Local projection stabilisation for higher
order discretisations of
convection-diffusion problems on Shishkin
meshes

Gunar Matthies

Ruhr-Universitat Bochum, Fakultat fur Mathematik,
Universitatsstrafie 150, 44780 Bochum, Germany;,
email: gunar.matthies@Qruhr-uni-bochum.de

August 23, 2007

We consider a singularly perturbed convection-diffusion equation on the unit
square where the solution of the problem exhibits exponential boundary layers. In
order to stabilise the discretisation, two techniques are combined: Shishkin meshes
are used and the local projection method is applied. For arbitrary r > 2, the stan-
dard @),-element is enriched by just 6 additional functions leading to an element
which contains the P,,;. In the local projection norm, the difference between the
solution of the stabilised discrete problem and an interpolant of the exact solution
is of order O((N~'InN)"*'), uniformly in e. Furthermore, it is shown that the
method converges uniformly in ¢ of order O((N 1InN )T“) in the global energy
norm.

MSC 2000: 65N30; 65N15

Keywords: Convection-diffusion problems, local projection method, Shishkin mesh, quadri-
lateral finite elements

1 Introduction

Let © = (0,1)? be the unit square. We consider the singularly perturbed boundary value
problem
—eAu+b-Vu+t+cu=f in Q,

1
u=20 on 0, (1)
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where € is a small positive parameter while b : Q@ — R?, ¢: Q — R, and f : @ — R are
sufficiently smooth functions satisfying

bl(may) 2 ﬁl > Oa b2($7y> Z ﬁ? > Oa C(.T,y) 2 0 V(.’L',y) S Q (2)

and

1
c(x,y) — 5 divb(z,y) > co >0 V(z,y) € Q. (3)

These assumptions on the data ensure that (1) has a unique solution v € H}(Q) N H%(Q).
Provided the assumptions in (2) are satisfied, condition (3) can be always fulfilled for sufficiently
small € by a change of variables v(z,y) = e’ u(z, y) with a suitable constant o.

Due to the positivity of §; and s, the solution u of problem (1) exhibits exponential bound-
ary layers near the sides # = 1 and y = 1. For simplicity of our analysis, we assume that
neither interior layers nor parabolic layers are present. The smallness of the parameter € causes
unphysical oscillations if standard schemes on general meshes are applied to discretise prob-
lem (1). Hence, stabilised methods and/or a-priori adapted meshes are widely used in order
to get discrete solution with satisfactory accuracy. An overview on these methods together
with consideration of the analytic behaviour of solutions of convection-diffusion problems can
be found in the survey [19].

Provided some information on the structure of the layers are available, piecewise uniform
Shishkin meshes can be chosen a priori, see [15, 18, 7]. Shishkin meshes were originally intro-
duced for finite difference schemes. The first paper which considered Shishkin meshes for finite
element methods seems to be [20] where the standard Galerkin method with piecewise bilinear
elements was used.

The standard Galerkin discretisation lacks stability even on a-priori adapted meshes, see the
numerical results in [13]. Furthermore, the linear systems of equations which arise from the
standard Galerkin method on Shishkin meshes are hardly to solve by iterative methods [11, 13].

A powerful method for stabilising convection-diffusion problems is the streamline-diffusion
finite element method (SDFEM) which was proposed by Hughes and Brooks [8]. This method
is known to provide good stability properties and high accuracy outside interior and boundary
layers. The SDFEM was investigated by many authors, see for example [16, 6, 9, 10]. The
disadvantage of the SDFEM, in particular for higher order discretisations, is that additional
terms have to be included into the weak formulation in order to ensure the strong consistency
of the resulting method. However, the SDFEM on Shishkin meshes is much less sensitive to
the choice of the transition points as standard Galerkin discretisations, see [17].

The SDFEM with higher order finite elements applied to convection-diffusion equations on
Shishkin meshes was studied by Stynes and Tobiska in [22]. They have shown for @),-elements,
r > 2, that in the streamline-diffusion norm the difference between the SDFEM solution and
a special finite element interpolant of the solution of (1) is of order O(N~(+1/2)). The proofs
in [22] are based on Lin identities and anisotropic error estimates for the special finite ele-
ment interpolation. Postprocessing operators are suggested in [21, 22] which allows to achieve
estimates for the error between the weak solution and the discrete solution.

A different approach for stabilising the standard Galerkin discretisation is the local projection
stabilisation technique. The stabilising term is based on a projection 7 into a discontinuous
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finite element space. Stabilisation of the standard Galerkin method is achieved by adding terms
which give a weighted L?-control on the fluctuations (id—m) of the derivatives of the quantity of
interest. The local projection stabilisation method has been introduced for the Stokes problem
in [3] and was extended to the transport problem in [4]. An analysis of the local projection
stabilisation for the Oseen problem can be found in [5, 14]. Although the local projection
stabilisation leads to discrete systems which are consistent only in a weak sense, the appearing
consistency error can be bounded such that the optimal convergence order is maintained.

Originally, the local projection stabilisation technique was introduced as a two level method
where the projection maps into a discontinuous finite element space which lives on patches of
elements [3, 4, 5]. It is possible to use standard finite element spaces for both the approxi-
mation space and the projection space, see [5, 14]. A fundamental drawback of this approach
is the increased discretisation stencil. Moreover, the necessary data structures might not be
available in an existing computer code. As pointed out in [14], the key for the analysis of
the local projection method is the existence of a special interpolation operator which provides
the standard interpolation error estimates and an additional orthogonality property. Applying
the abstract setting from [14], the enrichment approach of the local projection method can be
constructed where the approximation space and the projection space live on the same mesh.
The approximation space is enriched compared to standard finite element spaces. In [14], it
was shown that it suffices to enrich the standard quadrilateral ),-element, » > 2, by just two
additional functions, independent of r. Hence, the discretisation stencil remains small.

Unfortunately, the enriched finite element spaces proposed in [14] are not suited for Shishkin
meshes since they fail to satisfy optimal anisotropic error estimates, see Remark 8 in Sect. 3.
For any r > 2, we will enrich the standard @),-element by just 6 additional functions. This leads
to an finite element which contains the P,,;. The newly constructed finite elements provide
optimal anisotropic interpolation error estimates. The general line of our convergence proof is
based on ideas given in [22]. However, different arguments have to be used since Lin identities
seem to be not available for the used finite element spaces.

There are two main results in this paper. First, the error between the solution of the stabilised
discrete problem and an interpolation of the solution of the continuous problem is shown to be
bounded in the local projection norm by (’)((N 1lnN )7"“), uniformly in €. Second, we prove
that the error between the solution of the stabilised discrete problem and the solution of the
continuous problem itself can be estimated in the global energy norm by O((N 1InN )T“),
also uniformly in €.

This paper is organised as follows. Section 2 describes the used Shishkin meshes and intro-
duces the local projection stabilisation. For our enrichment approach of the local projection
method, we propose and analyse in Section 3 new quadrilateral finite elements which are de-
rived from the standard @), element but contain the P,,;. The convergence of the enrichment
approach is shown in Section 4. We will prove that in the local projection norm the differ-
ence between the local projection solution and an interpolant of the exact solution is of order
O((N~'In N)™*1), uniformly in e. Furthermore, it is shown that the enrichment approach of
the local projection method converges uniformly in € of order (’)((N 1InN )’"“) in the global
energy norm. Finally, conclusions are given in Section 5.

Notation. Throughout this paper, C denotes a generic constant which is independent of the
diffusion parameter £ and mesh parameter N. Although we consider finite element of arbitrary
order, the dependence of any constant on the order r will not be elaborated.
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Let G be an arbitrary measurable two-dimensional subset G C 2. The measure of G is
denoted by |G|. On G, the usual Sobolev spaces W"P(G) with norm || - || p.¢ and semi-norm
|- |mp.c are used. In the case p = 2, we write H™(G) instead of W™?(G) and skip the index p
in the norm and the semi-norm. The L2-inner product on G is denoted by (-, -)¢. Note that the
index GG in norms, semi-norms, and inner products is omitted in the case G = (2. All notation
are also used for the vector-valued case.

Let P,(K) denote the space of all polynomials of total degree less than or equal to s while
Qs(K) is the space of all polynomials of degree less than or equal to s in each variable separately.

2 Local projection stabilisation on Shishkin meshes

2.1 Shishkin meshes

Shishkin meshes are piecewise uniform meshes which are constructed a priori such that they
are refined inside the layers, see [15, 17, 18]. Let N be an even positive integer. We denote
by A, and )\, the transition parameters which indicate where the mesh changes from coarse to
fine. These parameters are defined by

Az 1= min <%,(r+2)éln]\f), Ay = min (%,(r+2)élnl\7>.
We assume in our analysis that A\, and A, take the second value inside the corresponding
minimum, otherwise N ! is much smaller than £ and the analysis can be simplified dramatically.
Note that the multiplier in front of (eIn N)/#; and (eln N)/fBs (which is here r + 2) has to
be chosen large enough to ensure the optimal order of convergence. We refer to [17] for details
on the lowest order case.
The domain 2 is divided into four parts as shown in Figure 1, left. Let Q = 01,UQ15UQ91 U0

1
912 922
1— ),
Qll 921
O 1—)\ 1

Figure 1: Division of €2 (left) and a corresponding Shishkin mesh (right).

where the subdomains are given by

Q1 := (0, 1-— /\a:) X (0, 1-— )‘y)a Q9 := (O, 1-— /\a:) X (1 — )‘ya ].),
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le = (1 — )\x; 1) X (O, 1-— )\y), QQQ = (1 — )\xa 1) X (1 — >\y7 1)

Let TN = {(xi_l,xi) ci=1,... ,N} and ’];N = {(yj_l,yj) ci=1,... ,N} be two partitions
of the interval (0, 1) where

2i(1— \,)/N, i=0,...,N/2,
xT; ‘=
1—2(N —i)X/N, i=N/2+1,...,N,

and

f250=2)/N. j=0,....N/2,
T2V — AN, j=N/241,...,N.

Let 7V denote the tensor-product of 7.V and ’Z;N . All cells in 7V are rectangles which are
aligned with the coordinate axes, see Figure 1, right. Each subdomain contains N?/4 cells.
The cells in each subdomain are congruent to each other. Each rectangle in €27 is of size
O(N™1) x O(N™'). The rectangles in g are of size O(eN ' In N) x O(eN~'In N). In Q45 and
1, the size the longer edge of each rectangle is of order O(N~!) while the shorter edge size
is of order O(eN~'In N). Hence, the mesh is coarse in €2, fine in g9, and highly anisotropic
in Q15 and Qy;. The midpoint of K € T is denoted by (zx,yx) while hy, and hg, are the
edge sizes of K in z-direction and y-direction, respectively. Furthermore, let hy := diam K.

2.2 Decomposition of solution

Our subsequent analysis will rely on the precise knowledge of the behaviour of the solution u
of the convection-diffusion problem (1). The typical behaviour of u is given in the following
assumption.

Assumption 1. The solution u can be decomposed as

u= .58+ Fig + Ey + Ey (4)

with S, B9, By, Eay € C™2(Q). The smooth part S of the solution u fulfils

otis . »

| < o<ivi<ria ()
while the layer functions satisfy

O E )

axiaylf (z,y)| < Ced e R00/z, 0<i+j<r+2 (6)

O E )

Gy (B S CeTte il 0<i+j<r+2, (7)

O E o

8331'0;]'2 z,y)| < Cem ) emBrllmm/et=v)/dl g <+ j <r+2 (8)

for all (x,y) € Q. Here, Ey and Ey5 are exponential boundary layers along v =1 and y = 1,
respectively, while Eas is an exponential corner layer at the point (1,1).
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Note that the bound
[Sllr42 < C 9)

follows immediately from (5).

In [12], conditions on the right-hand side f of problem (1) were given which guarantee a
decomposition of the solution into a smooth part and boundary layer parts such that lower
order derivatives can be estimates by exponential bounds. The extension of these results to the
case of higher order derivatives as needed in our case seems to be possible but tedious. The
number of these sufficient conditions will increase rapidly with increasing differentiation order.
We refer to [19, Sect. 7] for more details on these compatibility conditions.

Now we provide some estimates for integrals which involve exponential functions.

Lemma 2. Let o, 3 be positive constants and X := (r + 2)(eln N)/B. Then, the estimates

1-x 1
/ exp (—aB(l —z)/e)dz < CeN*C2)  and / exp (—afB(l—z)/e)dz < Ce
0 122

hold true.

Proof. For proving the first estimate, we get

—_

-A

exp (— (1 —2)/e) dz = ag—ﬁexp (—apf(l—2z)/e)

< oziﬁ exp(—af(l—(1-X))/e) < CeN—+2)

1-X

z=0

S —

due to the positivity of the exponential function and the definition of A. For the second estimate,
we have

1

/exp(—aﬁ(l —2)/e)dz = iexp(— af(l—z)/e)

af
1-X

< O%exp(—aﬁ(l — 1)/5) < Ce

1

z=1-X

where again the positivity of the exponential function was exploited. O

2.3 Galerkin discretisation
Let V := H}(€)). We define the bilinear form
a(v,w) :=¢e(Vo,Vw) + (b- Vv + cv,w).

A weak formulation of the convection-diffusion problem (1) reads

Find u € V such that
a(u,v) = (f,v) Yo e V. (10)
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Note that the variational formulation (10) has a unique solution due to (3).

Let V be a finite dimensional function space on the reference square K = (—=1,1)% The
space V' will be introduced in Sect. 3.1. Furthermore, let F : K — K with

hi hicoy \©
Fr(2,9) = ($K + 2,:(:@’ Yx + T%)) (11)

be the reference transformation which is a simple affine mapping. Our finite element space V¥
is defined as
VN i={veC(Q) : v|x e V(K)VK € TV, v =0 0n 00} (12)

where

V(K):={v:voFxeV}

is a finite dimensional function space on K. The space V¥ will be a non-standard one, see
Sect. 3.2.

Using the finite element space V¥, we can state the standard Galerkin discretisation of (10)
which reads

Find @ € V¥ such that
a(@™,v™) = (f,vN) VoV e VN (13)

Note that the discrete problem (13) is uniquely solvable due to (3).

2.4 Local projection stabilisation

We proceed by introducing some more notation which will be used for defining the local pro-
jection method.

Let mg denote the L?(K)-projection into P,_;(K). The fluctuation operator kg : L*(K) —
L*(K) is given as kg :=id — g where idf is the identity mapping on L*(K).

The fundamental approximation property of the fluctuation operator kg is stated in the
following lemma.

Lemma 3. For 0 < s <r, the fluctuation operator ki fulfils
lkrwllox < Chi|lwlsx Vw € H*(K)
forall K € TV.
Proof. The assertion is a consequence of the Bramble—Hilbert lemma. O]

Since we are interested in an additional control on the streamline derivative, we introduce
the following stabilisation term

sV (v, w) = Z T (hre(b- V), kg (b Vw))K

KeTN
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with the cell-dependent parameters 75, K € 7V. Note that
N N 12/ N 1/2 1
sV (v, w)| < (s (v, v) (8N (w, w)) Vo, w e H (Q) (14)

holds.

The stabilisation parameters 7%, K € TV, are chosen as

N2 KcQ
Ti = {Cl ) C 11, (15>

0, otherwise,

with a suitable constant C; which is independent of ¢ and N. As for the SDFEM on Shishkin
meshes considered in [21, 22|, the stabilisation acts only on the coarse subdomain ;. However,
the stabilisation parameters dr, K C €41, used in [21, 22| were chosen to be C; N~ for the
case ¢ < N1,

The stabilised bilinear form a® is defined via

a (u,v) == a(u,v) + s (u,v).

The stabilised discrete problem reads
Find v" € V¥ such that

a (u, o) = (f, o) Vol e V. (16)
We will use the norms

1/2 1/2
[vllzp := (e[} +collvlls + s (v,0)) ", lvlhe = (vl +eollvllF)

in our analysis.

3 Enriched finite elements and anisotropic error estimates

3.1 Family of enriched finite elements

Now we will introduce for each r > 2 a new finite element which will be used latg\r on er our
local projection method. To this end, we start with defining the finite element (K, V., N,) on
the reference cell K = (—1,1)2.

Let L;, © > 0, denote the one-dimensional Legendre polynomials normalised such that
Li(+1) = 1. The Legendre polynomials are orthogonal with respect to the L*-inner prod-
uct on the interval (—1,+1), i.e.,

1

-1

where §;; denotes the Kronecker Delta and n; :=2/(2¢ + 1).
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Let r > 2 be an integer. We define

V, i= Q,(K) @ span (1 —#*)(1 = 3°) "', (1-3%)(
@ span ((1+7)(1 - &?)
1

A careful inspection shows that
dimV, =r*+2r +7

and
P (K) CV, CQrp(K).

Note that VT contains exactly 6 additional functionals compared to the standard (),-element,
independent of » > 2. We define the nodal functionals

Ni:o—o(—=1,-1), No:¢— o(+1,—1), N3:pr— @p(+1,+41), Ny:o— o(—1,41),

which correspond to the values at the vertices of K. For i > 0, the moments along the edges
of K are given by

The set /\A/'T of nodal functionals is defined as

_{Nl’N27N3’N4}U{N—Z7N+Z>N N ii:O,...,T—l}
U{Nij : 0<i,j <r—2}U{N,_10, Noy_1}.

A simple counting shows that N contains exactly r% + 2r + 7 nodal functionals. Hence, the
number of nodal functionals in ./\/ equals the dimension of V
We prove now that the set N of nodal functionals is unisolvent on the function space V

Lemma 4. The set /\A/'T of nodal functionals is unisolvent with respect to the function space ‘//\}

Proof. Since the n/gmber of nodal functionals in ./\Afr and the dimension of ‘A/r coincide, it suffices
to show that v € V. with vanishing nodal functionals will result in v = 0.
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The definition (17) of V, shows that we have for cach edge E of K that 0| 5 € Pr.1(E). Using

that the moments up to order » — 1 vanish along the edge E , we get from the orthogonality of
the Legendre polynomials that

QA}lE = aLT(é) + ﬁLTJrl(g)? aaﬁ € R?

where § € (—1,1) is the variable along the edge E. Since 0 is zero at vertices (which correspond
to § = 1) and L;(£1) = (£1)", i > 0, we conclude that 9|z = 0 for all edges E of K. Hence,
0|,z = 0 and 0 can be written as

v=(1- £2)(1 — g}z) q, GEQ, 2(K)® span(fcr_l, g)r_l),

due to (17). The vanishing cell moments result in
0=(q,0)z = (¢, (1 =2*)(1 = 5 q) -

Since the factor (1 — #2)(1 — §2) is positive inside K, we obtain ¢ = 0. Hence, & = 0 and the
lemma is proved. [

3.2 Properties of the interpolation operator

The unisolvence given in Lemma 4 allows us to define the interpolation operator I:C (I? ) — 1%

by

A~ o~

N(I8)=N() VN eN,.
Using I, the interpolation operator Iy : C(K) — V(K) is defined as
(Ixv) == (f(v o Fi)) o Fi'.

Due to the definition of 1/'\, the restriction of Ixv onto an edge £ C 0K depends only on the
restriction of v onto E. Hence, the local interpolation operators Ix, K € TV, can be put
together to form the global interpolation operator IV : C'(Q2) — V¥ which is given by

(I = Ix(v]x) VK €TV, v e C(Q). (18)

Due to the definition of V¥ given in (12), the standard Q,-space is a subspace of V.
We proceed with giving some fundamental properties of the interpolation operator I,

Lemma 5. For the interpolation operator I : C(Q) — V'V defined in (18), the orthogonality
property _
(w—I"w,q)g =0 VK eT" Vge P_(K),Vw € C(K).
18 fulfilled.
Proof. We transform the integral to the reference cell K and obtain

(w—INw,q)K = hrshiy (woFK — (]Nw) oFK,quK)f(.

Since Fy defined in (11) is an affine mapping, we have qo Fx € P._;(K). The definition of IV

~

yields (INw) o Fx = I(wo Fk). Due to the definition of I, the above integral vanishes since all

~

P._1(K)-moments are included in the set of nodal functionals. O

10
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We will have now a look at L*-estimates of the interpolation.

Lemma 6. Let K € TV. Then, the estimate
1Y 0]locoic < Cllvlloox Vv € C(K)
holds true where C' is independent of K and N.

Proof. We start the proof by showing
H]f’”o,oo,f( < CHf)Ho,oo,f(

where 0 :=vo Fx € C (l? ). The desired estimate follows by transforming this estimate from
Kto K.

We set ¢ := dim V,. Let {¢i : 1=1,...,t} be the basis of V. which is dual with respect to
the set N, = {N; :i=1,...,t} of nodal functionals, i.e., N;(¢;) = d;j, 1,7 = 1,...,t. Then,
we have

A~ /\

HIUHOOOK

<§]N 0 1illo,0,

O,oo,K 1=1

by the triangle inequality. Due to the definition of the nodal functionals via point values and
integrals, we have that

INi(0)] < Cllolly oo 25 i=1,...,t
Since ||@illg o 7 < C, i =1,...,t, we conclude
1]l 00, = Cll0
and the assertion of the lemma follows by transforming this estimate from K to K. O

3.3 Anisotropic error estimates

The first derivatives of the interpolation error can be estimated by the following lemma.

Lemma 7. Let s be an integer satisfying 1 < s < r + 1. Then, the estimates

8S+1

— Vv € C(K) with 9,v € H*(K) (19)
Oxritl 8y] 0K

HU_IN H0K<Czh hjll(,y

1+j5=s

and

aerlv

W . Yo c C(K) with 8yv € HS(K) (20)

H U_[N H0K<CZ h th(,y

i+j=s

hold true where the constant C' is independent of N and K € TV.

11
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Proof. We restrict ourselves to the proof of estimate (19) since the proof of (20) follows the
same lines. Provided

holds true, the estimate (19) follows immediately by transforming the estimate (21) from K to
K and using the relation between I and IV. Hence, it remains to show (21).
To this end, we will use the techniques by Apel and Dobrowolski [2], see also [1, Chapter 2].

(0 — T0)allox < Clis Vo € O(K) with 8; € H*(K) (21)

|5,K

Let 1% denote the space which is obtained by the differentiation of V;. with respect to z, i.e.,
W = 0;V,. We set ¢ := dim W. From the dg\ﬁnition of V., we conclude that t = r? + 7+ 5. To
apply [2, Lemma 3], we have to find a set F, of ¢ linear functionals which have the following
properties:

(i) F e (H(K)) YF e F,
(i) F(0:(6 — ) = 0 ¥F € F,, ¥ € C(K) such that 8,6 € H*(K),
(iii) the set F, is unisolvent on w.

We define for non-negative integers i, j, k the linear functionals

00
FZ-:@H/;M( §) dy d, ﬁy,k:@H/@ﬂgk;dyﬁd:@.
Y
e J.
The set ]?r is given as

Fo=A{F +i=0,...,r}U{Fj, : 0<j.k<r—1}YU{F., F.1, Fo,, Fi,}.

Note that .7?,, contains Exactly r2 4+ r + 5 linear functionals. Due to the definition, we have for
F € F, that F € (H*(K )) for all s > 1. Hence, condition (i) is fulfilled. To show condition (ii),

let & € C(K) such that 9;0 € H*(K). We start with the nodal functionals Fj, 0 < i < r, which
contain no derivatives. An integration by parts gives

Fi(9:(0 — T9)) = /;p 0;(0 — 19) df di: = —i/@f—l (6 — I0) dj dz + /x Ay (6 — T0) dvy
R R oK

where 7 = (71, 72)” denotes for unit normal vector on K. The first integral vanishes since
1 —1 < r —1. The boundary integral is a sum of the integrals on those edges where n; is
non-zero. These are just the edges where z is constant. Hence, the boundary integral equals
to zero since the edge moments with a constant test function vanish.

We proceed with the nodal functionals which involve a derivative. We have for the indices
7,k either 0 < j,k <r — 1 or one index is equal to r» and the other index is 0 or 1. We obtain
by an integration by parts

Fy (05 /x e
K

— 10) djj d

12
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= —k/g}f §*10,(0 — Io) dj di: + /:f:j 0Py 050 — I0) dy.  (22)
K oK
The boundary integral reduces to a sum of integrals over the edges where n4 is non-zero. These

are the edges with y = £1, i.e., ¢ is constant there. Ignoring the sign, the integrals along these
edges have the form

1 1
/gefai(@ — T0) (2, +1) di = —j/gej—l (0 — T0) (2, £1) di + [27 (6(&, £1) — (T0) (2, £1))]

-1 -1

+1

T=—1

The integral gives zero since the edge moments vanish due to 5 —1 < r — 1. The occurring
difference term is identically zero due to the used point values. Hence, the boundary integral
in (22) is zero. The remaining integral in (22) is again integrated by parts to obtain

/ﬁj JF 10,0 — o) df di = — '/:ﬁj—l §* 1 (0 — To) df di + /@J‘ J Va6 — T0) dry.

K K oK
The boundary integral reduces to a sum of integrals over those edges where 1, is non-zero. These
are the edges with 2 = +1. Hence, § is the variable along these edges and the corresponding
integrals vanish since edge moments with £k — 1 < r — 1 occur. The integral over K vanishes
due to the ranges of j and k. Hence, the expression in (22) gives zero. Summarising, the
condition (ii) is fulfilled.

It remains to show condition (iii), the unisolvence of F, on W. To this end, let {1y,

k =1,...,t} be a basis of W. We define the matrix A = (aj,) € R by ay = Fj(@),
7,k =1,...,t. The unisolvence of «7?7« on W is equivalent to the unique solvability of the linear
system with matrix A. This is given provided the system AS = « has for each right-hand
side a € R! exactly one solution 3 € R’. Since the linear system is finite dimensional, the
unisolvence is also equivalent to the property that for each right-hand side « € R? there exists
at least one function w = 22:1 Brwy € W with Fj(w) = oy, j = 1,...,t. Let a be an arbitrary
vector of @t. Since all nodal functionals in F, are linearly independent, there exists a function
¢ € C*(K) such that F;(0:p) = aj, 7 =1,...,t. Let v := 8;1¢ € W. Then, condition (ii)
gives that F;(w) = «a;, j =1,...,t. Hence, condition (iii) is fulfilled.

Since the conditions (i), (ii), and (iii) are satisfied, Lemma 3 in [2] ensures that estimate (21)
holds true. The transformation of (21) from K to K shows that the interpolation operator IV
satisfies the anisotropic interpolation error estimate (19). As already said, (20) can be shown
in a similar way. O]

Remark 8. The enriched finite element spaces QP! introduced in [14] fails to satisfy
anisotropic error estimates as given in Lemma 7. Due to [2, Lemma 4], a necessary condi-
tion for the existence of an anisotropic error estimate is that a function ¢ on the reference
element K which depends only on & has an interpolant 1o which depends also only on z. If
we consider QS“bble’Z from [14] with the vertex-edge-cell interpolation then the interpolant of
¢ = L3(%) — L1(&) = 5/2(2% — Z) has the interpolant —15/4(1 — 2?)(1 — §*)Z which clearly
depends also on 3. Hence, the necessary condition fails and the desired anisotropic interpolation
error estimates are not available.

13
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Now we have a look at the interpolation error.

Lemma 9. Let g € [1,00] and 2 < s < r + 2. Then, there exists a constant C independent of
N and K € TV such that

0%v

lo = INvllogu < C Y B e, 02 Oy

i+j=s

0,9, K

holds true for all v e W*(K).

Proof. To prove this lemma, we use again the technique provided in [2]. Since this time no
derivatives are involved, the conditions (i)-(iii) in the proof of Lemma 7 are automatically

fulfilled if one sets .7-A"r = /\A/} The bound s > 2 is caused by the fact that the nodal functionals
from N, are defined for continuous functions. Note that the assumptions on s and ¢ ensure

~

that W*4(K) C C (E) Again, the estimate obtained on the reference cell K is transformed to
K € TV to get the assertion of this lemma. O]

4 Analysis of enrichment approach

In this section, we will analyse the stabilised discrete problem (16) and prove in the local
projection norm || - ||,p an estimate between the discrete solution u” and the interpolant INu
of the solution u of the weak formulation (10). Furthermore, an estimate for ||u—u®||; . will be
shown. Note that the constants in both estimates will be independent of N and the diffusion
parameter €.

4.1 Interpolation error estimates for solution

We will start with estimates for the solution u of (10) where decomposition due to Assumption 1
will be used.

Lemma 10. Let (6), (7), and (8) be fulfilled. Then, the estimates

||INE12||0,OO,QHUQ21 < Ol Er2]]0.00.01000 < C N-+2),
||]NE21||0,00,911U912 < Ol E21 00000001, < C N0+,
11N Enllocooron < CllEnllpscoe, < C N0

hold true.
Proof. Using Lemma 6, we have
11 Erallo,co2100m < CllEr2llose0nuas < C N0

where (6) and the choice of the transition point A, were used. The remaining two estimate
follow in the same way by using Lemma 6, the bounds by the exponential functions, and the
choice of the transition points A, and A,. O

14
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Lemma 11. Let u denote the solution of (10) and let Assumption 1 be fulfilled. Then, the
estimate

CN_(T+2)7 (xay) € Q117
C(N7'InN)*2  otherwise,

|(INu = u)(z,y)| < {
is fulfilled. Furthermore, we have that
11Nu — ullp < C(N"'In N)™+2, 1TV u — ulo.q,, < CN-T+?
hold true.
Proof. To prove this lemma, the decomposition (4) will be used. We have

INU — U = (INS — S) + (INElg — Elg) + (INEgl — Egl) + (INEQQ — EQQ).

The S-term is estimated by using Lemma 9 with ¢ = oo and s = r + 2. We obtain for all
(x,y) € Q by exploiting (5) that

(IS = S) (@, y)] < ONTUFD|1S] 190 < ONTUF),
For Eis and (x,y) € Q12 U 99, we get by similar arguments that

(IVEy, — Ep)(z,y) <C > N7 (eN'InN)e? <C(N~'InN)™+

itj=r+2
where (6) was exploited. To estimate F15 on 217 U {291, we obtain
H([NEIQ - El?)”O,OO,QHUQzl S C”E12H0,OO,Q11U921 S CN*(T"FQ)

by applying Lemma 6 and Lemma 10. The estimate for F5; is obtained by similar arguments
on the subdomains €257 U 295 and 217 U 29, respectively. For estimating the Fao, we apply
Lemma 9 with s = r+2 and ¢ = 00 on 9 and use (8). The estimates on the other subdomains
follow from Lemma 6 and Lemma 10.

The logarithmic factor in the estimate on 2\ 217 is caused by the bounds for the layer terms.
All four terms have no logarithmic factor on 2.

The estimates of the L?-norm are a simple consequence of the just proven pointwise bounds.
m

We proceed with estimating the gradient of the interpolation error.
Lemma 12. Let u be the solution of (10) and Assumption 1 be fulfilled. Then, the estimate
e2|\V(INu —u)|o < C(N'n Ny

holds where C' is independent of € and N.

15
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Proof. In the following, we present only the estimates for the term which involves the x-
derivative since the term with the y-derivative can be estimated by using the same ideas.

Applying the decomposition (4) of the solution u of (10), we obtain with the triangle in-
equality that

1IN u = w)allo <NINS = S)allo + 1IN Er2 — Ei2)allo
+ [(IN By — Es)allo + |(IY Eaz — Ea)allo-

Now, each term will be estimated separately.
We start with the S-term. Using Lemma 7 with s = r 4+ 1, we obtain

o8

——— | <CN US| < ON-HD
Oxr+1 ay] 0K

itj=r+1
where hy ., hy,, < CN~! and (9) were used.

For estimating the Fsi-term on 291 U {99, we consider an arbitrary K C {291 U {299 and use
Lemma 7 with s = r + 1. We obtain by using the bound (7)

ar+2E21
Ox 103 ||, .

”([NE?l o Ezl)f’fHO,K <C Z hiﬂx hiﬂy

i+j=r+1

<C S (NN N exp(— (1 — ) /9l
itj=r+1
< Ce (N I N[ exp(= (1 — 2)/9)llox-

Putting together the estimates for all K C 251 U {295, one gets

”(INE‘21 - E21)$H(2),QQ1U(222 - Z ||(]NE21 B E21)IH§,K

KCQ91UN2o
< Ce? (N In N2 Lexp(=6i (1 = 2) /2)IF 0,100,

Applying Lemma 2, we obtain

1 1
lexp(—Bh(1 — 2)/2)|E ayrm, = / / exp(~26:(1 — )/e) dedy < C.
y=0z=1—-X

Hence, the estimate

< CO(N'InN)

El/zH(INE?l - EZl)xHQQQlUQZQ =

holds true. To estimate the Fyi-term on €217 U (215, we apply the triangle inequality to split

H([NE21 o E21)$H0,Q11U912 S H([NE21)Q:HO,Q11UQ12 _'_ H<E21)xHO,Q11U912.
Using the bound (7), we end up with
1 1-)s
H(Em)IH(Q),QllUQm S 08_2 / / exp(_2ﬂl(l - J})/&T) dx dy S Cg_l N_2(T+2)
y=0 =0

16
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where Lemma 2 was used. By an inverse inequality, we obtain

H(INE21 < CN||]NE21||O7QHUQI2'

)m HO,QllLJQlQ
Using Lemma 6 and the behaviour of Ey; due to (7), we have

Nj2 @1

||INE21”(2),§211U§212:Z / /|INE21<I7?J)|2dydiU

izlmi*l 0

N/2 T

<cy / 20 0-w0)/e g
=1

T w1
N/2-1 Tit1 TN/2
<C Z / e 20=2i/e gy 4 C / e 2B=zi)/e gy
=1 T ITN/2-1

< Cle+ N*I)N*(ZTH)
where Lemma 2 and xy/; = 1 — A, were exploited. Hence, we obtain
e?||(INEy — By, < C(N"'InN)™*!

by collecting the above bounds.
For estimating the Eis-term on 15 U o9, we start with the application of Lemma 7 with
s=r+1on K C QU Q. We get by using the bound (6) that

VB — B, <C > i 1l 0B
H( 12 12)$ O,K —= K,IB K,y 8xl+lay]
i+j=r+1 0.K
<C Y N (eNT'ImNY e |exp(—f(l—y)/e)llox
i+j=r+1

< O(NMIn N exp(—Ba(1 = y)/e)|lo.x-

Combining the estimates for all K C 215 U {299 results in

e[V Er = Ev)allo o, = 2. elVBi— Bl
KCQ12UQ9292

< Ce (N"' I NPT exp(—=5a(1 = 9)/€) 1§ @0,
< C(Nfl In N)Q(TJrl)

where the last inequality was obtained by applying Lemma 2. To estimate the Fjo-term on
Q11 U Qg, we apply Lemma 7 with s = 1. One obtains on each K C €y; U {25, that

H(INEIQ - Elz)xHQK < CN_I(H(EU)MHO,K + H(EU)WHO,K)‘

Hence, we have on {2;; U €); the estimate

HUNEI? a E12)tz,911u921 < CN*Z(”(El?)mm,nuuggl - H<E12)xyH§,911u921)
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1 1-Xy
<N / / e Zexp(—26(1 — y)/e) dy da
0 0
< I N2t
due to (6) where again Lemma 2 was applied. Hence, we obtain
e ?|(INEyy — Ep)of|, < C (N 'In N)™H

by collecting the above bounds.
The first step to estimate the Fao-term on (2o is the use of Lemma 7 with s = r 4+ 1. We get
on each K C )y that

22 22 )z 0K — Kz 'Ky W
itj=r+1 0,K
<C Y (eN'InN) (eN'InN) e T
itj=r+1

#[lexp (= (Bi(1 =) + Bo(1 = y))/2) [lo.x
< Ce ' (NT'InN)lexp (= (B1(1 — ) + Bo(1 — y)) /) o,

holds where the bound (8) was exploited. Hence, the estimate

|(IN By — E22>xH(2)7922 = Z [(17 Ezp — E22)“”H(2)7K

KCQa2
< Ce? (N In NP lexp (= (Bi(1 = 2) + Ba(1 = ) /) [[§ 0,
< C(N~'n N)2rtD)

is obtained by using Lemma 2 for handling the exponential term in the following form

1 1
lexp (= (L =)+ Ball = 9))/2) oy = [ [ 20000
1=z 1=)y

1

1
-2 (=) /e g / e~200-0)/z g,

1-Xy 1—Xy

It remains to estimate the interpolation error of Esy on Q\ Q9. On ;7 Uy, one can use the
same techniques as for estimating the E5;-term on these subdomains. Compared to Eyq, there
is an additional y-dependent factor in the upper bound for Fss which can be bounded by one.
The estimation of the Ey-term on {2y follows the lines of the estimate of the Fy-term on this
subdomain. The additional factor is again bounded by one.

Putting together all above estimates, the assertion of the lemma follows. O]
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4.2 Error analysis

We start the error analysis with showing the unique solvability of the stabilised discrete prob-

lem (16) which is a consequence of the following coercivity of the bilinear form a®.
Lemma 13. The stabilised bilinear form a fulfils
a(v,v) 2 ol YweEV,
i.e., aV is coercive on V.
Proof. Using the definition of a”, we obtain after an integration by parts that
a™ (v,v) = &(Vv, Vo) + (b Vo + cv,v) + s (v,0)
=clv)?+ (c - % div b, v2> + 5N (v,v) > ||[v]|2p
due to assumption (3) and the definition of || - ||.p. O

Since the local projection methods is only weakly consistent, the appearing consistency error
has to be considered.

Lemma 14. Let u and u” denote the solution of the weak formulation (10) and the stabilised
discrete problem (16), respectively. Then, we have

N( N

u—u™,wh) = s (u,w")

a
for all w™ € V.

Proof. Subtracting the stabilised discrete problem (16) from the weak formulation (10) yields

a(u—u™ W) = au, w™) + sV (u, w") — o™ (W, wV)

= (f,w™) + sV (u,w™) — (f,w™) = N (u,w)  vw e V¥
and the lemma is proved. [
We will now estimate the stabilisation term s in the case of some special arguments.

Lemma 15. Let u be the solution of the variational problem (10). Furthermore, let Assump-
tion 1 be fulfilled. Then, the estimate

‘SN(]NU,U}N” < CN—(T+1) ||wN||LP

holds for all w™N € VN where IV is the interpolation operator defined in (18). The constant C
is independent of N and €.
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Proof. Using the decomposition (4) of the solution u, we obtain

sN(INu,wN) = sN(IN S, wh) —1—23 (IN By, w™)

175

i

sN(INS — S, wN )+s (S, wN) 4+ NIV By, wh)
tj

where the ij-sum runs through {12, 21,22}. Each term will be estimated separately.
We start with the term which involves only S and get after applying inequality (14) that

1/2
|sV(S,w™)| < (sM(S.9)) (s <wN,wN>)”2s<ZwHw(b-VS)HaK) ||| e

KCQqq

1/2
_c( > TKN%b-VSli,K) o™

KcCcQn

1/2
(Z i N 2f|5||rm<) 0™ lp < CNOD V|

KCcOQq1

where the smoothness of b, Lemma 3 with s = r, the choice (15) for 7, and the bound (9)
were exploited.

We proceed with the term which contains the difference V.S — S and obtain by applying
inequality (14) that

1/2
sV (VS — 8,w™)| < ( S° k(b V(IS — 5))||37K> (™ (W™, w)) 2

KCQ11

1/2
< C( > TKHV(INS_S)Hg,K) lw™ |z

KCQn

1/2
< Z Tk N72||S)2, K) [w™N|Lp < CN=CF wN]|Lp

KCQqq

where the Lemma 3 with s = 0, the smoothness of b, Lemma 7 with s = r + 1 for ||[V(IVS —
S)|lo.., as in the proof of Lemma 12, the bound (9), and the choice (15) for 75 were used.
Finally, we investigate the exponential terms E;;. Let E denote one the three layer functions.
Using Lemma 3 with s = 0, the smoothness of b, and an inverse inequality, we get on K C )y,
that
ki (b VIVE)|lox < C|lb- VIVE|ox < CIINE|1x < CN | IVE||ox

< CNI|K|"|IVE||osox-

Hence, we obtain

1/2
[N (INE,w™)| < ( > TKHmK@-wNE)uaK) w™ | e

KCQ11
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1/2
<C ( Z ik N? | K| HINEHg,oo,K) |w™]|Lp

KCcQn

1/2
<C ( Z i N? |K|> 1Y Ello,00,00, 1™ |p

KCQ11
< CN—(H—Q) ||wN||LP

where the choice (15) for 75 and Lemma 10 for bounding ||I E||g «.0,, Were applied. Putting
together all above estimates, the assertion of the lemma follows. O

We proceed with the consideration of the convective and reactive terms.
Lemma 16. Let u be the solution of (10) and Assumption 1 be fulfilled. Then, the estimate
(b V(INu—u) + c(INu —u),w")| < C N~ ™| Lp
holds for all w™ € VN where C is independent of € and N.

Proof. An integration by parts of the convective term yields

(b-V({INu—u) +c(INu —u),w") =(w" (c — divb), [Nu — u)
— (Nu—u,b- Vg, — (INu—u,b- Voo,

Each term will be considered individually.
The first term is estimated as

[(w™ (¢ —divb), INu—u)| < Cllw™ o[ INu — ullo < C(N""In N)* [|w]| p.

which follows from the Cauchy—Schwarz inequality and Lemma 11.
The orthogonality property of I given in Lemma 5 yields

(INu—u,b- Vu)g,, = Z (INu—u,b- Vo — g (b- Vo'))
KCcQqq

= Z (INU—U,I{K(Z)'VU}N))K.

KCcQqq

K

Using additionally the choice (15) for 75 and again Lemma 11, we get

1/2 1/2
(Vi = u,b- VM), | < ( > T;uzNu—unaK) (Z TK||nK<b-wN>||aK)
KCQ11 KCQq
S CNT+1||’UJN||LP.

Applying a Holder inequality, we obtain

‘(]Nu —u, b- va)Q\Qu} < ||INU - UHO,OO,Q\QH ||b : va”O,l,Q\Qu
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The first factor is estimated by Lemma 11 while the second factor is bounded as follows
16 Vo oraven < 192\ Q26 Vo lloaa, < Cn N2 g,
where |2\ Q11| < Celn N and the smoothness of b were used. Hence, we obtain
|1V —u,b- VoV )gray, | < ON-CF) (In N)YH2)w" ]| p

by combing the various bounds.
Putting together all above estimate, the lemma is proved. O

Now we can state our main result.

Theorem 17. Let u denote the solution of (10) and u solution of the stabilised discrete
problem (16). Furthermore, let Assumption 1 be fulfilled. Then, the estimates

11Mu —u™|pp < C(N"tn N)™
and

v — w1 <O (N"'nN)H!
hold true where the constants are independent of € and N .
Proof. Using Lemma 13 which gives the coercivity of a’¥, we obtain
11N u — o2 p < o (INu — o, Ny — o)
=a"(INu —u, Nu—u™) +a™ (u— o™, INu— ™)
=a(I™Nu—u, INu —u) + s (N, INu —u™) (23)

N

where Lemma 14 and the definition of bilinear form a" were exploited. The second term in (23)

can be estimated by using Lemma 15. We obtain
|sN (TN u, INu — u™)| < ON=CHD | TNy — u?||p.
For estimating the first term in (23), we use the definition of the bilinear form a and get
la(INu — u, INu — u™)| < |e(VINu —u), VIV u — u™))|
+ (b VN —u) + c(INu — u), INu — u?)|

< Y2\ V(INu —u)|lo eHIV(INu — uM)|jo + C N~ Ny — || 1p

<C(N*In N VI —u™)||pp
where Lemma 16 and Lemma 12 were applied. Putting these estimate into (23), the first

statement of this theorem follows.
Using the triangle inequality, we obtain

=¥ e < flu = IVl e |7V =

The first term can be estimated by using the definition of |- ||;  and the bounds from Lemma 12
and Lemma 11. The second term is bounded by [[/Nu — u"||,p. Hence, the desired assertion
is proven. O
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5 Conclusions

We have considered in this paper the local projection stabilisation applied to higher order dis-
cretisation of convection-diffusion problems on Shishkin meshes. We proposed and analysed
new finite elements which are enrichments of the standard @,-elements by 6 functions and
which contain the polynomial space P, ;. For the difference between the solution u of the weak
formulation (10) and solution wy, of the stabilised discrete problem (16), an e-uniform conver-
gence rate O((N~'InN)"*!) in e-weighted H'-norm was proven, see Theorem 17. Moreover,
the difference between u; and and the interpolant I™Vu of the solution u convergences in the
local projection norm || - ||p e-uniformly with order O((N_1 In N)T+1), see Theorem 17.
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