Lifshits tails caused by anisotropic decay:
the emergence of a quantum-classical regime

Werner Kirsch and Simone Warzel

ABSTRACT. We investigate Lifshits-tail behaviour of the integrated density of states for
a wide class of Sclidinger operators with positive random potentials. The setting in-
cludes alloy-type and Poissonian random potentials. The considered (single-site) impu-
rity potentialsf : R% — [0, oo decay at infinity in an anisotropic way, for example,
f(x1,22) ~ (|z1]|®1 +|z2]|*2) " as|(z1, z2)| — oo. Asis expected from the isotropic
situation, there is a so-called quantum regime with Lifshits expodgéif both oy and

as are big enough, and there is a so-called classical regime with Lifshits exponent de-
pending ona and oz if both are small. In addition to this we find two new regimes
where the Lifshits exponent exhibits a mixture of quantum and classical behaviour. More-
over, the transition lines between these regimes depend in a nontrivial way and as
simultaneously.

Dedicated to the memory of G. A. Mezincescu ( 1943 — 2001 ).
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1. Introduction

The integrated density of statd5: R — [0, co[ is an important basic quantity in the
theory of disordered electronic systenk&rg9, CL90, Lan91, PF92, Sto01, LMWO03,
Ves03. Roughly speakingN(E) describes the number of energy levels below a given
energyE per unit volume (see (15) below for a precise definition). A characteristic fea-
ture of disordered systems is the behaviounohear band edges. It was first studied by
Lifshits [Lif63]. He gave convincing physical arguments that the polynomial decrease

log N(E) ~log (E — Ey)®  as E | Ey (1)

known as van-Hove singularity (se$87] for a rigorous proof) near a band edgig of

an ideal periodic system ihspace dimensions is replaced by an exponential decrease in a
disordered system. In his honour, this decrease is known as Lifshits singularity or Lifshits
tail and typically given by

log N(E) ~ loge™¢ (F=Eo)™" as F | FEy 2)

wheren > 0 is called the Lifshits exponent artd > 0 is some constant.

The first rigorous proofPV75] (see Nak77]) of Lifshits tails (in the sense that (2)
holds) concerns the bottof, of the energy spectrum of a continuum model involving a
Poissonian random potential

Vo(@) =) fl@ =&y, 3)

where¢,, ; € R¢ are Poisson distributed points afic R¢ — [0, oc[ is a non-negative
impurity potential. Donsker and Varadhad\[75] particularly showed that the Lifshits
exponent is universally given by= d/2 in case

0< f(z) < fo(l+]z))~® with somea > d + 2 and somefy > 0. 4)
It was PasturfPas77 who proved that the Lifshits exponent changegte d/(a — d) if

withsomed < ao < d + 2

fu@+]2))7 < f(2) < fo(1+ [z)7 and somef,,, fo > 0.

®)
This change from a universal Lifshits exponent to a non-universal one, which depends on
the decay exponent of f, may be heuristically explained in terms of a competition of
the kinetic and the potential energy of the underlying one-particled@ahger operator.
In the first caserf = d/2) the quantum mechanical kinetic energy has a crucial influence
on the (first order) asymptotics df. The Lifshits tail is then said to have quantum
character. In the other case it is said to hawdaasicalcharacter since then the (classical)
potential energy determines the asymptotics\of For details, see for exampledn91,
PF92, LWO4].

Analogous results have been obtained for other random potentials. For example, in
case of an alloy-type random potential

Va(@) = Y qu; [z —7) (6)
jezd

which is given in terms of independent identically distributed random varigblesnd an
impurity potentialf : R — [0, col, the Lifshits tails at the lowest band edgg have been
investigated byKM83a, KS86, Mez87. Similarly to the Poissonian case the authors of
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[KS86, Mez87 considerf as in (4) and (5) and detect a quantum and a classical regime
for which the Lifshits exponent equals

4 incasg4): d+2<a d dla
n= d . =1maxy§ 7, (7)
—4 incasg5): d<a<d+2 2'1-d/o

In fact they do not obtain the asymptotics (2) on a logarithmic scale but only double-
logarithmic asymptotics (confer (16) below). (See aStwpq for an alternative proof of

this double-logarithmic asymptotics in case of alloy-type and Poissonian random poten-
tials.)

Our main point is to generalise these results on the Lifshits exponent to impurity po-
tentialsf that decay in amnisotropicway at infinity (confer (8) below). In addition we are
able to handle a wide class of random potentials given in terms of random Borel measures
which include among further interesting examples both the case of alloy-type potentials
and Poisson potential. Thus teameproof works for these two most important cases.

In our opinion it is interesting to explore the transition between quantum and classical
Lifshits behaviour in such models from both a mathematical and a physical point of view.
The interesting cases are those for whfchecays fast enough in some directions to en-
sure a quantum character while it decays slowly in the other direction so that the expected
character there is the classical one. In the following we give a complete picture of the clas-
sical and the quantum regime of the integrated density of states as well as of the emerging
mixed quantum-classicalegime. We found it remarkable that the borderline between the
guantum and classical behaviour caused by the decgyrof certain direction is not de-
termined by the corresponding decay exponent of these directions alone, but depends also
in a nontrivial way on the decay in the other directions.

A second motivation for this paper came from investigations of the Lifshits tails in a
constant magnetic field in three space dimensivverp1, HKWO03, LW04]. In contrast to
the two-dimensional situatioBHKL95, Erd98, HLW99, HLWOO, Erd01, War01 ], the
magnetic field introduces an anisotropyR, such that it is quite natural to look fitvhich
are anisotropic as well. In fact, in the three-dimensional magnetic case a quantum-classical
regime has already been shown to occur for cerfairnth isotropic decay\\vVar01, LWO04].

The present paper will contribute to a better understanding of these results.

The results mentioned above as well as the results in this paper concern Lifshits tails
at the bottom of the spectrum. In accordance with Lifshits’ heuristics, the integrated den-
sity of states should behave in a similar way at other edges of the spectrum. Such internal
Lifshits tails were proven inNlez86, Sim87, Mez93, Klo99, KW02, Klo0R

Acknowledgement: We are grateful to Hajo Leschke for helpful remarks. This work was
partially supported by the DFG within the SFB TR 12.

2. Basic quantities and main result

2.1. Random potentials.We consider random potentials

VxR = (0,00, (w2) = Vo(x):= [ flz—y)p.(dy), ®)
Rd
which are given in terms of a random Borel measure 2 — M(R?), w ~ pu,,, and
an impurity potentialf : R¢ — [0, co[. We recall from Kal83, SKM87, DVJ8§] that a
random Borel measure is a measurable mapping from a probability §padeP) into the
set of Borel measures\(R?), B(M)), that is, the set of positive, locally-finite measures
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onR4. HereB(M) denotes the Boret-algebra ofM (IR9), that is, the smallest-algebra
rendering the mappings1(R?) > v — v(A) measurable for all bounded Borel sets
A € B(R).

The following assumptions om are supposed to be valid throughout the paper.

Assumption 2.1. The random Borel measuye: Q — M(R?), w — u, is defined
on some complete probability spage, .4, P). We suppose that:

(i) pisz?-stationary.

(i) there exists a partition dR? = Ujeza Aj into disjoint unit cubes\; = Ag + j
centred at the sites of the latti@ such that the random variablés(A ))j s are
stochastically independent for any finite collectibrc Z? of Borel sets\U) ¢ Aj.

(iii)  the intensity measurg : B(R¢) — [0, oo[, which is given by

A(A) = Blu(d)] ©)

in terms of the probabilistic expectatidif-] := [, (-) P(dw), is a Borel measure
which does not vanish identically # 0.

(iv) there is some constamt > 0 such thatlP {w € Q: u,(Ag) € [0,e]} > &* for
small enoughl > 0.

Remark 2.2. Assumption 2.1(i) implies that the intensity measpris Z?-periodic.
Assumption 2.1(iii) is thus equivalent to the existence of the first momdpt Ay)] < oo
of the random variablg(Ag) : w — u,(Ag). Moreover, we emphasis that the unit cubes
(A;) introduced in Assumption 2.1(ii) are neither open nor closed.

We recall from Kal83, SKM87, DVJ88§] that Z“-stationarity ofu. requires the group
(T}) jene of lattice translations, which is defined dvt (R?) by (T;v)(A) := v(A + j) for
all A € B(R%) and allj € Z¢, to be probability preserving in the sense that

P{T;M}="P{M} (10)

forall M € B(M) and allj € 7. Here we have introduced the notatiBn M} :=
P{w € Q : p, € M} for the induced probability measure ¢n1(R?), B(M)). To en-
sure the Z?-)ergodicity of the random potentidf, it is useful to know that under the
assumptions made abo\#;;) is a group of mixing (hence ergodic) transformations on the
probability spac§ M (R?), B(M), P).

Lemma 2.3. Assumption 2.1(i) and 2.1(ii) imply thatis mixing in the sense that

\‘l\im P{TjMﬂM’}:P{M}P{M’} (11)
J|—0o0
forall M, M’ € B(M).

PROOF See Appendix A. O

The considered impurity potentials : R¢ — [0,00[ comprise a large class of
functions with anisotropic decay. More precisely, we decompose the configuration space
R? = R% x --- x R% intom € N subspaces with dimensiods, . .., d,, € N. Ac-
cordingly, we will writez = (21, ...,2,,) € R% wherez,, € R% andk € {1,...,m}.
Denoting by|xzy| := max;e1,... 4.} |(zx):| the maximum norm ofR%*, our precise as-
sumptions ory are as follows.
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Assumption 2.4. The impurity potentialf : R? — [0, ool is positive, strictly positive
on some non-empty open set and satisfies:

(i) the Birman-Solomyak conditiof. ;. ( [, [f(z — j)|”dm)1/p < ocowithp =2
if d e {1,2,3} andp > d/2if d > 4.

(i) there exist constants, ..., a,, € [0,00] and0 < f,, fo < oo such that
fu / fO
e < | fly—2)dy,  f@) S = as (12)
Dok [Tl Ao D ke |k
forallz = (21,...,2,) € R? with large enough values of their maximum norm

2| = max{[z1],. .., [zm]}.

Remark 2.5. In order to simultaneously treat the casg = oo for some (or all)
k € {1,...,m}, we adopt the conventions|> := oo for |z;| > 0 and1/co := 0. An
example for such a situation is given fywith compact support in the,-direction.

2.2. Examples.The setting in Subsection 2.1 covers a huge class of random po-
tentials which are widely encountered in the literature on randomo8oiger operators
[Kir89, CL90, PF92, Sto0]. In this Subsection we list prominent examples, some of
which have already been (informally) introduced in the Introduction.

From the physical point of view, it natural to consider integer-valued random Borel
measures = Zj k;d.,, also known as point processd3J88]. Here eachk; is an
integer-valued random variable and the distinct po{atg indexing the atoms, equiva-
lently the Dirac measur& form a countable (random) set with at most finitely manyn
any bounded Borel set. In fact, interpretifig;) as the (random) positions of impurities in
a disordered solid justifies the name 'impurity potential’ fon (8).

Two examples of point processes satisfying Assumptions 2.1(i)—2.1(iii) are:

(P) the generalised Poisson measure= Zj d¢; with some non-zerd.?-periodic
Borel intensity measur@. The Poisson measure is uniquely characterised by
requiring that the random variablesA ("), ..., v(A(™) are stochastically inde-
pendent for any collection of disjoint Borel set§?), ... A(™ ¢ B(R?) and that
eachv(A) is distributed according to Poisson’s law

(7(A))"
k!

for any bounded\ € B(R?). The case/(A) = p|A| corresponds to the usual
Poisson proceswith parametep > 0.

PlweQ:u,(A) =k} =

exp [ — E(A)]7 k € Ny (13)

(D) thedisplacement measure= ZjEZd dj+d,. Here the random variablels € A,
are independent and identically distributed over the unit cube. Thedgase0
corresponds to the (non-randop®riodic point measure = Zjezd d;.

Any (generalised) Poisson measure (P) also satisfies Assumption 2.1(iv). It gives rise
to the (generalized) Poissonian random potential (3). Unfortunately, Assumption 2.1(iv)
is never satisfied for any displacement measure (D). However, a corresponding compound
point process = Zjezd q;0.,; Will satisfy Assumption 2.1(iv) under suitable conditions
on the random variableg;). In order to satisfy Assumption 2.1(iii), we take;);czaq
independent and identically distributed, positive random variablesOmthE[gg] < oo.
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Two examples of such compound point processes, for which Assumptions 2.1(i)—
2.1(iv) hold, are:

(P) thecompound (generalised) Poisson measute Zj qj0¢, with (£;) as in (P).

(D) thecompound displacement measure- Zjezd q;0;+4, With d; as in (D). As-
sumption 2.1(iv) require® {w € Q : g0 € [0,£[} > &~ for small enouglr > 0
and somex >.0. The casel; = 0 gives thealloy—type measure = ZjGZd q;6;
associated with the alloy-type random potential (6).

Remark 2.6. We note that in case (P’) there are no further requirementsgpn
Moreover, our results in Subsection 2.4 below also apply to alloy-type random poten-
tials (6) with bounded below random variablgs), not only positive ones. This follows
from the fact that one may add — Zjezd gmin f(z — j) to the periodic background
potentiall,,., (confer (14) and Assumption 2.7 below).

2.3. Random Scladinger operators and their integrated density of states.For
any of the above defined random potentiélsve study the corresponding random Sghr
dinger operator, which is informally given by the second order differential operator

HV,) = =-A+Uper + Vo, (14)

on the Hilbert spack?(IR?) of complex-valued, square-integrable functiond®sh Thereby
the periodic background potentiéll,., (acting in (14) as a multiplication operator) is re-
quired to satisfy the following

Assumption 2.7. The background potentid/,., : R — R is 7Z“-periodic and
Uper € LE . (R?) for somep > d.

loc

Assumptions 2.1 and 2.4 particularly impl€IlL90, Cor. V.3.4] thatV,, € L{’OC(]Rd)
for P-almost allw € Q with the same» as in Assumption 2.4(ii). Together with Assump-
tion 2.7 this ensurekM83b] that H (V) is essentially self-adjoint on the spat® (R<)
of complex-valued, arbitrarily often differentiable functions with compact suppotPfor
almost allw € Q. SinceV is Z<-ergodic (confer Lemma 2.3), the spectrumiofV,,)

coincides with a non-random set fralmost allw € Q2 [KM82, Thm. 1].

For anyd-dimensional open cuboitl ¢ R, the restriction of (14) t@2°(A) defines
a self-adjoint operataf P (V) on L?(A), which corresponds to taking Dirichlet boundary
conditions RS7§. It is bounded below and has purely discrete spectrum with eigenvalues
M (HP(V,) < M(HP (VL) < Xa(HP(V,) < ... ordered by magnitude and repeated
according to their multiplicity. Our main quantity of interest, the integrated density of
states, is then defined as the infinite-volume limit

. 1

N(E) = D oo {n €Ny : A, (HP(V)) < E} (15)
More precisely, thanks to thB?-ergodicity of the random potential there is a 8gte A
of full probability, P(Qy) = 1, and a non-random unbounded distribution functién
R — [0, 00[ such that (15) holds for alb € Q( and all continuity point&y € R of N.
The set of growth points aV coincides with the almost-sure spectrumifV,), confer
[Kir89, CL90, PF92].
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2.4. Lifshits tails. The main result of the present paper generalises the result (7) of
[KS86, Mez871 on the Lifshits exponent for alloy-type random potentials with isotrop-
ically decaying impurity potentiaf to the case of anisotropic decay and more general
random potentials (8). We note that isotropic decay corresponds to takiagl in As-
sumption 2.4 or, what is the same;= oy, forall k € {1,...,m}.

Theorem 2.8. Let H(V,,) be arandom Sclirdinger operator (14) with random poten-
tial (8) satisfying Assumptions 2.1 and 2.4, and a periodic background potential satisfying
Assumption 2.7. Then its integrated density of statedrops down to zero exponentially
near E, := inf specH (0) with Lifshits exponent given by

_log|log N(E)| dr
= lim 8108 _ Sk 16
7 5B, [log(E — Eo)| ;max 21—~/ (16)

wherevy, = dj /oy, and-y := Z:l=1 V-

Remarks 2.9. () As a by-product, it turns out that the infimum of the almost-
sure spectrum off (V,,) coincides with that of (0) = —A + Upe,.
(i) Thanks to the conventioh = dj /oo (= %), Theorem 2.8 remains valid if, =
oo for some (or all)k € {1,...,m}, confer Remark 2.5.

(i)  Assumption 2.7 on the local singularitiesGf., is slightly more restrictive than
the one in KS86, Mez81. It is tailored to ensure certain regularity properties of the
ground-state eigenfunction &f (0). As can be inferred from Subsection 3.1 below, we
may relax Assumption 2.7 and require oply> d/2 (as in KS86, Mez87) in the interior
of the unit cube and thus allow for Coulomb singularities there.

(iv) Even in the isotropic situatiom = 1 Assumption 2.4 covers slightly more im-
purity potentials than in{S86, Mez81, since we allowf to have zeros at arbitrary large
distance from the origin.

(v) An inspection of the proof below shows that we prove a slightly better estimate
than the double logarithmic asymptotics given in (16). In particular, if the meaguhas
an atom at zero, more exactlylif{w €  : ., (Ag) = 0} > 0, then we actually prove

—C (E — Ey)" <log N(E) < —C" (E — Ejp)" 17)

for small £ — Ey. This is not quite the logarithmic behaviour (2) &f since the con-
stantsC > 0 andC’ > 0 do not agree. Note that, has an atom at zero for the any
generalized Poisson measure (P) as well as for a compound displacement measure (D’) if
P{w e N:q,olw)=0}>0.

For an illustration and interpretation of Theorem 2.8 we consider the special case
m = 2. The right-hand side of (16) then suggests to distinguish the following three cases:

. d d
Quantum regime: S5 N gpg B> 2 (qm)
2 11— 2 11—
. . d d
Quantum-classical regime: 2> N gnd 22 (gm/cl)
2 T 1—+v 2 T 1-—
dy Y1 ds Y2
or: — and — > cl/gm
2<1—'y 2 71—y (cl/gm)
. . dy ! d Yo
Classical regime: — < and — < (ch)

2 1—7v 2 1—7v
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In comparison to the result (7) fon = 1 the main finding of this paper is the
emergence of a regime corresponding to mixed quantum and classical character of the
Lifshits tail. A remarkable fact about the Lifshits exponent (16) is that the directions
k € {1,2} related to the anisotropy do not show up separately as one might expect
naively. In particular, the transition from a quantum to a classical regime forthe
direction does not occur iy /2 = /(1 — i), but rather ifd; /2 = ~, /(1 — 7). This
intriguing intertwining of directions through may be interpreted in terms of the marginal
impurity potentialsf(*) and f(2) defined in (24) and (25) below. In fact, when writing
Y2/(1 =) = da/ (az(1 — 1) — do) and identifyingas (1 — 1) as the decay exponent
of 2 by Lemma 3.4 below, it is clear that?) serves as an effective potential for the
x,-direction as far as the quantum-classical transition is concerned. In angibgserves
as the effective potential for the, -direction. Heuristic arguments for the importance of
the marginal potentials in the presence of an anisotropy can be foubd/v]).

3. Basic inequalities and auxiliary results

In order to keep our notation as transparent as possible, we will additionally suppose

that
Ey=0 and m=2 (18)

throughout the subsequent proof of Theorem 2.8. In fact, the first assumption can always
be achieved by adding a constant4d0).

The strategy of the proof is roughly the same askiB§6, Mez871, which in turn is
based onkM83a, Sim85]. We use bounds on the integrated density of statesd sub-
sequently employ the Rayleigh-Ritz principle and Temple’s inequaR§1g to estimate
the occurring ground-state energies from above and below. The basic idea to construct
the bounds onV is to partition the configuration spad® into congruent domains and
employ some bracketing technique fHr(V,,). The most straightforward of these tech-
niques is Dirichlet or Neumann bracketing. However, to apply Temple’s inequality to the
arising Neumann ground-state energy, the author&88p] required thatl/,., is reflec-
tion invariant. To get rid of this additional assumption, Mezince$¢eZ87] suggested an
alternative upper bound aN which is based on a bracketing technique corresponding to
certain Robin (mixed) boundary conditions. In his honour, we will refer to these particular
Robin boundary conditions as Mezincescu boundary conditions.

3.1. Mezincescu boundary conditions and basic inequalitiesAssumption 2.7 on
Uper implies [Sim82 Thm. C.2.4] that there is a continuously differentiable representative
¥ : RY —10, oo of the strictly positive ground-state eigenfunctiont6f0) = —A+Uper,
which isL2-normalised on the unit cuby,

Y(z)?de = 1. (19)
Ao
The functiony is Z%-periodic, bounded from below by a strictly positive constant and
obeysH (0)y) = Eyyp = 0.

Subsequently, we denote Byc R¢ a d-dimensional, open cuboid which is compat-
ible with the latticeZ<, that is, we suppose that it coincides with the interior of the union
of Z-translates of the closed unit cube. On the boundarpf A we definey : 9A — R
as the negative of the outer normal derivativéogfi),

1
x(z) = 7] (n-V)¢(x), xe€dA. (20)
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Sincey € L*°(0A) is bounded, the sesquilinear form
(e [ Vo) Velo)do+ [ x@a@ea@dn, @)
A 220N

with domainey, w2 € WH2(A) := {p € L*(A) : V p € L*(A) forall j € {1,...,d}},

is symmetric, closed and lower bounded, and thus uniquely defines a self-adjoint operator
—AX =: HX(0) — Uper on L2(A). In fact, the conditiony € L>°(9A) guarantees that
boundary term in (21) is form-bounded with bound zero relative to the first term, which is
just the quadratic form corresponding to the (negative) Neumann Laplacian. Consequently
[RS78 Thm. XII1.68], both the Robin Laplaciar A as well asH} (V,,) := —AX +

Uper + Vi, defined as a form sum div1-2(A) C L?(A), have compact resolvents. Since
HX(V,,) generates a positivity preserving semigroup, its ground-state is simple and comes
with a strictly positive eigenfunctiorS78 Thm. XII1.43].

Remarks 3.1. (i) Inthe boundary term in (21) we took the liberty to denote the
trace ofp; € W12(A) on 9A again byyp;.

(i) Partial integration shows that the quadratic form (21) corresponds to imposing
Robin boundary conditionén - V + x) ¢¥|sa = 0 on functionsi) in the domain of the
Laplacian onl.?(A). Obviously, Neumann boundary conditions correspond to the special
casey = 0. With the present choice (20) afthey arise ifUp., = 0 such that) = 1 or,
more generally, i/, is reflection invariant (as was supposedi$Ba]).

(i) Denoting by\o(H} (VL)) < M (HX (VL)) < A2(HX (VL)) < ... the eigenvalues
of HX(V,,), the eigenvalue-counting function

N (E;HY (V) == #{n e Ny : A\, (HX(V,)) < E} (22)
is well-defined for allv € 2 and all energiesy € R. If U, is bounded from below, it
follows from [Min02, Thm. 1.3] and (15) thal (E) = limjx|_o|A| ' N(E; HY (VL,)).
We also refer to in02] for proofs of some of the above-mentioned properties of the
Robin Laplacian.

One important point about the Mezincescu boundary conditions (20) is that the restric-
tion of 4 to A continues to be the ground-state eigenfunctiortgf(0) with eigenvalue
Xo(H)(0)) = Ey = 0. This follows from the fact thap satisfies the eigenvalue equation,
the boundary conditions and thatis strictly positive.

Our proof of Theorem 2.8 is based on the following sandwiching bound on the inte-
grated density of states.

Proposition 3.2. Let A ¢ R¢ be ad-dimensional open cuboid, which is compatible
with the latticeZ. Then the integrated density of staf§beys

A IP{w QX (HP(V) < E} < N(E)
< |AI7IN (B; HY(0)) ]P{w €0 N\ (HX(V)) < E} (23)

for all energiest’ € R.

ProOOF Forthe lower bound ofV, see KM83a, Eqg. (4) and (21)] orkS86, Eq. (2)].
The upper bound follows fromMez87, Eq. (29)]. O

Remark 3.3. Since the bracketingjez87, Prop. 1] [CL90, Probl. 1.7.19] applies to
Robin boundary conditions with more general rgat L>°(0A) than the one defined in
(20), the same is true for the upper bound in (23).
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3.2. Elementary facts about marginal impurity potentials. Key quantities in our
proof of Theorem 2.8 are the marginal impurity potentigls : R% — [0, co[ andf? :
R% — [0, 0ol for the z;- andx,-direction, respectively. For the givehe L' (R?) they
are defined as follows

f(l)(xl) = fmdz f(x1, z2) dzs. (24)
fx2) = [ra f(21,22) day (25)

The aim of this Subsection is to collect propertiest&¥. Sincef(!) results fromf () by
exchanging the role aof; andzx,, analogous properties apply f6!).

Lemma 3.4. Assumption 2.4 withh = 2 implies that there exist two constaitsc f7,
f2 < oo such that

h

_h @) (y _ ) f2
‘;1;2|0¢2(1—’Y1) = | f (yQ 'rQ)dy% f ($2)<

pal<1 = |$2|a2(1—"/1)

(26)

for large enoughzz| > 0.

PrRoOOFE The lemma follows by elementary integration. In doing so, one may replace
the maximum nornj - | by the equivalent Euclideat¥norm in both (12) and (26). O

Lemma 3.5. Assumption 2.4 withn = 2 implies that there exists some constant
0 < f3 < oo such that

/ \ fL(Q)(wz)dl’z < fy L7207 (27)
To|>

for sufficiently largel > 0.

PROOF BylLemma 3.4we havflmﬂ @ (22) dza < fo f|x2|>L | 2o ~@2(=71) day
for sufficiently largeL. > 0. The assertion follows by elementary integration and the fact
thatae (1 — v1) — da = as(l — 7). O

Remark 3.6. One consequence of Lemma 3.5, which will be useful below, is the
following inequality

as(1—
sup / P (22 — yo)dza < f5 (2/LP) = (28)
ly2|<L/2 J|2a|> LA
valid for all 5 > 1 and sufficiently largd. > 1. Itis obtained by observing that the integral
in (28) equals
/ F@ () day < / @ (25) dzs. (29)
|zo+j2|>LP |z2|>LA /2

Here the last inequality results from the triangle inequality+ y2| < |z2| + |y2| and the
fact that|y,|L/2 < L7 /2.

4. Upper bound

For an asymptotic evaluation of the upper bound in Proposition 3.2 for small ener-
gies E we distinguish the three regimes defined below Theorem 2.8: quantum, quantum-
classical and classical.
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4.1. Regularisation of random Borel measure.In all of the above mentioned cases
it will be necessary to regularise the given random Borel meashyantroducing a cut off.
For this purpose we define a regularised random Borel meastre Q x B(R%) — [0, oo|

with parameterh > 0 by u&h)(A) = Zjezd ,ufuh) (A N Aj) where

po (AN A) po(Ag) <R
M (ANA;) = : 30
! ( i) p Mol T1R) (ANA) otherwise (30)
fis (M)

forall A € B(R?) and allw € Q.

Remark 4.1. Sincep” () = 0 and u&h)(Un Ay = > (A™) for any
collection of disjointA(™ ¢ B(R?), each realizatiom&h) is indeed a measure on the

Borel setsB(IR%). It is locally finite and hence a Borel measure, bec;-u,iﬁé(Aj) < hfor
all j € Z% and allw € Q.

For future reference we collect some propertieg éf.

Lemma 4.2. Leth > 0. Then the following three assertions hold true:

() pd(A) < min{p,(A),h #{j €z : AnA; #0}} forall A € B(R?) and
allw e Q.

(i) the intensity measurg™ : B(R?) — [0, oo[ given by (A) := E[u™ (A)] is
a Borel measure which i&?-periodic and obeys™ (Ag) > 0.

(i) the random variablegy") (A;)) are independent and identically distributed.

jezd
PROOFE The first part of the first assertion is immediate. The other part follows from

the monotonicityu,, (A N A;) < uw(A;) < hforall A € B(RY), j € Z? and allw € Q.

The claimedZ?-periodicity of the intensity measure is traced back toZHestationarity

of . The inequality in the second assertion holds, singéA,) is not identical zero

for P-almost allw € Q (confer Assumption 2.1). The third assertion follows from the

corresponding property of (confer Assumption 2.1). O

4.2. Quantum regime. Throughout this subsection we suppose that) holds. As-
sumption 2.4 on the impurity potential requires the existence of some corfstan® and
some Borel sef” € B(R) with | F'| > 0 such that

= fuxr. (31)

Without loss of generality, we will additionally suppose tiiatc A,. We start by con-
structing a lower bound on the lowest Mezincescu eigenvaluéi\ (V,,)) showing up in
the right-hand side of (23) when choosing the interior of the closure

A= 4 " (32)

l71<L

of unit cubes, which are at most at a distarice- 1 from the origin. By construction, the
cubeA is open and compatible with the lattice.
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4.2.1. Lower bound on the lowest Mezincescu eigenvakrem Lemma 4.2(i) and
(31) we conclude that the potentid], 5, : R? — [0, oo given by

Veal@) = | (o =)l ) = £, 1)z = F) (33

in terms of the regularised Borel measmlfé), provides a lower bound oW, for every
h > 0 andw € (). The fact that the pointwise differenee— F' is contained in a cube,
which consists of (at mos8f unit cubes, together with Lemma 4.2(i) implies the estimate

Von(z) < 3%fuh (34)

forallw € Q and allz € R?. Takingh small enough thus ensures that the maximum of the
potentialV,, ;, is smaller than the energy difference of the lowest and the first eigenvalue
of Hy(0). This enables one to make use of Temple’s inequality to obtain a lower bound on
the lowest Mezincescu eigenvalue in the quantum regime.

Proposition 4.3. Let A denote the open cube (32). Moreover,Aet= (rOL)’2 with
ro > 0. Then the lowest eigenvalue Bf (V, , ) is bounded from below according to

wh

Xo(HX(V,, ) > 2|A|/ 2 dx (35)

forall w € Q, all L > 1 and large enoughy > 0. [Recall the definition of) at the
beginning of Subsection 3]}1.

PROOF By constructionyy, := |A|~*/2¢) € L?(A) is the normalised ground-state
eigenfunction of Y (0) which satisfiesH (0)y, = 0. Choosing this function as the
variational function in Temple’s inequalityRiS78 Thm. XII1.5] yields the lower bound

(Voo L, Vo ¥r)
AL (HA(0) = (¥r, V, , ¥r)
provided the denominator in (36) is strictly positive. To check this we note War87,
Prop. 4] implies that there is some constant> 0 such that
M (HY(0)) = X (HX(0)) — Ao (HY(0)) > 2¢oL™2 (37)

for all L > 1. Moreover, we estimatéyy,,V,, , ¥r) < 3%f,h < coL~? for large
enoughry > 0. To bound the numerator in (50) from above, we use the inequality

(Von ¥, Vo) < (Yo, V, ,¥r) 3% fuh < (Y1, V,, , ¥r) co/(2L?) valid for large
enoughry > 0. g

o (HX(Vyp) = (0L, Vi, p L) — (36)

We proceed by constructing a lower bound on the right-hand side of (36). For this
purpose we define the cube

U 4 (38)
ljl<L-1
which is contained in the cubdefined in (32). In fact it is one layer of unit cubes smaller
thanA.

Lemma 4.4. There exists a constafit< c¢; < oo (which is independent of, L and
h) such that

|71\|/AV”*’1(96W($)2 dz > CIII\N}IL #{j eZiNA : pu(Ay) > h} (39)

forallwe Q,all L >1andallh > 0.
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PrROOF Pulling out the strictly positive infimum of? and using itsZ¢-periodicity,
we estimate

J Vota) o) i

Y

IS
Jnf 9(2)° ful Pl () (40)

by omitting positive terms and using Fubini’'s theorem together with the facfthatA,.
The proof is completed with the help of the inequality

u&h)(j\) = Z min{h, ,uw(Aj)} >h #{j eZiNA : pw(Aj) > h} (41)
JETINA

and|A| < 3¢|A| valid for all L > 1. 0

inf (2)? f. /]R IAN(F +y)| p (dy)

Y

4.2.2. Proof of Theorem 2.8 —first part: quantum regim#fe fix ro > 0 large enough
to ensure the validity of (35) in Proposition 4.3. For a given endigy 0 we then pick

o 1/2
L:= (47‘(2)E) (42)

where the constant; has been fixed in Lemma 4.4. Finally, we choose the culfimm
(32) and set. := (roL) 2. Proposition 4.3 and (39) yield the estimate

IP{w €0 N\ (HX(V)) < E}

) . dnaR . , 2E &
§IP{wEQ : #{jEZ NA : uw(A])Zh}< clh|A|}

:IP{wEQ:#{jGZdOJN\:Mw(Aj)<h}>|A2|}. (43)

Here the last equality uses the fact that= 4E/c;. In casen(A;) > h, that is, for suf-
ficiently small E, the right-hand side is the probability of a large deviation evB&@d8].
Consequently (confei[S86, Prop. 4]), there exists a constén ¢, < oo, such that (43)
is estimated from above by

exp {702|1~\|] < exp [702nuLd] = exp {703E*d/2] (44)

Here the inequality follows from the estimdt/ﬁ > n, L? for some constant,, > 0 and

all L > 2. The existence of a constarf > 0 ensuring the validity of the last equality
follows from (42). Inserting this estimate in the right-hand side of (23) completes the first
part of the proof of Theorem 2.8 for the quantum-classical regime, since the pre-factor in
the upper bound in Proposition 3.2 is negligible. |

4.3. Quantum-classical regime.Without loss of generality we suppose tlfam/cl)
holds throughout this subsection, thatlig2 > v, /(1 — v) anddz/2 < v2/(1 — 7). We
start by constructing a lower bound on the lowest Mezincescu eigen¥al(&\ (V.,))
showing up in the right-hand side of (23) when choosing

——int
A= U A(jl,O) (45)

l711<L

a cuboid with somd. > 1. By construction it is open and compatible with the lattice.
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4.3.1. Lower bound on the lowest Mezincescu eigenvakrem Lemma 4.2(i) we
conclude that for every® > 0 andw € 2 the potential/,, p, : R? — [0, o[ given by

V, p(x) = ‘ “>fR(xfy) pu (dy) (46)

in terms of the regularised Borel measwfé), provides a lower bound oWi,,. Therefore
Ao (HX (V) = Xo(HA(V,, g))- It will be useful to collect some facts related, ».

Lemma 4.5. Let R > 1 and definéd/, : R? — [0, co[ by

Ve(z):= > sup flz—y). (47)
j1€Zd1 YEA;
lj2|>R—1

Then the following three assertions hold true:
() V, g <Vgforeveryw € Q.

w

(i) Vg is Z -periodic with respect to translations in the-direction.

(iii)  there exists some constant- 0 such thatup, ., Vz(z) < ¢ R~2(1=7) for large

enoughR > 1.
PROOF The first assertion follows from the inequalities
Vor@< Y [ -yl (48)
€74 A
[j2[>R-1

anduf})(Aj) < 1valid for allw € Q. The second assertion holds true by definition. The
third assertion derives from (12) and is the “summation” analogue of Lemma 3.5.0J

The cut-off R guarantees that the potentig| , does not exceed a certain value. In
particular, takingR large enough ensures that this value is smaller than the energy differ-
ence of the lowest and the first eigenvaluefdf (0). This enables one to make use of
Temple’s inequality to obtain a lower bound on the lowest Mezincescu eigenvalue in the
guantum-classical regime.

Proposition 4.6. Let A denote the cuboid (45). Moreover, 1Bt:= (roL)*/*2=7)
with o > 0. Then the lowest eigenvalue &f (V,, ;) is bounded from below according to

Mo(HX(V, ) > ﬁ /A V, nl(@) () do (49)

forall w € Q, all L > 1 and large enoughy > 0. [Recall the definition of) at the
beginning of Subsection 3]1.

PrROOFE The proof parallels the one of Proposition 4.6. By constructign :=
|A|=Y/24 € L?(A) is the normalised ground-state eigenfunctiorfigf(0) which satisfies
HX(0)yr, = 0. Choosing this function as the variational function in Temple’s inequality
[RS78 Thm. XII1.5] yields the lower bound

V. p .V,
No(HY (Vo)) 2 (¥ Vi por) = 5 : Vom0, Vo g L) (50)

1(HA(0) = (¥, V, L)
provided the denominator in (50) is strictly positive. To check this we note that a simple
extension of Mez87, Prop. 4] from cubes to cuboids implies that there is some constant
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co > 0 such that\; (HX(0)) = A (HX(0)) — Mo (HX(0)) > 2¢oL~2 for all L > 1.
Moreover, using Lemma 4.5 and the definitionfofve estimate

Vo, Vo rt¥r) < (Yr, Vptr) = /A V(@) ¥(@)?de < ¢ (roL) " < L2 (51)

for large enoughy > 0. To bound the numerator in (50) from above, we use the in-

equality (V,, p ¥, V, p¥r) < (¥1,V,, p 1) sup,ep Vp(z). Lemma 4.5 ensures that
SUP,cp VR( r) = sup,¢,, Vz(7) and thus yields the bound

(Vor 1,V ¥e) < (Yo Vo gibr) e (rol) ” < (o, Vo pvn) FL72 (52)
for large enoughy > 0. O

We proceed by constructing a lower bound on the right-hand side of (49). For this
purpose we set

A= U A (53)
[71I<L/8
R<|j2|<2R

a union of disjoint cuboids.

Lemma 4.7. There exist two constans< cz, cs < oo (wWhich are independent af,
L and R) such that

Co _ _
/AVW’R(:E) ¢($)2 dx 2 W /,L(Sjl) (A) — C3 |A| L a1(1-7) (54)
forall w € Q and large enougll > 1 andR > 1.

Remark 4.8. An important consequence of this lemma reads as follows. There exists
some constant,, > 0 such that the number of lattice pointsKris estimated from below
by |A| > n,|A|R% forall L > 1 andR > 1 and some constant, > 0. Therefore
IAl/(|A|R2(=1)) > p, /R*2(1=7) ChoosingR = (roL)**2(1=7) as in Proposition
4.6, we thus arrive at the lower bound

1 comn, 1 o
W/AVW,R(a:)wx)zdxz(;T)Q m Z uld (Ay) —eg L7 = (55)
JEZINA

valid for all ro > 0 and large enough > 1.

PROOF OFLEMMA 4.7. Pulling out the strictly positive infimum af? and using its
Z%-periodicity, we estimate

[ Von@a@rde = int 0GP [ Vo) do

inf 0? [ ([ se-nar)ulda oo

by omitting positive terms and using Fubini’'s theorem. The inner integral in the last line
is estimated from below with the help of Lemma 3.4 in terms of the marginal impurity
potential f(2) (recall definition (25)) according to

/Af<x—y>dx = [ Vepydn- Y [ fa-ypd

2| <5 k1| >L 7 Ak1.0)

fi
= @GRt Dm0 Z/A 2+ (k1,0) —y) dz (57)

|k1|>L

v

Y
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for all |y2| < 2R + 1 and large enougR > 0. The first term on the right-hand side yields
the first term on the right-hand side of (54). To estimate the remainder we decompgse the
integration of the second term in (57) with respecpﬂf and use the fact thad;(,,l)(Aj) <

1. This yields an estimate of the form

/N</ g(w—y)dw>u£1)(dy) < Sup/ x—y—j)
A Ao JEZdﬂ/N\ yEAg Ao
< Z glx —7)
i1 <Ly2 Ao
szZ 2
= 3 ) / g (w1 — 1) dwy  (58)
ljl<L/a” |72l<1/2

valid for all g € L!(R?). Here the second inequality holds for eveiy> 8 (so that

L/4 — L/8 > 1) and follows from enlargening thg-summation and the fact that the
pointwise difference\y — A is contained in the cube centred at the origin and consisting
of 3¢ unit cubes. The last equality uses the definition (24) for a marginal impurity potential.
Substitutingg(z) = f(x + (k1,0)) in the above chain of inequalities, performing the
summation and enlargening the-integration thus yields

34 Z / fO(z1—j1)dzy < 3%mg|A]  sup / FO (21— 1) dzy (59)
\ |

lj1]|<L/4 z1|>L/2 |j1|<SL/4J|z1|>L/2

as an upper bound for the remainder forial> 8. Here the inequality follows from the
estimatef#{|j1] < L/2} < ng|A|for someny < oo and allL > 1. The proofis completed
by employing a result fof (') analogous to (28). O

4.3.2. Proof of Theorem 2.8 — first part: quantum-classical regiriée fix rq >
1/(2m™M (Ap)) large enough to ensure the validity of (49) in Proposition 4.6. For a given

energyE > 0 we then pick
1/2
C2 Ty,
L= 60
(2T0E) (60)

where the constants, andn, have been fixed in Lemma 4.7 and Remark 4.8. Finally,
we choose the cuboidl from (45) and seR := (roL)?/*2(1=7), Proposition 4.6 and (55)
then yield the estimate

]P{w € A (HX(V.)) < E}

2
< IP{(U e : % Z IU/c(ul) (A]) < (Zoi) (2E+ C2L—a1(1—’y)) }
| |jezde 2
§IP{weQ: 3 ”‘E’)<A><f} (61)
| |jedeA 0

providedE > 0 is small enough, equivalently is large enough. Here the last inequality
results from (60) and from the first inequality {gm/cl), which implies thatczrg L? <
cany, L (1=7) for large enoughl, > 0. Since2/r, < 1" (Aq) by assumption omy,
the right-hand side of (61) is the probability of a large-deviation evBoir96, DZ98].
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Consequently, there exists some constgnt> 0 (which is independent of) such that
(61) is estimated from above by

exp |: —C4 |K|:| < exp |:*c4 Ny Ldl (T()L)Q’YQ/(I_'Y)}
= exp {_65 E—d1/2_72/(1_ﬂ/)} . )

Here the existence of a constagt> 0 ensuring the validity of the last equality follows
from (60). Inserting this estimate in the right-hand side of (23) completes the first part
of the proof of Theorem 2.8 for the quantum-classical regime, since the pre-factor in the
upper bound in Proposition 3.2 is negligible. O

4.4. Classical regime.Throughout this Subsection we suppose (bBtholds. For an
asymptotic evaluation of the upper bound in Proposition 3.2 in the present case, we define
2 2
Pu= dp 1 =7  ap(1—7)
and construct a lower bound on the lowest Mezincescu eigen»(a(wéiﬂnt (Vw)) showing
) 0
up in the right-hand side of (23) when choosifig= A" the open unit cube there.
4.4.1. Lower bound on the lowest Mezincescu eigenvaka. everyL > 1 andw €
Q the potential/, ;, : R¢ — [0, oo[ given by

Vonl@) i= [, 1oy Fo =) i) (64

ly2|>L72

» ke{l,2} (63)

in terms of the regularised Borel measwfé), provides a lower bound ovi,. Therefore
Ao (HYine (Vi) = Mo (H e (Vi) It will be useful to collect some facts relateditg, ;..
0 0

Lemma 4.9. Let L > 1 and defind/, : R? — [0, o[ by
Vi(x):= > sup flz—y). (65)

af> Lo -1 Y

lj2|>L%2 -1
Then we havéd/, ;, < V7, for everyw € €. Moreover, the supremusup,. ., Vi () is
arbitrarily small for large enough. > 1.

PrROOFE The first assertion follows analogously as in Lemma 4.5. The second one
derives from the second inequality in (12). O

Remark 4.10. It is actually not difficult to prove that there exists some condiiafit
C < oo (which is independent af) such thatup,, ., VL(z) < C L2 for large enough
L>0.

The next proposition contains the key estimate on the lowest Mezincescu eigenvalue
in the classical regime. In contrast to the quantum-classical regime, the specific choice of
the cut-off made in (64) is irrelevant as far as the applicability of Temple’s inequality in
the subsequent Proposition is concerned. The chosen length E€alasd L7 will rather
become important later on.

Proposition 4.11. Let Al be the open unit cube. Then the lowest eigenvalue of
(Vis,z) is bounded from below according to

1

YoMy Vo)) 2 5 [ Vi@ 90 da (©9)

HX

int
AO



18 WERNER KIRSCH AND SIMONE WARZEL

for all w € Q and large enough. > 1. [Recall the definition of) at the beginning of
Subsection 3.1.

PrRoOF The proof again parallels that of Proposition 4.3. In a slight abuse of notation,
let ) denote the restriction af to Al throughout this proof. Temple’s inequalitR$78
Thm. XII1.5] together with the fact th (0)y) = 0 yields the lower bound

(Voo,L ¥, Vi L))
M (H oo (0)) = (&, VoL %)
provided that the denominator is strictly positive. To check this we employ Lemma 4.9
and takeL > 1 large enough such thdt),V,, 1 ¢) < A Amt( ))/2. (Note that
/\1( Aipe (O)) is independent of..) To estimate the numerator in (67) from above, we
use the boundV,, . ¥, Vi, L ¥) < (¥, Vi, ) sup,ea, Vi(z). Together with Lemma 4.9
this yields(V,, 1 ¥, Vo L ¥) < (¢, V.1 w>>\1( A,m( ))/4 for large enoughl. > 1. O

Alnt

(67)

Ao (HAmt ( )) <1/1, w,L ¢>

Remark 4.12. The simple lower boundo (H Y. (Vi,,z)) > infzen, Vi, (), which

was employed inKS86], would yield a result similar to (72) below, but at the price of
assuming that the lower bound in (12) holds pointwise.

We proceed by constructing a lower bound on the right-hand side of (66). For this
purpose we set

A= U A, (68)
2LP1 <5y |<4LP
2LP2 <|jp|<4LP2

an annulus-shaped region.

Lemma 4.13. There exists a constang > 0 (which is independent af and L) such
that

(1)
/A Vo) b@P e 2 gy 1 () (69)
for large enoughl. > 0.

PrROOF. Pulling out the strictly positive infimum of2, using Fubini’s theorem and
omitting a positive term, we estimate

[ s ver e it v [ ([ e-nis) i@ 0o

zEAo

Assumption 2.4 implies that the estimafig f(z — y) dz > fu/[(BLPY)™ + (3LP2)2]

holds for ally € A and large enouglh, > 1. This completes the proof, sineg,5, =
2/(1 —~) for bothk € {1, 2}. O

Remark 4.14. There exists some constamj > 0 such that the number of lattice
points inA can be bounded from below accordingAd > n, L% & +8242 = p, 127/(1=7)
forall L > 1. Lemma 4.13 thus implies the inequality

/ Vo,r(2) ¢($)2 dr > ——
Ao

for large enoughl. > 1.

06 TL“

A7 i) (A) (71)
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4.4.2. Proof of Theorem 2.8 — first part: classical regimor a given energys > 0

we let L := (cgny, ﬁ<1>(A0)/4E)1/2, where the constani; andn, have been fixed in
Lemma 4.13 and Remark 4.14. Proposition 4.11 and Equation (71) then yield the estimate

PiweQ: A (VL)) <El<Plwe: = (D (A, <2EL2}
foen o0 (00) <5} <w{ T ) <3

(72)
providedE > 0 is small enough, equivalently is large enough. Sinc2EL?/cen, =

E|[p (1)(A0)] /2 and the random variables are independent and identically distributed, the
last probability is that of a large deviation evebtfr96, DZ98]. Consequently, there exists
somec; > 0 such that the right-hand side of (72) is bounded from above by

exp [— cr |K@ < exp [— C7nuL27/(1_"’)}

= exp [— C7My, (%nu ﬁ(l)(Ao)/4E) ) } (73)

Since the pre-factor in the upper bound in Proposition 3.2 is negligible, inserting (72)
together with (73) in the right-hand side of (23) completes the first part of the proof of
Theorem 2.8 for the classical regime. O

5. Lower bound

To complete the proof of Theorem 2.8, it remains to asymptotically evaluate the lower
bound in Proposition 3.2 for small energies. This is the topic of the present Section. In
order to do so, we first construct an upper bound on the lowest Dirichlet eigenvalue showing
up in the left-hand side of (23) when choosing

——F int
= J 4 (74)
ljl<L/4
with L > 0 there. By construction is open and compatible with the lattice.

5.1. Upper bound on lowest Dirichlet eigenvalue The following lemma basically
repeatsiKS86, Prop. 5] and its corollary.

Lemma5.1. Let A denote the open cube (74). There exist two constantC, Cy <
oo (which are independent af and L) such that

Xo (HR (V) < Cy A7 1/ (2)dz+ Cy L2 (75)
A

forallw e QandallL > 1.

PROOFR We letf € C°(Ao) denote a smoothed indicator function of the cybec
R?: |z| < 1/4} C Ag and se¥y (z) := 0(z/|A[|*/?) for all 2 € A. Choosing the product
of 81, € C°(A) and the ground-state functiahof H (0) as the variational function in the
Rayleigh-Ritz principle we obtain

Xo (HY (V) (012, 000) < (09, HY (V.,)0L0)
= (00, Vo, 0r0) + ((VOL) ¥, (VL) ¥)

P
< sup w(o)? | [ Valoydo AP [ (w0)Pas] . (7o)
yEAo A Ao
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Here the equality use) (0)y» = 0 and integration by parts. Observing thég ), 6,,1) >
24 Al inf,e, ¥(2)? and that the is some constafit> 0 such thafA|'/¢ > C'L for all
L > 1, completes the proof. O

Our next task is to bound the integral in the right-hand side of (75) from above. For
this purpose it will be useful to introduce the cuboid

A= |J A, (77)
1] <2LP1
2| <2LP2

which contains the cubg defined in (74). Here and in the following we use the abbrevia-
tion Oy, := max {1,2/ay(1 —v)} = 2/d;, max {d/2,v:/(1 — )}, fork € {1,2}.

Lemma5.2. Let L > 0 and define the random variable

W= [ ([ e . 79)
RA4\A A
Then the foIIowing three assertions hold true:
@) A7 [y Vol@)da < [|f]l, po(A) + Wo(L) forallw € Qand all L > 0.

(i) there exists some constaht< C3 < oo (which is independent of and ) such
that

P{weQ: W,(L)>C5L } (79)
for large enough’..
(i)  the random variable&(?\) andW (L) are independent for all. > 0.

PROOFE For a proof of the first assertion we decompose the domain of integration and
use Fubini’s theorem to obtain

[vewar = [ ([ s@-nar)utan+ [ (] 1@-vde)ni

11y preo (A) + [A| W (L). (80)

Here the inequality results from the estimdief(z — y)de < [g. f(z)dz = || f]}
valid for all y € R?. This yields Lemma 5.2(i) sincé < |A|. For a proof of the second

assertion, we employ Chebychev’s inequality
/ _ (/ flx—y) dm) u(dy)]
RAA \JA

L2 _
- g (/R d\xf(x—y)dx>u(dy)

L2
< o) sup /R v (81)

IN

—2 L
IP{weQ W (L) > CsL } < ZATE
3

Here the inequality uses the fact that the intensity meaguseZ?-periodic. The inner
integral is in turn estimated from above in term of two integrals involving the marginal
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impurity potentialsf(*) and 2 (recall the definitions (24) and (25))

/ fle—y)dz < / f(1>(q;1—y1)dx1+/ FO (@2 — ya) da
R4\A |z1|>LP1 |zo|>LA2
< CL2. (82)

Here the existence of sonle< C' < oo ensuring the last inequality for a§j| < L/2 (that

is in particular; for ally € A) and sulfficiently largd. > 4 follows from (28) and the fact
that Brar (1 — ) < 2. TakingCs in (81) large enough yields the second assertion. The
third assertion is a consequence of Assumption 2.1(ii). O

5.2. Proof of Theorem 2.8 — final parts.For a given energys > 0 we choose
1/2
I = (W) ’ (83)

where the constantS; and C's were fixed in Lemma 5.1 and Lemma 5.2, respectively.
Moreover, we pick the cubk from (74) and the cuboid from (77). Employing Lemma 5.1
and Lemma 5.2 we estimate the probability in the right-hand side of (23) according to

P{weQ: X\ (HY(V,)) < E}
zIP({weQ:AO(H,{)(V)<E}m{weQ W (L) < C3L™ })

> P ({w e pu(h) < max{gf’?ﬁl} L= } n{wen: W) < c3L—2}>
(84)

Since the random variablef{fx) andW (L) are independent, the probability in (84) fac-
torises. Thanks to (79) the probability of the second event is bounded from below by
1/2 provided thatL is large enough equwalently that > 0 is small enough. Employ-

, we havey,, (A) =
Zjemzd e (A ) such that the probability of the first event in (84) is bounded from below
by

maX{CQ, 03} L72
Crll £l IA]

]P{weﬂ s (M) < foranjefmzd}. (85)
By construction ofA there is some constamty > 0 such that/A| < ng LAdi+Fzdz,
AbbreviatingCy := max{Cs, C3}/(C1||f|l1 no) andd := 2+ 1d; + Ba2ds, and using the
fact that the random variableg A ;) are independent and identically distributed (by virtue
of Assumption 2.1), the last expression (85) may be bounded from below by

ne LP141+062d2

P{w e i pu(ho) < Cal ™"} > (C4L™")
= exp [05 (log E?? 4 log Cg) E_(ﬁldl'w"’d”/ﬂ . (86)

kng LP1411824d2

Here the first inequality derives from Assumption 2.1 on the probability measue\g}.
Moreover, the existence of two constants< Cs, Cs < oo ensuring the validity of the
equality follows from (83). Since the choice (83) of the energy-dependendegufar-
antees that the pre-factor in the lower bound in Proposition 3.2 is negligible, the proof of
Theorem 2.8 is completed by inserting (86) in the left-hand side of (23). O
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Appendix A. Proof of mixing of random Borel measure

The purpose of this short appendix is to proof Lemma 2.3. Wa (&t := Umgn A;j
with n € N. Moreover, letM (A™) c M(IR?) denote the set of Borel measures with
support inA(™ and letB(M,,) be the smallest-algebra, which renders the mappings
M(A™) 5 v — v(A) measurable for all Borel sets C A™. Their unionR :=
Unen B(M,,) satisfies:

(i) R generates the-algebra3(M).
(i) R is asemiring.

The first assertion holds by definition 6f{M). To check the second one we note that
( € R. Moreover, for evenM, M’ € R there exists some € N such that

M, M’ € B(M,,) (87)

and hence N M’ € B(M,,) C RandM\M' € B(M,,) C R.
Our next aim is to prove the claimed limit relation (11) for &ll, M’ € B(M,,) with
n € N arbitrary. Assumption 2.1(ii) ensures that the evéfytd/ ¢ M(A™ + j) and
M’ ¢ M(A™) are stochastically independent for ale 77 with (A + j) NA™ =0,
such that
P{T,M M} =P{T;M}yP{M'} =P{M}P{M'}. (88)

Here the last equality is a consequence of Assumption 2.1(i).
Thanks to (87) we have thus proven the validity of (88) foddll A/’ € R. Lemma 2.3
now follows from PVJ88, Lemma 10.3.11], which is a monotone-class argument. [

Remark A.1. We proved above that the random potentigl is mixing under our
assumptions. Note, that mixing is actually a property of the probability me&3uvith
respect to the shift§T; }. However, the potentidl,, will not satify stronger mixing con-
dition such agh>—mixing. In fact, as a rule, the potential may even be deterministic (in the
technical sense of this notion, see eKKBE85]), which allows mixing, but notp—mixing.

For further references to this se®ilp8, KM83a].
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