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Abstract

We present a method that allows us to the find asymptotic form of various
characteristics of disordered systems in the strong localization regime, i.e., when
either the random potential is big enough or the energy is close enough to the
spectrum edges. The method is based on the hypothesis that relevant realizations
of the random potential in the strong localization regime have the form of deep
random wells that are uniformly and chaotically distributed in the space with a
sufficiently small density. Assuming this and using the density expansion, we show
first that the density of wells coincides in the leading order with the density of
states. Thus the density of states is in fact the small parameter of the theory in the
strong localization regime. Then we derive the Mott formula for the low frequency
conductivity and the asymptotic formulas for certain two-point correlators when
the difference of respective energies is small.

PACS numbers: 05.60.Gg, 72.15.Rn, 72.80.Ng

1 Introduction

It is widely accepted and proved rigorously in many cases that elementary excitations in
disordered media are localized if the disorder is strong enough or/and if the energy of the
excitations is close enough to the band edges. The idea dates back to the famous paper
[4] by P. Anderson who emphasized, in particular, the aspects related to the transition
from localized to delocalized states. The idea was further developed by N. Mott and
I. Lifshitz (see e.g. their review works [26, 21]). In particular, it was I. Lifshitz who
singled out the regime of high disorder or low energy where the localization is most
pronounced (the regime is known now as the strong localization regime). According
to 1. Lifshitz, in this case, the pertinent realizations of the random potential have the
form of deep potential wells which are so rare and whose form is so irregular that the
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quantum mechanics probability for a particle to tunnel through a macroscopic number of
the localization wells vanishes.

The study of the localization and relevant physical characteristics of disordered systems
can be reduced to the study of moments of the density operator pg = §(E — H), where
H is the (one-body) Hamiltonian of the system. By using the coordinate representation,
we can write the [-th moment (I-th correlation function) as follows:

Kl(Il, e T YL, - YL Ela ey El) = <pE1 (mlﬂ yl)pEl ('Ila yl)>7 (11)

where the (...) denotes averaging with respect to the disorder.
The simplest case of the correlation function (1.1), corresponding tol = 1, x; = y; = -

p(E) = (pu(z,x)) (1.2)

i.e., to the average of the local density of states pg(x, ), is known as the density of states
(DOS) of the system.

I. Lifshitz suggested a non-perturbative method of computing the asymptotic form of
the DOS in the strong localization regime [20]. The above description of typical realiza-
tion of the random potential is implemented in this method as the assumption on the
independent quantization of a quantum particle in each localization well (see 21, 22, 7]),
thus the complete localization of a particle in an exponential neighborhood of each well.
A rigorous proof of the complete and exponential localization in the strong localization
regime was given by J. Frohlich and T. Spencer [9, 23, 28].

In these both important results of the localization theory, the tunneling between the
localization wells plays no positive role. In the Lifshitz’s argument, other wells just have
not taken into account. As for the rigorous proof of the complete localization in the
strong localization regime, its important ingredient is a rather sophisticated probabilistic
extension of the Kolmogorov-Arnold-Moser theory (known as the multi-scale analysis)
which allows one to verify that in the strong localization regime the tunneling between
wells is strongly suppressed, and does not change qualitatively the picture, suggested by
the independent wells quantization assumption.

The DOS determines equilibrium properties of a disordered system in the one-body
approximation, i.e., an ideal Fermi gas in a random external field. The study of kinetic
properties of the gas and of interaction effects requires the knowledge of higher moments
(1.1) of the density operator pg, the second moment K, first of all. The important
quantities that can be expressed via K, are the density-density and the current-current
correlators [11, 22]. These correlators allows one to answer relevant questions concerning
the nature of the localization and the behavior of the conductivity and other physical
characteristics.

The complete localization of states in a certain interval of energies implies that the
zero temperature d.c. conductivity vanishes if the Fermi energy lies in this interval (see
2] for a proof and a discussion). On the other hand, since the energies of localized states
are dense, the zero-temperature a.c. conductivity is expected to be non-zero for any
non-zero frequency v of external field. It was N. Mott who first proposed the "resonant”
tunneling between pairs of wells as a mechanism of the low frequency a.c. conductivity
in localized systems [26]. Namely, according to Mott, one can view the states, resulting
from the independent quantization in each localization well (localization center in Mott’s
terminology) as a kind of ”"bare” states. They decay exponentially in the distance from the



corresponding localization center. Two (several) bare states with widely spaces centers
but with sufficiently close energies can "resonate”, leading to the two (several) centered
states, whose energies are exponentially close in the separation between the centers. The
condition for a pair of wells to be in resonance determines the distance between resonating
wells, thereby determining the characteristic value of the dipole moment of two bare states
of wells, and the square of the dipole moment is, in essence, the conductivity according
to the linear response theory (see formula (3.4) below). This observation leads to the
following asymptotic expression for the low frequency conductivity:

d+1
o(v, Ep) = Ap*(Ep)1 (1og @) (1.3)
v
in the case, where
T<Kr EF (14)

Here T' is the temperature, v the frequency of an alternating external field, F'r the Fermi
energy that is supposed to be in the localized spectrum, A and vy are determined by the
fundamental constants and by the random potential.

Formula (1.3) was discussed in many works (see e.g. [7, 8, 15, 11, 12, 22, 26, 16]
and Section 5). However, its sufficiently consistent "first principle” derivation is still
not available in a general multi-dimensional case. We mean a derivation based on the
Kubo formula (see formulas (3.2) - (3.4) below), in which the respective two-point corre-
lation function is computed for a given random potential in the asymptotic regime (1.4),
assuming that Er lies in the localized part of the spectrum.

Absence by far of such a derivation justifies our presentation of a heuristic method
that allows us to obtain formula (1.3) and some other two-point correlation functions (i.e.,
(1.1) for [ = 2 and |E) — Es| := v < |Ey|, |E»|), and that clarifies and detailizes the initial
Mott’s arguments.

The method is based on the above hypothesis on the form of pertinent realizations of
random potential as a system of deep and rare localization wells. Viewing the density of
wells as a small parameter of the theory, we apply a version of the virial expansion to
compute the leading contribution to the moments K; of (1.1) for [ = 1,2. In particular,
by applying this procedure to the DOS, we find that its leading order is the density of the
localization wells. This shows that the small parameter of the theory is the DOS itself,
whose smallness is known to be an important condition of the localization. Furthermore,
we find that the leading order of the pair correlation functions, the a.c. conductivity in
particular, is determined by the two-centered states, resulting from the resonant tunneling
between a pair of the localization wells, in agreement with the Mott’s ideas. This leads
to formula (1.3) and can be viewed as a support of the pair approximation used in the
Mott’s derivation of (1.3). Among our other results, we mention high peaks of some
pair correlation functions (see (4.1) and (4.2) below), appearing in a neighborhood of
the origin and on the "resonating” distance, determined by the frequency of the external
field. Analogous peaks were found before in the one-dimensional case of both the strong
localization [15] and the weak localization regime [12]. However, in these cases, the peaks
are of the order p?( Er), while in the general d-dimensional case, the peaks are of the order
p2(Er) (log o /v)* ™", ie., are much bigger in the regime (1.4).

The paper is organized as follows. In Section 2 we outline the method. In Section 3
the Mott formula (1.3) is derived. In Section 4 we derive asymptotic formulas for binary



correlators and in Section 5 we comment on our results and on their relations to known
results.

2 Method

2.1 Effective potential

It was already mentioned in the introduction that extensive studies of the strong local-
ization regime show that the phenomenon is determined by realizations of the random
potential, containing deep and rare potential wells. For an unbounded below potential
(like the Poisson potential (2.6) below) the large parameter of the theory is the absolute
value of energy and/or the amplitude of the potential. These two cases of the strong local-
ization regime are manifestations of the simplest mechanism of the localization: capturing
a quantum particle in strong and rare fluctuations of a random potential®.

In other words, for any eigenfunction v; from the overwhelming majority of all eigen-
functions, corresponding to the strong localized part of the spectrum, there exists a point
&;, the center of the localization well, such that v; decays as exp{—|z — &;|/r;}, where r;
is the localization radius of ¢;. The localization centers has to be uniformly and chaoti-
cally distributed in the space and distances between them has to be much bigger than the
typical localization radii and the radii of the localization wells, because these are large
deviations of the potential from its typical form. Hence, one has to expect an effective
“decoupling” between the localization wells.

One obtains a simple form of this picture of the strong localization regime by replacing
the random Schrodinger operator by the direct sum of operators, defined each in a certain
cell, containing a single localization well. This procedure of independent quantization in
isolated cells is supported by and even is instrumental in studies of the density of states,
interband light absorption coefficient, and other spectral and physical characterizes of
disordered systems (see e.g. [5, 7, 18, 22]), as well as of the probability distribution of
spacings between adjacent energy levels (see [25, 24]) in the strong localization regime.
However, the procedure is not appropriate in studies of transport properties of disordered
systems. This is why we replace the procedure of independent quantization in isolated
cells by the less restrictive assumption, according to which relevant properties of the strong
localization regime can be described, assuming that any short correlated and smoothly
distributed random potential can be replaced by the (effective) potential

Vepp(z) = wj(a = &). (2.1)

J

Here {¢;} are the Poisson random points of the density p, modeling the centers of the
localization wells, and {v;} are independent between themselves and independent of {&;}
random functions, modeling the shape of the localization wells. We assume that all v;’s
have a finite range and the typical radius a of v;’s is related to the typical distance e
between wells as follows

a < p e, (2.2)

"'We mention another mechanism of the localization: enhanced backscattering. The mechanism is
responsible for localization in high energies for electrons in the one-dimensional case and for an arbitrary
disorder, and for the weak localization effect in all dimensions.



The density of the localization centers is not known and has to be found self-consistently.
The density as well as the shapes of the wells may depend on the energy interval in
question.

In other words, we believe that the strong localization regime possesses a certain
robustness (insensitivity) with respect to a concrete form of random potential, provided
that it is translation invariant in the mean, shortly correlated, and smoothly distributed
(the last two properties facilitate the localization because they make more unlikely for
different localization wells to be of the same shape, thereby suppress the tunneling between
different localization wells). One may say that our ansatz (2.1) replaces impenetrable walls
between cells of the independent quantization procedure by a kind of “soft” walls, that
suppress strongly particle mobility but not exclude it completely.

To avoid technicalities, we will choose a simple form of the localization wells, setting

vi(z) = gjv (Vg5z) . (2.3)

where v(x) is a finite range potential well and {g;} are independent identically distributed
random variables, independent of {{;} and assuming arbitrary big positive values accord-
ing to a smooth probability density p(g).

Summarizing, we can write the following formula for the effective potential

Verpla) = Zgjv (Va5i(x —&)) . (2.4)

It should be noted that similar random functions are widely used in the localization theory
as "bare” random potentials in the Schrodinger equation (see e.g. [17, 22]). We mean the
potentials of the form

Viz) = Z 0u(z — ;) (2.5)

where u is a non-positive function of a finite range (the single-impurity potential). In
the case, where {6,} are independent identically distributed random variables and {z,}
form a regular lattice, the potential models a substitutional alloy, and in the case, where
§; = 6 = const for all j and {z;} are completely chaotic (Poisson) random points of the
density ¢, the potential

V(z) = Z Ou(x — x;), (2.6)

models an amorphous medium. Assuming that c is large, 0 is small but c6* = D is fixed
and shifting the energy by the mean value

cb / u(y)dy

of the potential (2.6), we obtain the Gaussian random potential with zero mean and with
the correlation function

D / u(x — y)uly)dy.

In a more general case, where {x;} are completely chaotic and {6;} are identically dis-
tributed random variables, independent between themselves and of {z;}, (2.5) is the
generalized Poisson potential.



We would like to stress here that despite that our effective potential (2.4) is similar to
the generalized Poisson one (because of random g;’s), these two should not be identified.
In particular, the density ¢ of the impurity centers {z;} in (2.5) is not the density u
of the localization centers {¢;} in (2.4) (p is usually is much smaller than c), and the
functions 6;u in (2.5), modeling the single impurity potential, have little in common with
the functions v; in (2.4), modeling the form of the localization wells (the latter are formed
by a sufficiently large and dense clusters of impurities in which the inter-impurity distances
are much smaller than the typical distance ¢~'/¢ between impurities centers {z;}). For
example, if the “bare” random potential is given by (2.6), then it can be shown than the
number of z;’s in a typical localization well is of the order log £/u(0) >> 1 [22].

2.2 Density expansion

Recall that an important property of the effective potential is the small density u of the
localization centers (cf (2.2)). We describe now a respective technical mean that will allow
us to use this property.

Let {Fi(x1,...,x;) }i>0 be a system of functions of [ d-dimensional variables xy, ..., z;
(Fy is a constant). We denote the set (z1,...,2;) as X. Suppose that the system {F;};>o
satisfies the following conditions (we do not indicate explicitly the index [).

(i) Translation invariance: for any d-dimensional vector a
F(X)=F(X+a), where X +a = (z1 + a, ...,z + a).
(i) Additive clustering:
FIXUY +a)—-[F(X)+F(Y)]—0, as a — oo. (2.7)
and the decay of the Lh.s. of (2.7) is fast enough (it will be exponential below).

For any system of functions, possessing these properties, we can write the combinato-

rial identity
F(X) = > (-)N"Ip(2), (2.8)
YCX ZCY

where N (X) is the number of points of X.

We will use this identity in the case, where X,Y, Z are the sets of random Poisson
points {{;}, entering in the effective potential (2.1). Recall that an infinite system {&;} of
the Poisson points of density p in the d-dimensional space can be asymptotically described
as the system of random points &1, ..., £, uniformly distributed in a cube A, provided that
the “thermodynamic” limit N — oo, |A| — oo and N/|A| — p is carried out (we will
denote this limiting transition A — oo). By using this fact and identity (2.8), we can
write that

Alggo A7 N (Fn (& by) — Ry = u(Fy — Fy) (2.9)
+ %2 [FQ(ZE)—QFl—i‘Fo]dl’—i‘

where the symbol (...) in the Lh.s. denotes averaging with respect to the Poisson points
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In view of (2.4), we will need a more general formula in which the role of ¢;’s play the
pairs (§;,9;), where {g;} is a system of independent between themselves and independent
of {¢;} random variables of common density p(g). The formula can be obtained from
(2.9), written for fixed g;’s and subsequently integrated with respect to g;’s with the
probability density p(g). This yields

Am IA[THEN (61, 91)5-5 (Env, 9n)) — Fo) = /(Fl(gl) — Fo)u(g1)dg: (2.10)
45 [Ptz o) = Filgr) - Filg) + Rlu(on)n(ss)dodgsdg,

where now the symbol (...) in the Lh.s. of this formula denotes averaging with respect to

{¢} and {g;} and
1(g) = up(9)- (2.11)

2.3 Density expansion of the DOS.

We apply now the expansion, described in the previous section, to the density of states
of the Schrodinger equation. We use the self-averaging property of the DOS, according
to which [22]
— 1 -1 _
p(E) = lim (JA[7') 6(E ~ Ey)), (2.12)
n>1

where {E,},>1 are the energy levels of the Hamiltonian H, defined by the Schrédinger
equation with the potential (2.4) in the cube A.

Comparing the L.h.s. of (2.10) and the r.h.s. of (2.12), we conclude that in this case
the role of functions F} in (2.10) play

Z 0(E — Er(ll)((xla 91); - (@1, 91))),

n>1

where {E,(Ll)((xl, G1), -y (T1, 91)) }n>1 1s the negative spectrum of the l-wells Hamiltonian

= —A—l—Zg] Vai(x —x)). (2.13)

Thus, applying (2.10) to the DOS and taking into account that we are interested in
large in absolute value negative energies and that H(® = —A has no negative spectrum,
we find that the term p(®(FE) with | = 0 (the zero-well contribution) is absent in the
expansion. Hence, the leading in p contribution to the DOS is due to the one-well term

of the expansion:
= / — EMpu(g)dyg. (2.14)

n>1

For the well of the form gv (\/Ex) we have:

EWY = ge,, (2.15)

n



where {£,, },,>1 are the negative eigenvalues of the dimensionless operator —A+wv(x). Thus
E 1
O(E) = ) =
pPU(E) =) (an) o

According to spirit of our approach the density p(g) should decay sufficiently fast as
g — oo. Thus the leading contribution to p™"(E) is due to the first term of the sum, i.e.,
we can use the approximation

e = (2) (2.16)

Normalizing v by the condition
g1 = —1, (2.17)

we can write

o(B) = u(~E). (2.18)
The last formula is a version of the well known “classical” asymptotic formula for the
DOS valid for smooth random potentials. By choosing as a randomizing parameter of
the wells v; in (2.1) their ground state energies, we can show that an analogue of (2.16)
allows us to obtain also ”quantum” versions of asymptotic formulas for the DOS valid for
singular v’s (see [22] for the respective terminology and results).

It can also be shown that the two-well contribution to the DOS has the order O(u?).
We postpone respective argument to Section 5.1. Thus the two well contribution is also
negligible with respect to the r.h.s. of (2.18). We conclude that the unknown (and
small) function p(g), determining our effective potential and having the sense of the
probability density to find a well of amplitude lying between ¢ and g + dg with center in
an infinitesimal neighborhood of a given z, coincides in our approximation with the DOS
of the Schrodinger operator. This important conclusion makes our scheme self-consistent.
It corresponds to the basic ingredient of the Lifshitz approach, according to which the
DOS is the probability density of the localization wells having the ground state energy F
[21]. This interpretation of the DOS is widely used in the theory of disordered systems
(7, 22]. In our approach it is a simple consequence of ansatz (2.4) and of the expansion
formulas of the previous section.

Let A be an interval of values of random variables g;, lying in the strong localized
spectrum and having the width, that is much smaller than typical values of ¢’s in the
question. Then ji = [ A 1(g)dg will be the density per unit volume of wells, whose ampli-
tudes are in A, and 7~/ will be the typical distance between these wells. Our approach
is based on the assumption that typical distances between wells are much larger than the
typical radii of the localization wells (cf (1.4)). In the case of the effective potential (2.4),
this assumption can be written as

g <M (2.19)

3 A.C. Conductivity.

3.1 Generalities

Recall that from the point of view of statistical physics, we are dealing with the ideal gas
of electrons in the external random field V' (x) (one-body approximation). In this case, the

8



linear response theory leads to the following formula for the tensor of the zero-temperature
a.c. conductivity of the macroscopic system of spinless electrons in the external spatially
homogeneous electric field of the frequency v and at zero temperature:

mn " nm’

0ap(v; Bp) = lim we?|AI™ > 0(Ep+v— En)d(Ep — E) VSV

m#n

where VTS%) are the matrix elements of the velocity operator iV, between the states 1, and
1, of the system. In the case of a homogeneous in mean and weakly correlated random
potential, the conductivity is self-averaging [22], thus in the thermodynamic limit we have,
assuming for simplicity that the system is rotational invariant in mean:

2

e
Uoz,@(ya EF) - 76a,@0<ya EF)7 (31)
o(v, Ep) = lim <|Ay1 > 0(Ep+v— En)d(Ep — En)|an|2> : (3.2)
> m#n
where .
Vina> =) [V, (3.3)
a=1

Since V' = i[H, X], where X is the coordinate operator, we have |V7£f,?\ = |(En —En)X7§§2|,
and (3.2) can be written as

o(v, Ep) =v* lim (|A]™ > 0(Ep+ v — En)d(Ep — Ey)|[ Xl (3.4)
> m#n
where
d
X =) |X )2 (3.5)
a=1

Note that we keep the frequency v non-zero while making the thermodynamic limit
A — oo in the above formulas. This prescription is well known in kinetic theory and
is reminiscent of keeping non-zero magnetic field while making the thermodynamic limit
for a ferromagnetic system in order to obtain non-zero macroscopic spontaneous magne-
tization. Another way to obtain non-zero d.c. macroscopic conductivity is to set v = 0 in
(3.2) but to replace the d-functions by a sharp function of width 7 (usually by the Loren-
zian). This corresponds to an imaginary shifts in energies instead of real-valued shift v
(see e.g. [2], where the imaginary shift is used). In this paper, we will use the formula
(3.4), assuming always that the frequency is non-zero although is small comparing with
the Fermi energy, i.e., we will assume that inequality (1.4) holds.

3.2 Computation.

Now we are going to apply the density expansion formula (2.10) to the a.c. conductivity.
Comparing (3.4) and (2.10), we conclude that the role of functions Fj in this case play

V> 8(Ep+v— ED)6(Er — ED) XD 7, (3.6)

m#n



where {Er(ll)}nzl are negative levels of the [-wells Hamiltonian (2.13), and
X0, = [ avldwpullds, (3.7

where {@b,ﬁ”}nzl are the respective bound states of (2.13). Because of the same reason as
in the case of the DOS, the zero-well contribution ¢(® to the conductivity expansion is
absent. Let us show that the one-well contribution o(!) is also absent. Combining (3.6)
for [ =1 and (2.15), we obtain

oW(v, Br) = v Z/ (Er +v = gem)d(Ep — gen) X501 1(g)dg.

m#n

where {E,(Il)}nzl are the bound state energies (2.15) of the one-well Hamiltonian H")(g) =
—A + gv(\/g7), and X is the coordinate matrix element between the corresponding
states {wl(l)}. Non-zero contributions to this expression are due to the pairs (m,n) such
that

gen = Er, gem = Er +v =~ Ep, g(e, —em) = 1. (3.8)

Denoting by ¢ the typical value of the levels €,’s of the well v(z) and by de the typical
value of the spacings |e,+1 —¢x|, we see that the written above conditions are incompatible
if goe > v, i.e., if Epde/e > v. Since g,’s are dimensionless, the last condition is just
another form of our basic condition (1.4).

The two level contribution 0'(2)(V Er) to the a.c. conductivity is (cf (2.10)):

o@D (v, Ep) = Z / (Ep4+v—EX)§(Ep — EY) (3.9)

m;én

x | X Pu(g1)(g2)dgrdgady,
where {E }n>1 are the bound state energies of the two-wells Hamiltonian

HP ((21,1), (72, 92)) = —A + g1o1 + gava, (3.10)

in which
Ulc(x) =v (\/g_k(x - xk)) ) k= 1727
(2)

Yy = x1 — 9, and Xy, are corresponding coordinate matrix elements.

In view of our basic condition (2.19), we have typically |7; — 25| > max g ;/ ?. Hence,
according to general principles of the quantum mechanics, the negative levels of (3.10)
should be (exponentially) close to the union of levels of infinite distant wells, and the
respective eigenfunctions are (exponentially) close either to an eigenfunction of one of the
well (non-resonant case) or to a linear combination with coefficients of the same order of
magnitude of the eigenfunctions of the both wells (resonant case).

To make this description more quantitative, consider the one-well Hamiltonians

HY = A+ goo, k=1,2,

corresponding to (3.10). Normalize the potential well v(z) by the same condition (2.17).

Then the lowest eigenvalues of H ,gl), k = 1,2 are —gi, and the respective eigenfunctions
are

or(@) = g o (Var(z — 1)), k=1,2, (3.11)

10



where o (z) is the lowest normalized eigenfunction of the dimensionless operator —A+uv(z).
The function p(z) decays exponentially in x with the rate 1. Hence

(@) ~ exp (—y/grlz — zxl) s |o — x| > g5 7 (3.12)

Since we will be interested mostly in the resonant case, we assume that g;» ~ |EF|, i.e.,
the radii of the both ¢g, & =1,2 in (3.11) are of the same order of magnitude

g1y~ = |Ep| 7V, (3.13)

)

hence 1, < |x1 — x3].

In this situation we can find the lowest eigenvalues of H® in the frameworks of the
widely used approximation, in which H® is replaced by its projection on the span of the
functions ¢; and ¢, 2. The diagonal entries of this 2 x 2 matrix are

(or: HP01) = — g1 + gy / vj(x)pp () de
= —gr + O (exp (=2|z1 — x2|/T)), |21 — 22| >> 144

and its off-diagonal entry is

(p1, HD03) = —g1(ip1, 02) + (01, v2002).

Since v is of finite range, the first term here decays in |27 — x| not faster than the second

term. Hence, being interested in distances [z, — x| that are much bigger than g, ;/ 2, we

can neglect the second term, i.e., we can use as the off-diagonal entry of the matrix the
quantity —I(z; — xs), where

I(21 — x2) = g1(1, 2) = g2(p1, ¥2) (3.14)
is known as the overlap integral, and in view of (3.11) and (3.13) we have
I(z) ~ Le 1©m x| > r, (3.15)

with
Iy ~ |EF|. (3.16)

We obtain that the two lowest eigenvalue of the two-well Hamiltonian H® can be found

as eigenvalues of the matrix
—G1 —I(ry — x9)
. 3.17

< —I(z1 — x9) —92- ) ( )

Assuming that g; > g > 0, we obtain that the eigenvalues of this matrix are
EY =—g— (-)"WRT I k=12, (3.18)
where

it G2 o g1 G2
g_ 75_ )
2 2

(3.19)

2In appendix, we compute exactly the negative spectrum of H® in the 1-dimensional case and for
v(z) = —§(x). The obtained results for the conductivity coincide with those found by using this approx-
imation.

11



and the respective eigenfunctions of the projection of H® are

Y1 (x) = p1(x) cos @ + @o(x) sin b

a() = —p1 () sin 0 + o(x) cos 6, (3.20)

where

1
5+ V&2 + 12
We are going to use these formulas in the r.h.s. of (3.9), keeping there only terms with
m,n = 1,2, i.e., in fact, the term, corresponding to m = 1, n = 2. It is easy to see
that the equalities Ep = E?), Er +v = Ef) imply, in view of (3.18)-(3.19), that
v =2,/I*(y) + 62, y = x5 — x;. Hence, by (3.15)—(3.16) and by the condition v < |EF|,
the values of y, contributing to (3.9), are bounded below by

tanf = (3.21)

21
r(v) = r log =2, (3.22)
v

and the values of |4 do not exceed v/2. Under these conditions the coordinate matrix
element Xl(g) in (3.9):

—-1/2 —-1/2

I I )
(71 — $2)W + (91 o )W /1'90 (z)dx
)

between states (3.20) can be replaced by

x® _ (3.23)

I
2/62 + 12

Indeed, the second term in (3.23) can be omitted because its ratio to the first term is of
the order v(|Er|log2|Er|/v)~' <« 1. Besides, the term is zero if ¢ is even. The relative
order of the third term is the same as the second one.

In view of the above we obtain that the two-wells contribution (3.9) to the a.c. con-
ductivity is

X9 ~ (21— 2) (3.25)

ly[>1*(y)

o (v, Ep) =v 5+ 12(y)

0(Ep +v — EPNS(Er — EP)u(g) p(g2)dgrdgady.  (3.26)

We integrate first the product of two d-functions with respect to g; and g, taking into
account that |g1 — ¢o| < v < |Ep| ~ g12. This allows us to replace p(g1) and p(g2) by

u(—Er), to set
d= %\/1/2 —4I%(y), (3.27)

and to obtain in view of (2.18)

o@D (v, Ep) = vp*(Ep) / Md (3.28)

o I(y)zv \/ V2 — 412 (y)

Note that the restriction 2|I(y)| > v of the domain of integration in (3.28) is because of the
presence of the two d-functions in (3.26), i.e., in fact, because of the energy conservation.
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In view of the inequalities 0 < v << Ep and formulas (3.15)—(3.16), we can replace
the condition 2|(y)| > v by the condition |y| > r(v), where r(v) is defined in (3.22).

The integrand in (3.28) is divergent at the lower limit |y| = r(v) and decays expo-
nentially at infinity with the rate 2/r; in view of (3.15). Thus the main contribution to
the integral is due to a r;-neighborhood of the lower integration limit. This leads to the
asymptotic expression

2p*(Er)S 21\ "
o (v, Ep) = %rld“ (log 70> : (3.29)

where Sy is the area of the d-dimensional sphere. Taking into account relations (3.16),
and (3.13), we obtain finally that

2p*(Ep)S, 2|Ep |\
0-(2)(]/’ EF) — %|EF|(d+2)/2 (log |VF|> . (330)

In particular, for d = 1, we have

v

o(v, Ep) :VT()]E |=3/2 (10 2|EF|) (3.31)

These are our versions of the Mott formula (1.3). They will be discussed in more details
in Section 5.

4 Correlation Functions.

4.1 Generalities.

In this section we study the following two-point correlation functions:

Cl(‘r — Y, E) = <pE<x7y)pE+V<y7$)>7 (41>

and
Colr —y;v, E) = (pp(r,7)pp1v(y,Y)), (4.2)

In writing the above expressions, we took into account the translation invariance in coor-
dinates of the correlation functions, following from the translation invariance in mean, a
fundamental property of disordered systems.

The function C) of (4.1) is closely related to the a.c. conductivity. Indeed, recall the
spectral theorem, according to which

pe(,y) = / 5(E — E'Yp (@) (y)dE, (4.3)

where the symbol [ ...dE denotes the integration over the continuous spectrum and the
summation over the point spectrum.
Formulas (4.3), (3.4), and (4.1) imply that

o(v, B) = —%/|$|201(x,E, v)de. (4.4)
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The function C5 of (4.2) is the local DOS-DOS correlator and is a characteristic of the lo-
calization, providing an information on correlations of eigenstates whose energy difference
is v and that are localized in spatial domains of the distance x — y.

Comparing (1.1) for [ = 2 and (4.1) and (4.2), we obtain the equalities

Ci(z;v, E) = K3(0,2;2,0, E, E + v),

Co(x;v, E) = K3(0,0; 2,2, E, E + v). (4.5)
We list below certain properties of C; and Cs.
(i)
|Cy(x;v, B)| < Cy(z;v, E). (4.6)

The inequality follows from the inequality |pg(z,y)|* < pe(z,z)pe(y,y) that is a simple

consequence of the Schwarz inequality (ab)® < (a?) (b%) and of the spectral theorem (4.3).
(i)
/C’l(x; v, E)dr = §(v)p(E). (4.7)

This relation follows from (4.1) and (1.2) and can be interpreted as a weak form of the
decay of correlator C; at infinity.

(iii)
Jim [A]* / Colw; v, B)dz = p(E)p(E +v) (4.8)

To prove this formula, we use the ergodic theorem for pg(z,z), implying the validity of
the relation

lin A1 [ pta)ds = (pi(0,0)) = o(B)

on almost all realizations of random potential. Applicability of the ergodic theorem follows
from the properties of the translation invariance in mean and of the decay of spatial
correlation in disordered systems (see e.g. [22]).

The formula (4.8) expresses the decay of correlations between two density operators
in (4.2) as |7 — @3] — oo. Indeed, its r.h.s is the product of the averages of these two
operators (see (1.2)), and its Lh.s. is a weak form of the relation lim, .., Cs(z, E, E4+v) =
p(E)pl(E +v).

(iv) Assume that for a certain F
Co(z;0,E) = 6(V)pa(z; E), a=1,2. (4.9)

Then

pi(z; E) = pe(x; E) = p(x; E) > 0;

p(z; E) = <Z O(E — Ej)¢?(0)¢?($)> : (4.10)

loc

where the symbol ), denotes the summation over the localized states only;
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(c) if one defines the density of localized states as

proe( E) = / pla; B)dr = <Z 5(E - Ej>w§<o>> ,

loc

then
ploc(E> < ,O(E), (411)

and the inequality pioc(E) > 0 is equivalent to the existence of localized states in a
neighborhood of E, and the equality pio.(E) = p(F) is equivalent to the complete
localization of a neighborhood of F.

The above properties follow from the spectral theorem (4.3). The functions p,(z; E) of
(4.9) are the "diagonal parts” of the r.h.s. of equalities (4.5), viewed as functions of two
variables B4y = F and By = E + v.

The property (iv) will not be used below. We presented the property to demonstrate
usefulness of the correlators C and C} in the theory of disordered system. In particular, in
the classic paper by P. Anderson [4] the positivity of [ p(0; E)dE was used as the indicator
of the localization. The quantum mechanical meaning of [ p(0; E)dE is the probability
for a particle to be in an infinitesimal neighborhood of the origin at time ¢ = oo, provided
that at t = 0 it was at the origin (the return probability density)[22].

4.2 Computations.

To apply the density expansion formula (2.10) to the correlation functions (4.1) and (4.2),
we write them in the form of extensive quantities per unit volume:

Co(z) = A '@y (2), a=1,2, (4.12)
where
By () = /ACl((w +a) — a)da — /A<pE(a, T+ a)pmsn(T + 0, ))da, (4.13)
and
By () = /A(JQ((:;: +a) - a)da = /A<pE(a, ) ppin( +a, 7+ a))da, (4.14)

Now it is clear that the role of the functions F; in (2.10) will play ®,(z), written for the
[-well Hamiltonian (2.13).

By using these formulas, we can show that because of the same reason as for the
conductivity the zero-well and the one-well contributions to C,, o = 1,2 are absent. The
two-well contribution C’P) to C is (cf (3.9)):

C?(z;v, E) Z/ (E+v—E.)0(E — E,)

X Y (a)hm(a + 2)bn(a)n(a + x)pu(g1) p(ge)dadydg, dga, (4.15)

where y is the separation between two wells, implicit in ), , and in E,, .
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Since v > 0, the diagonal part ) _  of the double sum is absent. Besides, by the
same reason as in the case of the conductivity, we restrict ourselves to the two lowest
levels of the spectrum of H? of (3.10), found in the previous section in the framework of
the projection method. This leaves in the double sum of (4.15) the term m = 1,n = 2.
By using (3.18), we can integrate with respect to g; and g, the product of two d-functions,
fixing g1 and gy by the relations E+g++V62+ 12 =0, E+g+v—+62+ 1?2 =0. In view
of the condition 0 < v <« E we obtain, replacing pu(—g1) and u(—g1) by p(E) in view of
(2.18) (cf (3.28)):

C’?)(:l:; v, E) = pQ(E)V/daz/Jl(a)z/JQ(a) (4.16)

14
X /ll(y)|>y wl(a + LU)’I/}Q((Z + I‘)mdy

According to the previous section, if v < E, then the restriction 2|1(y)| > v is equivalent
to |y| > r(v), where the resonant radius r(v) > r; is defined in (3.22). This and the form
(3.20) of the functions ¢4 » imply the that if |g; — g2| S v < g ~ | E|, then

Y1(a)pa(a) = cosfsind [p*(a) — p*(a+y)] + O (72 /”) ,

where y = x1 —x5. This formula and the analogous formula with a, replaced by a+ x, lead
to the following asymptotic expression for the two-wells contribution C’f) to the correlator

Cli

C’@(z;u, E) = 2p2y(E) /902(a)da (4.17)

PO R
></|y|>r<> 2—412(y)[90(+) platz—y)dy.

Similar argument shows that the two-wells contribution

C?(z;v, E) Z/ (E+v—En)0(E — E,) (4.18)

m;én

x o (a)r (a + x)u(gr) u(gz)dadg  dgady,

to the correlator C is with the same accuracy:
O (w50, B) = CP (23, E) (4.19)

200 [Sada | oo are iy

We formulate now several properties of C£2) and 02(2), following from (4.17)—(4.19).
According to (4.17)

/C’F)(:p; v, E)dz =0

This relation is in agreement with the exact sum rule (4.7), because formula (4.17) was
obtain under the assumption that v > 0.
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Likewise, we have the limiting relation
Cy — p*(E), v — 0, (4.20)

which is in agreement with the exact sum rule (4.8).
It is also easy to see that C§2) (x;v, E):

(i) has a positive peak of the order

P’ (E) (log 2—f))d_1 (4.21)

at the origin;

(ii) decays exponentially with the rate 2/r; for |x| > r;, and is exponentially small in
the spatial domain r, < |z| < r(v) = r;log 21y /v > ri;

(ili) has a negative peak of the same order of magnitude (4.21) at a r-neighborhood of
2| = r(v);

(iv) decays exponentially for |x| > r(v) with the rate 2/r;, thereby detailizing (4.8).

This behavior of 01(2) allows us to obtain the Mott formula (3.29) from relations (4.4)
and (4.17).

The correlator C{? has the same behavior as C\” in x till |z| < r(v), in particular it
is exponentially small in z if r, < |z| < r(v). Then 052) becomes asymptotically equal
p*(E) in the domain |z — r(v)] < 7 and it is equal to p*(E) for all z, |z| > r(v) (see
(4.20)). In view of spectral theorem one can expect pg(z,x) should be proportional to
Y2 (z) in the strong localization regime (cf (5.18)). Then the factorization property (4.20)
can be interpreted as the statistical independence of the localized states of close energies
and having separation much bigger than r(v). On the other hand, the exponential small-
ness of C 5 for 7, > || > r(v) can be interpreted as a kind of strong correlation between
close in energy states, that are not sufficiently well separated in space. These correlations
can be viewed as a manifestation of a certain "repulsion” of nearby levels in the sense
that the probability that nearby levels are close tends to zero as the level spacing tends
to zero (see [13, 3]) for discussions of this property). Figures 1 and 2 show examples of
graphs of (' o,

Figure 1: One dimensional correlation function Ci(z) and Cy(x) with v = 107*, r; = 1 and
p(E) = 1.

The results, similar to those outlined above, were obtained as the asymptotically
exact ones in [15] in the one dimensional case of the strong localization regime and in
[11, 12] in the one dimensional case of the weak localization regime (see the next section
for more details). We see, however, that in dimension greater than 1 the characteristic

17



Figure 2: Two dimensional correlation function C}(x) and Cy(z) with v = 1074, r, =1
and p(E) = 1.

value (4.21) of the peak of correlation function (3.2) diverges as the difference of energies
tends to zero. Thus, unlike the conductivity that has the log-factor in all dimensions, the
correlation functions C o are logarithmically big in the energy difference for |z| ~ r(v)
only in dimension bigger than 1.

The ”two-hump” states (3.20) appear in our approach just as a computation mean,
allowing us to find leading contributions to the low frequency conductivity and to the
correlators (' o, by using the in the density expansion of Section 2.1, just as the "one-
hump” states (3.11) are necessary to find the low energy asymptotic of the density of states
in our approach (see also Section 2.3), in the optimal fluctuation method [21, 22, 7], and its
version, known as the instanton approach (see Section 5.4, [16] and references therein). On
the other hand, the development of the localization theory of last decades suggests that the
”one-hump” states carry certain information on the structure of genuine localized states
in disordered systems. This suggests a belief, according to which the ”two-hump” states
also reflect certain properties of genuine localized states. If yes, then we can interpret as
follows the above results on the spatial behavior of the correlators €'y ». The existence of
length scale (v) of (3.22), that determines drastic changes of the spatial behavior of the
correlators (' o, is due to the "interaction” between close energy levels, and the interaction
mechanism is the resonant tunneling between the ”bare” one-hump states, i.e., between
different centers of genuine states. The parameter [ of (3.15) - (3.16) is the characteristic
interaction energy, determining the level splitting (spacing), and r(v) is the tunneling
distance, determined by the two energy scales (E = (E;+ E)/2, v = |Ey— Ey|, E >>v).
This inter-level interaction is a mechanism of a certain level repulsion, that prevents the
spatial domains where the states are essentially non zero to be close and, as a result, leads
to the exponentially small values of the two-point correlators for r; << |z| << r(v).

5 Discussion

5.1 Corrections.

We comment now on the corrections (next terms of the density expansions) to our formulas
of Sections 2-4. We are not able to prove the convergence of respective expansions. We
simply argue that they should be asymptotic, i.e., that their terms should be small in
successive powers of p(E). We will begin from the density of states itself.

It is easy to see that the next term in the expansion of the DOS has the form

p2E) = [{[oe- ) - sE - )
+ [ - ) — 8B~ &) } nlgnlg)dydgidgs.

where Eg) are given by (3.18), and 552) = —max(g1, 92), 552) = —min(gy, g2). Recall that
we assume that j(g) is smooth enough and decays sufficiently fast for large g. Thus p®

will be of the order O(y?) if the integral in the relative distance y between the wells will be
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convergent. This fact follows from the inequality |Ek—5§€2)| < (W02 + I2(y)—|0]) < |I(y)|,
the exponential decay of I(y) (see (3.15)), and smoothness of y(g), allowing us to transfer
derivatives of delta-functions on u’s.

In the general case of the correction of the order [ respective integrals in relative dis-
tances between wells will be convergent because of the subtractions of respective functions
Fy. of lower orders k£ < [ from that of the order [ in the [th term of the density expansion
(2.10), the sufficiently fast splitting (additive clustering) of negative eigenvalues E® of
the [-well problem into the sums of negative eigenvalues E® of the k-well problems k < I
and again because of smoothness of p(g).

The situation is less simple in the case of conductivity as we have seen already in
the case [ = 2. This is because of presence of families of tunneling configurations for any
number of wells (for example, for [ = 3 there are two families: the equilateral triangles and
the three equidistant points on a straight line). These configurations are responsible for
the absence of the decay (and even for the polynomial growth) in distances between wells
of matrix elements xg) on respective resonant sub-manifolds and for the appearance of
extra powers of log vy/v (where vy can be different from that of formula (3.30)). However,
since the dimension of these resonant manifolds grows slower in [ then [, these powers of
log vy /v will be always multiplied by powers of v, given by the dimensions of the manifolds
transversal to the resonant ones. This is why the higher terms in the expansion of the
low frequency conductivity should be small relative to the Mott’s formula (1.3).

In other words, it seems reasonable to believe that these higher resonant configurations
will produce new peaks and new length scales in the higher terms of the density expansion
of correlators, but that the amplitudes of the peaks will be small relative to the amplitude
(4.21) of the peak due to the resonant pairs. One can also speculate that for bigger density
of states (i.e., for energies closer to the mobility edge) higher resonant configurations will
play more and more significant role, leading eventually to the loss of the exponential decay
of the correlators and to the delocalization transition according to the scenario, outlined
in [21, 31]

5.2. Asymptotically exact one-dimensional results

The asymptotics behavior of the low frequency conductivity in the strong localization
regime of the one-dimensional Gaussian white noise potential, defined by the relations

(Vi(z)) =0, (V(2)V(y)) = 2Dd(z —y), (5.1)

was studied in [15]. The potential is often used in the theory of one-dimensional disordered
systems (see [22] for results and references). In particular, the Density of States p(F) and
the Lyapunov exponent v(E) of the Schrodinger equation with this potential can be found
in quadratures. The strong localization regime corresponds to negative energies of large
absolute value

D*? < |E|. (5.2)
In this case we have the following asymptotic formulas [22]
2|F 4
p(E) = |—D|e—4El PBD Y (E) =BV (5.3)
™

Besides, the rate of the exponential decay of eigenfunctions ¢y is y(F), because we have
with probability 1 [22, 28]:
/2

lim_[z] " log (w3(x) + w(2) " = —(E) (5.4)

|z|—o0
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Hence, the exact asymptotic form of (5.3) for the localization radius

r(E) = 1/7(E). (5-5)

coincides with our approximate formula (3.13).

In the paper [15] the low frequency conductivity was found by using the Grassmann
functional integral representation of the Green function, which leads to the respective
integral representation for the correlator Cy of (4.1) (recall that the conductivity is related
to the correlator via formula (4.4)). The condition (5.2) allowed the authors to apply the
saddle point method to this integral representation. We will summarize the results of [15]
in the form, that is maximally close to that of Sections 3 and 4.

The "two-hump” states, similar to (3.20) appear in [15] as the saddle points of the
effective action of the C;. The states have in general a rather complicated (two-instanton)
form, but in the low frequency limit 0 < v < | E| they can be written in the form (3.20),
in which the role of the "bare” states play

1
) ’ 5.6
¢1,2() V2r;cosh (x £ y/2) /ry Y
where y > yo(v) and
yo(v) = rilog 8| E| /v o7

(cf (3.11), (3.12), and (3.22)). As for the angle 0 of (3.20), it is defined by the relation
e ¥/m = =%/ in 20, that can be written as
6_y/rl

tanf = . 5.8
o e=v0/Tt 4+ \/e—2wo/ri — e=2y/mi (58)

Introduce I(y) = Iye™¥/", where Iy = 4|E|. Then formula (5.7) can be written as I(yo) =
v/2. These formulas has to be compared with (3.15), and (3.16). Furthermore, setting

5= \v2/4 - Ply) =\ Plyo) - P(y), (5.9)

(cf (3.27)), we can write (5.8) in the form, analogous to that of (3.21).

According to [15], the correlator C; has the following asymptotically exact form for
0<v<<|E|
e_y/rl

\/€—2y0/7‘l _ €—2y/rl

Cy(x:, E) = 2/(E) / da | pu(a)di(at o)a(@)ela + o)

Yy=>y0

which can be written as (4.16) because, in view of the above notations, we can write the

~1/2
. _ _ _ -1
expression e ¥/ (e 2yo/m _ =2/ ”) /

? in the last formula as v (1/2 - 4]~2(y))
Likewise, the asymptotically exact expression for the low frequency conductivity, ob-
tained in [15], coincides with our formula (3.28), and the correlator Cy has the form (4.19),
after the replacement Fr — 4Fr under the log sign. The correlator Cy was not considered
in [15], however it can be found by using the techniques, developed in the paper.
We note an important difference of these asymptotically exact results and our results.
Namely, the role of the resonant distance r(v) of (3.22) in the results of [15] plays the

expression (5.7), that differs from (3.22) by the factor 4 under the logarithm. A possible
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simple reason for this difference can be the fact that our estimate (3.16) for the amplitude
Iy of the overlap integral indicates only its order of magnitude, but not its precise value,
or, more generally, that the projection method is not precise enough.

5.3. Weak localization regime in one dimension.

The case of the Gaussian white noise (5.1) in one dimension has also been studied in the
weak localization regime of large positive energies

D < E (5.10)

(see the works [6, 1, 22, 12, 11]). The density of states in this case is the free one
po(E) = (2rE)~Y/2 and the localization radius is

4B

"= (5.11)

The rate of the exponential decay of wave functions is 1/r; with probability 1, as it was
in the strong localization regime (see (5.4)).

There are several techniques that can be used in this case [6, 1, 22, 12|, and yield the
low frequency conductivity and the correlators C'; and C5 in quadratures. It turns out that
these quantities have the qualitatively same spatial behavior as in the strong localization
regime, provided that 2EF (i.e., 21, according to (3.16)) in (3.31) is replaced (D/2Ef17/2). 3
Note that (D/ 2E11;/ )L coincides with the well known in the kinetic theory relaxation time
7 [11]. According to [8], the both quantities Iy and 7! have the same meaning: they give
the order of magnitude of difference of energies (spacing) of two localized states, whose
centers are separated by the distance of the order of the localization radius. Similarly, the
role of the resonant distance in the two-point correlators C 5 plays (cf (3.22) and (5.7))

7(v) = r;log8/vT. (5.12)

and the rate of the exponential decay of the two-point correlators C o near the origin
is 1/2r;. This rate is 4 times less than the rate 2/r; of these correlators in the strong
localization regime, found in Section 3 from the naive prediction, based on the spatial
behavior of the envelope of eigenfunctions with probability 1 (see (5.4)), and in [15]
from an asymptotically exact analysis of the respective correlators. This difference can be
related to the fact that eigenfunctions in the one dimensional case of the weak localization
regime are much more spread out than in the strong localization regime. Hence, their
behavior on almost all realizations can differ from the behavior of their moments, entering
exact formulas (3.2), (4.1), and (4.2).

We stress that basic properties of the strong localization regime and, in particular,
those, motivated assumptions and techniques of this paper, are different in several impor-
tant points from basic properties of the weak localization regime in dimension 1, where
the mechanism of localization is not trapping in deep and rare localization wells but the
enhanced backscattering due to the destructive interference between incident and reflected
waves from many defects. One of manifestations of this complex statistical structure of
wave functions in the weak localization is the value of the rate of the exponential decay of
the correlators (' 5, discussed above. Besides, according to [12], the characteristic length

3See, however, recent paper [10] that casts certain doubts on similarity of respective formulas in the
two regimes.
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scale of the correlators C 5 in the neighborhood of r(v) is /r(v)r, i.e., is much bigger
than the scale r; in the neighborhood of the origin, while, according to our formulas and
respective formulas of [15], in the strong localization regime this scale is r; both near r(v)
and the origin.

5.4. Instanton approach.

This is a version of the variational approach, proposed first by I. Lifshitz to compute the
density of states in the strong localization regime [21] (respective asymptotic formula are
known as the Lifshitz’s tails), and subsequently applied to compute other characteristics
of disordered systems (see e.g. [7]). The method was used to analyze the correlators Cf o
and the low frequency conductivity for the white noise random potential in the paper
[16], in which the reader can find references on earlier applications of the method. It is
based on the assumption that in the strong localization regime the two-point correlators
correspond to the two-well potential that minimizes the total probability distribution of
the random potential under the constraints that H(V )i, = Exb, k= 1,2 and that the
well centers of the "optimal” potential are a distance y = x; — x5 apart, just as in the DOS
computation it is assumed that the optimal potential is a well for which H(V)y = Evy
(see [22, 7]). Respective derivation is rather involved because of the existence of the two
energy scales and of collective modes, in particular those that correspond to the center of
mass (x; + x2)/2 of the optimal potential (it is an analogue of our parameter a in (4.12)
- (4.14)). As a result, it is shown in [16] that in the strong localization regime (called the
hydrodynamic regime in [16]) the correlator C; and the low frequency conductivity have
qualitatively the same form as that found in Sections 3 - 4.

We note also that the 1-dimensional results for the white noise potential of [15] can be
viewed as a justification of the instanton approach in the one-dimensional case, because
it was shown in this paper that the two-well potential of a special from is indeed a saddle
point of the respective functional integral.

5.5. Maryland model.

The most widely known signature of the localization is the exponential decay of localized
states at infinity. However, the initial derivation of the Mott formula (1.3) as well as
the above derivation are based not only on the exponential localization, reflected in the
exponential decay of "bare” states of the independent quantization in each localization
well, but also on the weak correlation between the spectra of independent quantization,
reflected in statistical independence of the localization wells in our effective potential
(2.1) and in appearance of the ”two-hump” states in our calculations of Sections 3, and
4. Relevance of this property becomes clearer if one recall the results, obtained for an
explicitly soluble model of an incommensurate system, known as the Maryland model
(14, 27, 29]. This is a multi-dimensional tight binding model with an arbitrary short-
range and translation invariant hopping and with the potential of the form

V(r) = gtanm(a -z +w), x € Z% (5.13)

where g > 0 is the coupling constant, « is a d-dimensional vector with incommensurate
components, and w € [0, 1) is a phase, that plays the role of a randomizing parameter. It
was found in the mentioned papers that if for some C' > 0 and § > d the vector « satisfies
the Diophantine condition

loa-x+m| > C/|z|’ (5.14)
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for any integer m and x # 0, then all the states of the model are exponentially localized
for any coupling constant, energy and the dimensionality d of the lattice Z¢. Since the
potential has arbitrary high peaks, the model can be viewed as an explicitly soluble model
of the strong localization regime. The spectrum of the model consists of the solutions of

the equation
N(Fi(w)) =a-t+w (mod 1), (5.15)

where ¢ is a lattice point, N(E) = f_EOO p(E"dE',

1 g

p(E) = W[rd (w(k) —E)2+92

dk,

is the Density of States, in which w(k) is the Fourier transform of the hopping coefficient,
and T is the d-dimensional torus.

It is easy to show that for each point ¢ of the d-dimensional lattice the equation has
a unique solution, that if £y, (w) = E,(w), then t; = t9, and that the set { Ey(w)}yega of
eigenvalues is dense for any w € [0,1).

The respective eigenfunctions v, t € Z? have the form

() = x(x =1, Ey(w)), (5.16)

where x(z, F') is a regular function of F, normalized to unity and decaying exponentially
in x:

Ix(z, E)| < Cel#l/m (5.17)

with some positive r;(EF). Formulas (5.15) - (5.17) seem fairly natural in the case of the
strongly incommensurate potential (5.13), where due to the absence of any symmetry the
only good quantum number to label levels and states is the position of the respective
localization well.

One can also say that the Mott’s notion of the localization centers is explicit here,
because, according to (5.15) and (5.16), for any lattice point ¢ there exist a unique eigen-
value E;, whose eigenfunction is exponentially localized in a neighborhood of ¢. Thus the
set of localization centers coincides with the whole lattice and the density of the localiza-
tion centers, whose states have energies in a neighborhood of a given E is the density of
states p(F). The last fact can be interpreted as the uniform distribution in space of the
localization centers, corresponding to energy E. This is in a qualitative agreement with
our assumptions of Section 2, in particular, with formula (2.18).

On the other hand, the low frequency conductivity and the correlators C; and Cy
for the potential (5.13) have a rather different structure, than in the case of random
potential, discussed in Sections 3 and 4. This can be seen from the form of the kernel
pe(x,y), following from (5.15) - (5.16):

pe(r,y) = Y 0(E = By(w))x(z — t, E(w)x(y — t, E/(w))- (5.18)

tcZd

Consider first the correlator Cy. Plugging (5.18) into (4.2), and recalling that the averaging
operation (...) here is the integration with respect to the parameter w € [0, 1) of (5.13), we
find first of all that the correlator C} is not a regular function. Rather, there exists a dense
set of special frequencies for which Cy has d-peaks. If, however, we are interested in the
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gross features of Cs, then we can apply a certain smoothing procedure, say v~! foy dY.
Then we obtain that there exists the length scale

1/8
) = ("), i) = crom), (5.19)
(here 3 and C' are defined in (5.14)), such that Cy(x;v, E) is of the order e 1®)/m if
lz| < ri(v), and Co(x;v, E) is p?(E) if |¢| >> ri(v), and the transition from the first
value to the second one is in the layer |x — ri(v)| « r;, where r; is defined in (5.17).
We see that the qualitative form of the correlator Cy for |z| >> 1 is similar to that in
the random case, however there is no peak at the origin and the length scale (5.19) is
polynomial in v (cf (3.22)). Besides, the length scale (5.19) has the different origin than
(3.22): it is not due to the tunneling for ”soft” resonant pairs, but due to the Diophantine
condition (5.14), which determines now the distance to the nearest localization well of an
almost same energy. At low frequencies r(v) is much bigger than the resonance tunneling
distance r(v) of (3.22). The last fact leads to the qualitative change of the form of the
correlator C;. Indeed, by using the same argument, we find that C; is of the order
e~ 2nW/m < 1 for all x. This and formula (4.4) imply that the low frequency conductivity
is of the similar order [27]

26 IZ0)

o(v, Bp) v exp{—(n(E)/v)YP}, v, = (5.20)

]
The striking difference between (5.20) and (1.3) can be related the absence of the long
range tunneling in the Maryland model. The spectrum of the model is too "rigid”, the
energy levels are too regularly distributed and small level spacing are too rare for the long-
range tunneling to happen. This illustrate the role of the resonance tunneling in genesis of
the Mott formula as well as the range of applicability of the approach of this paper, based
on the ansatz (2.1) and on the density expansion. Besides, we see that the low frequency
conductivity provides a physical distinction between the strong localization regimes of
a random short correlated and smoothly distributed potential, and of incommensurate
potential (5.13) (recall that the Density of States and Lyapunov exponent coincide for
the Maryland model and for the random model in which the potential is a collection of
independent identically distributed Cauchy random variables, and in which we expect
our approach to be applicable). Besides, recalling the structure of the localized states
for smooth incommensurate potentials of large amplitude in one dimension [30], e.g. the
potential g cos 2m(ax +w), g >> 1, one may expect that these potentials will be closer to
random potentials in the spatial behavior of two-point correlators and the low frequency
asymptotic of the conductivity.

Appendix

One-dimensional case with delta potentials

To support the usage of the projection method by which the bound states of the two-well
Hamiltonian in Section 3.2 were found, we will consider here the one-dimensional case
with two delta-wells. The respective Hamiltonian is:
d2
H® = ——— —2./g/6(x — x1) — 2,/gad (2 — 3), (A1)

dx?
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where g1 2 > 0. In this case each of two one-well Hamiltonians

—d—2 —2/G120(x — 12)
has the unique bound state
p1a(a) = gihe(Vaiar), ple)=e ", (A2)
corresponding to the energy
By = —gi2. (A.3)

Since the Hamiltonian H® is invariant under translation, we can replace z1 by 0, and
by y. It is easy to see that H® has the two bound states:

Ya(e) = [Vare©) ep (~VIE]lal) + vazv)esp (~VIEle vl | . (a9
where E%) are respective energies. They solve the equation:

(VIET = Vo) (VIE] = V5s) = Vg exp (2 Elly) (A.5)

Assuming the same accuracy as in Section 3.2 (|g1 — ga] < 912, |yl >> ¢1.2), we find
that the solutions E%) of (A.5) have the form (3.18) in which I(y) = 2ge™ V9! (cf (3.15) -
(3.16)), and the eigenfunctions (A.2) have the form (3.20) - (3.21) in which ¢, » are given
by (A.2).

Another way to act in this case is to plug directly the exact states and levels, given by
(A.4) - (A.5), into the expressions (3.9), (4.15) and (4.18) for the two well contributions
for the conductivity and the correlators C;, and C5. This leads to rather complicated
formulas which, however, have the same asymptotic behavior as our formulas (3.28),
(4.17), and (4.19) in the asymptotic regime 0 < v < |E].
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