) are linear.

The linear systems in step (4) have d equations and un-
knowns.

Newton’s method should be damped.

If Newton’s method converges, the convergence is quadratic.

1.4.2. A warning example. Even if the boundary value problem
admits a unique solution, the simple shooting method can completely
break down. This is illustrated by the following example. The break-
down of the simple shooting method is due to the fact that solutions of
initial value problems with close-by initial values may run away with
an exponential rate. In this sense boundary value problems may be
ill-posed.

ExAMPLE [.4.2. Consider the boundary value problem

=11y 1),
yl(()) =1,
y1(10) = 1.

The exact solution is

1 1
. —10t 11t
y(t) = cre <_10> + cye (11)

6110 -1 1— 6_100
Cy =

with

Ccl =

ell0 6—100’ ell0 _ ©—100 ’

The solution of the associated initial value problem with initial value

s is
. o 1181 — 89 —10t 1 10s1 + 59 11t 1
ylts) = —5r—¢ ~10) "1 ¢ )
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The correct initial value for the solution of the boundary value problem
is

. 1
o7 (_10 + 21 - 61113i6101000) '
The wrong initial value
~ 1
*= =10+ 1079

with a relative error of 1071 yields the wrong boundary value
y1(10;3) ~ 10%7.
Thus one looses 47 digits!

1.4.3. The multiple shooting method. Example 1.4.2 shows
that the simple shooting method may completely break down since
solutions to different initial values may separate with an exponential
rate. It, however, also indicates a way for avoiding this undesirable

phenomenon: Only solve initial value problems on small time inter-
vals. This leads to the following divide-and-conquer-type approach:

e Subdivide the interval [a, b] by introducing intermediate points
a=T1 <T<...<T,=0>h

e For sy,...,8, € R? denote by y(t; 7, sx) the solution of the
initial value problem

v (1) = F(ty(t)),
Y(Tr; Sk) = Sk
e Define a piecewise function y by
y(t) = y(t; g, s) for o <t < Tppq, 1 <k <m—1,
Y(Tm) = Sm-
e Then 3 solves the boundary value problem
y'(t) = f(t,y(t)
r(y(a),y(b)) =0
if and only if
Y(Tha1; Ty Sk) = Skp1 for 1 <k <m —1,
(51, 8m) = 0.
e This yields a system of equations
F(s1,...,8m) =0,

which can be solved with Newton’s method.
e The computation of the derivative of F' requires the solution
of initial value problems on the intervals |7y, T11]-
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Each step of Newton’s method requires the solution of a linear system
of equations

DFAs =—-F
with m - d equations and unknowns. Since DF' has the particular form
G, —1I
Gy —1 0
Gno1 —1
A 0 - 0 B

with suitable d x d matrices Gy, ..., G,,_1, A and B, the linear system
takes the form

G1As; — Asy = — I}
GQASQ — AS3 = _F2

GmflASmfl - ASm = _mel
AAsy + BAs,, = —F,,.

Hence, the unknowns Ass, ..., As,, can be eliminated successively and
one obtains the linear system

m—1 m—1
(A + BGm_1 . Gl)Asl = _Fm - B Z( H Gl).FJ
=1 i=j+1
with d equations for the d components of As;.
These ideas and observations give rise to the following algorithm:

ALGORITHM [.4.3. (Multiple shooting method)

(0) Given m points a =1, < ... < T, = b, m vectors s§°), s

€ R? and a tolerance . Set i = 0.

(1) Using a numerical method for initial value problems determine
approzimations 0 (t), 1 < j < m — 1, for the solutions y9)
of the initial value problems

yO(t) = f(t,y (1)),
Y (m) = 5
for1 <j3<m—1. Set
F{) = n0)(7j0) = sy for1<j<m-—1,

FO = (s s,

STIEY<e
j=1
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stop. Otherwise continue with step (3).

(3) Using the same numerical method and grid points as in step
(1) compute approzimations (9 (t) for the solutions Z@9) of
the initial value problems

2697 (8) = Dy (67 (6) 269 (1)
70D () =T
for1 <j3<m—1. Set
A7 = (9 (ry40)
for1<j3<m-—1 and

AW = Dur(s(i), HOM

1 m
B® = Dvr(sgi), FHOM
(4) Compute the matriz
HO = A 4 O . .Gl

and the vector

Solve the linear system of equations
H(i)Asgi) = 0
and recursively compute the vectors
Aoy = G0 4 B
for1 <k<m-—1. Set
sffﬂ) = sg) + As,(f)
for 1 < k <m, increase i by 1 and return to step (1).

The multiple shooting method has the following properties:

When using the same number of grid points on the complete
interval [a, b], the solution of the initial value problems in
the simple and the multiple shooting method requires the
same number of arithmetic operations.

The initial value problems on the subintervals can be solved
in parallel.

When lacking any additional information, the intermediate
points 74,..., 7, can be chosen equidistant.
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1.5. Finite Difference Methods

1.5.1. Sturm-Liouville problems. In this and the following sec-
tion we consider particular boundary value problems, the so-called
Sturm-Liouville problems. Here, we are given a continuously differ-
entiable function p : [0, 1] — R with

p= Orgnmlglp(x) >0

and a continuous function ¢ : [0,1] — R with

q= Oglmlglq(a:) >0

and we are looking for a twice continuously differentiable function w :
[0,1] — R with

—(pu') +qu=f in (0,1) (differential equation)
u(0) =0, u(l) =0 (boundary condition)

ExAamMpPLE L[.5.1. Often Sturm-Liouville problems are given in the
general form
—(pu') +qu=f in (a,b)
u(a) = a, u(b) = p.
This can be transformed into the above particular form with a = 0,
b=1 a=0, =0 as follows: Seek u in the form

b —« r—a

u@) =a+ T2 —a) +u(—o)

with
v(0) =0, v(1) =0
and introduce a new variable
r—a
Cb—a’
1.5.2. Difference quotients. The difference methods of this sec-
tion are based on the symmetric difference quotient:

t

h

Duple) = 7 [ola+ 5) — plo— 2],

Taylor’s formula yields

2

h
Ohp(r) = ¢'(x) + ﬂw’”(fﬁ + 60h)

with a suitable 6 € (—3, ).
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1.5.3. Difference discretization. The idea of the difference dis-
cretization can be described as follows:
e Replace derivatives by the difference quotient 0,
(—(pu)") (2)
~ (—0h(pu')) ()
h h h

= Pl = PG5 —pet et )]

~ 2 lple — Ddae — 2~ (e + Dol + D)
1 h

= ol — D) (u(e) — ule — 1)

—pla+ D)l + h) — u(z))]

e Impose the resulting equations only in a set of grid points ih
Withh:#lundlgign.
AvcoriTHM 1.5.2. (Difference discretization)

(0) Choose a mesh-size h = 5.
(1) For 1 <i<mn set

h
fi=f(ah), ¢ = q(ih), pipy = p(ih £ ).

2) Determine ug, ..., U,y such that
Jr

uy =0, tpy1 =0

and
1 1
fi= —ﬁpl;guifl + <ﬁ[pi7% +Pi+§] + ql’)“l’
1
" bt

holds for 1 <i <n.
(3) Denote by uy, the continuous piecewise linear function which
equals u; at grid point ih(see figure 1.5.1).

FiGURE 1.5.1. Continuous piecewise linear interpolation

The difference discretization has the following properties:
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The difference discretization gives rise to a linear system of
equations with n equations for the n unknowns uy, ..., u,.
The matrix of the linear system is symmetric, positive def-
inite and tridiagonal with positive diagonal elements and
negative off-diagonal elements.

The linear system admits a unique solution.

The solution of the linear system with Gaussian elimination
or Cholesky decomposition requires O(n) operations.

1.5.4. Error estimates. The following a priori error estimates
can be proven for the solution of the difference discretization:

Suppose that ¢ > 0, p > 0, p is three times continuously dif-
ferentiable and the solution u of the Sturm-Liouville prob-
lem is four times continuously differentiable, then the fol-
lowing a priori error estimate holds

— < ch®.
Orgfglm(x) up(z)| < ch

The constant ¢ depends on the lower bound ¢ for ¢, the

derivatives up to order 3 of p and the derivatives up to
order 4 of u.

I1.6. Variational Methods

The assumptions
® q>0,
e p three times continuously differentiable,
e y four times continuously differentiable
of the previous section are far too restrictive for most practical appli-
cations. They are overcome by the variational methods of the current
section.

1.6.1. Idea of the variational formulation. The basic idea of
the variational formulation of Sturm-Liouville problems can be de-
scribed as follows:

e Multiply the differential equation with a continuously differ-
entiable function v with v(0) =0 and v(1) = 0:

—(pu) (z)v(2) + q(z)u(z)v(z) = f(z)v(z)
for0 <z <1.
e Integrate the result from 0 to 1:

[ oy o) + awute@las = [ s
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e Use integration by parts for the term containing derivatives:

- [y @i

To put these ideas on a profound basis we must better specify the prop-
erties of the functions u and v. Classical properties such as continuous
differentiability are too restrictive; the notion ‘derivative’ must be gen-
eralised in a suitable way. In view of the discretization the new notion
should in particular cover piecewise differentiable functions.

1.6.2. Weak derivatives. The above considerations lead to the
notion of a weak derivative. It is motivated by the following obser-
vation: Integration by parts yields for all continuously differentiable
functions u and v satisfying v(0) = 0 and v(1) =0

A function wu is called weakly differentiable with weak deriv-
ative w, if every continuously differentiable function v with
v(0) = 0 and v(1) = 0 satisfies

/01 w(x)v(z)de = — /01 u(z)v'(z)dx.

ExAMPLE 1.6.1. Every continuously differentiable function is weakly
differentiable and the weak derivative equals the classical derivative.
Every continuous, piecewise continuously differentiable function is
weakly differentiable and the weak derivative equals the classical piece-
wise derivative.

The function u(z) = 1 — |2z — 1| is weakly differentiable with weak
derivative

w(z) =

2 f0r0<x<%
—2 for%<x<1

(cf. figure 1.6.1). Notice that the value w(3) is arbitrary.
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FIGURE 1.6.1. Function u(z) = 1 — |2z — 1| (magenta)
with its weak derivative (red)

1.6.3. Sobolev spaces and norms. Variational formulations and
finite element methods are based on Sobolev spaces.

The L?-norm is defined by

ot = { [ oopar)

L?(0,1) denotes the Lebesgue space of all functions v with
finite L2-norm ||v|.

H'(0,1) is the Sobolev space of all functions v in L?(0, 1),
whose weak derivative exists and is contained in L?(0,1)
too.

H}(0,1) denotes the Sobolev space of all functions v in
H'(0,1) which satisfy v(0) = 0 and v(1) = 0.

EXAMPLE 1.6.2. Every bounded function is contained in L?(0,1).

The function v(x) = \/LE is not contained in L?(0, 1), since the integral

of L =w(x)? is not finite.

Every continuously differentiable function is contained in H'(0, 1).
Every continuous, piecewise continuously differentiable function is con-
tained in H'(0,1).

The function v(x) = 1 — |2z — 1| is contained in H}(0,1) (cf. figure
1.6.1).

The function v(x) = 2/ is not contained in H'(0, 1), since the integral
of L = (v/(x))? is not finite.

Notice that, in contrast to several dimensions, all functions in
H'(0,1) are continuous.

1.6.4. Variational formulation of the Sturm-Liouville prob-
lem. The variational formulation of the Sturm-Liouville problem is
given by:
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Find u € H}(0,1) such that for all v € HJ(0,1) there holds

/Ol[p@:)u'() (@) + g(a)ul dx—/ fla

It has the following properties:

It admits a unique solution.
Its solution is the unique minimum in H{(0,1) of the energy
function

5 [ G+ aetde = [ st

1.6.5. Finite element spaces. The discretization of the above
variational problem is based on finite element spaces.
inition denote by 7 an arbitrary partition of the interval (0,1) into
non-overlapping sub-intervals and by k£ > 1 an arbitrary polynomial

degree.

S*kO(T) denotes the finite element space of all continuous
functions which are piecewise polynomials of degree k on
the intervals of 7.

SEO(T) is the finite element space of all functions v in
SkO(T) which satisfy v(0) = 0 and v(1) = 0.

1.6.6. Finite element discretization of the Sturm-Liouville
problem. The finite element discretization of the Sturm-Liouville

problem is given by:

Find a trial function ur € Sy°(T) such that every test function
vr € SyO(T) satisfies

| i@ @)+ a@urer@]de = [ p@prd.

It has the following properties:

It admits a unique solution.

Its solution is the unique minimum in Sg (T of the energy
function.

After choosing a basis for Sp°(7) it amounts to a linear

For their def-
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system of equations with k- #7 — 1 unknowns and a tridiag-
onal symmetric positive definite matrix, the so-called stiff-
ness matrix.

Integrals are usually approximately evaluated using a quad-
rature formula.

In most case one chooses k = 1 (linear elements) or k = 2
(quadratic elements).

One usually chooses a nodal basis for Sp°(T) (cf. figure
1.6.2 and section 1.6.7).

JANA

F1GURE 1.6.2. Nodal basis functions for linear elements
(left, blue) and for quadratic elements (right, endpoints
of intervals blue and midpoints of intervals magenta)

1.6.7. Nodal basis functions. The nodal basis functions for lin-

ear elements are those functions which take the value 1 at exactly one
endpoint of an interval and which vanish at all other endpoints of in-
tervals (cf. left part of figure 1.6.2).
The nodal basis functions for quadratic elements are those functions
which take the value 1 at exactly one endpoint or midpoint of an inter-
val and which vanish at all other endpoints and midpoints of intervals
(right part of figure 1.6.2, endpoints of intervals blue and midpoints of
intervals magenta).

1.6.8. Error estimates. Denoting by A7 the maximal length of
intervals in 7, one can prove the following a priori error estimates for
the finite element discretization of the Sturm-Liouville problem:

Suppose that ¢ is non-negative, p > 0 and the derivative of
p and the first and second derivative of the solution u of the
Sturm-Liouville problem are in L?(0, 1), then the following
a priort error estimate holds

' — u7l| < eihr,
lu = urll < c2h7-

The constants ¢; und ¢; depend on p, the derivative of p,
the maximum of ¢ and the first and second derivatives of u.







CHAPTER 1II

Prerequisites for Finite Element and Finite
Volume Methods

I1.1. Sobolev Spaces

I1.1.1. Reaction-diffusion equation. As a motivation for the
Sobolev and finite element spaces, which will be introduced in this and
the following section, consider the following reaction-diffusion equation

—div(AVu) +au=f in Q
u=0 onl

which is a multi-dimensional generalization of the Sturm-Liouville prob-
lem of sections 1.5 and 1.6. Here, € is a polyhedron in R¢ with d = 2
or d =3, A(x) is a symmetric positive definite, d x d matrix for every
x in  and «(z) a non-negative number for every x in €.

11.1.2. The divergence theorem and integration by parts
in several dimensions. Similarly to section 1.6 we want to derive a
variational formulation of the reaction-diffusion equation. Again this
will be based on integration by parts.

To explain this further we first recall the definition of the divergence
of a vector-field

d

ow;
di = :
ivw ZZI o

and the divergence theorem alias Gauf§ theorem

/divwd:v:/w-ndS.
0 r

Applying the divergence theorem to w = v(AVu) yields

/UdiV(AVu)dx—i-/Vv-AVudx:/div(vAVu)d:rj
Q Q Q

= / divwdzx
Q

33
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:/w~nd5
r

= / vn - AVudS.
r
If v=0on I', this in particular implies

/ Vv - AVudxr = — / vdiv(AVu)dz.
Q

Q
On the other hand, applying the divergence theorem to w = uve;,
where e; denotes the i-th unit vector, gives

ou v O(uv)
d dr = d
Qagjiv T+ Qua$i x /Q oz, z

= / div wdzx
Q

If u=0orv=0onTI, this in particular implies

ou ov
vder =— | u
o O

I1.1.3. Idea of the variational formulation. The idea of the
variational formulation of the reaction-diffusion equation can be de-
scribed as follows:

dz.

q 0z

e Multiply the differential equation with a continuously differ-
entiable function v with v = 0 on I' to obtain
—div(AVu)(z)v(x) + a(x)u(x)v(z) = f(x)v(z)

for x € Q).
e Integrate the result over (2

/ [— div(AVu)v + auv]dz = / fudx.
Q 0

e Use integration by parts for the term containing derivatives
— / div(AVu)vdr = / Vo - AVudz.
Q Q

In order to put these ideas on a sound basis the following problems
must be settled:

e The properties of the functions v and v must be stated more
precisely.

e (Classical properties such as ‘continuously differentiable’ are
too restrictive.

e The notion ‘derivative’ must be generalized.
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e In view of the discrete problems, piecewise differentiable func-
tions should be differentiable in the new weaker sense.

I1.1.4. Weak derivatives. The second integration by parts for-
mula of section I1.1.2 motivates the following notion of a weak deriva-
tive which generalizes the classical partial derivative.

The function w is said to be weakly differentiable w.r.t. x;
with weak derivative w;, if every continuously differentiable
function v with v = 0 on I' satisfies

/wivdx: —/uav dz.
Q o Oz

If u is weakly differentiable w.r.t. to all variables x4, ..., x4,
we call u weakly differentiable and write Vu for the vector
(w1, ..., wy) of the weak derivatives.

ExampLE II.1.1. Every function which is continuously differen-
tiable in the classical sense is weakly differentiable and its classical
derivative coincides with the weak derivative.

Every continuous piecewise differentiable function is weakly differen-
tiable and its weak derivative is the piecewise classical derivative.

The function |z| is not differentiable in (—1, 1), but it is differentiable in
the weak sense. Its weak derivative is the piecewise constant function
which equals —1 on (—1,0) and 1 on (0, 1).

I1.1.5. Sobolev spaces and norms. Here, we will only introduce
the first order Sobolev space. Its definition is based on the notion of
weak derivatives introduced above and of the Lebesgue space L*():

|v]| = {/ ]v|2al9:}E denotes the L?-norm.
Q

L?*(Q) is the Lebesgue space of all functions v with finite
L?-norm ||v]|.

H(Q) is the Sobolev space of all functions v in L*(€2), which
are weakly differentiable and for which |Vu|, the Euclidean
norm of Vo, is in L?*(2).

Hi(Q) is the Sobolev space of all functions v in H'(2) with
v=0onT.

Higher order Sobolev spaces can be defined in a similar way by first
introducing higher order weak derivatives similarly to section II.1.4 and
by then considering all functions in L?(2) which have all their weak
derivatives up to a given order contained in L?((2).

EXAMPLE I1.1.2. Every bounded function is in L?*(Q).
Every continuously differentiable function is in H'((2).
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A piecewise differentiable function is in H!(€2), if and only if it is glob-
ally continuous.

Functions in H'(2) must not admit point values (see examples 11.1.3
and 11.1.4 below).

EXAMPLE I1.1.3 (Radially symmetric functions in R?). Denote by
Q) the circle with radius 1 and centre at the origin. Given a real number
a € R set

va(z,y) = (22 +9%) 2.
We then have

1
/ v2drdy = 27?/ r*rdr < oo
Q 0

<— 20+1> -1 <<= a> -1

and

1
/[V%Pdwdy = 27r/ @®r?*?rdr < oo
0 0
<~ 2a0—1> -1 <= a>0.
Hence we conclude that v, € H'(Q2) if and only if a > 0.

Notice that v(z) = In(|In(y/22 + y?)|) is in H*(Q2) but has no finite
value at the origin.

ExAMPLE I1.1.4 (Radially symmetric functions in R?). Denote by
() the ball with radius 1 and centre at the origin. Given a real number
a € R set

Va(z,y,2) = (2* +y° + 22)%.
We then have

1
/ v2dodydz = 47/ r*r?dr < oo
Q 0
3
= 20+2> -1 Oz>—§

and

1
/]Vva\zdxdydz = 47r/ ?r?*?ridr < oo
0 0

1
<— 20> —1 <— a>—§.

Hence we conclude that v, € H*(€2) if and only if & > —1. In particular

1
the function v(z) = (2*+y?+y*) ® is in () but has no finite value
at the origin.



II.1. SOBOLEV SPACES 37

I1.1.6. Variational problem. The variational formulation of the
reaction-diffusion equation now takes the form:

Find u € H}(Q) such that for all v € H}(2)

/ [Vv - AVu + auv] dr = / fudz.
Q Q

It has the following properties:

The variational problem admits a unique solution.
The solution of the variational problem is the unique mini-
mum in H} () of the energy function

1/[Vu-AV?H—CWQ]CZ%’—/fud:zc.
2 Jq Q

11.1.7. Convective derivatives. General second order elliptic
differential equations also contain so-called convective derivatives of

the form a - Vu. They give rise to the additional term / a- Vuv on

Q
the left-hand side of the variational problem. Now, the solution of the
variational problem cannot be interpreted as the minimum of an energy
function.

I1.1.8. Neumann boundary conditions. The boundary condi-
tion u = 0 on I' considered so far is usually called a Dirichlet boundary
condition. Physically it describes a clamped membrane or prescribed
temperature profile. In practice of course also free membranes or prob-
lems with a prescribed heat flux have to be modelled. This requires a
so-called Neumann boundary condition of the form n- AVu = g on I'y
where ¢ is a given flux and 'y is a subset of I' which may equal I". It

gives rise to the additional term / gv on the right-hand side of the
I'n

variational problem.

11.1.9. Weak divergence. Many engineering problems, e.g. the
equations of linearized elasticity, require so-called mixed energy prin-
ciples which are based on spaces different from the Sobolev spaces
considered so far. The most prominent representative of these spaces
is H(div; ). It is based on the notion of a weak divergence:

A vector-field u : © € R? — R? is said to have the weak
divergence w : ) — R if every continuously differentiable
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scalar function v satisfies

/wvz—/u~V1}.
Q Q

If u has the weak divergence w, one writes w = div u.

Notice that if u is continuously differentiable, it has a weak diver-
gence which coincides with the classical divergence.
The space H(div;€?) is now defined by

H(div;Q) = {u: Q> R :ue L*(Q)? and divu € L*(Q)}.

Note that a piecewise differentiable vector-field is in H(div;(2), if
and only if its normal component is continuous across interfaces.

I1.2. Finite Element Spaces

I1.2.1. Basic idea. The basic idea of the finite element method
can be described as follows:

e Subdivide €2 into non-overlapping simple sub-domains called
elements such as triangles, parallelograms, tetrahedra or par-
allelepipeds, ... (partition).

e In the variational problem replace the space H}(Q) by a finite
dimensional subspace consisting of continuous functions which
are element-wise polynomials (finite element space).

e This gives rise to a linear system of equations for the approx-
imation us of the solution u of the differential equation.

In order to make these ideas operative, we will address the following
topics in what follows:

e construction of the partition,
e construction and properties of the finite element spaces,
e building of the linear system of equations.

Methods for efficiently solving the discrete problems will be the subject
of chapter III.

11.2.2. Finite element partitions. In what follows 7 denotes a
partition of the computational domain €2 into subsets called elements
and labelled K. It has to satisfy the following conditions:

e QUT is the union of all elements in 7.

o (Affine equivalence) Each K € T is either a trian-
gle or a parallelogram, if d = 2, or a tetrahedron
or a parallelepiped, if d = 3.
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o (Admissibility) Any two elements in T are either
disjoint or share a vertex or a complete edge or —
if d = 3 — a complete face (see figure 11.2.1).

FIGURE I1.2.1. Admissible (left and middle) and not
admissible partition (right)

In two dimensions triangles and parallelograms may be mixed (cf.
figure I1.2.2). In three dimensions tetrahedrons and parallelepipeds can
be mixed provided prismatic elements are also incorporated.

The condition of affine equivalence may be dropped. It, however, con-
siderably simplifies the analysis since it implies constant Jacobians for
all element transformations.

The admissibility is necessary to ensure the continuity of the finite el-
ement functions and thus the inclusion of the finite element spaces in
H(Q).

If the admissibility is violated, the continuity of the finite element func-
tions must be enforced which leads to a more complicated implemen-
tation.

Curved boundaries can be approximated by piecewise straight lines or
planes.

FiGUreg I1.2.2. Mixture of triangular and quadrilateral elements

I1.2.3. Finite element spaces. For any multi-index o € N? we
set for abbreviation
laly = a1 + ... + ag,
|aloo = max{a; : 1 <i < d},

o a1 (%}
T =xy o xyt
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Denote by
K={zecR":z;+.. . +24<1,2,>0,1<i<d}

the reference simplex for a partition into triangles or tetrahedra and
by

K =10,1)¢
the reference cube for a partition into parallelograms or parallelepipeds.

Then every element K € T is the image of K under an affine mapping
Fy. For every integer number k set

RL(K) =

~ span{z® : |a|; < k} if K is the reference simplex,
span{z® : |a| < k} if K is the reference cube

and set
Ry, ZRk(K) = {]/)\O Fgl Z]/?\E /Rk}

With this notation we define finite element spaces by

Sk’fl(T) = {gp Q= R: QO‘K € Ry(K) for all K € T},
SEO(T) = SA=1(T)nC(Q),
ST = SM(T) N HY(Q) = {pe SH(T):p=0 on I'}.

Note, that k£ may be 0 for the first space, but must be at least 1 for
the other spaces.
The global continuity ensures the inclusions S*°(7) c H(Q) and
So(T) C Hy().
The polynomial degree k may vary from element to element. This,
however, leads to a more complicated implementation.

ExampLE I1.2.1. For a triangle, we have
Ry (K) = span{l,x, x5},
Ry(K) = span{l, x1, 70, 23, 129, T3 }.
For a parallelogram on the other hand, we have
Ry (K) = span{l, x, z9, z122},
2 2

2 2 2 2
Ry(K) = span{l, x1, xy, X129, 7, T1T2, TIT5, T1T5, T3}

11.2.4. Discrete problem. The finite element discretization of
the reaction-diffusion equation of section II.1.1 and of its variational
formulation of section I1.1.6 is given by:
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Find a trial function ur € Sy°(T) such that for all test
functions vr € SE°(T)

/ [VUT - AVur + OzuTvﬂ dr = / fordz.
Q Q

It has the following properties:

The discrete problem admits a unique solution.
The solution of the discrete problem is the unique minimum
in SPO(T) of the energy function

1
—/[Vu-AVu+au2]dx—/fud:c.
2 Jq Q

After choosing a basis for Sp°(T) the discrete problem
amounts to a linear system of equations with ~ k%N equa-
tions and unknowns where N+ is the number of elements.

I1.2.5. Degrees of freedom. The basis functions of the finite
element spaces S*(T) are defined by their nodal degrees of freedom
N7 k. These are build by gluing together the element-wise degrees of
freedom N by setting

Nrjg = U Nk -

KeT

Figures 11.2.3 and II.2.4 show the element degrees and nodal de-
grees, resp. for different values of k.

Notice that the functions in S¥°(T) are uniquely defined by their
values in N7 thanks to the admissibility of 7.

I1.2.6. Nodal basis functions. The nodal basis function A, as-
sociated with a vertex z € N7 is uniquely defined by the conditions

)\z,k € Sk’O(T),
)\z,k(z) = 1,
Ax(y)=0 for all y € N7 i \ {z}.

Figure I1.2.5 shows a typical function A, ;.
The nodal basis functions have the following properties:

{A\.x 2 € Ny} is a basis for SEO(T).
{M\k 2z € Ny \ T} is a basis for SY°(T), i.e. the degrees




42 II. FINITE ELEMENT AND FINITE VOLUME METHODS

HLL

VAN
AN
O
BEsS

FIGURE I1.2.3. Element degrees of freedom N for
k=1,...,4 and a triangle and a parallelogram

AVAN
SRS

FIGURE I1.2.4. Nodal degrees of freedom N7 for k =
1,2 and a patch T consisting of two triangles or two
parallelograms

of freedom on the boundary I' are suppressed.

A, vanishes outside the union of all elements that share
the vertex z.

The stiffness matrix is sparse.

I1.2.7. Evaluation of the nodal basis functions. Building the
stiffness matrix and the load vector of the discrete problem requires
the evaluation of the functions A, ; and their derivatives. This can be
achieved in two ways:

e transformation to a reference element K ,
e reduction to the first order nodal basis functions A, ; and direct
evaluation of these using the element geometry.
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FIGURE II.2.5. Nodal basis function A, ;

In the first approach one proceeds as follows:

e Determine the nodal basis functions /):g’k for the reference ele-

ment K.
e Determine an affine transformation

I?B/I'\f—)l’:b[(—f-BK?L‘\

of the reference element K onto the current element K.
e Compute A, ;, from Az, using the affine transformation by set-
ting R
Figure 11.2.6 shows the commonly used reference elements in two and
three dimensions.

F1GURE I1.2.6. Reference triangle, square, tetrahedron
and cube (from left to right)

ExAamMPLE II.2.2. For the reference triangle the nodal basis func-
tions Az for the vertices are

l—z—y, =z .
The nodal basis functions ng for the vertices are
(I—z—y)(1 =2 —-2y), 2(2e-1), y(2y-1)
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and for the mid-points of edges
dx(l -z —y), day, 4y(l-z-—y).

For the reference square the nodal basis functions Xg’l for the vertices
are

I—z)I—-y), z(l-y), zy (11—
The nodal basis functions /):372 for the vertices are
(I-22)(1-2)(1-2y)(1 —y), 2(2z—-1)(1-2y)(1-y),
2z —1y(2y — 1), (1—-22)(1 —2)y(2y —1)
and for the mid-points of edges
dr(l—2)(1—y)(1 = 2y), 42z -1y —y),
do(l—2)y(2y — 1), 4y(1 —y)(1 —22)(1 — z)
and for the barycentre
162(1 — 2)y(1 — y).

ExXAMPLE I1.2.3. The vector br and the matrix Bg of the affine
transformation of a triangle, parallelogram or tetrahedron are (see fig-
ure 11.2.7 for the enumeration of the vertices)

b = ao, BK:(al—ao,ag—ao),
br = ay, BK:(al_aOaaB_aO)u
b = ao, BK:(al_307a2_aO:aS_aO)'

Similar formulae hold for parallelepipeds.

ExAMPLE II.2.4. The first order nodal basis functions A, ; corre-
sponding to a vertex a; of a triangle, parallelogram or tetrahedron are
given by (see figure 11.2.7 for the enumeration of the vertices)

det(z —a;11, 212 — a;41)

)
det(a; —aj11, aj42 — aj41)
det(x — Aj42, A3 — ai+2) det(a: — &j42, A1 — al-+2)
b
det(a; — ajy2, ajy3 — a42) det(a; —ajo, ai41 — a42)

Here, all indices have to be taken modulo the number of vertices of
the current element. Similar expressions hold for parallelepipeds with
3 factors corresponding to 3 tetrahedra.

ExAMPLE II1.2.5. The second order nodal basis function \,, 2 cor-
responding to a vertex a; of a triangle is given by

)‘ai,Q = Aai,l[)\aiyl - )‘a¢+171 - )‘a¢+2,1]'
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ag ag
k A
EAio 51 g aj
a3 a2 as ag
i
ay a1 ag ap
ag
ag
ag
ay
ag a; ay a,

FiGURE 11.2.7. Affine transformation of a triangle, par-
allelogram and tetrahedron

Similarly, the function A, corresponding to the mid-point z of the
edge connecting vertices a; and a;; is

Az2 = 4Aa; 100 1-
For a parallelogram one obtains for a vertex a;
Aai2 = Aaj1[Aail = Aapnl F Aagol — Aaigt]s
for the mid-point z of the edge connecting vertices a; and a;;
A2 = A 1[Aa1 — Aayio]
and for the barycentre y
Ay2 = 16Xag10a01-

11.2.8. Evaluation of integrals. The exact evaluation of the in-
tegrals appearing in the entries of the stiffness matrix and load vector
often is too expensive or even impossible. They are therefore approxi-
mately evaluated using a suitable quadrature formula:

/Kstx ~ Qi) = D copl).

q€QK
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In order to avoid that this spoils the accuracy of the finite element
discretization, the quadrature formula must have the order 2k — 2,
where k is the element degree, i.e.

/ wdr = Qk(p) for all p € Ry o(K).
K

The order 0 is sufficient for linear elements; order 2 is sufficient for
quadratic elements.

ExXAMPLE I1.2.6. The data
Qg barycentre of K,

cg = |K|

and
Ok mid-points of edges of K,
1
Cq = g\K\ for alle ¢
yield quadrature formulae of order 1 and 2, resp. for triangles. Here,
| K| denotes the area of K.
The data

Qg barycentre of K,
cq = | K|

and
Qk vertices, mid-points of edges and barycentre of K,

= |K| if ¢ is a vertex
Cq = %lKI if ¢ is a mid-point of edge
B|K| if ¢ is the barycentre

yield quadrature formulae of order 1 and 2, resp. for parallelograms.
Here, | K| again denotes the area of K.
Similar formulae can be derived for tetrahedra and parallelepipeds.

11.2.9. Convective derivatives. Convective derivatives lead to
a non-symmetric stiffness matrix. They often give rise to unphysi-
cal oscillations of the numerical solution. To avoid these oscillations
special modifications such as upwinding or streamline Petrov-Galerkin
stabilization must be introduced (cf. [4, §11.3] and [5, §11.3.1.2]).

11.2.10. Neumann boundary conditions. The so-called Neu-
mann boundary condition n - AVu = g on I'y C I' gives rise to an

additional term / gurdS on the right-hand side of the discrete prob-

r

lem. The additiongl entries of the load vector are taken into account
when sweeping through the elements. Moreover, degrees of freedom
associated with points on the Neumann boundary I'y are additional
unknowns.
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I1.3. Finite Volume Methods

11.3.1. Systems in divergence form. Finite volume methods
are tailored for systems in divergence form where we are looking for a
vector field U defined on a subset € of R? having values in R™ which
satisfies the differential equation

OM(U)
ot

+divF(U) = g(U,z,t) in Q x (0,00)
U(-,0) = U, in Q.

Here,

g: the source, is a vector field on R™ x Q x (0,00) with values
in R™,

M: the mass, is a vector field on R™ with values in R™,

F: the flur is a matrix valued function on R™ with values in

R™*4 and
Uyg: the initial value, is a vector field on 2 with values in R™.

The differential equation of course has to be completed with suitable
boundary conditions. These, however, will be ignored in what follows.
Notice that the divergence has to be taken row-wise

d
OF(U),
divF(U) = ( OE(U)i; SN
, oz, 1<i<m
J=1
The flux F can be slit into two contributions
E = Eadv + Evisc‘

F_ 4.1 called advective flur and contains no derivatives. F ,  is called
viscous flur and contains spacial derivatives. The advective flux models
transport or convection phenomena while the viscous flux is responsible

for diffusion phenomena.

ExaAMPLE I1.3.1. A linear parabolic equation of 2nd order

% —div(AVu) +a-Vu+au = f,
is a system in divergence form with
m=1, U = u, M(U) = u,

F..(U)=au, F

F .. (U)=-AVu, g(U)=f—-au+ (diva)u.
ExAMPLE 11.3.2. Burger’s equation
ou ou
ot or
is a system in divergence form with
m=d=1, u=u, M(U) = u,
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1
Eadv(”) - 5”27 Evisc(U) - 07 g(U) = 0.

Other important examples of systems in divergence form are the
FEuler equations and Navier-Stokes equations for non-viscous respective
viscous fluids. Here we have d = 2 or d = 3 and m = d + 2. The vector
U consists of the density, velocity and the internal energy of the fluid

(cf. [4, §IV.3]).

11.3.2. Basic idea of the finite volume method. Choose a
time step 7 > 0 and a partition T of € consisting of arbitrary non-
overlapping polyhedra. Here, the elements may have more complicated
shapes than in the finite element method (see figures I1.3.1 and 11.3.2).
Moreover, admissibility is no longer required.

Now we choose an integer n > 1 and an element K € T and keep
both fixed in what follows. First we integrate the differential equation
on K x [(n—1)7,nT]

M(U
/ /(9 d dt+/ /leF U)dzdt
(n—1)7
:/ /g(U,x,t)dmdt.
(n—1)1 JK

Next we use integration by parts for the terms on the left-hand side

/<:71>T/1<81\(4‘9§U)dm= / M(U(z, n7))da

/ M(U(z, (n — 1)7))dz,

/ /leF Ydxdt = / / ) - ngdSdt.
(n—1)7 —-1)7 JOK

For the following steps we assume that U is piecewise constant with
respect to space and time. We denote by U’ and U% ! the value of U
on K at times nt und (n — 1)7, respectively. Then we have

/ M(U(x,n7))dr ~ | K|M(U%)

/ M(U(z, (n — 1)7))dz ~ |[K|[M(U% )

/ / ) - ngdSdt ~ 7‘/ E(U’}(_l) -ngdS
-1)7 JOK oK
/ / g(U,x, t)dwdt ~ 7|K|g(UL ! 2k, (n — 1)7).
n—1

Here, | K| denotes the area of K, if d = 2, or the volume of K, if d = 3,
respectively.
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In a last step we approximate the boundary integral for the flux by a
numerical flux

T/ F(U%Y) - ngdS
oK

~1 Y 0K NOK'[Fr (UL U,

K'eT
OKNOK'e&

Here, 0K N 0K’ € £ means that K and K’ share an edge, if d = 2, or
a face, if d = 3, and |0K N OK'| denotes the length respective area of
the common boundary of K N K.

All together we obtain the following finite volume method

For every element K € 7 compute

1

Forn = 1,2, ... successively compute for every element K €
T the quantity U% such that

M(U}) = M(Uj )
. Z |OK NOK'|

FT(Unfl’ Unjl)
’K’ K K

K'eT
OKNOK'eE

+ Tg(U}”‘{l, rg, (n—1)7).

This method may be modified as follows:

e The time step may be variable.

e The partition of {2 may change from one time step to the other.

e The approximation U’ must not be piecewise constant.
In order to obtain an operating discretization, we still have to make
precise the following topics:

e construction of T,

e choice of Fr.
Moreover we have to take into account boundary conditions. This item,
however, will not be addressed in what follows.

I1.3.3. Construction of dual finite volume meshes. For con-
structing the finite volume mesh 7, we start from a standard finite ele-
ment partition T which satisfies the conditions of section 11.2.2. Then
we subdivide each element K € 7 into smaller elements by either

e drawing the perpendicular bisectors at the mid-points of edges
of K (cf. figure 11.3.1) or by

e connecting the barycentre of K with its mid-points of edges
(cf. figure 11.3.2).
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Then the elements in 7 consist of the unions of all small elements that
share a common vertex in the partition 7.

Ficureg I1.3.1. Dual mesh (red) via perpendicular bi-
sectors of primal mesh (blue)

FIGUrE I1.3.2. Dual mesh (red) via barycentres of pri-
mal mesh (blue)

Thus the elements in 7" can be associated with the vertices in N5
(see left part of figure 11.3.3). Moreover, we may associate with each
edge or face in &7 exactly two vertices in N such that the line con-
necting these vertices intersects the given edge or face, respectively (see
right part of figure 11.3.3).

The first construction has the advantage that this intersection is
orthogonal. But this construction also has some disadvantages which
are not present with the second construction:
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Ficure 1II1.3.3. Volume of the dual mesh associated
with a vertex of the primal mesh (left) and vertices of
the primal mesh associated with an edge of the dual mesh

(right)

e The perpendicular bisectors of a triangle may intersect in a
point outside the triangle. The intersection point is within
the triangle only if its largest angle is at most a right one.

e The perpendicular bisectors of a quadrilateral may not inter-
sect at all. They intersect in a common point inside the quadri-
lateral only if it is a rectangle.

e The first construction has no three dimensional analogue.

I1.3.4. Construction of numerical fluxes. For the construction
of numerical fluxes we assume that 7 is a dual mesh corresponding to
a primal finite element partition 7. With every edge or face E of T we
denote by K; and K, the adjacent volumes, by U, and~U2 the values
U?{ll and U”Kj, respectively and by z1, x5 vertices of Tsuch that the
segment T7 T intersects E (see right part of figure 11.3.3).

As in the analytical case, we split the numerical flux F.-(U;, Us)
into a wviscous numerical flur Fr ;. .(Uy, Uy) and an advective numer-
ical flur Fr,q,(U1, Uy) which are constructed separately.

We first construct the numerical viscous fluxes. To this end we
introduce a local coordinate system 7y, ...,ng such that 7, is parallel
to T1 73 and such that the remaining coordinates are tangential to E
(see figure 11.3.4). Next we express all derivatives in F ;.. in terms of
partial derivatives corresponding to the new coordinates and suppress
all derivatives which do not pertain to 7n;. Finally we approximate
derivatives corresponding to n; by differences of the form “g:f;'.

We now construct the numerical advective fluxes. To this end we
denote by ng, the unit outward normal of K; and by

C(V) = D(E,4,(V) - ng,) € R™™

the derivative of F,4, (V) - ng, with respect to V and suppose that this
matrix can be diagonalized, i.e., there is an invertible matrix Q(V) €




52 II. FINITE ELEMENT AND FINITE VOLUME METHODS

M2 V /
m

F1Gure 11.3.4. Local coordinate system for the approx-
imation of viscous fluxes

R™ ™ and a diagonal matrix A(V) € R™*™ such that
QV)IC(V)Q(V) = A(V).

This assumption is, e.g., satisfied for the Euler and Navier-Stokes equa-
tions. With any real number z we then associate its positive and neg-
ative part

2" = max{z,0}, 2z~ =min{z, 0}
and set
A(V)* = diag(A(V)ii.. .. AV )iom)
C(V)* =Q(V)A(V)ZQ(V)™".

With these notations the Steger-Warming scheme for the approxima-
tion of advective fluxes is given by

Fraav (U, Uy) = C(U1)+U1 + C(Uy) " Us,.

A better approximation is the van Leer scheme

FT,adv(Ula UQ)

= [50(U) + CGU + U - O U+ W) |0,
+[50002) — CLUL + U + O(U +U) U,

Both approaches require the computation of DF, (V) - ng, to-
gether with its eigenvalues and eigenvectors for suitable values of V.
In general the van Leer scheme is more costly than the Steger-Warming
scheme since it requires three evaluations of C(V) instead of two. For
the Euler and Navier-Stokes equations, however, this extra cost can be
avoided profiting from the particular structure F 4. (V) -ng, = C(V)V
of these equations.
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ExaMpPLE I1.3.3. When applied to Burger’s equation of example
I1.3.2 the Steger-Warming scheme takes the form

u% 1fu120,u220

2 2

u; +us ifu >0,u <0
F U, ug) = { - 2 - =
_’T,adv( 1, 2) U% if Uy SO,UQ <0

0 1fu1§0,u220

while the van Leer scheme reads

ET,adV(uhuQ) = {

11.3.5. TVD and ENO schemes. The convergence analysis of
finite volume methods is based on compactness arguments, in particular
the concept of compensated compactness. This requires to bound the
total variation of the numerical approximation and to avoid unphysical
oscillations. This leads to the concept of total variation diminishing
TVD and essentially non-oscillating ENO schemes. Corresponding
material may be found under the names of Enquvist, LeVeque, Osher,
Roe, Tadmor, .. ..

u% if (751 Z —U2

ui if uy < —us.

11.3.6. Relation to finite element methods. The fact that the
elements of a dual mesh can be associated with the vertices of a finite
element partition gives a link between finite volume and finite element
methods:

Consider a function ¢ that is piecewise constant on the
dual mesh T, ie. ¢ € S%1(T). With ¢ we associate

a continuous piecewise linear function ® € SYO(T) cor-

responding to the finite element partition 7 such that
d(zg) = i for the vertex zx € Nz corresponding to
KeT.

This link considerably simplifies the analysis of finite volume meth-
ods and suggests a very simple and natural approach to a posteriori
error estimation and mesh adaptivity for finite volume methods (cf. [5,
§11.4.11.5]).






CHAPTER III

Efficient Solvers for Linear Systems of Equations

II1.1. Properties of Direct and Iterative Solvers

I11.1.1. A model problem. To get an overview of the particu-
larities of the solution of finite element problems, we consider a simple,
but instructive model problem

—Au=f inQ

u=0 onl

with © denoting the unit square (0,1)? (d = 2) or the unit cube (0, 1)3
(d = 3) discretized by linear elements on a mesh that consists of squares
(d = 2) or cubes (d = 3) with edges of length h = L.

The number of unknowns is

N = <n i Z)d'

The stiffness matrix L, is symmetric positive definite and sparse; every
row contains at most 3¢ non-zero elements. The total number of non-
zero entries in Ly, is

Ep = SdN h-
The ratio of non-zero entries to the total number of entries in L, is

_ Ch_ adpr—1
ph—F}%NBNh .

The stiffness matrix is a band matrix with bandwidth

bh — h—d—l—l ~ Niié.
Therefore the Gaussian elimination, the L R-decomposition or the Cho-
lesky decomposition require

1

21
Sp — thh ~ Nh d

bytes for storage and
_2
o =N, ~ N, @
arithmetic operations.
These numbers are collected in table II1.1.1. It clearly shows that
direct methods are not suited for the solution of large finite element
problems both with respect to the storage requirement as with respect

55
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TABLE III.1.1. Storage requirement and arithmetic op-
erations of the Cholesky decomposition applied to the
linear finite element discretization of the model problem

on (0,1)?

d| h Ny, en by, Sh Zh
= 225 | 1.1-10° 15| 3.3-10* | 7.6-10°

2| % 961 | 4.8 - 103 31| 2.9-10*| 2.8-107
& 139-10° | 2.0-10* 63| 2.5-10°| 9.9-10°
o35 | 1.6-10% | 8.0 10* 127 ] 2.0-10° | 3.3- 10"
7 13.3-10° | 2.4 10* 225 | 7.6-10° | 1.7-108

3| 4 |3.0-10"|2.1-10° 961 | 2.8-107 | 2.8 - 10"
& 125-10°1.8-109|3.9-10%| 9.9-10% | 3.9-10"
T35 | 2.0-10° ] 1.4-107 | 1.6-10* | 3.3-10'° | 5.3 - 10™

to the computational work. Therefore one usually uses iterative meth-
ods for the solution of large finite element problems. Their efficiency
is essentially determined by the following considerations:

e The exact solution of the finite element problem is an approx-
imation of the solution of the differential equation, which is
the quantity of interest, with an error O(h*) where k is the
polynomial degree of the finite element space. Therefore it is
sufficient to compute an approximate solution of the discrete
problem which has the same accuracy.

e If the mesh 77 is a global or local refinement of the mesh 7y, the
interpolate of the approximate discrete solution corresponding
to 7o is a good initial guess for any iterative solver for the
discrete problem corresponding to 7;.

II1.1.2. Nested iteration. The above considerations lead to the
following nested iteration. Here Ty, ..., Tr denotes a sequence of suc-
cessively (globally or locally) refined meshes with corresponding finite
element problems

ALGORITHM III.1.1. (Nested iteration)

(1) Compute
ﬂo = Uy = Lalfo.
(2) For k = 1, ..., R compute an approximate solution uy for
u, = Li " frx by applying my, iterations of an iterative solver for
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the problem

Lyup = [
with starting value Iy pug_1, where Iy is a suitable inter-
polation operator from the mesh Tr_1 to the mesh Ty.

Usually, the number my, of iterations in algorithm III.1.1 is deter-
mined by the stopping criterion

| fe — Litr]] < ellfr — Li(Te—1xUp—1)]-

That is, the residual of the starting value measured in an appropriate
norm should be reduced by a factor e. Typically, ||-|| is a weighted
Euclidean norm and ¢ is in the realm 0.05 to 0.1. If the iterative solver
has the convergence rate 0, the number my, of iterations is given by

lne“.

my = {m

Table IT1.1.2 gives the number my, of iterations that require the clas-
sical Gauf-Seidel algorithm, the conjugate gradient algorithm II1.3.2
and the preconditioned conjugate gradient algorithm III.3.4 with
SSOR-preconditioning I11.3.5 for reducing an initial residual by the
factor ¢ = 0.1. These algorithms need the following number of opera-
tions per unknown:

2d+1 (GauB-Seidel),
2d+6 (CG),
5d+8 (SSOR-PCG).

TABLE I11.1.2. Number of iterations required for reduc-
ing an initial residual by the factor 0.1

h__ ] GauB-Seidel [ CG [ SSOR-PCG
i 236 | 12 4
= 954 | 23 5
o 3820 | 47 7
5 15287 | 94 11

Table IT1.1.2 shows that the preconditioned conjugate gradient algo-
rithm with SSOR-preconditioning yields satisfactory results for prob-
lems that are not too large. Nevertheless, its computational work is
not proportional to the number of unknowns; for a fixed tolerance ¢ it
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1
approximately is of the order N;Jrﬁ. The multigrid algorithm I11.4.1
overcomes this drawback. Its convergence rate is independent of the
mesh-size. Correspondingly, for a fixed tolerance ¢, its computational
work is proportional to the number of unknowns. The advantages of
the multigrid algorithm are reflected by table I11.1.3.

TAaBLE III.1.3. Arithmetic operations required by the
preconditioned conjugate gradient algorithm with SSOR-
preconditioning and the V-cycle multigrid algorithm
with one GauB-Seidel step for pre- and post-smoothing
applied to the model problem in (0,1)4

d h | PCG-SSOR | multigrid
£ 16200 | 11'700

2| = 86'490 | 48972
= 500094 | 206'988

o5 | 3193542 | 838'708

= 310’500 | 175500
314 | 3425965 | 1'549'132
= 4.0-107 | 1.3-107

= 52-10% | 1.1-10°

IT1.2. Classical Iterative Solvers

The setting of this and the following section is as follows: We want
to solve a linear system of equations

Lu=f

with N unknowns and a symmetric positive definite matrix L. We
denote by k the condition of L, i.e. the ratio of its largest to its
smallest eigenvalue. Moreover we assume that kK ~ N Q.

II1.2.1. Stationary iterative solvers. All methods of this sec-
tion are so-called stationary iterative solvers and have the following
structure:

ALGORITHM III.2.1. (Stationary iterative solver)

(0) Given: a matriz L, a right-hand side f, an initial guess ug
and a tolerance €.
Sought: an approximate solution of the linear system of equa-
tions Lu = f.
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(1) Seti=0.
(2) If
[Lui = fI| <,

return u; as approximate solution,; stop.
(3) Compute

uir1 = Fu; L, f)
increase i by 1 and return to step (2).

Here, u — F(u;L, f) is an affine mapping, the so-called iteration
method, which characterizes the particular iterative solver. ||| is any
norm on RV, e.g., the Euclidean norm.

II1.2.2. Richardson iteration. The simplest stationary iteration
method is the Richardson iteration. The iteration method is given by

un—>u+£(f—Lu).

Here, w is a damping parameter, which has to be of the same order as

the largest eigenvalue of L. The convergence rate of the Richardson
iteration is A4 ~ 1 — N-a.

I11.2.3. Jacobi iteration. The Jacobi iteration is closely related
to the Richardson iteration. The iteration method is given by

u u+ DHf — Lu).

Here, D is the diagonal of L. The convergence rate again is :—ji ~
2

1 — N74. Notice, the Jacobi iteration sweeps through all equations
and exactly solves the current equation for the corresponding unknown
without modifying subsequent equations.

I11.2.4. Gauf}-Seidel iteration. The Gauf-Seidel iteration is a
modification of the Jacobi iteration: Now every update of an unknown
is immediately transferred to all subsequent equations. This modifica-
tion gives rise to the following iteration method:

w— u+ L7 — Lu).

Here, £ is the lower diagonal part of L, diagonal included. The con-
vergence rate again is Z—H ~1— N-a.
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II1.2.5. SSOR iteration. The SSOR iteration is a modification
of the GauB-Seidel iteration based on the following ideas:

e Sweep through the equations first in increasing order, then in
decreasing order.

e Solve the i-th equation for the i-th unknown and write the
result in the form “old value plus increment”.

e The new approximation for the ¢-th unknown then is the old
one plus a factor, usually 1.5, times the increment.

e Immediately insert the new value of the i-th unknown in all
subsequent equations.

II1.2.6. Comparison. Figure I11.2.1 shows the evolution of the
convergence rate in the course of the iteration process for the Richard-
son, Jacobi, Gaufl-Seidel and SSOR iterations for the model problem
of section III.1.1 with mesh-size h = é. The slow-down of the conver-
gence with increasing number of iterations is typical. The mean con-
vergence rates for the four methods are 0.992, 0.837, 0.752 and 0.513.
Thus the convergence rate of the SSOR iteration is acceptable for this
simple example. Nevertheless, when further reducing the mesh-size h,
the convergence rate of the SSOR iteration will also approach 1.

II1.3. Conjugate Gradient Algorithm

II1.3.1. The gradient algorithm. This algorithm is based on
the following ideas:

e For symmetric positive definite stiffness matrices L the solu-
tion of the linear system of equations

Lu=f
is equivalent to the minimization of the quadratic functional
1
J(u) = FU (Lu) — f - u.

e Given an approximation v to the solution w of the linear sys-
tem, the negative gradient

—VJWw)=f—-Lv

of J at v gives the direction of the steepest descent.

e Given an approximation v and a search direction d # 0, J
attains its minimum on the line ¢ — v + td at the point
 d-(Ld)

These lead to the following algorithm:
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Ficure II1.2.1. Evolution of the convergence rate in
the course of the iteration process for the Richardson,
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AvrcorITHM II1.3.1. (Gradient algorithm)

61

(0) Given: a linear system of equations Lu = f with a symmetric,
positive definite matriz L, an initial guess ug for the solution,
and a tolerance € > 0.

Sought: an approximate solution of the linear system.

(1) Compute

To = f_Lu07

Set 1 = 0.

Yo =To " To-

(2) If v; < &2 return u; as approzimate solution; stop. Otherwise

go to step 3.
(3) Compute

S; = Ldla

Ui+1

Yi+l = Tit+1

= u; + a;d;,

“Tit1-

Increase © by 1 and go to step 2.

Vi
di . Si’

Ti41 = Ty — O4S;,

o =
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The gradient algorithm corresponds to a Richardson iteration with
an automatic and optimal choice of the relaxation parameter. The con-
vergence rate, however, is the same as for the Richardson iteration and
equals z—j& ~1— N-a. Figure I11.3.1 shows the evolution of the con-
vergence rate in the course of the iteration process for the Richardson
iteration and the gradient algorithm for the model problem of section
IT1.1.1 with mesh-size h = 6%1. The mean convergence rates are 0.992 for
the Richardson iteration and 0.775 for the gradient algorithm. When
the mesh-size is reduced the convergence rate of the gradient algorithm
will further approach the rate of the Richardson iteration.

w ,“ /\/W\/
o 3| S

Ficure II1.3.1. Evolution of the convergence rate in
the course of the iteration process for the Richardson
iteration (left) and the gradient algorithm (right) for the

model problem of section II1.1.1 with mesh-size h = 6i4

II1.3.2. The conjugate gradient algorithm. The conjugate
gradient algorithm is a modification of the gradient algorithm and is
inspired by the following observations:

e The gradient algorithm slows down since the search directions
become nearly parallel.

e The algorithm speeds up when choosing the successive search
directions L-orthogonal, i.e.

for the search directions of iterations ¢ — 1 and 1.
e These L-orthogonal search directions can be computed during
the algorithm by a suitable three-term recursion.
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AvrcoriTHM II1.3.2. (Conjugate gradient algorithm)

(0) Given: a linear system of equations Lu = f with a symmetric,
positive definite matriz L, an initial guess ug for the solution,
and a tolerance € > 0.

Sought: an approximate solution of the linear system.
(1) Compute

ro = f — Lug, do=179, 7o =70"T0.

Seti=0.
(2) If
v < &

return u; as approrimate solution; stop. Otherwise go to step

3.
(3) Compute

Vi
s; = Ld,, Q; = d )
i Si
Ui = Wi + a;d;, Tip1 = Ty — Q;8;,
o _ Yin1
Yi+1 = Ti+1 * Ti+1, Bi = )

Vi
dit1 = rip1 + Bid;.

Increase © by 1 and go to step 2.

ul

The convergence rate of the CG-algorithm equals ﬁﬁ ~1—N"a.
Notice:

The CG-algorithm can only be applied to symmetric posi-
tive definite matrices, it breaks down for non-symmetric or
indefinite matrices.

ExaMPLE III1.3.3. Consider the linear system

(5 ¥)= ()

Since det A = —1 the matrix A is not positive definite. If we neverthe-
less apply the conjugate gradient algorithm with starting value zy = 0
we obtain

ro = (?) and  (rg, Arg) = 0.
Hence, the conjugate gradient algorithm breaks down.

II1.3.3. The preconditioned conjugate gradient algorithm.
The preconditioned conjugate gradient algorithm is based on the fol-
lowing ideas:
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e Instead of the original system

Lu=f

solve the equivalent system

Li=f
with
L=H'LH"
f=H"'f
U= Hu

and an invertible square matrix H.
e Choose the matrix H such thaﬁ:
— The condition number of L is much smaller than the one

of L.
— Systems of the form
Cv=d
with
C=HH

are much easier to solve than the original system Lu = f.

e Apply _the conjugate gradient algorithm to the new system

Li = f and express everything in terms of the original quan-
tities L, f, and u.

ALGORITHM II1.3.4. (Preconditioned conjugate gradient algorithm)

(0) Given: a linear system of equations Lu = f with a symmetric,
positive definite matriz L, an approximation C' to L, an initial
quess ug for the solution, and a tolerance € > 0.

Sought: an approzimate solution of the linear system.

(1) Compute

o = f — LUo,
solve
CZO =To,

and compute
do = 20, Y0 =To0" %0

Set 1= 0.
(2) If v; < &2 return u; as approzimate solution; stop. Otherwise
go to step 3.
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(3) Compute
s; = Ld, Q; = - ,
di - s

Ui = Wi + a;d;, Tip1 = Ty — Q;8;,

solve
Cziy1 = Tig1,
and compute

Yit1
Vitl = Titl - Ziv1,  Pi = ——,  diyr = Zip + Pids

7

Increase 1 by 1 and go to step 2.

For the trivial choice C' = I, the identity matrix, algorithm I11.3.4
reduces to the conjugate gradient algorithm II1.3.2. For the non-
realistic choice C' = A, algorithm II1.3.4 stops after one iteration and

produces the exact solution.

VE—1
R VE+HL
is the condition number of L and equals the ratio of the largest to the
smallest eigenvalue of L.

II1.3.4. SSOR-preconditioning. Obviously the efficiency of the
PCG-algorithm hinges on a good choice of the preconditioning matrix
C. Tt has to satisfy the contradictory goals that L should have a small
condition number and that problems of the form C'z = d should be
easy to solve. A good compromise is the SSOR-preconditioner. It
corresponds to

The convergence rate of the PCG-algorithm equals , where K

1
C=——(D-wU"D(D-wU
=D UID (D D)
where D and U denote the diagonal of L and its strictly upper diagonal
part, respectively and where w € (0,2) is a relaxation parameter.
The following algorithm realizes the SSOR-preconditioning.
ALGORITHM II1.3.5. (SSOR-preconditioning)

(0) Given: r and a relazation parameter w € (0,2).
Sought: z = C~'r.
(1) Set
z=0.
(2) Fori=1,...,N compute

N
j=1

(3) Fori=N,...,1 compute

N
Zi = % + CULZ-_Z-I{TZ‘ — Z Liij}.
7j=1



66 III. EFFICIENT SOLVERS

The SSOR-preconditioning yields k ~ N Q. Hence, the PCG algo-
rithm with SSOR-preconditioning has a convergence rate ~ 1 — N ~34,

II1.3.5. Comparison. Figure I11.3.2 shows the evolution of the
convergence rate in the course of the iteration process for the CG and

SSOR-PCG algorithm for the model problem of section III.1.1 with
mesh-sizes h = 6—14 and h = 1178. The mean convergence rates for the

two methods are 0.712 and 0.376 for h = % and 0.723 and 0.377 for

h = %. They underline that the SSOR-PCG-algorithm is an efficient
solver for problems of medium size.
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Ficure I11.3.2. Evolution of the convergence rate in
the course of the iteration process for the CG (left) and
SSOR-PCG (right) algorithm for the model problem of
section II1.1.1 with mesh-sizes h = g; (top) and h = ¢
(bottom)

I11.4. Multigrid Algorithm

111.4.1. The basic idea. The multigrid algorithm is based on the
following observations:

e (Classical iterative methods such as the Gauf-Seidel algorithm
quickly reduce highly oscillatory error components.
e (Classical iterative methods such as the Gauf3-Seidel algorithm

on the other hand are very poor in reducing slowly oscillatory
error components.
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e Slowly oscillating error components can well be resolved on
coarser meshes with fewer unknowns.

111.4.2. The multigrid algorithm. The multigrid algorithm is
based on a sequence of meshes 7Ty, ..., Tr, which are obtained by suc-
cessive local or global refinement, and associated discrete problems
Lyug, = fr, k=0, ..., R, corresponding to a partial differential equa-
tion. The finest mesh 75 corresponds to the problem that we actually
want to solve.

The multigrid algorithm has three ingredients:

e a smoothing operator My, which should be easy to evaluate and
which at the same time should give a reasonable approximation
to L',

e a restriction operator Ry ,_q, which maps functions on a fine
mesh 7, to the next coarser mesh T;_1,

e a prolongation operator Ij_;j, which maps functions from a
coarse mesh Tr_; to the next finer mesh 7.

For a concrete multigrid algorithm these ingredients must be specified.
This will be done in the next sections. Here, we discuss the general
form of the algorithm and its properties.

AvcoriTem I11.4.1. (MG (k, pu, v, v, Ly, fi, ur) one iteration of
the multigrid algorithm on mesh 7y)

(0) Given: the level number k of the actual mesh, parameters pu,
vy, and vy, the stiffness matrix Ly of the actual discrete prob-
lem, the actual right-hand side fi, and an initial guess uy.
Sought: an improved approximate solution wuy.

(1) If k =0, compute

uy = Ly fo;

stop. Otherwise go to step 2.
(2) (Pre-smoothing) Perform vy steps of the iterative procedure

U — U + Mk(fk — Lkuk)

(3) (Coarse grid correction)
(a) Compute

fr—1 = Rij—1(fx — Lruyg)
and set
U—1 = 0.

(b) Perform p iterations of MG(k — 1, p, vy, Ve, Lg_1, fr—1,
uk—1) and denote the result by uy_1.
(c) Update

Up = U + Ty g1



68 III. EFFICIENT SOLVERS

(4) (Post-smoothing) Perform vy steps of the iterative procedure
Uk — U + Mk(fk — Lkuk)

The following Java method implements the multigrid method with
1= 1. Note that the recursion has been resolved.

// one MG cycle
// non-recursive version
public void mgcycle( int lv, SMatrix a ) {
int level = 1v;
count[level] = 1;
while( count[level] > 0 ) {
while( level > 1 ) {

smooth( a, 1 ); // presmoothing
a.mgResidue( res, x, bb ); // compute residue
restrict( a ); // restrict
level--;
count [level] = cycle;

}

smooth( a, 0 ); // solve on coarsest grid

count [level] --;
boolean prolongate = true;
while( level < 1lv && prolongate ) {

level++;
prolongateAndAdd( a ); // prolongate to finer grid
smooth( a, -1 ); // postsmoothing

count [level] --;
if( count[level] > 0 )
prolongate = false;
}
}
} // end of mgcycle

Th

@)

used variables and methods have the following meaning:

1v number of actual level, corresponds to k,

a stiffness matrix on actual level, corresponds to Ly,

x actual approximate solution, corresponds to uy,

bb actual right-hand side, corresponds to f,

res actual residual, corresponds to fr — Liug,

smooth perform the smoothing,

mgResidue compute the residual,

restrict perform the restriction,

prolongateAndAdd compute the prolongation and add the re-
sult to the current approximation.

111.4.3. Computational cost. The parameter y determines the
complexity of the algorithm. Popular choices are pn = 1 called V-cycle
and p = 2 called W-cycle. Figure I11.4.1 gives a schematic presentation
of the multigrid algorithm for the case = 1 and R = 2 (three meshes).
Here, S denotes smoothing, R restriction, P prolongation, and £ exact
solution.

The number of smoothing steps per multigrid iteration, i.e. the
parameters v and v, should not be chosen too large. A good choice for
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FiGURE II11.4.1. Schematic presentation of a multigrid
algorithm with V-cycle and three grids. The labels have
the following meaning: S smoothing, R restriction, P
prolongation, £ exact solution.

positive definite problems such as the Poisson equation is 14 = 15 = 1.
For indefinite problems such as mixed formulations of the equations of
linearized elasticity, a good choice is v; = vy = 2.

If 4 < 2, one can prove that the computational work of one multi-
grid iteration is proportional to the number of unknowns of the actual
discrete problem.

II1.4.4. Convergence rate. Under suitable conditions on the
smoothing algorithm, which is determined by the matrix M}, one can
prove that the convergence rate of the multigrid algorithm is indepen-
dent of the mesh-size, i.e., it does not deteriorate when refining the
mesh. In practice one observes convergence rates of about 0.1 for pos-
itive definite problems such as the Poisson equation and of about 0.3
for indefinite problems such as mixed formulations of the equations of
linearized elasticity.

II1.4.5. Smoothing. The symmetric Gauss-Seidel algorithm of
section II1.2.4 is the most popular smoothing algorithm for positive
definite problems such as the Poisson equation. It corresponds to the
choice

My, = (Dy = Up) Dy (D — Un),
where Dy and Uy denote the diagonal and the strictly upper diagonal
part of Lj respectively.

II1.4.6. Prolongation. Since the partition 7Ty of level k always is
a refinement of the partition 7;_; of level k—1, the corresponding finite
element spaces are nested, i.e., finite element functions corresponding
to level k—1 are contained in the finite element space corresponding to
level k. Therefore, the values of a coarse-grid function corresponding
to level k — 1 at the nodal points corresponding to level £ are obtained
by evaluating the nodal basis functions corresponding to 7,_; at the
requested points. This defines the interpolation operator Ij_; k.
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FiGURE II1.4.2. Partitions of a triangle; expressions of
the form 7 4+ 1 have to be taken modulo 3

Figures I11.4.2 and I11.4.3 show various partitions of a triangle and
of a square, respectively. The numbers outside the element indicate the
enumeration of the element vertices and edges. Thus, e.g., edge 2 of
the triangle has the vertices 0 and 1 as its endpoints. The numbers +0,
+1 etc. inside the elements indicate the enumeration of the children.
The remaining numbers inside the elements give the enumeration of
the vertices of the children.

ExampLE II1.4.2. Consider a piecewise constant approximation,
i.e. S®71(T). The nodal points are the barycentres of the elements.
Every element in 7,_; is subdivided into several smaller elements in
Tw. The nodal value of a coarse-grid function at the barycentre of a
children in 7 then is its nodal value at the barycentre of the parent
element in 7.

ExampLE II1.4.3. Consider a piecewise linear approximation, i.e.
SEO(T). The nodal points are the vertices of the elements. The re-
finement introduces new vertices at the mid-points of some edges of
the parent element and possibly — when using quadrilaterals — at the
barycentre of the parent element. The nodal value at the mid-point of
an edge is the average of the nodal values at the endpoints of the edge.
Thus, e.g., the value at vertex 1 of child +0 is the average of the values
at vertices 0 and 1 of the parent element. Similarly, the nodal value at
the barycentre of the parent element is the average of the nodal values
at the four element vertices.

II1.4.7. Restriction. The restriction is computed by expressing
the nodal basis functions corresponding to the coarse partition 7;_; in
terms of the nodal basis functions corresponding to the fine partition
Tr and inserting this expression in the variational formulation. This
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FiGUure II1.4.3. Partitions of a square; expressions of
the form ¢ + 1 have to be taken modulo 4

results in a lumping of the right-hand side vector which, in a certain
sense, is the transpose of the interpolation.

ExAamMpPLE II1.4.4. Consider a piecewise constant approximation,
i.e. S®7H(T). The nodal shape function of a parent element is the
sum of the nodal shape functions of the children. Correspondingly, the
components of the right-hind side vector corresponding to the children
are all added and associated with the parent element.

ExaMPLE II1.4.5. Consider a piecewise linear approximation, i.e.
S10(T). The nodal shape function corresponding to a vertex of a parent
triangle takes the value 1 at this vertex, the value % at the mid-points of
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the two edges sharing the given vertex and the value 0 on the remaining
edges. If we label the current vertex by a and the mid-points of the
two edges emanating form a by my and ma, this results in the following
formula for the restriction on a triangle

Rip19(a) = 9(a) + 3 {9m1) + Y(m2)}.

When considering a quadrilateral, we must take into account that the
nodal shape functions take the value }1 at the barycentre b of the parent
quadrilateral. Therefore the restriction on a quadrilateral is given by
the formula

Ry r—1v(a) = ¥(a) + %{¢(m1) +p(ma)} + %Mb)'

An efficient implementation of the prolongation and restrictions
loops through all elements and performs the prolongation or restric-
tion element-wise. This process is similar to the usual element-wise
assembly of the stiffness matrix and the load vector.

IT1.5. Indefinite Problems

II1.5.1. Conjugate gradient type algorithms. The CG- and
the PCG-algorithms I11.3.2 and I11.3.4 can only be applied to problems
with a symmetric positive definite stiffness matrix, i.e., to scalar linear
elliptic equations without convection and the displacement formulation
of the equations of linearized elasticity. Scalar linear elliptic equations
with convection — though possibly being small — and mixed formula-
tions of the equations of linearized elasticity lead to non-symmetric or
indefinite stiffness matrices. For these problems algorithms II1.3.2 and
I11.3.4 break down.

There are several possible remedies to this difficulty. An obvious
one is to consider the equivalent normal equations

L'Lu=L'f

which have a symmetric positive matrix. This simple device, however,
cannot be recommended, since passing to the normal equations squares
the condition number and thus doubles the number of iterations. A
much better alternative is the bi-conjugate gradient algorithm. It tries
to solve simultaneously the original problem Lu = f and its adjoint or
conjugate problem L'v = L!f.

ALGORITHM II1.5.1. (Stabilized bi-conjugate gradient algorithm
Bi-CG-stab)
(0) Given: a linear system of equations Lz = b, an initial guess
xo for the solution, and a tolerance ¢.
Sought: an approzimate solution of the linear system.
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(1) Compute
o = b— L$0,

and set
To = To, v =0, p-1=0,
a1 =1, p—1 =1, w_1=1.
Set 1= 0.

(2) If r; - 1y < €2 return x; as approximate solution; stop. Other-
wise go to step 3.
(3) Compute

_ PO —1
pi =Ti Ty Pic1= p—'
Pi—1Wi—1
If
Bica| <€
there is a possible break-down; stop. Otherwise compute
pi = i + Bici{pi-1 — wisivisa }, v; = Lp;,
P
Q; = — .
To - Ui
If
|Cl/i| <e€

there is a possible break-down; stop. Otherwise compute
8i = T; — QU ti = Lsi,

ti-s;

ti-t;’

Tiv1 = 8i — Wit

Wi = Tip1 = Ty + Qpi + wiss,

Increase 1 by 1 and go to step 2.

I11.5.2. Multigrid algorithm. The multigrid algorithm II1.4.1
can directly be applied to non-symmetric and indefinite problems. One
only has to take special care for an appropriate smoothing method.

For non-symmetric or indefinite problems such as scalar linear ellip-
tic equations with convection or mixed formulations of the equations
of linearized elasticity, the most popular smoothing algorithm is the
squared Jacobi iteration. This is the Jacobi iteration applied to the
squared system L! Lyu, = L f. and corresponds to the choice

My = w 2Lt
with a suitable damping parameter satisfying w > 0 and w = O(h,f).
Alternatively, one may use an incomplete LU-decompostion LU =
2(Ly, + L) of the symmetric part of Lj. Here, incomplete means that

every fill-in is suppressed in the standard LU-decomposition. This
approach corresponds to the choice My = LU.






CHAPTER 1V

Linear and Non-Linear Optimization Problems

IV.1. Linear Optimization Problems

IV.1.1. Motivation. Optimization problems play a crucial role
in science and engineering. They consist in finding a minimum or
maximum of an objective function subject to constraints. Since the
maximum of a given function is the negative of the minimum of the
negative function, it suffices to consider minimization problems. Usu-
ally both the objective function and the constraints are non-linear func-
tions. These non-linear problems are solved by some Newton-type pro-
cess which requires the solution of auxiliary linear problems with lin-
ear objective and constraints. Thus the solution of linear optimization
problems is a fundamental tool. Linear optimization problems, how-
ever, are of their own interest since many practical problems already
have this simpler form.

We start with a simple example.

ExAMPLE IV.1.1. A small company produces two models of shoes.
The net profit is 16 $ and 32 $, resp. per shoe. The required material
is 6dm? and 15dm?, resp. per shoe; there are 4500dm? available per
month. The required machine-time is 4h and 5h, resp. per shoe; the
available total time is 2000h per month. The required man-time is 20h
and 10h, resp. per shoe; the available total time is 8000h per month.
The company wants to maximize its profit, this lead to the optimization
problem:

maximize the objective function 16x + 32y

subject to the constraints

62 + 15y < 4500, 4z + 5y < 2000, 20z + 10y < 8000,
x>0, y > 0.

Figure IV.1.1 shows the domain of the admissible z and y values in
blue and the level lines of the objective function in red. Since level
lines farther to the top right corner correspond to larger profits we
conclude from figure IV.1.1 that the maximum profit is 10400 $ and
is attained when producing 250 shoes of the first kind and 200 ones of
the second kind.

75
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A

FiGURE IV.1.1. Domain of admissible x and y values
(blue) and level lines of the objective function (red) for
example IV.1.1

IV.1.2. General linear optimization problems. We say that
two vectors u and v in R* satisfy the inequality u < v if and only if
the inequality u; < v; holds for all components of these vectors.

Given two integers 1 < m < n, a vector ¢ € R", a matrix A € R™*",
vectors b,b € [R U {—00,00}]™ and vectors £,u € [R U {—o00,00}]" the
general form of a linear optimization problem is given by:

Find a minimum of the linear function
R'sz—cdzxeR
subject to the linear constraints

b<Axr <b, (<z<u.

Notice that inequalities of the form u; < oo or u; > —oo can be
ignored in practice and are only incorporated into the above problem
to obtain a convenient short-hand form.

ExAMPLE IV.1.2. Since the maximum of a given function is the
negative of the minimum of the negative function, example IV.1.1 cor-
responds to the following data:

n =2, m=3

6 15
A=1|4 5|,

20 10

—00 ~ 4500
b= | —o0 b= 12000 |,

I

—00 8000



IV.1. LINEAR OPTIMIZATION PROBLEMS 7

-0 -0
= ()

IV.1.3. Linear optimization problems in standard form.

The so-called standard form of a linear optimization problem is given
by:

Find a minimum of the linear function
R"s>z—czeR

subject to the linear constraints
Ar=b, x=>0.

The set

P={zeR": Az =0b, v >0}

is called the set of admissible vectors or admissible set in short associ-
ated with the optimization problem.

ExaAMPLE IV.1.3. Example IV.1.1 corresponds to the following data:

n=2>a, m =3,
6 15 1 0 0
A=|4 5 0 1 0},
20 10 0 0 1
—16
4500 —32
b= 12000 ]|, c=1 0
8000 0
0

When comparing examples [V.1.2 and IV.1.3 we observe that the num-
ber of unknowns has increased. This is due to the introduction of slack
variables as described in section IV.1.5 below.

IV.1.4. Linear optimization problems in simplex form. The
so-called simplex form of a linear optimization problem is particularly
convenient for the simpler algorithm described below. It takes the
form:

Find a mazimum of the special linear function

Roz—2z€R
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subject to the constraints
Ar=b, cdax+2=0, x>0.

(29 5-() -0

the above constraints can be written in the short-hand form

Setting

A\fc\zg, x> 0.

ExaMPLE IV.1.4. Example IV.1.1 corresponds to the data
6 15 1.0 00 4500
s 4 5 0100 7 2000
120 10 00 10])" ~ 1 8000
—-16 =32 0 0 0 1 0

IV.1.5. Equivalence of linear optimization problems. The
different forms of optimization problems described above are all equiv-
alent in the sense that each problem can be transformed into one of the
other forms by introducing suitable new variables or writing equalities

as inequalities. In particular observe that:

e The function x — c'z is minimal, if and only if the function
r +— (—c)'z is maximal. Hence, it is sufficient to consider

minimization problems.

e The equality y = b is equivalent to the two inequalities y < b

and y > 0.

e An inequality y < b is equivalent to equality y+ z = b plus the
inequality z > 0. The vector z is called slack vector or slack

variable.

IV.1.6. Properties of linear optimization problems. Linear

optimization problems have the following properties:

The set P of admissible vectors is a simplex.
If the set P is empty, the optimization problem has no so-
lution.
If the function x + c'z is not bounded from below on P,
the optimization problem has no solution.
If the set P is not empty and bounded, the optimization
problem admits a solution.

The solution may not be unique.

Every solution is attained at a vertexr of the set P.
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IV.1.7. Basic idea of the simplex algorithm. The simplex al-
gorithm is the most commonly used algorithm for solving linear opti-
mization problems. Its basic ideas can be described as follows:

Given a vertex of P find a neighbouring vertex with a
smaller value for c'xz.

If such a neighbour does not exist, the current vertex solves
the optimization problem.

A vector x € R" is a vertex of P, if it has m non-negative
components and n — m vanishing components and solves
the system Ax = b.

When freezing n — m components of x to zero, the system
Az = breduces to a linear system of m equations and m un-
knowns involving only those columns of A which correspond
to the unfrozen components of x.

In order to make these ideas operative we will discuss in the follow-
ing sections how to solve the following tasks:

e Find a vertex of P.
e Decide whether a given vertex is optimal.
e Find a neighbouring vertex with a smaller value of c'z.

IV.1.8. Finding a vertex of the admissible set. Vertices of
the admissible set P correspond to sets J = {j1,...,jm} C {1,...,n}
of m indices such that the corresponding columns of the matrix A are
linearly independent. Given such a set we proceed as follows:

Set T, = 0 for all k£ & J.
Denote by A; the m x m matrix which is obtained by dis-
carding all columns of A corresponding to indices not con-

tained in J.
Solve the linear system of equations Ay = b.
Set T;, =y, fori=1,...,m.

If z; > 0 for all j € J, T is a vertex of P. In this case we set:

A= A4, b= A"
Ci = Cj, for1<i<m, ¢ =—-cA+¢,

B =—¢7.
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ExAaMPLE IV.1.5. For example IV.1.3 and J = {3,4, 1} we obtain

400
0 01210 -2
7= |2100|, A=10 3 01 —5|,
400
0 1 3 00 —5
0
B 2100 —24
b= | 400 |, c=1 0 [,
400 0
16
20
£ = 6400.

IV.1.9. Checking for optimality and solvability. Suppose
that 7 is a vertex of the admissible set P. Then we have:

If ¢, > 0 for all k£ & J, T solves the optimization problem.
If, for all s € J with ¢, < 0, all entries in the corresponding
columns of A are non-positive, the optimization problem
has no solution.

ExAMPLE IV.1.6. We continue with example IV.1.5. Since ¢, =
—24 <0 and 2 € J, T does not solve the optimization problem. Since
the entries in the second column of A are positive, the optimization
problem admits a solution and we must find a better vertex.

IV.1.10. Finding a better neighbour. Suppose that T is a ver-
tex of the admissible set P which is not optimal and which guarantees
the solvability of the optimization problem. Then we determine a new
vertex with a better value of 'z as follows:

Choose an index s ¢ J such that ¢, < 0 and such that @,
the s-th column of A, has a positive entry.
Find an index r € {1,...,m} such that @, > 0 and such

that g—’“ is minimal among all fractions 2—3 with positive de-
(s J

nominator.

Remove the r-th entry from the index set J and put s into
J

Update 7, A, b, 8 and .

Notice that the above update can be performed by dividing the r-
th row of a suitable matrix by @, and subtracting the result from the
other rows of that matrix.
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ExamMmpLE IV.1.7. We continue with examples IV.1.5 and IV.1.6
and choose s = 2. Then we have

b 21 by 4 by 4
2100 oy b 4000 b 400,
aq 12 a2 3 as

N | =

and conclude that r = 2. Hence, the new set J is {3,2,1} and we
obtain the updated values

1000
3

400 001 —4 %
7= | A=101 0 4 -
R - 3T

0 100 - &

0

500 X
_ 400 0
b=| 3 |, c= 0 1,

1000 8

3 _16

20
B = 9600.
Since ¢; = —%—8 < 0and 5 ¢ J, T is not the solution of the optimization

problem. Since the fifth column of A contains a positive entry. The
optimization problem admits a solution and we must find a better
vertex. We now have

b, 500 by 10
ap 5 as 0

Hence, we have s = 5 and » = 1 and obtain the new set J = {5,2,1}.
We obtain the updated values

250
9 8 1
" ) 00 g
=1 01, A=101 5 5 0f,
0 1 1
1000 10 -5 32 0
0
/1000 |
= 200 | e=15].
8
250 :
0
3 = 10400,

Since now all values ¢; with s € J are positive, this is the solution of
the optimization problem, S = 10400 is the maximal profit.
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IV.1.11. Modifications of the simplex algorithm. The sim-
plex algorithm may run into a cycle since different index sets J may
lead to the same value of c¢'z. This cycling can be avoided by introduc-
ing a suitable ordering of the vectors x.

The first index set J needed to start the simplex algorithm can be
determined by applying the simplex algorithm to a suitable auxiliary
optimization problem which has unit vectors as vertices.

IV.1.12. Complexity of the simplex algorithm. Every step
of the simplex algorithm requires O((m + 1)(n + 1 — m)) operations.
Since the admissible set has at most (:1) vertices, the algorithm stops
after at most (;) iterations with a solution or the information that

the optimization problem has no solution. Thus, in the worst case the

overall complexity of the simplex algorithm is O(22 (%)2) operations.
Notice, that this is an exponential complexity. Klee and Minty have
constructed optimization problems where this pessimistic number of

iterations really is attained.

IV.1.13. Dual problems. Every vertex of the admissible set P
yields an upper bound for the function ¢’z. To obtain a lower bound
for c'z one has to consider the so-called dual optimization problem:

Find a maximum of the function
R™ 3>y bly €R
subject to the constraint
Aly <.

ExAMPLE IV.1.8. The dual problem associated with example [V.1.1
consists in finding the maximum of the function

4500y, + 2000y, + 8000y3

subject to the constraints

Gy1 + dys + 205 < —16
15y1 + 5y + 10y3 < —32
y1 <0
Y2 <0
y3 < 0.

One can prove that the minimal value of ¢’z and the maximal value
of bty are identical. Therefore, every vertex of the admissible set of
the dual problem yields a lower bound for b'y and thus for the original
function c'x.

The dual problem can be solved with a variant of the simplex algo-
rithm which works with the original data A, b and c.
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IV.1.14. Idea of interior point methods. The simplex algo-
rithm sweeps through the boundary of the admissible set P. Interior
point methods instead sweep through the interior of P and aim at a
simultaneous solution of both the original and the dual optimization
problem. To this end both problems are reformulated as a system of
algebraic equations to which Newton’s method is applied.

Interior point methods yield an approximation to the solutions
of both optimization problems with an error ¢ with a complexity of
O(y/nIn(%)) operations. Notice that this is an algebraic complewity.

After stopping the interior point method, the obtained approxima-
tion for the original optimization problem is projected to a close-by
vertex of P and a few steps of the simplex algorithm then yield the
exact solution.

IV.1.15. Basic form of interior point methods. Given a vec-
tor x denote by X the diagonal matrix which has the components of x
as its diagonal entries.

We consider the optimization problem

minimize ¢’z subject to the constraints Az = b, x > 0
and the corresponding dual problem
maximize b'y subject to the constraints A’y +s = ¢, s > 0.
Then the vector (z*,y*, s*) solves both problems if and only if
Uo(z*,y*,s") =0

where
Az —b
Uo(z,y,8)= | Aly+s—c
Xs

This set of non-linear equations is then solved by applying Newton’s
method.

ExAMPLE IV.1.9. For example IV.1.1 the function ¥ is defined on
R> x R? x R® and is given by

6x1+15x24+x3—4500
4x1+5x2+14—2000
20x1+10x2+25—8000
6y1+4y2+20y3+s1+16
15y1+5y2+10y3+s2+32
_ Yy1+s3
\IIO(‘Taya'S) - Yy2+54
Y3+ss
181
T982
383
T484
585
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IV.1.16. Improved form of interior point methods. The in-
terior point method in its primitive form as described above suffers
from the difficulty that the derivative DWy(x,y, s) becomes nearly sin-
gular when (z,y, s) approaches the solution (z*, y*, s*) so that Newton’s
method tends to fail when approaching (z*,y*, s*). To overcome this
difficulty one applies Newton’s method to

Ax —b

t _

\Du(xvyﬂg): Ay+8 1C
0

1

and lets p tend to 0 in a judicious way.

IV.2. Unconstrained Non-Linear Optimization Problems

IV.2.1. Problem setting. Unconstrained non-linear optimization
problems often appear as auxiliary problems in solving constrained non-
linear optimization problems (see section IV.3 below). Still, they are
also of their own interest.

To describe the general form of an unconstrained non-linear opti-
mization problem, consider a non-empty set D in R"™ and a function
f D — R. Then we are looking for a minimizer of f, i.e. a point
x € D with

flz) < f(y) forallye D.

or in short-hand notation

min{ f(z) : x € D}.

Ideally, we are looking for a global minimum but in most cases we
have to be satisfied with a local minimum (see figure IV.2.1). The
methods of this and the following section usually only yield local min-
ima. Methods for finding global minima will be discussed in section
IV 4.

FIGURrE IV.2.1. Local (blue) versus global (red) minima
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IV.2.2. Optimality conditions. For differentiable functions f
there are the following necessary and sufficient optimality conditions
for local minima:

If f is differentiable, every local minimum is a critical point,
i.e. it satisfies Df(z) = 0.

If f is twice differentiable, z is a critical point and the Hes-
sian D?f is positive definite, then x is a local minimum.

IV.2.3. Newton’s method. The above optimality conditions
suggest to apply Newton’s method to D f in order to find a local min-
imum. This idea gives rise to the following algorithm.

ALGORITHM IV.2.1. (Newton’s method for finding a local mini-
mum)

(0) Given: an initial guess o and a tolerance €.
Set n = 0.
(1) If
[Df(zn)]l < e,

go to step (3).
(2) Solve the linear system

DQf(xn>Zn = —Df(x,)
set
Tp+1 = Tp + Zn,

increase n by 1 and got to step (1).
(3) Check whether D*f(x,,) is positive definite.

This naive approach has the following drawbacks:

e Newton’s method at best yields a critical point, its result may
be a maximum or a saddle-point.

e The algorithm requires second order derivatives.

e Checking the positive definiteness of a matrix is expensive.

e A critical point may be a local minimum although D?f is only

positive semi-definite, e.g. f(z) = z*.

In what follows we therefore strive at attaining the following goals:

e Develop algorithms which at least find a local minimum.

e Develop algorithms which need as few derivatives as possible.

e FEmbed Newton’s method into a larger class of algorithms to
gain more flexibility and insight.

e In view of future applications, develop efficient algorithms for
line search, i.e. for the minimization of functions of one vari-
able.
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IV.2.4. One-dimensional minimization by bisection. Algo-
rithm 1V.2.2 below is based on the following ideas:

e Assume that the function f : [a,b] — R is continuous and that
there is a point « € (a, b) with
f(z) <min{f(a), f(b)}.

e Then f admits a local minimum 7 € (a,b) and f'(n) =0 if f
is differentiable (see figure IV.2.2).

e Determine the mid-point u of the smaller one of the two in-
tervals [a, x] and [x,b] and suitably choose three points out of
{a,z,u,b}.

FiGure 1V.2.2. Situation of algorithm IV.2.2

ALGORITHM IV.2.2. (One-dimensional minimization by bisection)
(0) Given: three points ag < xo < by with

[ (o) < min{f(ao), f(bo}

and a tolerance €.
Set k = 0.
(1) Compute

wyp = %(bk + l’k) Zf T S %(ak + bk),
%(@k + wk) if o > %(ak + bk)
If
fla) < fu),
set
Tr+1 = Tk
and
_Jag Zf&?k < %(ak + bk),
ak-‘rl - . 1
Uk Zf.il?k > §(ak + bk),
b _ Uk Zfl’k < %(ak + bk),
R by, if T > %(ak -+ bk)
If

flug) < f(an),
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set
Tp41 = Uk
and
o Tk Zf$k S %((I}C —l-bk),
Qg1 = . 1
ar if x> 5(ar + by),
bk—‘rl - . 1
Tk ZfIk > §(Gk+bk)

(2) Increase k by 1. If by — ay, < € stop. Otherwise return to step
(1).

Algorithm 1V.2.2 has the following properties:

ap < x < b, for all k.

f(zg) <min{f(ax), f(bg)} for all k.

b — ar, < (3)F1(by — ao) for all k.

For every prescribed tolerance, the algorithm yields an in-
terval with length less than the tolerance which contains a
local minimum of f.

If f is differentiable, the common limit point 1 of the se-
quences ag, by and xy is a critical point of f, i.e. f'(n) =0.
If f is twice differentiable f”(n) > 0.

IV.2.5. General descent algorithm. We now embed Newton’s
method into a broader class of algorithms for the minimization of func-
tions.

ALGORITHM IV.2.3. (General descent algorithm)

(0) Given: parameters 0 < c; < ¢y < 1,0 <y <1 and an initial

guess xg € R™.
Set k= 0.

(1) If
Df(xy) =0

stop, otherwise proceed with step (2).
(2) Choose a search direction s, € R™ with

Isell =1 and = Df(zx)si = 7| Df(zi)l-
(3) Choose a step size Ay > 0 such that
flor + Mesk) < f(xg) + Aear D f (xr) Sk
and
Df(xg + ApSk)Sk > coD f(x)Sk-
(4) Set
Tpt1 = T + Ak,
increase k by 1 and return to step (1).
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Algorithm 1V.2.3 has the following properties:

The sequence f(zy) is monotonically decreasing.

The sequence z; admits at least one accumulation point.
Every accumulation point of the sequence xj is a critical
point of f.

In order to make algorithm IV.2.3 operative we will next present
feasible choices of the search direction and of the step size.

IV.2.6. Choice of the search direction. Smaller values of v
give more flexibility in the choice of the search direction. In the limiting
case v — 0, the only condition is that the search direction must not be
orthogonal to the negative gradient —D f(xy).

The choice .
Sp = —7—=——D f(xy)
| Df ()]

is feasible for all values of v and corresponds to Newton’s method with
damping.
When applied to

1
flz) = §:ctAx — b

with a symmetric positive definite matrix A, the general descent al-
gorithm with a suitable choice of search directions covers the gradient
algorithm II1.3.1 and (preconditioned) conjugate gradient algorithms
I11.3.2 and II1.3.4.

IV.2.7. Choice of the step size. There are two major possibil-
ities for determining the step size:

e Fxact line search: The step size A\ is chosen such that it min-
imizes the function t — f(zy, + tsg) on the positive real line.

e Armijo line search: Fix a constant o > 0, determine A ; such
that

ko = 0|l Df (i)
and determine the smallest integer j; satisfying

flar+2778X; os) < f(an) + 2771 D f (xi) s

Set

e =27
or

A = 27" Z,o
with

flag + 27" A;OSk) = miin f(z, + 2_")\2708143).
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IV.3. Constrained Non-Linear Optimization Problems

IV.3.1. Convex sets and functions. Convex optimization prob-
lems are a particularly important subclass of non-linear optimization
problems. Before formulating these problems and corresponding opti-
mality conditions, we recall the definitions of convex sets and of convex
and affine functions.

A set C' C R" is called convez, if for all z,y € C and all A € [0, 1]
the point Az + (1 — A)y is contained in C' too (see figure IV.3.1).

(e

FI1Gure IV.3.1. Examples of convex (left) and non-
convex (right) sets

A function f : C' — R” on a convex set is called conver, if for all
x,y € C and all A € [0, 1] the inequality

fOz+ (1= Ny) <Af(2) + (1= f(y)
is valid (see figure IV.3.2). A function is convex if and only if the set
{(z,2) e C xR:z> f(x)} is convex.
A function g : ' — R on a convex set C' C R" is called affine if it
takes the form g(z) = a-z + b with a given vector a € R” and a given
number b € R.

Ficure IV.3.2. Examples of convex (left) and non-
convex (right) functions

IV.3.2. Convex optimization problems. Suppose that we are
given two integers m > 1 and p with 0 < p < m, a convex set C' C R",
a convex function f : C' — R, convex functions fi,...,f, : C —
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R, and affine functions f,41,...,fm : C — R. A convexr constrained
optimization problem then takes the form:

Find a minimum of f under the constraints
fi(z) <0 for 1 <i<p,
fi(x) =0 forp+1<j<m.

Notice that the particular cases p = 0, no inequality constraints,
and p = m, no equality constraints, are explicitly admitted.

I1V.3.3. Optimality conditions for convex constrained opti-
mization problems. Assume that C' = R" and that the functions f
and fi,..., f,, are differentiable. Then x* € R" solves the above convex
constrained optimization problem, if and only if there is a y* € R™ such
that (z*,y*) satisfies the following Karush-Kuhn-Tucker conditions or
KKT conditions in short:

Df(z") + Zyz*Dfl(:r;*) =0,
i=1

fileD)y; =0, 1<i<p,

IV.3.4. Lagrange function. For abbreviation set
D={yeR":y;>0for1<i<p}.
Then the function £ : C x D — R with

L(z,y) = f(z)+ Zyjfj(x)

is called the Lagrange function of the convex constrained optimization
problem of section IV.3.2.

With the help of the Lagrange function, the above optimality con-
ditions can be formulated in the following compact form:

A vector z* € C is a solution of the convex constrained
optimization problem if and only if there is y* € D such
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that (z*,y*) is a saddle point of L, i.e.
Lz, y") = L(x7,y") = L(z", y)
for all (z,y) € C' x D.

I1V.3.5. General non-linear optimization problems. Suppose
that we are given two integers m > 1 and p with 0 < p < m,
a differentiable function f : R™ — R and differentiable functions
fi,ooos fn : R" — R. A non-linear constrained optimization problem
then takes the form:

Find a minimum of f under the constraints
filz) <0 for 1 <i<p,
filx) =0 forp+1<j<m.

Notice that again the particular cases p = 0, no inequality con-
straints, and p = m, no equality constraints, are explicitly admitted.

IV.3.6. Tangent cones. Sharp optimality conditions for general
non-linear constrained optimization problems are based on the concept
of tangent cones which generalize the concept of a tangent space.

The tangent cone T'(S;x) of a set S C R™ at a point z € S
is the collection of all vectors v € R"™ for which there is a
sequence A, of non-negative real numbers and a sequence
xy, of points in S such that xz; — x and A\g(xp — ) — v.

Figure IV.3.3 shows two examples of tangent cones. Note that
T(S;x) = R™ if x is an interior point of S and that T'(S;z) is the
classical tangent space if x is a boundary point of S and if the boundary
of S is smooth at x.

IV.3.7. Cone condition. The sharpest optimality condition for
a general non-linear constrained optimization problem is the following
cone condition:

Assume that x* € S is a local minimum of f and that
f is differentiable at z*, then Df(xz*)v > 0 holds for all
veT(S;x).

The cone condition is of limited practical use since in general the
computation of the tangent cone is too expensive. Hence it is replaced
by weaker more practical conditions obtained by some sort of lineariza-
tion.
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FIGURE IV.3.3. Tangent cone T'(S;z) (red) for a set S
(blue) at a point = (magenta)

IV.3.8. Optimality conditions for non-linear constrained
optimization problems. Assume that z* is a local minimum of f, the
gradients D f,i1(2*),..., Df,(z*) are linearly independent and there
is a vector s € R" with Dfj(z*)s = 0 for all p+1 < j < m and
Dfi(z*)s < 0 for all those ¢ with 1 < i < m and f;(z*) = 0. Then
there is a vector y* € R™ such that (z*,y*) is a saddle point of the
Lagrange function

L(z,y) = f(z)+ Zyjfj(x)

and satisfies the following Karush-Kuhn-Tucker conditions or KKT
conditions in short:

Df(x*)+> yiDfi(z*) =0,
=1

fila®)y; =0, 1<i<p,
fi(z") <0, 1<i<p,

y; >0, 1<i<p,
fi(@*)=0, p+1<j<m.

1V.3.9. Overview of algorithms for non-linear constrained
optimization problems. The algorithms of sections IV.3.10 - 1V.3.12
below aim at satisfying the KKT conditions of sections IV.3.3 and
IV.3.8. The algorithm of section 1V.3.13 on the other hand is com-
pletely different. In contrast to the other algorithms it in particular
does not require any derivatives.
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IV.3.10. Projection methods. Projection methods can be re-
garded as variants of the general descent algorithm IV.2.3 combined
with an orthogonal projection onto the set S of admissible vectors sat-
isfying the constraints.

For every convex set S C R™ and every point z € R" there is a
unique point Ps(x) € S, its projection, which is closest to z, i.e.

[l = Ps()|| < [l = yll

for all y € S (see figure IV.3.4).

FIGURE IV.3.4. Projection Ps(z) (red) of a point x
(blue) onto a convex set S (black)

The projection Pg has the following properties
(Ps(y) — Ps(x))'(y — x) > || Ps(y) — Ps(x)]
1Ps(y) — Ps(z)|| < |lz -yl
for all x,y € R™.

ALGORITHM IV.3.1. (Projection method)

(0) Given: a conver set S C R™, an initial guess xo € S and
parameters 3,1 € (0,1) and v > 0.

Set k= 0.
(1) Compute D f(xg).
(2) If

Df(xg)v >0  forallv e T(S;xy)

stop, otherwise proceed with step (3).
(3) Find the smallest integer my, such that

2k = Ps(xy — f™ D f ()
satisfies
f(zk) < fan) + D f () (21 — ).
Set
Lh+1 = Zk;
increase k by 1 and return to step (1).
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Algorithm IV.3.1 has the following properties:

It is a damped Newton’s method combined with a projec-
tion onto the set S.

Its practicability hinges on the computability of the tangent
cones and the ability to check the cone condition D f(zg)v >
0.

Every accumulation point x* of the generated sequence x
satisfies the cone condition D f(z*)v > 0 for allv € T'(S; z*).

IV.3.11. Penalty methods. The basic ideas of penalty methods
can be summarized as follows:

e ‘Penalize’ the constraints.

e Solve unconstrained optimization problems incorporating the
‘penalization’.

e If the penalty vanishes for the solution of the auxiliary un-
constrained problem we have found a solution of the original
constrained problem.

e Successively increase the penalty and hope that the solutions
of the auxiliary problems converge to a solution of the original
constrained problem.

e Either all constraints are penalized by a penalty function or
only inequality constraints are penalized by a barrier function.

A function ¢ : R® — R is called a penalty function for the
non-empty set S C R" if

l(z)>0 forallz ¢S

and
l(x)=0 forallxzes.

ExaMPLE IV.3.2. The function

Uz) = (file))+ Y If@)
i=1 j=p+1
with a > 0 and
2T = max{z, 0}

is a penalty function for the set
S={reR": fi(x) <0,1<i<p, fi(x)=0,p+1<j<m}
associated with a general non-linear optimization problem.

ALGORITHM IV.3.3. (Penalty algorithm with general penalty func-
tion)
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(0) Given: initial guesses xog € R™ and ro > 0, a continuous func-
tion f : R™ — R, a non-empty closed set S C R™ and a penalty
function £ for S.

Set k = 0.

(1) Compute an approximation xy, for a local minimum of
p(z, ) = f(x) + rl(z).
(2) If x, € S stop. Otherwise set
Tht1 = 2Tk,
increase k by 1 and return to step (1).

Algorithm 1V.3.3 has the following properties:

For sufficiently large r the function p(z,r) admits a local
minimum.

The sequence x converges to a local minimum z* € S of
the function f.

In order to take into account the particular structure of the non-
linear constrained optimization problem, we introduce the so-called
augmented Lagrange function associated with this problem:

Az, y,r) = flz) + zp: %m [(fi(x) ! %) 1 |

m 1 y 2
+ > 5" {fj($)+—j}
= T
Jj=p+1
oy
1 2 Tk

Using this function algorithm IV.3.3 takes the following particular
form:

ALGORITHM IV.3.4. (Penalty algorithm with augmented Lagrange
function)

(0) Given: a vector r € (R*)™ and an initial guess yo € (R4)P x
R™~P,
Set k= 0.

(1) Determine a local minimum xy of the augmented Lagrange
function x — Az, yg, 7).

(2) If (zx,yx) satisfies the Karush-Kuhn-Tucker conditions 1V.3.8
stop. Otherwise proceed with step (3).



96 IV. LINEAR AND NON-LINEAR OPTIMIZATION PROBLEMS
(3) Set
+ .
Ykt1,i = (rifi(zn) +yes)” for 1 <i<p,

Yrt1j = rifi(er) +ye;  forp+1<j<m
Increase k by 1 and return to step (1).

Algorithm 1V.3.4 has the following properties:

If r =(p,...,p)" with a sufficiently large p, the algorithm
converges to a saddle point of the Lagrange function L.
The convergence is linear.

The convergence speed improves with increasing p.

A function B : R — RU{oo} is called barrier function if it has the
following properties:

B(t) = oo for all t < 0.
B is monotonically decreasing.
B is convex.

B is continuously differentiable on R .

lim B(t) = cc.
t—0+

lim B'(t) = —oc.
t—0+

ExAMPLE IV.3.5. The functions

—1Int fort
B(t): n ort>0
00 fort <0

t7 fort
B(t) _ ort >0
oo fort<o0

with a > 0 are barrier functions.

ALGORITHM IV.3.6. (Barrier algorithm for convex optimization)

(0) Given: convex functions f and fi, ..., f, and affine functions
fp+1s - -5 fm, a barrier function B and an initial guess vy € R"
with fi(xg) =0 forp+1<j <m.

Choose 19 > 0 and dy € (R%)? with f;(xg) < d; for 1 <i < p.
Set k= 0.
(1) Choose A\, € (0,1) with fi(xg) < Agdig for 1 <i <p. Set

Pr1 = Aifli,  dpgp1 = Apd.
(2) Starting with xy apply a line search to the problem

min{ /(@) +p Y B(d; — filx)) : () =0, p+1<j<m}
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with result xy1. Increase k by 1 and return to step (1).

1V.3.12. SQP method. The basic idea of the sequential qua-
dratic programming method or SQP method in short can be described
as follows:

e Replace the Lagrange Function £ by a second order approxi-
mation.

e Linearize the constraints.

e Successively solve constrained optimization problems with a
quadratic object function and affine constraints.

This leads to the following algorithm.

ALGORITHM IV.3.7. (SQP algorithm)

(0) Given: initial guesses xo € R™ and yo € (R )P x R™7P,
Compute

By = D*f(z0) + Z Yo,i D f;(x0)
i=1

and set k = 0.
(1) Find a solution (s,y) for the Karush-Kuhn-Tucker conditions
of the auxiliary problem
: L,
mln{Df(xk)S + 358 Bys
filze) + Dfi(zr)s <0, 1 <i <p,
fi@x) + Dfj(ar)s =0, p+1<j <m}.
(2) Set
Tpt1 =Tp + S, Y1 = Ye T Y-
(3) Compute
B = D’ farn) + ) ki1 D filwnsn),
i=1
increase k by 1 and return to step (1).

Algorithm IV.3.7 has the following properties:

It is locally quadratically convergent.
If the By, are replaced by approximations in a suitable quasi
Newton type, the convergence still is linear.
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IV.3.13. The simplex method of Nelder and Mead. The ba-
sic idea of the simplex method of Nelder and Mead can be described as
follows:

e Minimize a function f over R".
e Take into account eventual constraints by setting f(x) = oo if
x violates the constraints.
e Choose n + 1 points xy, ..., z, generating R".
e Sort these points by increasing size of f.
e Reflect x,, at the barycentre of zq,...,x, 1 and eventually
expand or contract the image 2’ depending on the values f(zg),
vy fxy,) and f(2').
e Replace an appropriate member of the list g, ..., x, by z’.
Note that the label ‘simplex’ for this algorithm does not imply any rela-
tion to the simplex algorithm for linear optimization problems. Further
notice that n+ 1 points xq, . .., z, generate R" if and only if the n vec-
tors 1 — xg, ..., T, — xg are linearly independent.

ALGORITHM 1V.3.8. (Simplex method of Nelder and Mead)

(0) Given: n+ 1 points xg,...,x, € R" generating R" sorted by
increasing size of f and a tolerance ¢.
(1) Compute the mean value

1 n
f=n+1§f(93i)

and the standard deviation
1 n

d = D=1
— ;(f(x) 7)
If d < € stop.
(2) Compute
n—1
1
c= = Tiy, Ty =2C— Ty,
n -
=0

and f(x,).
(3) Distinguish the following cases:
(a) [f f(xo) § f(xr) S f(xnfl)
replace x, by x, (reflection).
(b) If f(2r) < f(xo)
compute
T, = 2%, — C
and f(x.).
If f(z) < f(z)
replace x, by x..
Replace x,, by z, (expansion).



IV.4. GLOBAL OPTIMIZATION PROBLEMS 99

(e) If f(zr) > f(2n-1)

compute

and f(z.).

If f(xe) < min{f(zn), f(z,)}
replace x, by x.,

otherwise compute

1
Ty — —\T Z;
2( 0+ ;)
for 1 <i <n (contraction).
(4) Re-sort xy,...,x, by increasing size of f and return to step

(1).

Algorithm IV.3.8 has the following properties:

It is very cheap since it does not require the computation
of any derivative.

It is very slow.

It is very robust.

It may yield suitable initial guesses for the algorithms pre-
sented previously.

There is no convergence proof.

IV.4. Global Optimization Problems

All algorithms considered so far at best yield a local minimum. In
some situations, however, we must find a global minimum or even all of
them. Note, that this difficulty only arises for non-convex optimization
problems since a convex function has at most one local minimum which
is the global minimum.

IV.4.1. Structure of global optimization algorithms. All al-
gorithms for global optimization have the following basic structures in
common:

e Try several candidates for a global minimum.

e Eventually replace candidates by the result of a local search,
i.e. apply one of the previously described algorithms with a
given candidate as initial guess.

e Eventually iterate on lists of candidates.

e Eventually perturb candidates.

The algorithms differ by

e the initial choice of candidates,
e the method for updating the list of candidates,
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e the form of perturbation,
e the amount of randomness,
e the work invested in local searches.

In what follows we will shortly address these topics.

IV.4.2. Initial choice of candidates. There two variants for
choosing initial candidates: deterministic and random.

In the deterministic variant one covers the domain S C R" of ad-
missible points z by a uniform mesh (see the left part of figure IV.4.1).

In the random variant one covers the domain S C R” of admissible
points x by a random mesh according to a chosen probability measure,
e.g. uniform distribution (see the right part of figure IV.4.1).

In both approaches one eventually constructs several lists of candi-
dates by iteratively reducing the mesh size.

/1IN
/]

N

FIGURE IV.4.1. Deterministic (left) and random (right)
mesh for an admissible domain S

IV.4.3. Updating lists of candidates. There are several possi-
bilities for updating lists of candidates:

e Replace candidates by the result of a local search using one of
the algorithms described in section IV.3.

e Replace candidates by a perturbation as described below.

e With a small probability also accept candidates with a larger
value of f. In the method of simulated annealing, e.g., a point

o with f(z') > f(x) is allowed to replace x with probability

F@)—f () . . .
e T where the so-called cooling time T' is chosen adap-

tively based on various heuristic criteria.
e Update lists by branch and bound techniques.

IV.4.4. Perturbation of candidates. We first normalize all
points such that all their co-ordinates can be represented by an N-
bit string. Then for a given candidate we pick one of its components
by random and flip one of its bits by random. This creates pertur-
bations which may be far off with respect to the standard Euclidean
distance.
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ExaMPLE IV .4.1. Choose N = 4 and
r=15=1-22+1-22+1-2"+1.2°
Then
?'=11=1-224+0-22+1-2" +1.2"
and
2" =7=0-2"+1-22+1-2"+1.2°
are perturbations of x whereas
T=9=1-224+0-22+0-2"+1.2°
is not a perturbation of x.

IV.4.5. Concluding remarks. One always should keep in mind
that each algorithm has its own benefits and drawbacks. The choice of
an efficient algorithm requires knowledge of the particular structure of
the given optimization problem. There is no efficient black-box algo-
rithm solving all kind of problem:s.
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