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We consider singularly perturbed convection-diffusion problems in the unit square
where the solutions show the typical exponential layers. Layer-adapted meshes
(Shishkin and Bakhvalov—Shishkin meshes) and the local projection method are
used to stabilise the discretised problem. Using enriched @),-elements on the coarse
part of the mesh and standard ),-elements on the remaining parts of the mesh,
we show that the difference between the solution of the stabilised discrete problem
and a special interpolant of the solution of the continuous problem convergences
e-uniformly with order O(N~("+1/2)). Moreover, an e-uniform convergence in the -
weighted H'-norm with order O((N “tIn N )_’”) on Shishkin meshes and with order
O(N~") on Bakhvalov—Shishkin meshes will be proved. Numerical results which
support the theory will be presented.
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1 Introduction

Let © = (0,1)% be the unit square. We consider the singularly perturbed boundary value
problem
—eAu+b-Vu+t+cu=f in Q,

1
u=20 on 0, (1)
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where € is a small positive parameter while b : Q@ — R?, ¢: Q — R, and f : @ — R are
sufficiently smooth functions satisfying

bl(may) 2 ﬁl > Oa b2($7y> Z ﬁ? > Oa C(.T,y) 2 0 V(.’L',y) S Q (2)

and

1
c(x,y) — 5 divb(z,y) > co >0 V(z,y) € Q. (3)

These assumptions ensure that (1) has a unique solution u € Hg (Q)NH?(). If the assumptions
in (2) are satisfied then condition (3) can be always fulfilled for sufficiently small € by a change
of variables v(z,y) = e u(x,y) with a suitable constant o.

Since 31 and (35 are positive, the solution u of (1) shows typical exponential layers near z = 1
and y = 1. We assume for simplicity of our analysis that neither parabolic nor interior layers
are present. The smallness of € causes global unphysical oscillations if standard discretisation
schemes on general meshes are applied. In order to obtain satisfactory discrete solutions with
suitable accuracy, stabilisation methods and/or a-priori chosen meshes are often used. For an
overview on these techniques, we refer to [25] where also the analytic behaviour of the solution
u is discussed.

A-priori adapted meshes can be used if sufficient information on the structure of the solution
are available. Early ideas of layer-adapted meshes go back to Bakhvalov [1]. The piecewise
uniform Shishkin meshes [21] were proposed originally for finite difference schemes. The first
paper which considered Shishkin meshes for finite element methods seems to be [26]. The
authors analysed the standard Galerkin method with bilinear finite elements. The combination
of the Bakhvalov’s idea for using a uniform coarse mesh and a graded fine mesh with the
Shishkin’s simple choice of the transition point was considered by Linf [15,16]. Following [16],
we will call these meshes Bakhvalov—Shishkin meshes. Details will be given in Sect. 2.1

Even on layer-adapted meshes, the standard Galerkin discretisation lacks stability, see [18§]
for some numerical results. Moreover, the systems of linear equations which correspond to the
standard Galerkin discretisation are hardly to solve by iterative methods [16, 18].

For stabilising convection-diffusion problems, the streamline-diffusion finite element method
(SDFEM) which was proposed by Hughes and Brooks [11] is a powerful method which provides
good stability properties and high accuracy outside interior and boundary layers. The SDFEM
was investigated by many authors, see for example [10,13,14,22]. The disadvantage of the
SDFEM, in particular for higher order discretisations, is that several terms which include also
second order derivatives have to be added to the weak formulation in order to ensure the strong
consistency of the resulting method. However, the SDFEM on Shishkin meshes is much less
sensitive to the choice of the transition points as standard Galerkin discretisations, see [23].

Stynes and Tobiska [28] studied the SDFEM with higher order finite elements applied to
convection-diffusion equations on Shishkin meshes. Using Lin identities and anisotropic error
estimates for a special interpolation operator, they proved for (),-elements, » > 2, that the
difference between the SDFEM solution and the special interpolant of the solution of (1) con-
verges in the streamline-diffusion norm with order O(N~("*1/2)), Furthermore, postprocessing
operators which allows to achieve estimates for the error between the weak solution and the
discrete solution are suggested in [27,28].




Local projection stabilisation on layer-adapted meshes

The local projection stabilisation technique is a different approach for stabilising the standard
Galerkin discretisation. Stabilisation of the standard Galerkin method is achieved by adding
terms which give a weighted L?-control on the fluctuations (id — 7) of the derivatives of the
quantity of interest where 7 is a projection into a discontinuous finite element space. Introduced
for the Stokes problem in [2], the local projection stabilisation method has been extended to the
transport problem in [3]. An analysis of the local projection stabilisation applied to the Oseen
problem can be found in [4,20]. The local projection stabilisation is only weakly consistent.
However, the appearing consistency error can be bounded such that the optimal convergence
order is maintained.

Originally, the local projection stabilisation technique was introduced as a two level method
where the projection maps into a discontinuous finite element space which lives on patches of
elements [2-4]. Note that standard finite element spaces can be used for both the approximation
space and the projection space, see [4,20]. This approach has a severe drawback since the
discretisation stencil increases. Moreover, the necessary data structures might not be available
in an existing computer code. The key for the analysis of the local projection method is the
existence of a special interpolation operator which provides the standard interpolation error
estimates and an additional orthogonality property [20]. The abstract setting given in [20] allows
to construct the enrichment approach of the local projection method where the approximation
space and the projection space are defined on the same mesh. The approximation space is
enriched compared to standard finite element spaces. In [20], it was shown that it suffices
to enrich the standard quadrilateral @),-element, r > 2, by just two additional functions,
independent of r. Hence, the discretisation stencil remains small.

The local projection method on Shishkin meshes was considered in [19]. For arbitrary r > 2,
new finite elements were introduced which are enrichments of the standard @),-element by six
additional functions leading to an element which contains already the space P,,;. It was shown
in [19] that the error between the solution of the stabilised discrete problem and an interpolant
of the solution of the continuous problem converges in the local projection norm with order
O((N “tIn N )7"+1), uniformly in €. Moreover, the error between the solution of the stabilised
discrete problem and the solution of the continuous problem itself has in the global energy
norm the convergence order O((N 1InN )T“), again uniformly in €. Both results rely on the
fact that the space P,, is a subspace of the used enriched finite elements since this allows to
obtain better interpolation error estimates compared to the (),-element.

In contrast to [19], we will use in this paper different finite elements on different regions of
the mesh. As in [19,28], the stabilisation acts only in the coarse part mesh. Hence, we can use
standard @),-elements in the layer regions and the enriched finite elements introduced in [20]
only in the coarse part of the mesh. This will lead to a smaller number of unknowns compared
to the method in [19] where elements with larger enrichment were used on all mesh cells.

The main objective of this paper is the proof of an error estimate between the solution of
the stabilised discrete solution and a special interpolation of the solution of the continuous
problem. We will show that this error convergences e-uniformly with order O(N—+1/2)) on
Shishkin meshes and on Bakhvalov—Shishkin meshes. Furthermore, e-uniform error estimates
in the e-weighted H'-norm between the stabilised discrete solution and the solution u of (1) will
be proved. On Shishkin meshes, the order O((N 1lnN )T) is obtained while the convergence
order on Bakhvalov—Shishkin meshes is O(N™").

This paper is organised as follows. Section 2 describes layer-adapted meshes and their proper-
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ties. Moreover, the local projection stabilisation is introduced. Auxiliary results are presented
in Section 3. Several error estimates and a generalisation of Lin formulas are presented. The
convergence proofs will be given in Section 4. Some numerical results are presented in Section 5.
The papers ends with concluding remarks in Section 6.

Notation. Throughout this paper, C denotes a generic constant which is independent of
the diffusion parameter € and the mesh parameter N. Although we consider finite element of
arbitrary order r > 2, the dependence of any constant on the order r will not be elaborated.

Let G be an arbitrary measurable two-dimensional subset G C 2. The measure of G is
denoted by |G|. On G, the usual Sobolev spaces W"?(G) with norm || - ||;.¢ and semi-norm
|+ |mp.c are used. In the case p = 2, we write H™(G) instead of W™?(@G) and skip the index p
in the norm and the semi-norm. The L2-inner product on G is denoted by (-, +)g. Note that the
index GG in norms, semi-norms, and inner products is omitted in the case G = 2. All notation
is also used for the vector-valued case.

Let P,(K) denote the space of all polynomials of total degree less than or equal to s while
Qs(K) is the space of all polynomials of degree less than or equal to s in each variable separately.

2 Layer-adapted meshes and local projection stabilisation

2.1 Layer-adapted meshes and their properties

We will consider in this paper two types of layer-adapted meshes: Shishkin meshes (S-meshes)
and Bakhvalov—Shishkin meshes (B-S-meshes). S-meshes are piecewise uniform meshes which
are adapted to the boundary layers [21,23,24]. The B-S-meshes were introduced by Lin$ [15,16].
Compared to S-meshes, the B-S-mesh is uniform only on coarse part of the mesh and graded
toward the boundary in the fine parts of the mesh. In contrast to a Bakhvalov mesh [1], the
transition points of B-S-meshes are chosen as for S-meshes instead of solving nonlinear scalar
equations.

Let N be an even integer. We denote by A\, and A, the transition parameters which indicate
where the mesh changes from coarse to fine. These parameters are given by

1 € 1 €
Ag:=min | =, (r+1)—InN |, Ay :=min | =, (r+1)—InN |.
(3:0+05mN) . A =min (50405 0)

To be precise, we assume that A, and A, take the second argument inside the corresponding
minimum. Otherwise, our analysis could be simplified a lot since N=! would be much smaller
than . Moreover, we suppose that ¢ < N~! which is realistic for this type of problems.

Note that in the definition of A\, and A, the factor in front of eIn(N)/f;, i = 1,2, has to
be large enough. This prevents oscillations and guarantees the optimal order of convergence,
see [23].

The domain €2 is divided into four parts as sketched in the left picture of Fig. 1. Let
Q = Q11 U Q5 U Qg U gy where the subdomains are given by

Q1= (0,1 —X,) x (0,1=X,), Qo= (0,1 —X,) x (1 =X, 1),
Qo1 := (1 — )\aw 1) X (0, 1— )‘y)a Qg9 1= (]_ — /\m, 1) X (1 — )‘yu ].)
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Figure 1: Division of Q (left), a S-mesh (middle), and a B-S-mesh (right), all for N = 8.

Let TN = {(xi_l,x,-) i=1,... ,N} and TyN = {(yj_l,yj) cj=1,... ,N} be two partitions
of the interval (0,1). We choose

2i(1 — \,)/N, i=0,...,N/2,
T =
1—-2(N—=4d)X,/N, i=N/2+1,...,N,
and
o 2j(1—\,)/N, j=0,...,N/2
Tl =2(N = jN/N, j=N/2+1,...,N,
for S-meshes. We define
2i(1 — \;)/N, i=0,...,N/2
X = (r+1)e N2 —2(N —4)(N —1)
1+ 3 ln( e , 1=N/2+1,...,N,
and
2j(1 —X\,)/N, j=0,...,N/2
ES 1 N? —2(N —j)(N -1
Y 1+(r; )eln( ( NQJ)( )>’ = N/241.. N
2

for B-S-meshes, see [16] for the case r = 1. For both types of meshes, the points zy/2 and yy/2
can be calculated by both branches in the case statement.

Let 7" denote the tensor-product of 7 and 7N. Fig. 1 shows a S-mesh (middle picture)
and a B-S-mesh (right picture). Each of the four subdomains consists of N?/4 cells. All cells
in 7% are rectangles which are aligned with the coordinate axes. The midpoint of K € T% is
denoted by (zg,yx) while hik , and hg, are the edge sizes of K in z-direction and y-direction,
respectively. For both types of meshes, the rectangles in Qy; are of size O(N') x O(N~!). On
S-meshes, the cells in Qg are of size O(eN"'In N) x O(eN~'In N). The cells in Q15 U Qy; of
S-meshes have a long edge of size O(N~!) and a short edge of length O(¢ N~ In N). Properties
of B-S-meshes are given in the following lemma whose results are generalisations of the results
from [16].
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Lemma 1. Let z;, i = N/2,..., N, be the points for a B-S-mesh. Then, the estimates

2(r+1)e _1 :
i— T < s < CON™, i=N/24+1,...,N,
'S5 N2 /

T

and

1 —x; _ .
(xi—il?il)anP(—ﬁl(Tx))SCeaN @ i=N/2+41,...,N, aecl0,r+1],

hold true. The corresponding results are valid also for y;, i = N/2,... N, if b1 is replaced by
Ba.

Proof. Our proof is based on arguments given by Linf [16]. To show the first statement, we
use for i = N/2,..., N that

Ty —Ti—1 =

(rtDe, [N —2N-)(N-1)
b1 N2 —2(N —(i—1))(N-1)

_(r+1)e NQ2v+1)—2v
=5 I(N@u—n—zw—lo

where v =i — N/2. An easy calculation shows that

NQ2v+1)—-2v <2V+1
N2v—-1)—-2wv—-1) ~ 2v—1

The monotonicity of the logarithm results in

(r—l—l)el 2v+1
n :
61 2v—1

Ty —Ti—1 <

Furthermore, the Taylor expansion gives the estimate
2v—1Dexp(2/v) > 2v —1)(1+2/v)=20v+3—-2/v >2v+1
where 0 < 1/v <1 was used. Hence, we obtain

r+1)e. (2u—1)exp(2/v) (r+1)e 2  2(r+1)c _
P T A

which is the desired estimate. For proving the second statement, we observe for a € [0, 7 + 1]
that

Ty — X1 < (

exp (_@) _ (N2 — 2(N]\;2i)(]\7 — 1))*+1 _ (Nz _ Q(NA;Z-)(N B 1))&

since N™! < (N? = 2(N —i)(N — 1))/N? < 1 for i = N/2,...,N. Indeed, the expression
(N? —2(N —i)(N — 1)) /N? is monotonically increasing in i with value N=! for i = N/2 and
value 1 for « = N. Hence, we obtain

<@_%1wwp< (4)
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To proceed, we estimate

N2 —2(N —4)(N —1) _N2—(N—21/)(N—1) _QV(N_1)+ N <3 N-1
vIN?2 N v N2 - vIN?2 vN2 —

where v =i — N/2 and 1/v < 1 were used. Putting this into (4), the second statement of this
lemma follows. O

2.2 Solution decomposition

The analysis presented in this paper relies on the precise knowledge of the behaviour of the
solution w of problem (1). We make the following assumption which is similar to those used
in [19,28].

Assumption 2. The solution u can be decomposed as
U:S+E12+E21+E22

with S € C™Y(Q), Eig, Ea1, By € C™2(Q). The smooth part S of the solution u fulfils

o+ g
axiayj(x,y)‘sc, 0<itj<r+1, (5)

while the layer functions satisfy

az’JrjE .

970 lf (z,y)| < Ced e PU-v/e O<it+jsr+2 (6)
'Oy

az‘+jE .

920 2]-1 (z,y)| < CetePl-o)/e Osit+jsr+2 (7)
Oy
i+

T (1y)| < O TO=BOE g <ig <ty ®)
'Oy

for all (z,y) € Q. Here, Ey and Ey5 are exponential boundary layers along v =1 and y = 1,
respectively, while Eqy is an exponential corner layer at the point (1,1).

Note that the bound
1S]lr41 < C (9)

follows directly from the point-wise bounds given in (5).

In [17], conditions on the right-hand side f of problem (1) were given which guarantee a
decomposition of the solution into a smooth part and boundary layer parts such that lower
order derivatives can be estimates by exponential bounds. The extension of these results to the
case of higher order derivatives as needed in our case seems to be possible but tedious. The
number of these sufficient conditions will increase rapidly with increasing differentiation order.
We refer to [25, Sect. 7] for more details on these compatibility conditions.

We give finally some estimates for integrals which involve exponential functions.
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Lemma 3. Let a, [ be positive constants and A := (r + 1)(eIn N)/B. Then, the estimates

1-) 1
/ exp (—af(l—z)/e)dz < CeN~UT)  and / exp (—af(l—z)/e)dz < Ce
0 1-2

hold true.

Proof. The assertions of this lemma follow from the properties of exponential functions and the
choice of A. Details can be found in [19, Lemma 2]. O

2.3 Galerkin discretisation

Let V := H}(€2). We define the bilinear form
a(v,w) :=e(Vo,Vw) + (b- Vv + cv,w).

A weak formulation of the convection-diffusion problem (1) reads

Find u € V such that
a(u,v) = (f,v) Yv e V. (10)

Note that the variational formulation (10) has a unique solution due to (3).

In order to discretise the problem, we will introduce the finite element space V¥ on 7V. To
this end, we start with defining finite elements on the reference cell K = (—1,+1)% Let o,
1=1,2,3,4, and EZ-, 1 =1,2,3,4, denote the vertices and the edges of IA(, respectively.

The standard @),-element is equipped with the non-standard vertex-edge-cell interpolation
operator 1, : C(l?) — QT(IA() which is defined by

)

(Irw)(@l) = UA)OA}Z)? 1=1,2,3,4,
/Z'wqd’y:/wqd’ya i:17273747qep7’—2(Ei)7
E; B

[Liadidi= [oidias, qe Qo)
K K

Furthermore, we define the space Q;F (IA( ) as an enrichment of the space @, ( K ) by
Q/ (K) := Q,(K) ® span ((1 — @)1 -, (1-2%)(1 - g?)gH).

This enriched space was introduced in [20, Sect. 4.2]. The associated vertex-edge-cell interpo-
lation operator I : C(K) — Q;(K) is given by

(IF) (1) = w(D;), 1=1,2,3,4,
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/Zﬂwdd’Y:/w@d% i:17273747qepr72(E\i)7
B E;
/szcjdg)d:f::/wcjdgd:i‘, G € Qr oK )@Span( Vg 1)

K K

The unisolvance of both interpolation operators can be checked easily, see [28, Lemma 3] for

the proof for j; R
The reference transformation Fr : K — K with

hic . hic.y >T

Tyx + —229

Fr(z,9) = (IK + 5 5

is a simple affine mapping. Let

{v : UOFKGQj(fA()}, K C Q,

V(K):= ~
{v : UOFKEQT(K)}, K CQ\ Qy,

be a finite dimensional function space on K. The local interpolation operator I : C(K) —
V(K) is given by
(Z‘F(UOFK))OFIEI, KCQll,
Igv = N
(Ir(v o FK)) oF ', KcCQ\Q.
Remark 4. Note that we have for all edges E C 0K, K € TV, that
Uh|EEPT<E), Up, GV(K)

Furthermore, the restriction of Ixv onto an edge £ C OK depends only on the restriction of v
onto E. This follows immediately from the definition of the interpolation operators I and I*

Our finite element space V' is defined as
Mi={velC() : v|x e V(K)VK € TV, v =0 on 6Q}.

Note that the space V' is non-standard since it consists of enriched @Q,-elements on §2;; and
standard @,-elements on €2\ €2;;.

We proceed with the global interpolation operator IV : C'(Q) — V. Due to Remark 4, we
can define IV locally by

(INU)’K = [K<U’K) VK € TN,U € C(ﬁ) (11)

Using the finite element space VV, we can state the standard Galerkin discretisation of (10)
which reads

Find @V € V¥ such that
a(@, o) = (f,vN) vo¥ e VIV, (12)

Note that the discrete problem (12) is uniquely solvable due to (3).
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2.4 Local projection stabilisation

We proceed with introducing some more notation which will be used for defining the local
projection method.

Let mx denote the L?(K)-projection into P._;(K). The fluctuation operator kg : L*(K) —
L*(K) is given as kg := idxg — mx where idy is the identity mapping on L?*(K).

The fundamental approximation property of the fluctuation operator ry is stated in the
following lemma which is a consequence of the Bramble-Hilbert lemma [5].

Lemma 5. For 0 < s <7, the fluctuation operator kg fulfils
||KJKUJ||0’K S Chi(|QU|S,K Yw S HS(K)
for all K € TV.

Since we are interested in an additional control on the derivative in streamline direction, we
introduce the following stabilisation term

SN(U,’LU) = Z TK(KJK(b'VU),K,K<b'VUJ))K

KeTN

with the cell-dependent parameters 75, K € 7. Note that a Cauchy-Schwarz-like estimate
sV (v, w)| < (s (v, U))1/2 (s" (w, w))1/2 Yo, w € H(Q) (13)

holds true due to the structure of s'.
The stabilisation parameters 75, K € T, are chosen as

N7t KcQ
= {01 ) C 3y, (14)

0, otherwise,

with a suitable constant C; which is independent of € and N. As for the SDFEM on S-meshes
considered in [27,28], the stabilisation acts only on the coarse subdomain €;;. Note that the
stabilisation parameters dx, K C €y, used in [27,28] were also chosen to be C; N~! for the
case ¢ < N1 in contrast to the analysis presented in [19] where 7 = C} N=2 for K C
was used.

The stabilised bilinear form a® is defined via

a™ (u,v) = a(u,v) + s~ (u,v) u,veV.
The stabilised discrete problem reads
Find u” € V¥ such that
a¥ (u, o) = (f, o) Vol e VN, (15)
We will use in our analysis the norms

1/2 )1/2

lllize = (evli + co [lvlle + 5™ (v, v)) [Vll1e = (elvli + co [[vll5

Note that the e-weighted H'-norm || - ||1 - is part of the local projection norm || - ||.p.
The following orthogonality property plays an important role in the error analysis.

10
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Lemma 6. Let K C Qq1. Then, the orthogonality property
(w—TI"w,q)g =0 Vg € P,_1(K), Vw € C(K).
is fulfilled for the interpolation operator I defined in (11).

Proof. Since the reference mapping I is affine, we obtain by transforming the integral from
K to K that
(w—I"w,q)kx = |K| (wo Fx — (I"w) o Fk,qo0 Fk) -

The definition of IV on K C Qi gives that (I"w) o F = f+(w o Fi). Furthermore, we have
that go F € Pr_l(K ) due to the affine mapping Fx. The definition of I I+ yields immediately
that the integral on K vanishes. Hence, the orthogonality is proved. O]

3 Auxiliary results

This section will provide auxiliary estimates which will be used later on in the error analysis
presented in Sect. 4

The finite element space V consists of the enriched finite element QF on €;; and of the
standard Q,-element on © \ €;;. The interpolation operator I’V coincides on Q2 \ Q; with the
vertex-edge-cell interpolation operator which was already used in [28] where the whole finite
element space was based in the standard (),-element. Hence, we can adapt some local results
from [28] and apply them to mesh cells K C '\ ;.

Following [28, Lemma 4], we can state a generalisation of the Lin formula.

Lemma 7. Let K € TN with K C O\Qq1. Then, there ezists a constant C' which is independent
of N and K such that

. 8r+2w
[(Trcw = w)e, )i < CHE | 5 . 22 {],
and
. 8r+2w
(iw =)l < O | T il

holds true for allw € H™(K) and ¢~ € Q,(K).
The following error estimate is adapted from [28, Lemma 6].

Lemma 8. Let s be an integer with 1 < s < r. Furthermore, let K C Q\ Q11 be a mesh cell
from TN . Then, there exists a constant C independent of N and K such that
8S+1U

v = 1¥0)ely e < C D P hﬂyw—laij

i+j=s

11
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and

as—i—lv
axiaijrl

@ =1%0)y g < C D Pica b,

i+j=s 0,K

hold true for allv € H**Y(K).
We proceed with L?-estimates of the interpolation error.

Lemma 9. Let q € [1,00] and 2 < s < r+ 1. Then, there exists a positive constant C' which
does not depend on N and K € TN such that the estimate

o0%v

N i J
||U -1 UHO,%K <C Z hK,m hK,y awlay]

i+j=s

0,q,K

holds true for all v € W*9(K).

Before presenting the proof of this lemma we note that the assumptions on s and ¢ ensure
that W*4(K) C C(K). Hence, the interpolation operator IV is well-defined.

Proof. By transforming the integrals from K to K , we see that it is equivalent to show the
estimate

~

||@ - I@H[),q,[? S C |1A)|s,q,l? V@ < WSJI(K)

where T equals to 1/'} for K C Q47 and to ]’; for K C Q\ Q1. The required estimate on Kisa
direct consequence of the Bramble-Hilbert lemma. Il

The next lemma state the L>-stability of the interpolation operator IV on each mesh cell
KeTV.

Lemma 10. Let K € TV . Then, there exists a positive constant independent of N and K such
that the estimate

HINUHO,OO,K < C'|v]|0,00,5 Yv € 0(7)

holds true.

Proof. The desired estimate is equivalent to the estimate
Hollg ooz < Cliollpper Vo € C(K)

on the reference square K where I denotes either I (for K C Q1) or I, (for K C Q\ Qi3).
This estimate holds due to the definition of the interpolation operators on K via the nodal
functionals which use values in the vertices, weighted integrals along edges, and weighted cell
integrals. Details can be found in [19,28]. O

We will proceed with estimates for the layer parts of the solution u of (10) where we use the
decomposition due to Assumption 2.

12
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Lemma 11. Let (6), (7), and (8) be fulfilled. Then, the estimates

||]NE12||o,oo,QHuQ21 < O E12]l0.00.0110001 < CN—(T+1)7
||INE'21||o,c>o,QHUQ12 < O Eallo.co.011001, < CN—(T+1)7
||INE22||07007Q\922 S C||E22 0,00,02\ Q22 S CN_(T+1)

hold true.

Proof. These estimates follow immediately from Lemma 10 and the choice of the transition
parameters A\, and \,. For details, we refer to [19]. O

For the interpolation error INu — u where the solution u of (10) satisfies Assumption 2, we
will give point-wise estimates and L?-estimates.

Lemma 12. Let the solution uw of (10) fulfil Assumption 2. Then, there exists a positive
constant C' which is independent of € and N such that the estimate

|(IVu —u)(z,y)| SON"C ¥(z,y) € Q
holds true on B-S-meshes while the estimate

CN_(TJ’_I); (SU, y) € th

IN - ) <
|( u—u)(z y)| = {(](]\7—1111]\7)7‘“, otherwise,

15 satisfied on S-meshes. Moreover, we have
11N — ul|p < C N~ +D
on B-S-meshes while
11Nu — ullg < C (N In N)™ 1, 1TV w — ulloq, <C N~
hold on S-meshes.

Proof. For proving the estimate on both types of meshes, we start with using the decomposition
of u due to Assumption 2. We get

INU — U = (INS — S) =+ ([NElg — E12) + ([NEgl — Egl) + ([NE22 — EQQ).

The S-term can be estimated by Lemma 9 with s = r + 1 and ¢ = co. We obtain for all
(x,y) € §2 the estimate
[(IVS = S)(w, )] < CN T[S 100 < CN-CHD
due to (5). To estimate the Fjo-term on Q41 Uy, we use the triangle inequality and Lemma 10
to get
TN Erg — Ei2]|0.00.00100s < CllEi2]00000m00s < C N7

13
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where Lemma 11 was applied. The estimate on €215 U (99 starts with applying Lemma 9 with
s =r+1and ¢ = co. We obtain for (z,y) € K = (z,_1,2;) X (yj-1,y;) that

ar—i—l E12

’(INE12 - EIQ)(%?J)} <C Z h(llcz hl}ﬂy Dz dyb

a+b=r+1

0,00,K ‘
On S-meshes, we proceed by using hyx, < C N~ hy, <CeN~!'InN, and (6). We obtain

(INEyy — En)(z,y)| <C Y N %eN'InN)’c < C(N"'InN)™*

a+b=r+1

for all (z,y) € K C Q9 U Q9. On B-S-meshes, a refined estimate is needed. Using hg, <
C N7, Lemma 1, and (6), we get
1 — s
(¥ By = B)(y)| <C ), N™(y; —y-1)" e "exp (—M) < CNTHD
a+b=r+1

for (z,y) € K.

To estimate the Fyi-term, we use on {217 U 215 the same technique as for Ej5 on 71 U Q9
and on {297 U Q299 a similar way as for Fio on {215 U {295.

The FEss-term on 255 is bound by using the anisotropic error estimate from Lemma 9. On
0\ Qg9, we apply the triangle inequality and use Lemma 11.

Note that the logarithmic factor for S-meshes is only present on €\ €;;. Hence, a bound
without logarithmic factor is obtained on €2y;.

The L?-estimates follow immediately from the point-wise estimates. O

We will now prove an estimate for the H'-seminorm of the interpolation error.

Lemma 13. Let the solution u of (10) satisfy Assumption 2. Then, there ezists a constant C
independent of € and N such that the estimate

el/? |U — [NU|1 < ¢ (Nil In N)Ty on S-meshes,
CN™, on B-S-meshes,
holds true.
Proof. We start with the solution decomposition due to Assumption 2. We obtain

lu — INU‘I <|S— INS|1 + |E2 — INE12|1 + |E9 — ]NE21|1 + |Eay — ]NE22|1

by the triangle inequality. Each term will be estimates separately.
Standard interpolation error estimates result in

S —INS|;, <CN™" (16)

on both types of meshes where we have used (9). For the remaining terms, we will discuss only
the estimates of the terms with x-derivatives since the terms with y-derivatives can be handled
by the same arguments.

14



Local projection stabilisation on layer-adapted meshes

We proceed with the Eo-term. Let K = (x;_1, ;) X (y;_1,y;) be an arbitrary cells in Q15UQ5,.
We apply the anisotropic error estimate from Lemma 8 and get

ar+1 E12

(12 = IVEro)allo < C > b, D10y

a+b=r

0K

Using hg , < CNL, hi,y < CeN7'InN for K C €5 U Qg of S-meshes, we obtain
[(Br2 = IV Era)aflose < C (N I N)" [ exp(—Ga(1 — y)/ello,x

where (6) was exploited. Putting together the estimates on 215 U {299, one gets

51/2 ||(E12 - INEl?)JCHQmUQm < 051/2 (N_l In N)r” eXp(—ﬁg(l - y)/5||07912U922
< Ce(N'InN)

by using Lemma 3. On B-S-meshes, we start with

where |K| = hg 4 hi, and (6) were used. Hence, we obtain

ar—i—l E12
axa—l-layb

ar—i—lE’12

2| 212
S ‘K‘ awa—i-layb

0,K

< Chyl2 il e exp(—Ba(1 — yy)/2)
0,00,K

[(Bra = IN Era)allo < C D Wi Phid )2 e exp(=Ba(1 - yj) /e)
a+b=r

<C Z N—(a+1/2) 5_b €b+1/2 N—(b+1/2) < 051/2 N—(T-i-l)
a+b=r

by using hgx, < CN 1 and Lemma 1. Collecting these estimates for all K C Q15U Qs9, we end
up with

e (Bra — IV Exg)allo.0isu0, < Ce N7
where we used that N2 /2 mesh cells belong to Q15UQy,. To estimate the Ejo-term on Q4 Uy,
we apply the estimate

[(Erz = IV Es)ullox < CN7H[[(Er2)aallox + | (Brz)eyllox]

which follows for K C (2 from Lemma 8 and for K C ; from standard interpolation
estimates. Taking into account (6), we see that we have to bound only (E12).,. We obtain

eV ||(Bra — INBi2)ollo0nuns < C N e 2| exp(—Fa(1 — y) /&) loonuas, < C N (17)

due to the choice of the transition point and Lemma 3.
For estimating the Fs-term, we start with considering the subdomain €29; U 255. Using the
same arguments as for bounding the Ejo-term on €215 U {295, we obtain

C(N7'InN)", on S-meshes,

=2 1(Bor = IV Eznallo.osuion, < {CN—’“ on B-S-meshes

15
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where (7) was taken into account. To get an estimate for the Eo-term on €17 U Q9, we apply
the triangle inequality and obtain

1(Ear — IV En)zllo.guen < 1(Ea)elloonuens + 1Y Ex)ellogn o
Using an inverse inequality, we get
H([NE21)1‘HO,Q11UQ12 <CN H[NE21H0,QHUQIQ <CN™"
due to Lemma 11 and Q47 U Q45| < 1. Exploiting (7) and Lemma 3, we end up with
1(E21)z oo, < Ce 2 N-UHD,
Hence, the estimate

51/2 H (Egl — INE|21>;BH07911UQ12 < 0(81/2 N + Ni(rJrl)) (18)

is obtained.

To estimate the Fao-term on €217 U 5, we apply the same technique as for the Ey;-term
on the same subdomain. On {295, the anisotropic error estimate from Lemma 8 is used. For
estimating the Fss-term on 51, we apply the triangle inequality to obtain

(B2 = I" Eas)allon < (I Eaz)ollogar + 1(E22)locr
Using (8) and Lemma 3 results in

1(Es2)elloga < C N,

For K C €91, we have
1IN Ex)olloe < C iy 1TV Basllo,ie < C il hil2 | IV Eaallo,00,

by an inverse inequality and |K| = hy ,hk,. Taking into consideration that hx, < C N™!, we
get

1IN Ex)allf 0, C D by NIV En§ o S CNTIIVEn o0y D hica

KCQa KCQa
On both types of meshes, one can show that h;(}w < C N/e holds. Hence, we obtain
|1 B}y, < ON 1Y Exgll o0, N? NJe < Ce™ N
where we used Lemma 11 and the fact that 5, contains N2 /4 mesh cells. Hence, we get
V2||(Eya = IVEn)yllo < C N (19)

by collecting the estimates on the subdomains where e < N~! was used.
Putting together all above estimates, the assertion of this lemma follows immediately. Il
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4 Error analysis

The first step of our error analysis consists in proving that the stabilised discrete problem (15)
is uniquely solvable. To this end, we will show that the stabilised bilinear form a” is uniformly

coercive with respect to the local projection norm || - ||p.
Lemma 14. The stabilised bilinear form a” is uniformly coercive with respect to the local
projection norm || - ||Lp since the estimate

a¥(v,0) > ollip  VweV

is satisfied.

Proof. Taking into account the definition of ¢’V and applying an integration by parts, we get
for all v € V that

a(v,v) = &(Vu, Vo) + (b- Vv + cv,v) + sV (v, v)

1
= eluft+ (o= 3t ?) +¥00) 2 Dol

where assumption (3) and the definition of || - ||Lp were used. O

In comparison to residual-based stabilisation techniques like SDFEM, the local projection
method is only weakly consistent. Hence, the consistency error has to be estimated.

Lemma 15. Let u and u” denote the solutions of (10) and (15), respectively. Then, we have

N( N N

u—u, W) = sV (u, w)

a

for all w™ € V.

Proof. The statement follows immediately by subtracting the stabilised discrete problem (15)
from the weak formulation (10). O

We proceed with showing an estimate for the stabilisation term s" with special arguments.
Lemma 16. Let the solution u of (10) fulfil Assumption 2. Then, the estimate
vw™ e VN

}SN(]Nu’wN)’ < O N-(r+1/2) “wszLP

holds where the interpolation operator IV is defined in (11). The constant C does not depend
on e and N.

Proof. Exploiting Assumption 2, we obtain
sN(INu, w™) = sN(INS — S, w™) + sN(S, w) ~|—ZsN([NEij,wN)
]
where the ij-sum runs through {12,21,22}. Applying estimate (13) to each term separately

results always in the factor (s (w™, w")) "% Which is part of the local projection norm ||w?||p.
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Hence, we have to estimate terms of the form sV (w,w) with w = IS -5, w =5, or w = Ej;.
Since the stabilisation parameter 7x is non-zero only on €2;;, the sum in the definition of sV is
just a sum over K C €.

We first handle the term which contains S only. We obtain

Y Txllkk(®- V)i <C Y CLNTINTT - VS

KcQi KcQn

<C Y N CHS|Z, o <ONTErHD

KcQn

where the smoothness of b, Lemma 5 with s = r, the choice (14) for 7k, and the bound (9)
were used.
The next estimate considers the term with the difference IS — S. We get

> tikllEk0- VIS =Sk <C > CINTHVINS = 9)|8 &

KCQ KCQi

<C Z N_(2T+1)||S||3+17K < C«N—(2r+1)

KCQq1

where Lemma 5 with s = 0, the smoothness of b, the choice of 7, standard interpolation error
estimates, and the bound (9) were used.

We have to estimate finally the terms which contain the layers functions E;;. To this end,
let £/ denote one of the three exponential functions. If one applies Lemma 5 with s = 0, one
obtains

lkx(b- VINE)llox < CINElx < ON IV Ellosc < CN K[V [TV Ello e

where the smoothness of b and an inverse inequality were used. Adding all these estimates for
K C Qqy, we get

> txllex(®-VIVE)fx <C Y NT'N?K|IVE|] o i

KcQi KCQ

=0 ( > IK|) 1Y Ello.cog0 < ONTEY

KcQn

where the choice of 7k, [211] < 1, and Lemma 11 were exploited.
Putting together all previous estimates, the statement of this lemma follows. O

The convective and reactive terms in the bilinear form a are estimates by the following lemma.

Lemma 17. Let the solution u of (10) fulfil Assumption 2. Then, there exists a constant C
which is independent of € and N such that the estimate

(b V(INu—u) + c(INu — u),w™)| < C N~ || 1 p vw e vV

holds true where the interpolation operator IV is defined in (11).
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Proof. The convective term is integrated by parts to obtain
(b-V(INu—u) + c(INu—u),w") = ((c — divh)w™, INu — u)
- (INu —u,b- VwN)QH — (INu —u,b- VwN)Q\QH.
Using the Cauchy—Schwarz inequality, the smoothness of b, ¢, and Lemma 12, we get

C(N7YIn N)" 1 ||w™||Lp, on S-meshes,

c—divb)w", INu—u)| < C||wN o I TN u—ul|y <
’(( ) )‘ = H HO H HO = CN—(r—}—l) HwNHLP7 on BS_meshes7

which gives for both types of meshes the estimate
[((c = divb)w™, INu — u)| < CN~=+2 ||| 1 p.

To estimate the integral on €, the orthogonality property of I given in Lemma 6 is exploited.
One obtains

(INu —u,b- VuN)g,, = Z (INu—u,b- Vo — g (b Vu'))
KcCQ11

= Z (INu—u,KJK(b-VwN))K.

KCQ1

K

Using the choice 74 = C; N~! and applying Lemma 12 results in

1/2 1/2
(= V), | < ( > rKlquu—unaK) (Z TKHHK(b-WN)u%,K)

KCQ11 KCQi1
< CN—(T+1/2) HwNHLP-

Note that this estimate limits the convergence order to O(N~("+1/2)) It remains to estimate
the integral on Q\ Q1. To this end, a Holder inequality yields

|([Nu —u,b- VwN)Q\911| < H[Nu - UH(LOO,Q\QM Hb ’ vaHO,l,Q\Qu'

The first factor can be estimated by using again Lemma 12. To bound the second term, we
estimate

||b : VwNHO,l,Q\Qn < C<1n N)1/2 81/2 |wN|1,Q\Qu < C(ln N)1/2 ||wN||LP
where we used the |2\ 1] < Celn N and the smoothness of b. Hence, we get

N*(’““)(ln N)r+3/2 |w™||Lp, on S-meshes,

IMu—u, bV Ll <C
|( Jave | = {N(”“)(ln N2 ||wN]| L p, on B-S-meshes.

In both cases, the estimate
|(INu = u,b- VN )oyg,, | < CNTUH2 0| Lp

is obtained. Putting together all estimates from above, the statement of the lemma follows. [J
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The diffusion term of the bilinear form a is handled by the next lemma.

Lemma 18. Let the solution u of (10) satisfy Assumption 2. Then, there exists a constant C
which is independent of € and N such that the estimate

|€(V(1Nu —u), VwN)’ < O N-+1/2) |w™ ||
holds true for all w’ € V'V,

Proof. We will present in this proof only the estimates for terms which contain derivatives in
x-direction since the terms with y-derivatives can be handled by the same arguments.
Using Assumption 2, we can write

]Nu — U = (]NS - S) + (]NE'lg — Elg) + (INEgl — Egl) + (INE22 — EQQ).

Each term will be estimate separately.
We start with the S-term and obtain

(IS = S)ay w))| < IS = S)allo /[lwy o < C NTCFD ™o

by the Cauchy-Schwarz inequality, ¢ < N~! and (16).
To estimate the Fio-term, we first consider an arbitrary K C 215 U 259 where the size in
y-direction is small. Applying Lemma 7, we get

8r+2E12

INEiy — Eis), <Cehid) |l s
‘ (( 12 12)z, W ‘ € dror1y

||wiv||o,f<~
0,K

On S-meshes, using hx, < Ce N~'In N and (6), we obtain

‘8((INE12 - El?)wv ngev)QmUsz‘
< Ce (gN_l In N)H_l (r1) “ exp( 62(1 - y)/5>‘|912U922 ||w§cVH0,Q12UQ22
< CeV? (N"'In N)™ ||wNHLE.

On B-S-meshes, we get on K = (x;_1 — ;) X (y;_1, y;) by using (6), | K| < C N2, and Lemma 1
Rty lexp(=B2(1 = y)/e)lox < hily [K[Y2 | exp(=5a(1 = y)/e) o0 < O N2
Hence, we obtain
‘5((1NE12 — E12)x,wiv)912u922| < Cel2N-rHD ||wNHl,a

on B-S-meshes where we used that Q12 Uy, contains N2 /2 mesh cells. In order to get a bound
for the Fio-term on K C 17 Uy, the Cauchy—Schwarz inequality and (17) are used to obtain

’8((INE12 - E12)z, wiv)QnUQm‘ < 051/2”<INE12 - El?)ﬂc”O,QnUQzl 51/2||w§c\[“07911UQ21
< C N+ ”wNHl,e

20



Local projection stabilisation on layer-adapted meshes

Putting together all estimates for the Fjo-term, we get
(I Erp = Bra)o,wy)| < CN-UH2 ]

where ¢ < N~ was exploited.

We continue with estimating the Foi-term. On €251 U €295, we use Lemma 7 and the same
technique as for estimating the Fia-term on 215 U299 but with exchanging the roles of  and y.
In order to estimate the Fs-term on 217 U Q5, we apply the Cauchy—Schwarz inequality
and (18) and get

‘5<<]NE21 - E21);g, wa]cV)QnUQm| < CN_(T_H/Q)HU)N“LE
where ¢ < N~! was exploited. Collecting all estimates for the Ey;-term gives
|e((IN By — Ey)o, w)| < CN-UH2 ) .

For estimating the oy on €215 U )9y, we apply again Lemma 7 as for the Ejs-term on the
same subdomain. On €7 U g7, we use apply the Cauchy—Schwarz inequality and use (19).
All above estimates together give the assertion of this lemma. O]

After all these preparations, we can state our main result.

Theorem 19. Let the solution u of (10) fulfil Assumption 2. The solution of the stabilised
discrete problem (15) is denoted by u™. Then, there exists a constant C' independent of € and
N such that

HINu — UN”LP < CNi(rJrl/Z)

and
C (N~ 'InN)", on S-meshes,
fu— ¥ < 46O )
CN™" on B-S-meshes,

hold true.
Proof. The coercivity of a’¥ proved in Lemma 14 gives
N — w2 p < a™(INu — o, TNy — oY)
=aV(Nu—u, IMu—u™) 4+ o (u—u™, INu—u™)

=a(INu —u, INu —u™) + sV (INu, Ny —u?) (20)

where Lemma 15 and the definition of bilinear form a” were exploited. The second term in (20)
can be estimated by using Lemma 16. We obtain

1N (N, TN —u™)| < CN~—(r+1/2) 11N u — uN]|zp.
For estimating the first term in (20), we use the definition of the bilinear form a and get

la(INu —u, INu — u™)|
< |e(VINu —u), VIV u — ™) 4+ [(b- VIV u — ) + c(INu — u), INu — u®)|
< ON—(T+1/2) ||INU i UNHLP
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where Lemma 17 and Lemma 18 were applied. Putting these estimate into (20), the first
statement of this theorem follows.
Using the triangle inequality, we obtain

lu = le < 770 = uMle + [lu— TVl

The first term is bounded by ||[IVu — u¥||Lp. The second term can be estimated by using the
definition of |- ||; - and the bounds from Lemma 12 and Lemma 13. Hence, the desired assertion
is proved. O

5 Numerical results

We consider the problem
—eAu+B3—z,4—y)Vu+tu=f in Q = (0,1)?,
u=20 on 052,
where f was chosen such that
u(z,y) = sin(z) (1 - 672(171)/5) sin(2y) (1 — 673(173;)/8)

is the exact solution. The function u shows the typical behaviour with boundary layers. Fur-
thermore, Assumption 2 is fulfilled.

The used finite element space V¥V is based on Q3 -elements on ;; and @Qsz-elements on
2\ Q4;. Calculations have been performed on S-meshes and B-S-meshes. We have chosen the
stabilisation parameter 7% = N~! on Q4.

All calculations were obtained by using the program package MooNMD [12]. The systems of
linear equations which correspond to the stabilised discrete problems have been solved directly
by using UMFPACK [6-9].

In the following, 'ord’ will correspond always to the exponent a in a convergence order of
the form O(N~?) while 'In-ord’ denotes the exponent « in a convergence order of the form
O((N~t1In N)*).

Table 1 shows for different values of the mesh parameter N the error vV — IV« in the local
projection norm and the error u — u” in the e-weighted H'-norm. The error |[u — u||1 .
convergences with the order predicted by Theorem 19. We clearly see the difference between
the S-mesh and the B-S-mesh. The results on the B-S-mesh are much smaller than those on
the S-mesh. The error in the e-weighted H!-norm on S-meshes shows the typical logarithmic
factor which is not present on B-S-meshes. Concerning the error ||u” — IV ul|1p, it is obvious
that the predicted convergence order is achieved on B-S-meshes. On S-meshes, the situation is
a little different since it seems than the predicted convergence order is not obtained. However,
a careful look at the proof of Lemma 17 shows that error term |[(I¥u—wu,b-w™)o\q,,| converges
with the order O(N~C+1 In"+*/2 N} which dominates for the presented values of N. Moreover,
the results on B-S-meshes are again much smaller than those on S-meshes.

Table 2 shows the error norms |[u” — IVul|zp and ||u — u®]|; for different values of ¢ €
{107%,107%,107%,1071°,107'2}. Tt is clearly to see that the error estimates are robust with
respect to the diffusion parameter ¢ since the errors are uniformly bounded in . Note again
that the error on B-S-meshes are much smaller than on S-meshes. The difference in the e-
weighted H'-norm are two orders of magnitude.
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Table 1: QF — Q3, ¢ = 1078, S-mesh and B-S-mesh.

[ — IVullp lu —u™ e
S-mesh B-S-mesh S-mesh B-S-mesh
N error ord error ord error ord In-ord error ord
2 | 2.026-01 2.026-01 6.122-02 6.122-02
4 | 3.330-02 2.60 | 2.838-02 2.84 | 3.995-02 0.62 1.48 | 1.883-02 1.70
8 | 4.669-03 2.83 | 2.335-03 3.60 | 1.947-02 1.04 1.77 | 3.722-03 2.34
16 | 8.070-04 2.53 | 1.758-04 3.73 | 6.523-03 1.58 2.33 | 5.685-04 2.71

32 | 1.266-04 2.67 | 1.361-05 3.69 | 1.704-03 1.94 2.63 | 7.813-05 2.86
64 | 1.678-05 2.92 | 1.087-06 3.65 | 3.790-04 2.17 2.79 | 1.023-05 2.93
128 | 1.960-06 3.10 | 8.973-08 3.60 | 7.609-05 2.32 287 | 1.309-06 2.97
256 | 2.096-07 3.22 | 7.613-09 3.56 | 1.425-05 2.42 291 | 1.656-07 2.98
512 | 2.099-08 3.32 | 6.547-10 3.54 | 2.540-06 2.49 2.93 | 2.082-08 2.99

Table 2: Q4 — Q3, N = 512, S-mesh and B-S-mesh.

[ — IVul|Lp [ — w1

€ S-mesh B-S-mesh S-mesh B-S-mesh
10~* | 2.092200-8 1.257126-10 | 2.539967-6 2.081494-8
1076 | 2.095331-8  4.429800-10 | 2.540087-6 2.081606-8
1078 | 2.099274-8  6.547342-10 | 2.540089-6 2.081608-8
10719 | 2.099442-8  6.588598-10 | 2.540089-6 2.081608-8
10712 | 2.099533-8  6.591398-10 | 2.540089-6 2.081608-8

6 Conclusions

We have applied the local projection method to higher order discretisations of convection-
diffusion problems on two types of layer-adapted meshes, Shishkin meshes and Bakhvalov—
Shishkin meshes. For both mesh types, an e-uniform convergence order O(N~("+1/2)) for the
difference between the solution u” of the stabilised discrete problem (15) and the interpolant
I™u of the solution u of the continuous problem (10) was shown. Although the predicted order
is the same on both types meshes, the errors on Bakhvalov—Shishkin meshes are much smaller.
The convergence order of ||u — u™||; . shows on Shishkin meshes the typical logarithmic factor
which is not present on Bakhvalov—Shishkin meshes. Furthermore, the errors on Bakhvalov—
Shishkin meshes are again much smaller than on Shishkin meshes.
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