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1 Introduction

The Oseen problem occurs as an important subproblem during the iterative solution of the
stationary and instationary Navier—Stokes equations. When solving the Oseen equations by
the standard Galerkin finite element method, one is faced with two problems: the problem
is generally convection dominated and a compatibility between the approximation spaces for
velocity and pressure is necessary.

The streamline-upwind Petrov-Galerkin method (SUPG), introduced in [10], and the pressure-
stabilisation Petrov—Galerkin method (PSPG), introduced in [19, 21], allow to treat both prob-
lems within a single framework. Moreover, an additional elementwise stabilisation of the di-
vergence constraint, further denoted as grad-div stabilisation, is important for the robustness,
see [13, 18, 34]. A fundamental drawback of residual based stabilisation methods is that various
terms need to be added to the weak formulation to guarantee the consistency of the method in
a strong way. Using inf-sup stable pairs of finite element spaces for approximating velocity and
pressure, we can skip the PSPG term to obtain a so-called reduced stabilised scheme [15, 25].
Nevertheless, an additional coupling term between velocity and pressure makes their analy-
sis difficult and the grad-div stabilisation seems to be even more important [11, 15, 25, 30].
In recent years, several approaches have been developed to relax the strong coupling in the
SUPG/PSPG type stabilisation and to introduce symmetric stabilising terms, for an overview
see [7, 22, 23].

The local projection method has been designed for equal order interpolation and allows
a separate stabilisation of velocity, pressure, and incompressibility constraint. It has been
introduced for the Stokes equations in [3], extended to the transport problem in [4], and analysed
for the Oseen problem with equal order interpolation in [6, 27]. Originally, the local projection
technique was proposed as a two-level method where the quantities of interest (e.g. derivatives
in streamline direction) are locally projected onto a discontinuos finite element space living
on a coarser mesh. Unfortunately, this approach leads to a discretisation stencil being less
compact than for the SUPG/PSPG type stabilisation. The general approach given in [14, 27]
allows to construct local projection methods with non-increasing discretisation stencil by an
appropriate enrichment of standard finite element spaces. In this paper, we will concentrate on
the enrichment variant of the local projection method.

The idea of using inf-sup stable finite element pairs is driven by the observation that the flow
problem is often part of a coupled flow-transport problem and the mass conservation of the
transport equation depends on the properties of the discrete velocity, see [29]. Unfortunately,
the property of the velocity field to be discretely divergence-free is disturbed by stabilising the
pressure. For inf-sup stable finite element pairs, this pressure stabilisation is not needed and
we are only faced with the instability caused by dominated convection.

The main objective of the paper is to analyse convergence properties of the enrichment
approach of the local projection stabilisation applied to inf-sup stable discretisations of the
Oseen problem. We will consider two different stabilisation terms: one is controlling fluctuations
of the derivative in streamline direction and the fluctuation of the divergence separately while
the other gives control over fluctuations of the whole gradient. An interesting point is that
for inf-sup stable finite element pairs we do not need an H'! stable interpolation operator with
additional orthogonality properties for proving the stability of the discrete problem. This is
different for equal order interpolation, see [27, Lemma 2.6]. As a consequence, there is much
more flexibility for choosing the approximation and projection spaces. Most of the known inf-
sup stable finite element pairs approximate the velocity components by elements of order r and
the pressure by elements of order » — 1 which results in error estimates of order r. Moreover,



we propose new inf-sup stable finite element pairs approximating both velocity and pressure
by elements of order r. In contrast to the ‘classical’ equal order interpolation, the velocity
components and the pressure are discretised by different elements. We show the discrete inf-sup
condition for these finite element spaces und prove an error estimate of order r 4 1/2 uniformly
in the viscosity and the reaction coefficient. In case of discontinuous pressure approximations,
we add an additional term controlling the jumps of the pressure over inner cell faces. To our
knowlegde, estimates of order r + 1/2 have been known up to now only for discretisations with
‘classical’ equal order interpolation, see [6, 27].

The plan of this paper is as follows. Sect. 2 states the Oseen problem and its weak formulation.
The local projection stabilisation with two different stabilisation terms will be introduced.
Sect. 3 considers the solvability and the stability of the stabilised discrete problem. Moreover,
the consistency error is analysed. The convergence of the local projection method is investigated
in Sect. 4. After considering known inf-sup stable finite element pairs of order r and r — 1, we
study enriched velocity spaces and show error bounds of order r which are uniform in the
viscosity also for vanishing reaction coefficient. Moreover, new pairs of inf-sup stable finite
element spaces are proposed approximating velocity and pressure by different elements which
are both of order r. For these pairs, we will prove a convergence order r + 1/2. Sect. 5 gives
finally some numerical tests which confirm the theoretical results.

Notation. Throughout this paper, C' will denote a generic positive constant which is inde-
pendent of the viscosity parameter and the mesh. Subscripted constants such as C are also
independent of the viscosity and the mesh but have a fixed value. We will write shortly a <
if there exists a positive constant C' such that « < C§ holds. If o < f and 8 < a, we will write
a ~ 3. The Oseen problem will be considered in the domain Q C R?, d = 2, 3, which is assumed
to be a polygonal or polyhedral domain with boundary 0f2. For a measurable d-dimensional
subset G of 2, the usual Sobolev spaces W™?(G) with norm || - ||, p.¢ and semi-norm | - |, .6
are used. In the case p = 2, we have H™(G) = W™?2(G) and the index p will be omitted. The
L? inner product on G is denoted by (-, -)g. Note that the index G will be omitted for G = Q.
This notation of norms, semi-norms, and inner products is also used for the vector-valued and
tensor-valued case. For a sufficiently smooth (d — 1)-dimensional manifold E C 9G, the L?
inner product will be denoted by (-, ).

2 Oseen problem and its discretisation

2.1 Weak formulation

We consider the Oseen problem

—z/Au+(b-V)u+0u+Vp:f in €,
divu =0 in €, (1)
u=>0 on 0f),

where v > 0 and o > 0 are constants and b € (leoO(Q))d with divb = 0 is a given velocity field.
The Oseen problem can be considered as a linearisation of the steady (¢ = 0) and non-steady
(o0 > 0) time-discretised Navier—Stokes equations, respectively.

Let V := (H&(Q))d and Q := L2(2). Then, a weak formulation of (1) reads



Find (u,p) € V' x @ such that

v(Vu, Vo) + ((b- V)u,v) + o(u,v) — (p,dive) = (f,v) Yv eV,
(¢, divu) =0 Vg € Q.

Note that divb = 0 implies
((b-V)u,v) == ((b- V)v,u) Yu,v €V, (3)

in particular,

((b-V)v,v) =0 YveV (4)

Thus, applying the Lax—Milgram Lemma in the subspace of divergence-free functions we estab-
lish the unique velocity field u. The unique pressure p € @) such that (u,p) solves (2) follows
from the Babuska—Brezzi condition for the pair V/Q), see [16].

2.2 Discrete problem and stabilised formulation

We are given a family {7} of shape-regular decompositions of 2 into d-simplices, quadrilaterals,
or hexahedra. The diameter of a cell T" is denoted by hy. The mesh parameter h describes
the maximum diameter of the cells T € 7;,. The set of all inner element faces £ ¢ 02 will be
denoted by &,. The diameter of a face E' € &, is given by hg. Each face F € &, is associated
with an arbitrary but fixed unit normal vector ng. Furthermore, let T be a fixed element from
T, such that £ C 0Tg. Let T1, Ty € T}, denote two different cells from 7;, which share a common
face B = 011 N dT5. We define for a piecewise smooth function r, its jump over the face F as

[rnle = (raln)|, = (ralm)|

where ng is directed from 77 into T5.

Let Y, C H}(Q) be a scalar finite element space of continuous, piecewise mapped polynomial
functions over 7,. The finite element space V}, for approximating the velocity field is given
by Vi, := Y&, The pressure is discretised using a finite element space @, C @ of continuous
or discontinuous functions with respect to 7,. We will consider inf-sup stable pairs V},/Qp
throughout this paper.

Assumption 1. The pair V;,/Qy, fulfils the discrete inf-sup condition, i.e., there exists a positive
constant By such that
. (Qha div Uh)
inf sup ———~

> [y > 0 g
QhEth;LEVh |Uh|1 ||Qh||0 " ( )

uniformly in h.

The standard Galerkin discretisation of (2) in Vj, x @y, reads
Find (up,pn) € Vi X Qp such that

v(Vuy, Vo) + ((b -V)up, vh) + o(up,vp) — (pr, div o) = (f, vn) Yoy, € Vi, (©)
(qn,divuy) =0 Vg, € Qn.

In general, problem (6) lacks stability for » < 1 due to dominating convection. To overcome
this problem, we consider the stabilisation by local projection and introduce some additional



notations. Let D (T), i = 1,2,3, be finite dimensional spaces on the cell T € 7, and 7% :
L*(T) — D} (T) the associated local L? projections into D} (7). The global projection spaces
D; are defined by
D, =@ Djy(1), i=1,23.
TeT,

Note that these spaces are discontinuous with respect to 7;,. For each i = 1, 2,3, the mapping
mi o L*(Q) — Di defined by (7iv)|r := 7h(v|r) for all T € 7j, is the L? projection into the
projection space D}. Associated with 7, i = 1,2, 3, are the fluctuation operators k! := id — 7}
where id : L*(Q) — L*(Q) denotes the identity mapping on L?(Q2). Note that we allow also

¢ = {0} which means that ! is the identity. Furthermore, the operators 7 and &} are applied
componentwise to vector-valued and tensor-values arguments.

Now we are able to introduce the stabilising terms

Sp(u,v) = Z (7‘T (/@}L(b -V)u, k(b V)U)T + 7 (KJ,QL div u, x3 div ’U)T>, (7)
TeT,

SP(u,v) = Z pr (k) Vu, /{f’le)T. (8)
TeT,

The term S introduces control over the fluctuations of the derivatives in streamline direction
and over the fluctuations of the divergence separately whereas S? controls the fluctuations of
the gradients. We define on the product space V' x () the bilinear forms

A ((w,p); (v,9) = v(Vu, Vo) + ((b- V)u,v) + o(u,v) ic{a
+ Sj,(u,v) — (p, div o) + (¢, div ), € {a,b} (9)

and the mesh-dependent norms
i 1/2 .
[ I, :== @} +ollvllf + (v +o)alls + Si(v,0)) ™, i€ {a,b}. (10)

We will omit the index i in the notations S}, A, and || (-, -) ‘HZ, respectively, if the corresponding
statement hold for i = a and ¢ = b.

Now, our stabilised discrete problems read

Find (up,pn) € Vi X Qp such that
A;z((uhaph)u (Um(Jh)) = (f,vn) V(h, qn) € Vi X Q. (11)

Existence, uniqueness, and convergence properties of solutions (up, p) € Vi, X @y, will be studied
in the next sections.

3 Stability

We start with the solvability of the discrete problem (11).

Lemma 1. Let max(v, o, 7p,yr, pr) < C. Then, there exists a positive constant (3 independent
of v, o, and h such that

An((vn, qn); (wn, 1))

[y )|

inf sup >06>0 (12)

(vth}z)e‘/hXQh (w,“rh)e\/thh H‘(Uh, qh)m ‘

holds true.



Proof. Let (vy,qn) be an arbitrary element of Vj, x @;,. We obtain

An (W, qn); (vn, qn)) = viveli + o lloallg + Sh(vn, va)

where property (4) was used.
The discrete inf-sup condition (5) ensures that there exists for all g, € Q a z, = zn(qn) € Vi
such that

(divzn, gn) = —llanll,  lanlli < Cillanllo (13)

holds where C; depends only on the inf-sup constant (3, and the Friedrichs constant for the
domain 2. We get

A ((vn, qn); (20, 0)) = v(Vow, Vau) + ((b- V)on, 21) + 0 (vn, 20) + Spvn, z) + [lanlls (14)

by using the first property from (13). We will estimate the first four terms of (14). The first
and the third term can be estimated in a standard way. Using the assumption v, < C', we get
(Y on, Vzn) + 0 (vn, 20)| < vival [2nh + ollvallo 12n]lo
1/2
< C(vfonl? + o llvnld) " lanllo

_ Nl
-6

+C(vlonli + ollvnll5)

by using the second property from (13). After an integration by parts, the second term of (14)
can be estimates as

2
(- V) 2| = (- V)z)| < Clzalilonllo < 1200 1 3

where the boundedness of b and (13) were applied. It remains to consider the stabilising term S.
Since 7, is the L? projection onto the discontinuous finite element space Dy, the corresponding
fluctuation operator s is locally L? stable. Thus, we get with the boundedness of the user
chosen parameters 7r, vy, pr, and the boundedness of b in case of considering S that

2
| S (vn, 21,)| < (Sh(vh,vh))l/2 (Sk(zn, Zh)>1/2 < C(Sh(vhavh)>l/2 |zn]1 < % + CSp(vp, vp).

Putting together the above estimates, we obtain

2
Au(on); G, 0) 2 100 2 ool + Suon, ) ~ Clloal. (15)

After multiplying this inequality by 2(v + o) and using the Friedrichs inequality for estimating
2(v +0)|unllg < C(vlonli + allonl3),
we end up with
An((vns qn); 2(v + 0)(20,0)) = (v + 0)lanlls — Co(vlonlT + allonll§ + Su(vn, va)) (16)
with a suitable constant Cy. We define for (v, qn) € Vi, X @y the pair (wy,73) € Vi X Qp by

2(v+o0)

T%(zhao)’

(wn, h) == (v, qn) +



Then, we obtain

Vv+o

Ah((vh,qh); (wh,rh)) > m”%”g + (1 1 +202) (V|Uh|% +U||Uh||(2) +Sh(vh,vh))
1 2
“ 1+, H}(Um%)m : (17)

It remains to show that ||(wn,r4)|| < C||(vn, an)]|- To this end, we estimate

2(v + 2(v +
s rll <l )l + ZE22 e OV < lone ]+ 55l
< I sl + 0+ o)llanllo < Cfl (on, an)]|
Hence, the stated inf-sup condition holds with the constant 3 = 1/(Cs(1 + C»)). O

Remark 2. Lemma 1 gives stability and unique solvability of the discrete problem (11). Note
that the mapping w +— ||krw||or vanishes on the local projection space Dy, (T). Thus, the stability
of the discrete problem increases when the dimension of the projection space decreases since the
triple norm becomes stronger. In other words, we can control the stability of the discrete problem
by choosing appropriate projection spaces.

Next we will study the consistency error caused by adding the stabilising terms to the standard
Galerkin discretisation.

Assumption 2. The fluctuation operators ;, and k; provide the local approzimation properties
of order sy and s3, i.e.,

Ikhwllor < Chy

wls,7  Ywe H(T), VT € Tp, i € {1, 3}.

Note that assumption A2 is always satisfied for s; = 0 since (kjw)|7 = w|r — 7% (w|r) and
i is the L? projection on Di(T). The assumption A2 is fulfilled for s; > 0, for example, if
Di(T) C P,,_1(T). This follows from the Bramble-Hilbert lemma.

Lemma 3. Let (u,p) € V x Q and (up,pn) € Vi X Qp be the solutions of (2) and (11), respec-
tively. Furthermore, assume that u € H*T1(Q)? for some integer s € [0,r]. Suppose the fluctua-
tion operator k) fulfils assumption A2 with sy = s and blr € W*(T) with maxr ||b]|s;.cor < C.
Then, we have

1/2
\Az«u—uh,p—m;@h,qh»\sc(zTTh%sl||u||;H,T> lemal.  8)

TeT),

for all (v, qn) € Vi, X Qy. Similarly, if the fluctuation operator ki fulfils assumption A2 with
s3 = s, the estimate

1/2
| AD ((w = un, p— pn); (vn, qn)) | < C (Z pr h?p83||u||§3+1,T> Il (vns an) |, (19)

TeT,

holds for all (v, qn) € Vi X Q.



Proof. Using (11) and

An((w,p); (vn, qn)) = Sp(u,vs) + (f,0n) Vou € Vi,

we see that only Sy, (u,v,) has to be estimated. The definition (7) of the stabilising term gives

S, vn)| < (Sp () (S5 (on0n)) < (S w) | (on, a0,

Employing the properties of the fluctuation operator ) and the boundedness of maxr ||b||s, 007,
we obtain with divu =0

Splu,u) < C B2 rr|(b- Vull < C " by ull? 0
TeTy, TeT,

In a similar way, we can estimate S? where no assumption on b is required. O

4 Convergence

In order to study the convergence order, we characterise the approximation properties of the
spaces V}, and (), by the existence of corresponding interpolation operators. First, we study
the case of usual inf-sup stable pairs V},/Q;, which approximate the velocity components and
the pressure by elements of order r and r — 1, respectively. In general, the constant in the
error estimate is independent of v and the mesh size h, but depends on ¢. Then, we show
that under additional assumptions interpolation operators can be constructed which satisfy
certain orthogonality properties. These interpolation operators allow us to establish estimates
with error constants independent of the data v, o, and h. Finally, we turn over to the case of
inf-sup stable pairs V},/@Q} approximating both the velocity components and the pressure by
elements of order r. An example for the lowest order case (r = 1) with continuous pressure
approximation will be the Mini-Element [2, 9]. We give for all considered cases several examples
of approximation spaces Vj,, @), and projection spaces Di, i = 1,2,3, such that all assumptions
needed in our convergence theory are satisfied.

4.1 Methods of convergence order 7 in the case o > 0

We start considering inf-sup stable pairs V},/Q), of finite element spaces of order r and r — 1,
respectively. We assume for this subsection that the polynomial order satisfies r > 2.

Assumption 3. There are interpolation operators j, : VN H?(Q)¢ — V), and i, : QN H*(Q) —
Qh with

|w — jnwllor + hrlw — jawlir < ChG|w|ler Yw e HY(T), 2<(<r+1,YT €T, (20)
lg — ingllor + hrlg — inglir < Chllgller Vg€ H(T), 2 <L <71 VT €T,. (21)

Furthermore, let the pressure interpolation iy satisfy the orthogonality assumption
(g —ing,mn) =0  Vr,€ D}, VgeQnNH*Q),ic {23} (22)

We consider first the discrete problem with the stabilising term S{ defined in (7).



Theorem 4. Suppose that the spaces Vi, @y satisfy Al, A3. The function b satisfies the
reqularity assumption of Lemma 3. The projection space Dj is chosen such that the associated
fluctuation operator k) fulfils assumption A2 with some integer sy € [0,7]. Let the user chosen

parameters satisfy yp ~ 1, 70 < b2 Let (u,p) € (VN HTH(Q)Y) x (QN H"()) be the

~

solution of (2) and (uh,ph) € Vi, x Qp, the solution of (11) where the stabilising term S§ has
been used. Then, there exists for each o > 0 a positive constant C, independent of v and h such
that the error estimate

1/2
m<u—uh,p—ph>mascg(zh% s+ ol )) 23)

TeT,
holds true.

Proof. Using Lemma 1, we can estimate

1 A ((Gnu = up, inp — pa); (wn, 74))
H} JhU — Up; IpP — D }H Sup
/6 (wh,rR)EVEXQp H‘(wh’rh>ma

1 AZ((U — U, D — Dh); (wh,rh))
— sup
/6 (wh,rh)EVE X QR ‘H(wh’rh)ma
AS (G — u, inp — p); (wny7a))
sup

/6 (Wh,rR)EVE X QR H}(wh’rh)ma

Applying Lemma 3, we can estimate the consistency error

Az (( ): (wn, 7)) :
sup r\\Y 7 Un, P = Pr); \Wh, Th <C<ZTT}’281HUHs1+1T> |

(Wh,Th)EVR X QH H‘(whﬂnh)ma TeT,

The terms in AZ(( Jrtt — u,ipp — p); (W, rh)) will be estimated individually. For the stabilising
term S}, we obtain

Sﬁ(jhu u wh) (Sh(jhu u, jhu - u))1/2 (Sﬁ(wh, wh))1/2
1/2
<cC (Z (77 + ) |2, ) [l Cn, ),
TeT,

where the L? stability of the fluctuation operators &%, i € {1,2}, the boundedness of b, and the
interpolation properties of j, were used. Furthermore, we get

v (V(nu — ), Vwn) + o (jnu — u, wp))|

. . 1/2 1/2
< (Wljnu — uf2 + ol juu — ul|2)"* Wlwnl? + oljws2)"

1/2
<C <Z<u+ah%>h ||u||r+1T> [l o, ),
TeTy

by employing the Cauchy—Schwarz inequality and the interpolation properties of jj,.
We consider next the terms which involve the pressure. We have

(rn, div(jau —w)) < |lrallo | div(jru — u)llo



1/2
h2r
<c <Z ) ja||u||%m> flwn )], (24

TeT,

and, furthermore, by (22)

1/2
<p-z-hp,divwh>=<p-z-hp,nzdwwh>sc<zv;1h¥||p||aT> lemml. @)

TeT,

A standard estimate of the convective term is

1/2
(b V) (Gnu — ), wp)| < C (Z h%“T||u||3+1,T> [[wnlo

TET,

1/2

h2r

<C (Z L _;_FUH“HzH,T) ‘H(whvrh>ma (26)
TET,

where the boundedness of b and in the last step the Friedrichs inequality have been used.

Putting all estimates together and using 77 < hé(r_sl), yr ~ 1, max(v, o) < C, we obtain
1/2
H‘(jhu — Up, UpP —Ph)ma <C Z h%"(||u||§+1’T + ||p||72«T)] . (27)
TeT;,

The interpolation properties of j,, 7, and the asymptotic behaviour of 7, vy yield

1/2
[ (w = jru, p = inp)]], < C( 07 (lullfenr + IIPII?,T)> (28)

TeT,

The triangle inequality

| (v — wn, p— Ph)ma < || (w = jnu,p - ihp)ma + || Grw — wn, inp — Ph)ma
gives the statement of the theorem. O

Next we give — without trying to be complete — examples for approximation spaces V},, @,
and projection spaces D}, D? which satisfy all assumptions of Theorem 4. For a simplex T' € 7j,,
let T denote the reference unit simplex in R?. For a quadrilateral /hexahedron T, let T be the
unit cube (—1,1)%. The reference mapping Fr : T — T is affine for simplices and generally
non-affine for quadrilaterals and hexahedra. Let Pk(f), k > 0, denote the space of polynomials
with degree less than or equal to k£ while Qk(f ), k > 0, is the space of polynomials of degree less
than or equal to k is each variable separately. For convenience, we set P_y(T) = Q_(T) = {0}

for all positive integers k. Furthermore, we define for the reference simplex T the spaces
PH(T) = P(T) +b- Py o(T),  PF(T):= Pu(T) +b- Poy(T),
where b € Pd+1(f ) denotes a bubble function vanishing on the boundary OT. We set

QH(T) = Qu(T) +b-span{af~", i=1,...,d}

10



on the reference cube 7 where b € Qg(f ) is a bubble function vanishing on oT. Using these
spaces on the reference cells, we will define mapped finite element spaces. Let

Pl .= Ly e [X(Q) : v|po Fr e B(T),¥T €T},  P.:i= P& nHY(Q),
QP = {ve LX) : vlro Fr € (1), VT € T}, Q.= QM nH'(Q).
and
P i={ve HY(Q) : vlpo Fre PHT), VT € T,},
P ={ve HY(Q) : v|po Fre PH(T), VT € T;,},
Qf ={ve H(Q) : vlro Fre Q/(T), VT € T,,}.

As usual, we will write shortly V;, = Qi and Q) = P, instead of V), = (Qk N H&(Q))d and
Qn = P.NL2(Q). The mapped spaces P3¢ are used later also on quadrilaterals and hexahedra
for pressure spaces and for projection spaces. Note that these spaces do not admit the usual
approximation properties on arbitrary families of meshes. However, the usual approximation
properties known for unmapped finite elements still hold on families of successively refined
meshes which are often used in practise. For details, we refer to [1, 24, 26].

Concerning the construction of pressure interpolations satisfying (22), the following lemmata
will be useful. We start with continuous pressure approximations and introduce the notations

On(T) = {anlr + @ € Qn +span(1)},  Qu(T) = {an : br-an € Qu(T)}

where by denotes the mapped bubble function of lowest polynomial degree, i.e. by € Py 1(T)
for simplices in R? and by € Qo(T) for quadrilaterals/hexahedra, respectively.

Lemma 5. Suppose there exists an interpolation operator i, : Q N H*(Q) — Qn C HY(Q)
satisfying the approzimation property (21). Moreover, let the projection spaces Di, i € {2, 3},
satisfy D} (T) C @h(T) for all T € T1;,. Then, there exists an interpolation operator iy : QQ N
H?(Q) — Qy, satisfying the approzimation property (21) and the orthogonality condition (22).

Proof. We modify i; by setting inq := i} q + dp(q) with dp(q)|r := br - dr where dy € @h(T) is
locally defined by

(dn(q), )7 = (br - dp, 1) = (¢ — ihq.rn)r Y € Qu(T), VT € Ty, (29)

The unique solution dr € Qu(T) follows from the observation that (d,r) — (br - d,7)r is a
weighted L? inner product on @h(T ). Since the bubble function by vanishes on the boundary
OT of each cell, the interpolant i,q := i}q + dj,(q) belongs to Q, C Q N H'(Q) and preserves
locally polynomials of degree less than or equal to r. The Bramble-Hilbert lemma gives (21)
for simplicial finite elements. In case of quadrilateral and hexahedral finite elements, we restrict
to sucessively refined meshes and use the results of [1, 24, 26]. Furthermore, we conclude
from (29) that the error g — i5,q is perpendicular to the projection spaces Di, i € {2,3}. Hence,
the orthogonality property (22) holds. O

The version related to discontinuous pressure approximations reads as follows.

Lemma 6. Let Q, = P¥¢ or Q, = Q¥*¢. Suppose D? C Qp, +span(1) and D; C Qy, +span(1),
respectively. Then, the L? projection iy : L*(2) — Qy satisfies the approzimation property (21)
and the orthogonality condition (22). Further, divV}, C Qp+span(1) yields (¢q—inq, divwy,) =0
for all wy, € Vj, independent of the choice of Di and D3, respectively.

11



Proof. The discontinuity of the pressure space @, implies that the L? projection can be localised.
Hence, the approximation property (21) follows from the Bramble-Hilbert lemma for simplicial
finite elements in the usual way. In case of quadrilateral and hexahedral finite elements, we
restrict to sucessively refined meshes and use the results of [1, 24, 26]. Furthermore, we have

(¢ —ing,mn) =0 Vrn, € Qpn + span(1).

Thus, for D? C Qy, + span(1) and D; C @, + span(1), respectively, we conclude (22). In case
of divV}, C @y + span(1), we can set r, = divwy, and get (¢ — ipq, divwy,) = 0 for all w, € V,
independent of the choice of D? and Dj, respectively. O

We turn now over to concrete examples and start with continuous pressure approximations,
see Table 1. The assumptions A1 and A3 for the Taylor-Hood families on simplices and quadri-

Table 1: Taylor-Hood families with stabilisation term Sj.

Vi Qv DL DF om o r s t -1l

P, Py Pl pdsc < pdrms) g 59 gs<p t<r—d—1 O()

S

Q Q1 Q¥ Qf <ShTY ~1 r22 s<r t<r—2  O(h)

laterals/hexahedra are clearly satisfied. Indeed, the additional orthogonality assumption (22)
for the pressure interpolation can be fulfilled by using a projection space D7 being small enough.
The choices PYs¢ = Q4isc = {0} always satisfy (22). According to Lemma 5, the largest possible
projection space D? such that (22) still holds is given by the bubble part @h(T ) of P._; and
Q._1, respectively. The bubble parts correspond to P3¢ , for simplicial elements and to Q%
for quadrilateral/hexahedral elements. Finally, we mention that the fluctuation operator r}
satisfies assumption A2 with s; = s for all choices of D} given in Table 1.

Remark 7. A careful inspection of the proof of Theorem 4 shows that we cannot replace the sta-
bilisation term S¢ by SP for continuous pressure approzimations. Indeed, an estimate like (25)
for simplicial elements would require D} C P¥¢ ., and the lower bound ur > C > 0. Then,
for getting a consistency error O(h") in Lemma 3, the fluctuation operator k; should satisfy
assumption A2 with s3 = r which means that Dy D P in contrast to Dy C P¥$ ,. A similar
argument is true for quadrilateral/hexahedral elements.

Let us now discuss examples of inf-sup stable finite element pairs V},/Q) with discontinuous
pressure approximations. The inf-sup stability and the approximation properties of the elements

Table 2: Families with discontinuous pressure approximations and S}.

Voo @ Dy Dy ooy st -,

pr  pdisc pdise pdisc < pAree) g >0 g<p t<r O(R)

Q, Pd¢ Pl plv <pY ~1 r>2 s<r t<r O
r—1 s—1 t—1 ~ T

given in Table 2 follows from [12, 16, 28]. The additional orthogonality assumption in A3 is

12



satisfied for D? C @, + span(1) when using the local L? projection as pressure interpolation
(see Lemma 6).

Remark 8. If D? C Qp,+span(1) then the L* projection of a discretely divergence-free function
wy, 18 zero due to
(72 divwp, rp) = (divwy, 7) = 0 Vry, € D}.

This happens for all families listed in Table 2. As a consequence, the discrete solution u, does
not depend on the choice of the projection space. However, the algebraic properties do depend
on the choice of D3.

Compared to continuous pressure approximations, the orthogonality property (22) of the
pressure interpolation ¢;, hold for discontinuous pressure approximation with respect to a larger
space. This allows us to replace the stabilisation term S¢ by S? and similar results can be
formulated. In this way, we can relax the smoothness conditions on b but lose the flexibility for
choosing the projection spaces D} and D3.

Theorem 9. Suppose that the spaces Vi, Qy, satisfy A1, A3. The projection space D} is chosen
such that the associated fluctuation operator i fulfils assumption A2 with s3 =r. Let the user
chosen parameter satisfy pr ~ 1. Let (u,p) € (V N H™(Q)?) x (Q N H"(Q)) be the solution
of (2) and (up,pn) € Vi x Qp the solution of (11) where the stabilising term S} has been used.
Then, there exists for each o > 0 a positive constant C, independent of v and h such that the
error estimate

1/2
[ (w = wn,p = pa)||, < Co (Z g (ullf s + ||p||3,T)> (30)

TeTy,
holds true.

Proof. Most of the terms can be estimated as in the proof of Theorem 4. We discuss only the
term which needs a different handling. Since ||x} div wy,|lor < C||&3 Vw07, we have

1/2
(p — inp, divwn) = (p — inp, K divwy) < C (Z N;lh?—meHzﬁ—l,T) | (wn, )| -
TeT,

Now follow the lines of proof of Theorem 4. Note the the stabilisation term S? can be estimated
by using the Cauchy—Schwarz inequality. O

Possible classes of methods satisfying all assumptions of Theorem 9 are listed in Table 3.
As above, the spaces Vj,, @, satisfy Al and A3 since Di C Qj, + span(1). In order to satisfy
A2 the projection space has to be large enough, in particular, D} D P3¢, Therefore, we set
D} .= pdise,

Remark 10. The enrichment of P, in the first rows of Tables 2 and 3 is needed only to guarantee
the inf-sup condition on arbitrary shape reqular meshes. If we restrict to families of meshes
generated by dividing a d-simplex into (d + 1) simplices by connecting the barycentre with the
vertices, the inf-sup condition holds for r > d, see [31, 32, 85]. Thus, we can replace in this
case P by P,. The pair P./P,_; is known as Scott—Vogelius element, see [32].
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Table 3: Families with discontinuous pressure approximations and S?.

Vi Qu D owr v |,

Pr PYY P ~1 r>2 O(R)
Q- P PY ~1 r>2 O(h)

r—

4.2 Methods of convergence order 7 in the case o > 0.

A careful inspection of the proof of Theorem 4 shows that the error constant in (23) is for o = 0
no longer uniformly bounded for v — 0 due to the estimates (24) and (26). We will see in
the following that we can get error estimates which hold uniformly for all ¢ > 0 by choosing
a special interpolant j, : V N H%(Q)? — V. The polynomial degree r in this subsection is
assumed to fulfil r > 2.

In order to handle both continuous and discontinuous pressure approximations, we modify
our discrete problem by introducing an additional stabilising term J;, which is given by

In(p,q) =Y ap(lple, [dle), (31)

Eec&y,

where ap are user-chosen parameters. We extend the definition of the bilinear form A} and of
the mesh-dependent norm m . ‘HZ to i = ¢ by

A5 (. p); (v,0)) = A5 ((w, p); (v, 9)) + Ju(p, 9), (32)
el = (.ol + i) (33

Note that this modification does not cause an additional consistency error since we have for

smooth solutions p € H'(Q) that [p]z = 0 on all E € &, where &, is the set of all inner faces.
We start with a quasi-local interpolation operator preserving the discrete divergence [17] and

modify it such that the interpolation error becomes orthogonal to the projection space [27].

Assumption 4. There exists an operator j; : V — Vj, satisfying
(qn, div(w — jrw)) =0 Yw € V, Vg, € Qn, (34)
v = jivmr < ChE™0lewm Yo € VN HY Q) VT € Ty, (35)

for0 <m <1,1</{¢<r+1, where w(T) denotes a local neighbourhood of T'. Moreover, let
the local inf-sup condition

36, >0Yh>0vT €T,:  inf  sup (Vns gn)T

>0 >0 (36)
aeDL(T) vyevy (1) 1V llo.r llanllo,r

be satisfied where Y, (T) = {vp|lr : vn € Yy, vp = 0 on Q\T'} is the local bubble part of the
scalar finite element space Y.

Remark 11. The existence of quasi-local interpolation operators j;: satisfying (34) and (35)
has been established for a wide family of pairs Vi, /Qy in [17]. Concerning (36), we mention that
Y, (T) — compared to D} (T) — has to be rich enough. In particular, a necessary requirement is
dim Y},(T) > dim D} (T'). Ezamples of spaces Yy, D} satisfying (36) have been given in [14, 27].
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Lemma 12. Let Aj be satisfied. Then, there exists an interpolation operator j, : V. — Vj
satisfying the following orthogonality and approrimation properties:

(w - jhw7Qh) =0 th € (‘D}ll>d7 Vw € V, (37>
v = jnvlmr < C ™[00 Yo e VN HYQ)Y, VT €T, (38)

for0<m <1,1<¢<r+1. If additionally VQy,, C (D})¢ then the estimate

1/2
1/2
|mﬂww—%wnsc<§j—%%ﬂ HM@J (Jntrurn)) (39)

Ecé&y
holds true for all vy, € Qp, and for all w € V N H™1(Q)4,

Proof. It has been shown in [27, Theorem 2.2] that there exists under the assumptions (35)
and (36) an interpolation operator jj, satisfying (37) and (38). The operator has been con-
structed by setting jhw := jrw + z(w) where z(w)|p € Vi(T) := Y, (T)? is locally defined
by

(za(w), gn)r = (w — jiw,an)r  Vau € (DA(T))"

which guarantees (37). Further, the local bound

1 .
[z C)llor < Z-llw = Grwllo.r

has been proven from which (38) follows by using (35) and an inverse inequality. It remains to
show (39). From the representation jw = jiw+zp,(w), we get for 7, € Qp, and w € VNH"1(Q)?

(ra, div(w — jyw)) = —(ry, div 25 (w)) = Y (Vrn, zn(w))e = > (Ve w — jrw)r

=" (ra,div(w — jrw)r + Y (rale, (w = jiw) - ng),,.

TeT, Ee€&y

Here, we have used (34), z,(w) =0 on 0T for all T' € T, V(r4|7) € (D,ll(T))d and w — jiw =0
on J€2. The first term on the right hand side vanishes due to (34). The estimate for the
interpolation error on cell boundaries E € &, follows from the scaled trace inequality

[wlos < C (R, Mooy +hiflohrs) Vo € HY(T5)
which yields
lw = jiwlos < C (R Wt e vare) + B Wi, 0l 41ty ) < CHEE s

by applying (35). The estimate (39) follows now by using Cauchy—Schwarz inequality. O

Remark 13. Estimate (39) implies that the special interpolant j, preserves the discrete di-
vergence for continuous pressure approzimations since Jy(rp,m) = 0 for r, € HY(Q). A sim-
ple example for spaces satisfying A/ is the “extended Mini element family” which is given by
Vh = PT++, Qh = PT, and D,ll = Prdisc.
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Theorem 14. Suppose that the spaces Vi, Qy, satisfy A1, A3, A4. The function b satisfies the
reqularity assumption of Lemma 3. The projection space Dj is chosen such that the associated
fluctuation operator ), fulfils assumption A2 with s, € {r—1,r}. Let the user chosen parameters
satisfy yp ~ 1, ag ~ hg. We assume 10 ~ h3 for sy =r —1 and h3 S 70 S 1 for sy = 7.
Let (u,p) € (VN H™(Q)) x (QNH"(Q)) be the solution of (2) and (un,pr) € Vi X Q) the
solution of (11) with i = ¢ where the stabilising terms (7) and (31) have been used. Then, there
exists a positive constant C independent of v, o, and h such that the error estimate

1/2
| (w = un,p = p)||, < C (Z g ([[ull e + ||p||72~,T)> (40)

TeTy,
holds true.

Proof. First, a look into the proof of Lemma 1 shows that it still holds for Af, since

A5 ((vny qn); (21, 0)) = Af ((vn, n); (21, 0)).

Now we follow the lines in the proof of Theorem 4 and discuss only the necessary modifica-
tions. The estimation of the additional term which appears only for discontinuous pressure
approximations is standard:

| Tn(inp — 2, )| < (Jn(inp — pyinp — p)* (Jn(ra, i) ?

1/2
<cC (Z h%fnpni,T) Il Cwons )]

TeT,

where we used hg ~ hr for E C JT and the same ideas as in the proof of Lemma 12 to estimate
the interpolation error on cell boundaries. It remains to replace the estimates (24) and (26).
Using (39) and ag ~ hg, we get

1/2
|(r, div(u — jpu))| < C (Z h%fnun%HvT) 1 Con, )],

TeT,

for all 0 > 0. Since the velocity interpolant satisfies the additional orthogonality (37) with
respect to D}, we can alternatively estimate the convection term after an integration by parts
as follows

‘((b V)(jhu - u),wh)} = ‘(jhu— u, (b V)wh)} = }(jhu —Uu, H}L(b V)wh)}

1/2
<c (Z h%(’“*”TT-1||u||i+1,T> [l Ceon ]| (41)

TeT,
The statement follows with 7' < h?. O

Examples satisfying all assumptions of Theorem 14 are given in Tables 4 and 5. Since the pairs
P./P,_; and Q,/ PY¢ satisfy the inf-sup condition A1, the enriched versions of the pairs given in
Tables 4 and 5 satisfy Al too. The enrichments have been chosen large enough to satisfy (36) of
A4 which guarantees the orthogonality property of the velocity interpolation (37) for the given
projection space D}. See [14, 27] for a proof of (36). Finally, the largest possible projection
space D? for continuous pressure approximations results from the bubble part of the pressure

space Qp,.
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Table 4: Families with continuous pressure approximations and Jj'.

Vi Qo DL DE L mw w N
Pr P, Plx  pdis ~ h ~1 r>2 t<r—1—d O(")
P+ Py Pdsc plise 2 < <1 ~1 r>2 t<r—1-d O(h")
Qr Qe QP Qf ~ hZ ~1 r>2 t<r—2 O

Table 5: Families with discontinuous pressure approximations and Jj.

Vi Qn Dy D} r I i

Q- Py Q5 PIY ~ h} ~1 ~hg r>2 t<r O()
QF Py pls Pl 2 <m <1 o ~1 ~hgp r2>2 t<r O()

Remark 15. One could also think to replace S¢ by S? but the improved estimate of the convec-
tion term is more tricky, since — in general — we do not have ||k, (b-V)wp o < CllVws|lor -
Let b denote the piecewise constant approrimation of b. Then, we have

[6n (b - V)wnllor < [[n((b = b) - V)wnlloz + |54 (D - V)whllox
< ChT|b|1,oo,T||th||o,T + ||b||0,oo,T||/€hvwh||o,T
< C([lwnllo,r + [[kn(Vws)|or)

from which

1/2
G =, (b - V)| < € (Z ((v+0)n3+ u;lh%)h%"nun%H,T> i eon )l

TeT,

follows. Since this estimate is for o = 0 not uniformly in v > 0, we skip this option here.

4.3 Methods of convergence order r + 1/2

For equal order interpolations where V, = (Y;, N H}(2))? and Qp, = Y;, N Q, error estimates
of order O((v'/?2 + h'/2)h") have been established in [6, 27]. Unfortunately, these pairs of
finite elements are not inf-sup stable and an additional pressure stabilisation, called pressure
stabilised Petrov—-Galerkin (PSPG) [33], becomes necessary. However, a careful investigation
of the proof of Theorem 4 shows that the critical term limiting the convergence order to r is
(p — inp, divwy,) estimated in (25). Thus, an improved approximation of the pressure seems to
be needed for getting an improved error estimate. Here, we consider inf-sup stable pairs V},/Qp,
of finite element space approximating velocity and pressure by elements of order 7.

In order to get error bounds uniformly with respect to v > 0 for all ¢ > 0, we restrict
ourselves to the case of the stabilising term S (cf. Remark 15). We consider the two families
of spaces given in Table 6.

We show first that the pairs V}, /@), given in Table 6 are inf-sup stable, i.e., assumption Al is
satisfied.
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Table 6: Families of order r + 1/2 and J;.

Vi @ Dy Di o oy ap v t Il -1,

Pt P, P;iislc Ptd—lslc ~hr ~hpr =0 r>1 t<r—d O(hr+1/2)
Qf Pds pls pdic hy o ~hp o ~1 r>2 t<r+1 O

Lemma 16. The discrete inf-sup condition (5) is satisfied for the pairs V3, /Qn = P+ /P, and
Vi/Qn = QF /P

Proof. The proof for the extended Mini element family V,,/Q, = P /P, is based on the
construction of a Fortin operator Il : V' — V), satisfying

(rp, div(Il,o —v)) =0 Vry € Qn, v EV, (42)
[Mpo]ly < Cllvlly VeV (43)

This is equivalent to establish assumption A1, see [16, Chapter II, Lemma 1.1]. Since the bubble
part of (IT,v)|7 belongs to (b - Pr_l(T))d, we can fix the bubble part of (IT,v)|r by

((Hhv — ), qh)T =0 Y, € (Pr_l(T))d.

An integration by parts shows that (42) is fulfilled due to (Vry)|r € (Pr_l(T))d. The remaining
degrees of freedom for Il are regularised nodal functionals living at the boundary of each cell.
They guarantee the continuity across the cell interfaces and ensure that the domain of definition
of IT, becomes V. The detailed proof for =1 can be found in [16].

We observe for the pair QF/PY¢ r > 2 that Q, C QF. Since the pair Q2/Qp is inf-sup
stable, we can apply the technique by Boland/Nicolaides [5, 16]. Hence, we have to show on each
cell T € Ty, only a local inf-sup condition between the bubble part of Q" (T') and P,.(T') N L3(T).
The essential point of the proof is the inclusion by - P,_1(T) C Q;(T) which is satisfied by
construction of the enriched space Q. Then, we get the inf-sup condition for the pair Q" /Pdisc
by following the lines of the proof of [28, Theorem 8§]. O

Theorem 17. Suppose that the spaces Vi, Qn, Di, D2 and the parameters r, yr, ap are chosen
as in Table 6. Assume further that the function b satisfies the regqularity assumption of Lemma 3.
Let (u,p) € (VNH™(Q)Y) x (QNH™(Q)) be the solution of (2) and (un,pr) € Vi, X Qp, the
solution of (11) with i = ¢ where the stabilising terms S{ and Jy, have been used. Then, there
exists a positive constant C' independent of v, o, and h such that the error estimate

1/2
| (u = un,p—p)||, < C (Z Rt (Nl + ||p!|3+1,T)> (44)

TeT,
holds true.

Proof. Assumption A1 follows from Lemma 16. Furthermore, the choice D} = P3¢ guarantees

assumption A2 with s; = r and the consistency error becomes of order r + 1/2 for 70 < hrp.
Assumption A4 is satisfied for the pairs P /Pds¢ and QF /PY5¢, as shown in [27]. Therefore,

we can use the improved estimate (41) of the convection term. Moreover, we note that the upper
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bounds for the sizes of the projection spaces D3 result from the size of the bubble parts of the
pressure spaces P, on simplices and P3¢ on quadrilaterals and hexahedra, respectively. The
choice D? = P3¢ allows us to apply Lemmata 5 and 6 such that assumption A3 is satisfied.

Due to the choice of the pressure space to be either P, or P3¢ we have the following better
estimate for interpolation error in the pressure space

lg — ingllor + hrlg — inglir < Chyllqller  Yg € HYT), 2 < <r+1,VT €T,

As a consequence, the estimate (25) can be improved. We obtain

1/2
(0 — inprclivaun) = (p — inps 2 livean) < C (z vglhwnpnim) lam .
TeT,

1/2
<C (Z h?FTHHPH?H,T) Il Cwns ).

TeT,

where yp ~ hy was used. Hence, the convergence order r + 1/2 is proven. O

5 Numerical results

This section presents numerical results for solving the Oseen problem with inf-sup stable pairs
of finite element spaces where the discretisation is stabilised by the local projection method.
All calculations were performed with the code MooNMD [20].

Let Q = (0,1)% We consider the Oseen problem

—vAu+ (b-Vu+ou+Vp=f, divu=0 inQ, u=g onl,

where the right hand side f and the inhomogeneous Dirichlet boundary condition g have been
chosen such that

u = (sin(z) sin(y), cos(z) cos(y))T, p = 2cos(z)sin(y) — 2sin(1) (1 — cos(1))

is the solution for the case v = 1078, b = u, and o = 1. This special solution was taken from [8].

We have performed calculations on triangular and quadrilateral meshes which were obtained
by successive regular refinement of initial coarse grids. The coarsest mesh (level 0) consists of
either two triangle or a single quadrilateral. The meshes on level 1 are shown in Fig. 1.

Figure 1: Meshes on level 1 for triangles (left) and quadrilaterals (right).
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Our first example is the third-order Taylor-Hood element on triangles, i.e., V,,/Qy = Ps/Ps.
Since d = 2 and r = 3 in this case, Tab. 1 gives that the projection space D; can be chosen
as {0}, Pgisc, Pdisc or Pgise while the projection space D? has to be {0} which means that
no projection of the divergence takes place. Table 7 shows for different choices of projection

Table 7: Error and convergence order in the local projection norm }H . H}a for V,,/Qn = Ps/ Ps.
D} D | 7 error  order
Pglisc 10} 1 7.911-08 2.98

1
Pl {0} | hZ 1 | 7.694-08 2.9
Pds {0} | A 1 |7.690-08 3.00
{0} {0} |AS 1 |7.673-08 2.98

pyfise pgie | 11| 3.890-07  2.08

spaces D}, D2 and the stabilisation parameters 77, yr the error on level 6 (37,249 unknowns
for each velocity component, 16,641 pressure unknowns) and the convergence order in the local
projection norm H} . ‘Ha which was obtained from the results on levels 5 and 6. The setting for
the first four data sets is in agreement with Tab. 1. The results are almost identical. Moreover,
the obtained convergence orders of 3 confirm the theoretical result given in Thm. 4. The last
setting in Tab. 7 violates the condition for the choice of D?. We clearly see that convergence
reduces to second order. This is caused by the fact that the term (p — i5p, div wy) can’t be
handled as in (25), cf. proof of Thm. 4. In order to get a v-uniform estimate of this term, we
obtain by (21) and an inverse inequality

(p—inp,divwy) = Y (p—inp,div wy)r < Y Ip = inpllos 1div wylor
TeT, TeT,

<O Wplpllea lwnlir < C D 0 pller [lwnllor

TeTy, TeT,

1/2
e (z h;“-”upna,:p) Nl

TeT,

Hence, the convergence order reduces from r to r — 1.

Our second example considers the pair V;,/Qp, = Q3/P5¢ on quadrilaterals. We can use for
this situation both stabilising terms S¢ and S?. According to Tab. 2, the projection spaces
D} and D? can be independently chosen to be {0}, Pdisc. piisc or pPdisc. Furthermore, Tab. 3
gives for the stabilising term S? the only choice D} = PJs¢ with pp ~ 1. The errors presented
in Tab. 8 were obtained on level 6 (37,249 unknowns for each velocity component, 24,576
pressure unknowns) while the convergence order was calculated from the results on levels 5
and 6. Tab. 8 shows that the results for all parameter choices differ only slightly. Moreover,
the optimal convergence order of 3 is achieved. Note that we have chosen in our test D} = D3
since the choice of D7 has no influence on the discrete solution, cf. Remark 8.

Our final test example is the Mini-element P;"*/P; on triangles. According to Tab. 6, we
have D} = P and D? = {0}. Tab. 9 shows the results of our numerical calculations on
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Table 8: Error and convergence order in the local projection norm ‘H . m for V3,/Qn = Q3/ Psise.

D} D} | gr error order
{0} {0} |AS 1 |9.202-08 3.00
Pglise pdise | pd 11 9.202-08  3.00
pdisc pdisc | p2 1 19.252-08  3.00
Pglise pdisc | 11 | 8.696-08  3.00

D} = Pgfisc | 40 =1 ] 1.028-07  3.00

Table 9: Error and convergence order in the local projection norm H‘ . ‘Ha for V,/Qn = Pt/ Py.
D} Dz ‘ T T ‘ error  order
Pgisc {0} | hy hy | 2.929-04 151
Pglise - psiisc \ by by | 1.610-04  1.51

level 7 (49,409 unknowns for each velocity component, 16,641 pressure unknowns) where the
convergence order was obtained from the results on levels 6 and 7. Note that also the choice
D} = D? = Pgis is considered. Although this choice is not covered by our theory, the optimal
convergence order 3/2 is achieved in both cases. Furthermore, the results of both choices differ
only be a factor of 1.8.
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