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Abstract. We investigate the relationship between stochastic impulse control prob-
lems and deterministic control problems. In particular, we study the problem of
characterizing the limit point of the value function of a stochastic impulse control
problem as the variance of the underlying diffusion process tends to zero. In the
conventional setting the limit point is found to be the value function of an appropri-
ate deterministic impulse control problem while in the risk-sensitive setting, where a
logarithmic transform of the value function is the object of study, the limit point is
found to be the value function of an appropriate zero-sum differential game involving
impulse controls.
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1 Introduction

We investigate the relationship between a class of stochastic optimal impulse control
problems and deterministic control problems. In particular, we study the problem
of characterization of the limit points of the value function of a class of stochastic
impulse control problems when the variance of the underlying diffusion process tends
to zero. In the conventional setting the value function converges to that obtained
by consideration of an appropriate deterministic impulse control problem. In the
risk-sensitive setting the value function converges to that of an appropriate zero-
sum differential game involving impulse controls recently considered in [17]. The
relationship between problems in risk-sensitive control and deterministic games has
previously been studied in [3, 6, 7, 11, 16, 18].
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In Section 2 we consider the conventional stochastic optimal impulse control problem.
A key role in our analysis is played by the concept of a viscosity solution to the relevant
quasivariational inequality and use is made of established techniques in considering
such solutions. In Section 3 we consider the risk-sensitive setting. Here, it is the
limiting behaviour of a particular logarithmic transform of the value function we
consider. Again, the concept and techniques of viscosity solutions play an important
role.

Let (X, F, P, F, By,t > 0) be a Wiener space with filtration (F;,¢ > 0) right con-
tinuous and Fy containing all the P-negligible events in F. An impulse control is a
sequence (6;,&;)i>1 where 6; < 0,1 are stopping times with respect to F; (that is, for
each i, the event {#; < t} is an element of F; for all ¢ > 0) such that §; — T and ¢;
are random variables measurable with respect to Fy,. We consider the adapted cadlag
stochastic process X which, on the interval [0;, 6;,1), satisfies the equation

t t
Xi= KXo+ &+ [ g(Xos)ds+ [ o(X,)dB, 1)

Here g and o are bounded and required to satisfy, for some constant k,

l9(2,t) = g(y, 8)[ + lo(x, 1) — oy, )| < k(lz —y|+ [t —s]) . (2)

For a discussion of the construction of such processes we refer to [2, Chapter 6, Section
1]. We will denote the value of X at ¢ by both X, and X (¢).

2 The conventional setting

In this section we consider the convergence of the value function associated with a
problem of impulse control when the variance of the underlying diffusion process tends
to zero. We demonstrate that the value function tends to a unique limit point, given
by the value function of an appropriate deterministic impulse control problem.

We consider the impulse control problem with value function given by

= inf F
V(x7t) (ei,lfril)iz1 ot

[ 5 sas+ S ete) x| @)

i>1

where we suppress the dependence of X upon the impulse control and the subscript
x,t denotes that X(t) = x. The infimum is taken over the class of all admissible
control strategies {(6;,&;),4 > 1}: here 6; < 0, for all i € IN, 6; is assumed to be
Fi-measurable, 0; — T and §; is assumed to be Fpy,-measurable. Moreover we require
that f and h are bounded and, for some constant k,

le(x) — )| + [f (2, 8) = fy, )| + [h(x) = h(y)| < k(e —yl+ ]t —s]) . (4)
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In addition we assume that

inf ¢(z) > 0 | llim clx)=00 and c(z+y) <c(x)+cly). (5)
We remark that we may wish also to consider the control problem in which the
random variables &; are restricted to take values in some set K C IR. In this case,

in the remainder of this section, when considering possible values for the &, attention
should be limited to K.

In case the following quasivariational inequality (qvi) possesses a solution V' € C%![IR x
[0, 7], the space of functions f : IR x [0, 7] — IR such that 9%f/0z* and Of /Ot exist
and are continuous, it then follows, as in [14, Bemerkung 4.10.d] and [13, Theorem
4.3] (cf. also the proof of Theorem 4), that the solution coincides with value function

(3):

66—‘; + a(:c,t)g% +g(x,t)g—z + f(z,t) = 0
irgf[c(g) + V(e +&t)])—V(x,t) >0 (6)
(55 + o0 % + ol 05+ £(.0)) (infle(e) + V(e + 6] - Via)) = 0

V(w,T) = int{e(§) + h(z+€)}

Here a(z,t) = $02(z,t). We remark that on occasion impulse control problems are
formulated with terminal conditions of a form different from that appearing here,
seemingly in error (see, for example, [17] for a deterministic setting and [2] for a
stochastic setting). Here, in the impulse control setting, the qvi plays the role of the
Hamilton-Jacobi-Bellman equation in stochastic control (see Bensoussan and Lions
[2]). Furthermore, with (6y,&y) = (0,0) define, recursively,

6; — inf {t € [6:-1,T) : V(X (t=),8) = infle(€) + V(X (t-) + €, t)]}
&= argmgn{c(f) +V(X(0;—)+&0)) , i=1,2,...

It follows that, almost surely, the sequence (6;,&;);>1 is finite in length and that an
optimal impulse control is provided by this sequence together with a single jump
at time T of size ¢ = argming{c(§) + V(X(T—) + ¢, T)}. We remark that by our
assumptions on ¢ and [17, Lemma 4.4] we may replace the intervals [0;_;,T") by the
open intervals (6;_1,T),7=2,3,....

Before continuing we recall the concept of viscosity solution. In general one cannot
guarantee sufficient regularity of the solutions of the qvi. A celebrated approach to
overcome this problem was the introduction of viscosity solutions by Crandall and
Lions [4] (see also [14, Definition 5.1] and [10]). A continuous function V' is said to
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be a wiscosity solution of the above qvi in case V(-,T) = infe{c(§) + h(- +£)} and,
for any (z,t) € R x [0,T), both of the following hold:
For each ¢ in C*'[IR x [0, T]] with ¢(z,t) = V(z,t) and V < ¢ it holds that

min{gfm(x t)a—f+g( )%—l—f(x,t),irgf[c(g)—FV(x—l—{,t)}—V(x,t)} >0. (7)

For each ¢ in C*'[IR x [0, T]] with ¢(z,t) = V(z,t) and V > ¢ it holds that

min {gf +ale, t)a—f +g(x,t)%+f(x,t),irglf[c(é)+V(m+§,t)} —V(:v,t)} <0. (8)

In case (7) (resp. (8)) holds, V is said to be a viscosity subsolution (resp. supersolu-
tion) of the qvi.

Analogous to the setting of second order partial differential equations (see, for example
[8, Section I1.6]), an equivalent formulation of a viscosity subsolution (resp. super-
solution) consists in requiring that (7) (resp. (8)) hold for each ¢ in C*![IR x [0, 7]
such that ¢ — V has a strict local maximum (resp. minimum) at the point (z,t). A
further equivalent formulation is obtained by dropping the requirement that the local
maximum (resp. minimum) be strict.

In the first subsection we consider the case of smooth solutions of the relevant quasi-
variational inequalities associated with the stochastic impulse control problem, while
the case of viscosity solutions is considered in the next subsection.

2.1 Smooth solutions

We assume throughout the remainder of this subsection that the qvi (6) possesses a
unique solution in C%![IR x [0, T')] which coincides with the value function (3).

Replacing o by y/eo and denoting V' by V¢, it follows from the stability result of
the following proposition (cf. also [8, pgs. 73-74 and 288]) that, in case {V¢}.5 is
an equicontinuous family of functions, any limit function of the family is a viscosity
solution of the qvi

o ae )G+ ) 2 0
irgf[ &)+ V(+&)]—Vix,t) >0 9)
(‘Z + g(z, )Z—Z + f(x,t)) (igf[c(g) V(x4 €] - V(x,t)) — 0

V(z,T) = iIflf{C(f) +h(z+&)}.

If this qvi has a unique viscosity solution, then we can say that the family {V <}
converges to the solution of this qvi as € — 0.
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Proposition 1 Suppose V™ is a wviscosity solution of (6) with a(-,-) replaced by
Ba(-,-), where f™ \, 0. In case V™ converges uniformly on compact sets, the limit
function, V', is a viscosity solution of (9).

Proof: We show that V' is a subsolution, the proof that V' is a supersolution being
similar. Suppose ¢ € C*![R x [0,T]] and (z,t) € R x [0, T) is a strict local maximum
of ¢ — V. Then, for n large enough, there exists points (x,,t,) with (x,,t,) — (z,?)
such that ¢ — V" has a local maximum at (x,,t,). Therefore, V" satisfies (7) at
(T, ) With ¢™(x,t) = d(x, 1) + V™ (2p, tn) — (20, t,). Assume

inf[e(€) + V"™ (@n + & tn)] = V" (@0, ta) = 0

for infinitely many n. Noting that the V™ are uniformly bounded and recalling our
assumptions on c¢ it follows that

irélf[c(ﬁ) +V(z+&t)]—Vix,t) = 0.
If, on the other hand,

62 &n

02

o™
ot

a¢"
ox

+ B a(z,, ) + g(zn, ty)—=— + fl@n,ty) = 0

for infinitely many n it holds, under our assumptions, that

96 86

o —i—g(x,t)%jtf(m,t) =0.

Hence, V' is a subsolution of (9). m

In the following theorem we show that indeed, under our assumptions, the func-
tions V™ in the previous proposition are equicontinuous in the space C[IR x [0, T of
continuous functions on IR X [0, T equipped with the metric of uniform convergence.

Theorem 1 The value function V' is uniformly continuous on IR x [0, T].

Proving the theorem we will apply the following exponential inequality which is [5,
Lemma 5.6.18]:

Lemma 1 Let by and o, be measurable processes and let

dZt = bt dt + \/gat dBt,



6 P. EICHELSBACHER AND T. ZAJIC

where zq is deterministic. Let 1 € [0, 1] be a stopping time with respect to the filtration
of {By,t € [0,1]}. Suppose that o is uniformly bounded, and for some constants
M, B, o and any t € [0, 7],

|ov| < M (0% + |2|%)"?

b] < B(® + |2,

Then for any § >0 and any ¢ < 1

log P >0) < K+1
e log <sup \zt\_)_ +og<g2+52

te[0,71]

where K = 2B + 3M?2.

Proof of Theorem 1 : We first show that there exists a constant C' > 0 such that
we have

Vi, ) = V()| <Cle—y| ¥ oyeR, teo,T]. (10)

To see this, for any control (6;,&;);>1 let X* and XY denote solutions to (1) with
X*(t) = x and X¥(t) =y. We then have that

‘E[/f FIX7(s), 5)ds + ;c(&-) + h(XC”<T))}

B[ [ 7000(9), s + X el + (D))

< B[ 170*(5).5) = FXV(5).5)lds + [MCX(T) = BOX/(D) ]

< C (/tTE\Xx(s) —Xy(s)\2ds)1/2+E|Xw(T) —Xy(T)|] , (11)

for some constant C' > 0 by our assumptions on f and h. By an application of 1t0’s
formula followed by Gronwall’s inequality (see, for example, [12]), we have, possibly
increasing C', that

E|X*(s) = XY(s)P < COw—y)* Vselt,T)]. (12)

From (11) and (12), (10) readily follows.

Assuming u > t we now show that

V(z,t) < V(r,u) +w(u—t),
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where lim, ;o w(u—t) = 0. To see this, note that, restricting the allowable controls
in the following infimum to those which have no impulses in [¢, u), we have, for some
K sufficiently large,

Vi) < inf Em[/tT f(X(s),s)dsnLZc(&)+h(X(T))]

(0:,60)i>1 i>1

< inf B, [ / DX (), )ds + 3 ele) + h(X(T))] FRu—t)  (13)

(05,&:)i>1 i>1

:(Glgl)le Eet [EX(u),u [/uT f(X(s),s)ds + ; c(&-)} + h(X(T))} + K(u—t).
Let, for 6 > 0, (0;,&;)i>1 be such that
/uT f(X(s),s)ds+ ZC(&) + h(X(T))] <V(z,u)+6.

i>1

Ez,u

We then have, for this control, using the previous part of the proof and possibly
increasing K,

[ 5(Xs),9)ds + Xel) + rx(r))]| (14)
< Vi(w,u) + 0+ Klo —yl+ KPpy(|X (u) = X(0)| = |2 —yl) -
From (13) and (14), as J is arbitrary, we see that w(-) exists.

E:c,t [EX(u),u

We now show, still with u > t,
V(z,u) <V(zx,t)+k(u—t),
where lim, ;0 k(u —t) = 0. To see this, fix 6 > 0 and let (6;,&;),>1 be such that

/tT F(X(s),8)ds +>_c(&) + h(X(T))] s

i>1

V(.Q?, t) Z E:c,t

This last quantity is, for some K > 0, due to the assumptions that f is bounded and
c>0,
> Ex,t

[ X)) + X el + HX(T)] — 6~ Ku—1).

i>1

which is, in turn, by our assumptions on f, g and ¢ and Lemma 1, increasing K if
necessary,

> B[ SO0, s+ T el) + XY -
—K[(u —t)— \/m] — exp(K + log(%))

> V(r,u)—6— K[(u—t) — \/ﬁ] —exp(K—l—log(%)).
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As ¢ > 0 was arbitrary, the existence of x(-) follows. m

We now identify the solution of (9) with the value function of a particular deterministic
optimal impulse control problem. To do so, consider the deterministic equation

9(s) = g(y(s),5) + &(s), s € [t,T]

yt—-) ==,

where £(+) is a control and it is required that the function () be piecewise constant,
so that we may write {(-) = X7, {17, 71(¢), for some t <7 < ... <7, < T and
m > 1. A payoff function is given according to

Tl €O) = Ry M) + [ Fyls),5)ds + Y (&)

i>1

Under our assumptions, [17, Theorem 3.4] states that V(t,z) = infe.) Jp+(£()) is
the unique viscosity solution of the qvi (9). Hence, together with Proposition 1 and
Theorem 1 we conclude the following theorem.

Theorem 2 For any sequence {V};>1, with ¢; | 0, the functions V< converges
uniformly on compact sets to the unique viscosity solution of (9) or, what is the
same, the value function of the deterministic control problem.

2.2 The viscosity case

In general, it is asking too much that the value function (3) belong to C*![IR x [0, T7]
and one abandons hope of (6) holding. However, we will show that V' is a viscosity
solution of (6) in case the following Bellman principle holds:

V(z,t)= inf E,, MT f(X(s),8)ds+ > e(&)p<ry + V(X(7),7) (15)

(05,60)i>1 i>1

for all (F;,t > 0)-stopping times 7 with ¢ < 7 < T. Such a principle plays an
important role in the control of Markov diffusion processes (cf. [8] and [15]) and is
made use of by Korn in [13, Theorem 4.6] to prove that the value function of an
infinite horizon impulse control problem is a viscosity solution of the relevant qvi.

Theorem 3 Suppose (15) holds. The value function V is then a viscosity solution

of (6).
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Remark: From the proof we note that V' is a viscosity subsolution in case (15) holds
for all stopping times which are constant.

Proof: Recalling (3), that V(z,T) = infe{c(&) + h(z + &)} is clear. We now show
that V is a viscosity subsolution of (6). To do so, let ¢ € C*!'[IR x [0,T]] with
¢(x,t) =V(x,t) and V < ¢. We may assume that ¢ < 7. That

V(z,t) < irglf[c(f) + V(z+&,t)]

is clear and it remains to show that

0 0? 0
a—f + a(x, t>8—f +g(x,t)a—i + f(z,t) > 0. (16)

For any admissible policy it holds by our assumption that

B t) =Viwt) < Buo| [ FX(5),5)ds+ X cl)lp.er) + VX(),7)]

i>1
< Bl [ X9, 9)ds + ¥ el e + 01X (7). 7)| (1)
i>1
for any stopping time 7. By It6’s formula we have that

D¢

BX(7),7) = 0z 1) +/[ 9, ) 55 +9(X(s).8) 50| ds  (19)

+/ dB + Y [ 5) — A(X(s—),9)] -

t<s<rt

Setting 7 = t + h, substituting (18) into (17) and taking expectations yields

[ 7% 4 a(x(5),5) 95+ 0(X(5), )

FX ) gz + X B(X().9) — o(X(5-).5)]]

i>1 t<s<t+h

0 S E:c,t

+1(X(9),5)|ds

Choosing a policy which has no impulses on [t, ¢ + h], dividing by h and then letting
h ™\, 0 we obtain (16).

To show that V is a viscosity supersolution let ¢ € C*![IR x [0,T]] be such that
¢(x,t) =V(x,t) and V > ¢. We proceed by contradiction. Assume therefore that

infle(€) + V(z +0) ~ V() 2 7 (19
and p P p
Tt ala )5S g(e g0+ f(et) 2 (20)
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for some v > 0. Since ¢(z,t) = V(z,t) and as ¢ and V' are continuous, decreasing ~ if
necessary, we have that (20) holds for all (y, s) € Bs(z,t) = {(y, s)|d((y, s), (z, 1)) <
0} for some § > 0 and, moreover, that

c(§)+ oy +&,5) —dly,s) > (21)

holds whenever both (y, s) € Bs(z,t) and (y+£, s) € Bs(x,t). Continuing to suppress
the dependence of X upon the control, we denote by 6 the lesser of the exit time of
X from Bs(z,t) and T. By It6’s formula we have that (18) holds with 7 replaced by
6. Taking expectations and taking (20) and the fact that V' > ¢ into account yields

dzt) = Bu {¢(X(0)’ 0) — /te {% +a(X(s), 5)% + g(X(s), 5)%]0[3

Ox?
- ¥ X)) = 6(X (), )]

t<s<6

B [VOX®).0)+ [ 700, s~ 3 [0(X(5),) — (X (5-), )]

t<s<0
)
—y By y {/ ds} .
¢

As V(x,t) = ¢(x,t) and V > ¢, by (21) we may write

IN

Vi) < End[VIX0).0) + [ F00)9)ds + Sle(6) — 1Linen] = v Bue [ 05

i>1

9

< Bod|VIX(0).0)+ [ £(X(9),9)ds+ X el Ln.c0p| = Y Buel 6 =1) Lo,z + oo
i>1

However, we note that this last term is strictly negative independent of which con-

trol is chosen and hence (15) is contradicted. Therefore, V' is in fact a viscosity

supersolution. m

Having established that V' is a viscosity solution of (6), we now consider the question
of uniqueness. For an alternative approach applied in an elliptic setting see [10].

Proposition 2 The qui (6) possesses a unique viscosity solution.

Proof: Suppose V and V are two viscosity solutions of (6) and, without loss of
generality, that

~

sup (V-=V)>0.

(z,t)€Rx[0,T]

Thanks to (5), applying [17, Lemma 4.4] we may conclude that there exist o € R
and 0 > 0 such that

~

sup(V—=V)>0
O (o)
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and

~

Vi, t) < irflf[c(g) + V(48] YV (tz)eO(x),

where

O(zg) = {(z,t) € (xg — 20+ ) x (T —0,T)} .

Recalling (7) and (8) we now see that, in ©(x), V is a viscosity solution of the partial
differential equation

ov 0V oV

— ta(lzr,t)=—5 + gz, t)— + f(x,t) =0,

(e )+ (e 05+
while V' is a viscosity subsolution of this partial differential equation with the same
terminal conditions. However, it follows by [8, Theorem V.9.1], upon noting that
rather than the existence of various bounded derivatives required there it suffices
that Lipschitz continuity holds, that

~

sup (V=V) <0,
O(z0)

a contradiction. =

As Proposition 1 and Theorems 1 and 2 continue to hold in this subsection, we have
that the family {V¢}.~o converges to the viscosity solution of the qvi (9) or, what
is the same, the value function of the deterministic control problem described at the
end of Subsection 2.1.

In the following proposition we consider the difference between the value function (3)
when o is replaced by \/eo and when o is replaced by v/€'o, where ¢, ¢ > 0. For the
treatment of this consideration for a class of elliptic equations see [9].

Proposition 3 With V° denoting the value function (3) when o is replaced by Vo,
where 6 > 0, it holds that

sup V() = V(. 8)] < K|Ve = Ve,

(z,t)eRX[0,T]

for some finite constant K.

Proof: Denote X the solution of (1) when o is replace by v/éo. For each fixed
control (0;,&;):>1, we have, by our assumptions on f and h, for some constant K,

Bea [ 10X, 5)ds + X e(6) + h(x (7))

i>1

B[ [ £ (0),9)ds + ) + h(xX (1))

1>1
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< V [ Bl F(X4(5), 5) = F(X(5), 8))ds + \ B J(X(T)) — WX (D))

< K\/ /t T E,(X¢(s) — X¢(s))%ds + K\/EN(XG(T) — XY(T))2ds . (22)

By It6’s formula we have that

(X(s) = X“(5))" = /t 2(X*(s) = X())(9(X(s)) — 9(X(5))) ds

+ [ 20X4(5) = X7 (Ve (X (5)) ~ VE o (X (5))) dB,
by [ 2ve ~ Vo (X(s))) ds

Taking expectations and using our assumptions on g and o yields
E(X(s) = X“(s))*
< Jo2(X(s) = X ()" ds + [3(Veo(X(s )) — Vo (X (s)))" ds
= Js 2(X(s) = X“(s))°d
+ Jo(Vea(X<(s)) — Vo (X (s)) +\FU(X6( )) Ve (X<(s)))" ds
< Jo2(X<(s) = X7 (s))*d
+ J3 2V o (X (s)) = Vo (X (s)))" ds + [ ((xf— Ve)a(X(s)))" ds

which is, for ¢ <1 and M a bound on o,
< /Ot 4(X<(s) — X (s))* ds + (Ve — V) 2M>*T
An application of Gronwall’s inequality yields, for some constant K,
B, y(X(s) = X9(5))” < K(Ve— V&), Vselt,T]. (23)

The desired result follows upon combining (22) and (23). =

3 The risk-sensitive setting

In this section we consider the convergence of the value function associated with a
problem of impulse control, in which the value function is of risk-sensitive type, when
the variance of the underlying diffusion process tends to zero. We shall demonstrate
that a logarithmic transformation of the value function tends to a unique limit point,
given by the value function of an appropriate zero-sum differential game involving
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impulse controls, recently considered in [17]. Throughout this section we restrict our
attention to the autonomous case; i.e. the case in which both ¢ and ¢ no longer
possess a second argument.

In the setting of risk-sensitive impulse control the value function is given by

T

Vie,t) = int Em[exp(< [ 7(X(3),5)ds + X el + h(X(T))) /eﬂ (24
i,61)i>1 t i>1

As before the infimum is taken over all admissible impulse controls. For a given

impulse control the process X satisfies the equation (1) with f, g, h, ¢ and o satisfying

(2), (4) and (5). The quantity € > 0 is a parameter.

In the first subsection we consider the case of smooth solutions of the relevant quasi-
variational inequalities, while the case of viscosity solutions is considered in the next
subsection.

3.1 Smooth solutions

As in the previous section, in case an appropriate qvi possesses a sufficiently smooth
solution, the solution coincides with the value function and allows a means of repre-
senting an optimal control.

Theorem 4 In case the following qui possesses a solution V € C*'[R x [0,T]], the
solution coincides with the value function:

aa—‘;—i—a(x)% +g(x)g—z+f(x,t)év >0 (25)
ggﬂﬂ[exp(C(C)/E)V(ﬁ +¢t)] = V(x,t) > 0 (26)
(% + a(x)% + g(x@—z + f(z, t)%\/)-

(inflexp(e(Q)/V (@ +¢.0] = ViwD)) = 0
Vi@, T) = inH{exp((c(&) + 1z +§))/e)}
where a(x) = o*(x)/2. Furthermore, with (6y,&) = (0,0) define, recursively,
6; — inf {t € [B:-1,T) : VX (t=),1) = inf exp(c(C)/)V (X (t) + €, t)]} (27)
& = arg mgin{exp(c(C)/e)V(X(@i—) +¢,0)}),i=1,2,...

It follows that, almost surely, the sequence (0;,&;)i>1 is finite in length and that an
optimal control is provided by this sequence together with a single jump at time T of

size § = argming{exp(c(§)/e)V(X(T—)+ &, T)}.
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We note from the proof that it must be that V' > 0. From this, our assumptions on
c and [17, Lemma 4.4] we may replace the intervals [0;_;,7T") by the open intervals
01, T),i=2,3,....
Proof: Let (6;,&;);>1 be a policy. By It6’s formula we have, for i > 1, with f€ = f/e,
b € s),s)ds
V(X (6-), )¢ OO _yix0,0),6,0)

ox

O [ [* fe(X(w)u)du 1%
0; 1 -
+ /e {e (X (s)) ax} B,

el e (B a0 S+ a0 G+ £ O s )

This implies, using (25), that
V(X (0i-1),0i-1)
< V(X (i), Oy @ /0 " [efeil 4 “X(“)’“)d“a(X(s))g—Z] dB, . (29)
Furthermore, by (26), we have -
V(X(6;-),6;) < V(X (6;—),0;)e” )/ . (30)

Hence, using (29) and (30), we may write that
4 €

v<x7 t) = E%t |:1{91>0}V(X(91_)7 ‘91_>€f0 LS (X(S)vs)d5:|

+Em,t 1{91:0}V(X(81)’ 91)66(51)/6

- 0 -
Ept| L1503V (X (1), gl)e(fo 1 f(X(s),s)ds+c(£1))/e]

IN

+E;

S

Loy V (X (6y), 6, )€/

= B V(X(@), )eth S @een] (31)

Continuing to apply (29) and (30) and making use of the dominated convergence
theorem and the fact that V(z,T") = inf¢{exp((c(§) + h(z +&))/€e)} we conclude that

V(z,t) < By e<fon<X<s>7s>ds+Zi21c(si>+h<X(T>>>/e} .

From this we see that the solution of the qvi provides a lower bound to the value
function (24).

In case we had chosen the control as indicated in the second part of the statement of
the theorem we would have obtained equalities in the derivation up to (31). Contin-
uing to apply (29) and (30) would then allow to conclude that the sequence (0;,&;)i>1
is almost surely finite in length, an application of the dominated convergence theorem
then yielding the desired conclusion. m
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Theorem 5 For each € > 0 fized, the function elogV (z,t) is uniformly continuous
in IR x [0, 7.

Proof: Setting W(z,t) = elog V' (z,t), we first show that

where lim,_, ow(x —y) = 0. To see this, for any control (6;,&;);>1 let X* and XV
denote solutions to (1) with X*(¢t) = x and X¥(t) = y. For 6 > 0 fixed, choose a
control such that

T

Eeelexo(( [ 7(X(5),5)ds + 3 el€) + HX(T) ) fe) | < Vi t) 5.

¢ i>1
Fixing M > 0, consider the control obtained by restricting this control so that no
jumps occur on the set of sample paths A = {sup;c( g, |[X*(t) — X¥(t)| > M|z —y]}.
For this control, we have

o [exp« /tT F(X(s), 8)ds + 3 e(€) + h(X(T))) /e) 1

i>1

e ( ([ 006, 9)ds + (X)) e L
" HX (), 8)ds + h(X(T))) /e> 1,

< V(z,t)+ 0+ Epy [exp((/
t
< V(z,t)+ 6+ e P(A)
< V(w,t) 4 6+ efMeel /e
where fh = T sup . pyemxor] |/ (@, 1) +supser [h(2)], L(M) = 2k +3k* —log(M) and
the last inequality follows from Lemma 1. Hence, as 6 was arbitrary, with V (z,1)

defined as equal to the right hand side of (24) with the infimum restricted to such
controls, we have

Vi(x,t) < V(e t) < Ve t)+ e/ (33)

Continuing, fix 4 > 0 and choose a control amongst the restricted controls such that

V(w.t) = Byafoo ([ 100 9)ds + X ele) + (@) fe)| =5 (30

i>1

Alter this control so that in case a jump occurs on the set A the quantity (y — z) is
added to the jump. We have, in particular for this control,

V(@) < By [exp(< ST F(X(5), 8)ds + Sio (&) + h(X(T))) /6) L
VE,, [exp(< T F(X (), 5)ds + h(X(T))) /6) 1,

<E,, [exp<( I F(X(5), 5)ds + Sy e(&) + h(X(T))) /e) 1je| 4 etmrzanye,
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But, given the modification to the control, we can write

Beafexp( ([ £0X(9).5)ds + X e(6) + b(X(D)) e L

i>1

IN

exp(TRM [z =yl /o) By exp( ([ 70X(5),9)ds+ 3 el6) + MX(T) ) fe) Lo

1>1

IA

oxp(TkM|a — y|/)[V (y,t) + 4]
< exp(TkM|z — y|/e) [v(% ) 4+ ey 5} 7

where in the first inequality we use again the unaltered control and the last two
inequalities follow from (34) and (33). Hence, as 6 was arbitrary,

V(z,t) < eTkM|:c—y|/6v(y7t) 4+ eThMz=yl/e(fhtL(M))/e  (fh+L(M))/e ’

and we may write

elogV(z,t) — elogV (y,t)

_eTk:M|:c—y|/ev(y’t) 4 ThMla—yl/e o (FitLD) /e | (it L(M))/e]

IN

elog

log | *Mle=vl/ey (y )| + elog |eT*Mle=vl/ey (3 )| — elog V(y, t)

|
)

[ TRMIE—3l/<7 () 4 @TEMIz—l/e(FDON)fe o o(fhtLM)/e]

IA

e log

—elog {eTkMx_WEV(y, t)} + TkM|z —y| .

Next, V(y,t) > e /"< implies

elogV(z,t) — elogV (y,t)

eTkM\zfy\/ee(f’h+L(M))/e+e(f’h+L(M))/e)

S € log |:1 + TRMIz=yI/<V (y 1) :| + T/CM|J: — y|

S € log |:1 _|_ (eTkM‘Z‘—y|/€€(f_h+L(M))/€ + e(f_h+L(M))/e)(e_Tlex_yI/eef_h/E):| + TkM|x — y|
< 6(e:rk;Mu:—yl/ee(f’thL(M))/e + e(f’h+L(M))/€>(e—TkM\x—yl/eef’h/e> + TkM|z —y|, (35)
from which the existence of w readily follows.

Assuming u > t we now show that
Wiz, t) < W(z,u)+aw(u—t),

where lim,_; o @(u—t) = 0. To see this, note that, restricting the allowable controls
in the following infimum to those which have no impulses in [t,u), we have, for
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K Z maXgzeRr |f((lf)|,

V() < il s Butexp( (7 FX(5), 8)ds + Sz ef6) + X (1)) e |
< inf .., Eu [exp(< ST F(X(5), 8)ds + K (1 — £) + S (&) + h(X(T))) /e)}
— inf e, Em[EX( [exp(( I F(X(5), 5)ds + S (&) + h(X(T))) /6)” eK(u=t)/e,

Now,

T
,inf Ext[EX(u) u[exp<( / F(X(s), 8)ds + 3 e(€) + h(X(T))) /e)”
1)i>1 u 221
< V(z,u)e?@ 0/ efep (X, — X > |z —y|) .
Next, with M > max,cr |g(x)|VT,

(\Xu Xt\ > |z —yl)

= Pmt< ds+\/E/ o(X,)dB; Z|$—y|)
< th<m/ €|x(u_iy‘t)_¥)

IN

iz )] en(- =+ )

alesn(| gy [t

e(u —t)
However, with M > max,cr |0 ()|, we have
Em[equ \/eit——lf) [ o(X,)dB; >]

ol 0] ol i)
= xt{exp(\/— Jito(Xs)dB e(ul—t) X )d8+€(“ 2 tu02(XS)d8)}

+Em,t[exp(—m S o(X)dB, — k5 [ o*(X.) - ;0—2(Xs)ds>]
< E,q [exp(\/ﬁ [ o(Xs)dBs — m o (X, )ds)} exp(ﬂ)
+E, {exp(—\/ﬁ [ o(X,)dB, — E(—lt) Lot (X )ds)] exp( ) :

Using the fact that both {exp<\/6(1u__ [ o(X,)dB,— e(ul_t) Y ot(X )ds), v > t} and

{exp(—ﬁ [ o(X,)dB, — e(ul_t) Yot X, )ds), v > t} are martingales (cf. [12],

o[
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Theorem 3.5.1 and Proposition 3.5.12) yields

) <zenf)

Putting these inequalities together, we have, possibly increasing M and recalling that
V(x,u) > e Ihe,

E.: [exp(‘\/ﬁ /tu o(X;)dBs

i lz—yl
K(u—t) w(z—y) K(u—t) fh+M —
Viz,t) < V(z,u)e” < e ¢ +e ¢ e ¢ e <D
w(z—y) 2fh+M _lz—ul K(u—t)
< V(%U)[e T fe e e VED|e e

and therefore,

w(z—y) 2fh+ M — lz—y|

W(x,t)SW(m,u)+elog{e < +e < e e\/(“—”}jLK(u—t).

From this we readily see the existence of &(-).

We now show, still with u > t,
Wi(x,u) < W(z,t)+ r(u—1),

where lim, ;o k(u —t) = 0. To see this, fix § > 0 and let (6;,&;),>1 be such that

T
W (x,t) > elog By |ex X (s), s)ds + )+ h(X(T —5.
(5:0) 2 etog Euaexp( ([ /(X(s).5)ds + ) + X (D) ) )|
This last quantity is, for K > max,er |f(z)|, due to the assumption that ¢ > 0,
—(u—t)
> clog Beafen(( [ FOX(), 9)ds + X el) + h(X(T)) ) fe)] =6~ Ku—1)

1>1

which is, in turn, increasing K if necessary

> clog B fen(( [ £00(6), s + 3 el + hx (1) e) |~ 6~ Kw 1)

1>1

> W(z,u)—06—K(u—t).

As § > 0 was arbitrary, the desired result follows. m
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3.2 The viscosity case

In what follows we denote the qvi in Theorem 4 by qvi (26). As mentioned in the
previous section, in general it is asking too much that V € C*![IR x [0,T]] and one
abandons hope of the qvi (26) holding. In this subsection we show that V' is a viscosity
solution of the qvi (26) in case the following Bellman principle holds:

V(z,t)= inf FE,, [exp((/ f(X(s),s)ds+ > c(&)l{gig})/e)\/(X(T), T)} (36)

(6 52 i>1 i>1

for all (F},t > 0)-stopping times 7 with ¢ < 7 < T. Analogous to the definition
in Section 2 V is said to be a viscosity solution of the qvi (26) in case V(z,T) =
infe{exp((c(§) + h(x +&))/e)} when (7) is replaced by

0 2% 0
win { 52 +a(e) 55 + ()5

a5 T e + f(z, t)¢ 1r§1f[exp(c(£)/e)V(as+§,t)] — V{(z, t)} > 0.

(37)
and (8) is replaced by

mln{g¢ +a(x )g f +g(x );ﬁ + f(z, t)¢ 1r£1f[exp(c(€)/e)V($+§,t)] — V(x,t)} S( 0).
38

Theorem 6 Suppose (36) holds. The value function V is then a viscosity solution
of the qui (26).

Remark: From the proof we note that V' is a viscosity subsolution in case (36) holds
for all stopping times which are constant.

Proof: That V(z,T) = infe{exp((c(§) + h(z +&))/€)} is clear. We now show that
V is a viscosity subsolution of the qvi (26). To do so, let ¢ € C*![IR x [0, T]] with
¢(x,t) =V(x,t) and V < ¢. We may assume that ¢ < 7. That

V(1) < inflexp(c(¢)/V (z + ¢, 1)

is clear and it remains to show that

d¢ >’ 9  f ,t
57 Hal@) a5 +ol@)5 -+ 5065, (39)

For any admissible policy it holds by our assumptlon that
oz, t) = V(x,t)
< Bulesp(( [ 100 0)ds + X el Lo ) /) VX (), 7)] (0

i>1

< Bdfeso(( [ FOX(), s + X ez ) /) 6(X (), 7)

1>1
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for any stopping time 7. By It0’s formula we have that

HX(r),7 +/[ >§‘§+g<x< N2las ()
+/ dB + 3 [B(X(s), 5) — (X (5-), 9)]

t<s<t

Considering only policies that take no action on [t,t + h|, setting 7 = t + h, and
substituting (41) into (40) and taking expectations yields

o(2.1) < Bo [exp( / o f(X(s),s)ds/e) (¢(x,t)+ / o % +a(X @)% (42)
+o(X (s ))gi ds) —i—exp(/tth(X(s),s)ds/e) /tHha(X( ))gf dB}
By Ito’s formula we have that
E., [exp ( / "X (s), 5)ds /e) / e a(X(s))%st] (43)

= Ligpt

/tt+h eXp</tSf(X(u),u)du/e> (/tsU(X(u))%dBu)f(X(s),s)/eds] .

From this, we see that, upon dividing (42) by h and letting h \, 0, the term containing
the stochastic integral disappears and hence we have that

0< }l}{f(l) E.. Kexp (/:Jrh f(X(s), s)ds/e) - 1) o(z,t)

+exp< tHh F(X(s), s)ds/e) (/t”h ‘gf + (X@))% + g(X(s))% dsﬂ/h |
from which (39) follows.

To show that V is a viscosity supersolution let ¢ € C*![IR x [0,T]] be such that
o(z,t) = V(x,t) and V > ¢. We proceed by contradiction. Assume therefore that

mffexp(e(C)/e)V (& + €, 1)) — V(& 1) > 7 (44)
and 5 .
A ey L (15)

for some v > 0. Since ¢ € C*!'[IR x [0,T]], ¢(x,t) = V(z,t) and V is continuous,
decreasing 7 if necessary, we have that

irgf[eXp(C(C)/e)V(y +¢,8)] = oy, ) =7, Y(y,s) € Bs(w,1) , (46)
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where Bs(x,t) = {(y, s)|d((y, s), (x,t)) < §} for some § > 0 sufficiently small. Con-
tinuing to suppress the dependence of X upon the control, we denote by 6 the lesser
of the exit time of X from Bj(z,t) and ;. From Itd’s formula (we have in mind (28)
here with V' replaced by ¢) and (45) we have that

B, 1) = Eut [ 0(X(0-), 6)elt /X000

_E,, { /t ' [eff fe(X(“%“)d“(g—f + a(X(s))% + g(X(s))% + (X (), s)qﬁﬂ ds]

0
< Byl SOOI (X (0-),0-)| = Bua My [ ]
t

for some M > 0. Recalling that V' > ¢ and (46), this last quantity is seen to be
< B, [V( X(6), 0)el i FE@ s sele o <o/ _ye ! FX@)isfey 6}} _E,, [ Moy /t ’ ds} 7
which in turn is, possibly decreasing M > 0,

< Ea {V(X (0), 0)ele SOt orz0)/e| _ Y ME, [0 — £)1(5,50) + Lipy<0y] -

However, the last term is strictly negative independent of which control is chosen and
hence (36) is contradicted. Therefore, V' is in fact a viscosity supersolution. m

Having established that V' is a viscosity solution of the qvi (26), we now consider the
question of uniqueness.

Proposition 4 The qui (26) possesses a unique strictly positive viscosity solution.

Proof: From the previous theorem we see that the value function is a viscosity
solution of the qvi (26). That it is strictly positive is noticed by letting 7 = T" in (36)
from which it is seen that the right hand side is bounded below by a strictly positive
number. Suppose V' and V are two viscosity solutions of the qvi (26) and, without
loss of generality, that
sup  (V—=V)>0.
(z,t)eIRX[0,T]

Thanks to (5), applying [17, Lemma 4.4] we may conclude that there exist o € R
and 0 > 0 such that

~

sup(V—=V)>0
O (o)

and
V < inflexp(e(©)/)V(x + €8]V (ta) € O(ao)
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where

O(zo) = {(z,t) € (xg — 20+ ) x (T —0,T)} .

Recalling (7) and (8) we now see that, in ©(x), V is a viscosity solution of the partial
differential equation

oV 0V ov 1
o T a(iﬁ)@ + 9(93)% + f(ﬂf,t)zv =0,

Ve, T) = inf{exp((c(6) + hlz +£))/e)}

while V' is a viscosity subsolution of this partial differential equation with identical
terminal conditions. However, it follows by [8, Theorem V.9.1], upon noting that
rather than the existence of various bounded derivatives required there it suffices
that Lipschitz continuity holds, that

~

sup (V — V) <0,
O(zo)

a contradiction. =

Throughout the remainder of this section we consider the setting in which, for each
e > 0, not only does the value function depend upon €, but we also replace o by
Veo in (1). Given the previous proposition, the following proposition is then easily
proven.

Proposition 5 Suppose (36) holds. The function W = elogV is then the unique
bounded uniformly continuous viscosity solution of the qui

%—Ii/ ea(x)%;/ + a(x)(%—vl/)2 + g(x)%—z/ + f(z,t) > 0
i [6(C) 4 W (e +¢,0] = W(a,1) > 0 (47)
(5F +can) T + a7 + g T + 7))

(inf [(C) + W(z + ¢, )] — Wi(a, t)) _ 0

CeR

W(z,T) = ilgf{c(f) +h(z+&)}.

Proof: Suppose first that ¢ € C*'[R x 0, T]] is such that W < ¢ and W (z,t) =
o(z,t). With V' = exp(W/e) and ¢ = exp(¢/¢), using that V' is a viscosity subsolution
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of qvi (26), we have that (37) holds. However, as W = elogV and ¢ = elog¢, it
follows that

(09 0*¢ 09, 09
min {E +ea(w) 5 +a@)(50) + (@) 55 + f(@,0) (48)

: B >0,
i [e(C) + W(a + C.t)] = W(a,0)} > 0
Likewise, in case ¢ € C>'[IR x [0,T]] is such that W > ¢ and W (z,t) = ¢(x,t), it
follows that

¢ 920 O O
min {a—f + ea(x)a—;; + a(x)(a—i)2 + g@)a—f b f( ),

it [e(C) + Wz +¢,0) = Wiz, t)} <0.

From this it follows that W is a viscosity solution of qvi (47).

To see the uniqueness, suppose W; and W, are bounded viscosity solutions of (47).
Then, with V; = exp(W;/¢), i = 1,2, we have that V; and V; satisfy (37) and (38)
for all ¢ € C*'[IR x [0, T]] of the form ¢ = exp(¢/e) for some ¢ € C>[IR x [0,T7].
However, as the partial differential operator in the definition of a viscosity solution
is a local one, this suffices to show that V; and V5 are both bounded, uniformly
continuous viscosity solutions of qvi (26), a contradiction. =

Superscripting W by € to denote the dependence upon €, Proposition 5 shows that W€
is the unique bounded uniformly continuous viscosity solution of (47) while Theorem
5 shows that {W¢}..¢ is an equicontinuous family of functions. By the Arzela-Ascoli
theorem it follows that any sequence {W¢},~;, with ¢; | 0, has a convergent subse-
quence, where convergence is in the sense of uniform convergence on compact sets.

The following proposition characterizes the possible limit points (cf. also [8, pgs.
73-74 and 288)).

Proposition 6 Suppose the sequence {W*<};>1, with ¢; | 0, is such that W€ con-
verges uniformly on compact sets to some function W. The function W 1is then a

viscosity solution of
oW ow oW
0 - 7 >
L a(n) () g@) S+ f(t) > 0

nfle(Q) + W+ (0] - Wi, t) = 0 (49)

(S + @G + g G+ £0)) - (Jmfel€) + W+ 6,0 = W(w,0) = 0

Wiz, T) = irglf{c(f) +h(z+€)}.
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Proof: We show that W is a subsolution, the proof that W is a supersolution being
similar. Denote W by W™ and suppose (z,t) is a strict local maximum of ¢ — W,
where ¢ € C*![IR x [0,T]. Then there exists points (z,,t,) with (x,,t,) — (z,t)
such that ¢ — W" has a local maximum at (z,,t,). Therefore, W" satisfies (48) at
(Zp, tn) with ¢"(z,1) = (2, 1) + W™(Zn, tn) — G(Zn, tn), € = € and W = W™, In case

irgf[c(@ + Wz, + &, tn)] — W2y, t,) = 0
for infinitely many n it holds, under our assumptions, that
irglf[c(f) +Wi(x+&t)]—W(z,t) = 0.

If, on the other hand,

for infinitely many n it holds, under our assumptions, that
99 99, 99 _
2 ()50 + g@) 52+ fla,t) = 0

Hence, W is a subsolution of (49). =

Consider now the (zero-sum) deterministic game driven by

_m+/ w)du+&(s), s € [tT],

and having lower value function

TG, t) = hy(T)) +inf sup [ 35, y(s).nls))ds + 3 aipyel€0)]

neUK i>1

where the dependence of y upon 7 and £" is suppressed. Here o and 3 are measurable
functions and UX consists of all measurable functions n such that |n| < K for some
0 < K < oo. The infimum is taken over all functions & mapping UX to piecewise
constant functions, and for each measurable function € UX the points {t]};>; and
{&'}i>1 are chosen so that the representation £"(u) = 351 Lz &'y u € [t, T, holds.
n and & are the controls taken by two different players. The control n is bounded
and measurable, and the control £ is a piecewise constant function (impulse control).
In the game, player n wants to maximize the payoff by choosing a proper control 7,
whereas player & would like to minimize the resulting payoff by choosing a suitable
impulse control.

Before stating the next theorem we note that by equation (35) any limit point of the
family {W€}c~q is locally Lipschitz continuous and furthermore that we may choose
a Lipschitz constant, K > 0 say, which is independent of the limit point chosen.



RISK SENSITIVE IMPULSE CONTROL 25

Theorem 7 Let a(v,v) = o(a)v and f(t,x,v) = —v*/2 + g(x)v/o(z) + f(2,1) -
g*(x)/20%(x) and assume that

1) B is continuous and bounded on [0,T] x R x [-K, K].

2) A continuous function w with w(0) = 0 exists with

16(t, %, v) = Bz, y,v)| Sw(|z =yl + |t —s]) .

Then, for any sequence {W¢};~1, with €; | 0, the functions W€ converge uniformly
on compact sets to the unique viscosity solution of (49), W say, and furthermore
J=W.

Proof: Under our assumptions it follows from Theorem 3.4 of [17] that J is the
unique viscosity solution of the system

oJ oJ
e + ye[s—ung] {a—xa(x, v)+ Bt x, 1/)} >0
nf[e(Q) + (@ + )] = J(@,t) 2 0 (50)

<%+ sup {a_Ja(x,u)+ﬁ(t,x,u)}>(Ciglg[c(O%—J(erg,t)]_J(g;,t)> - 0.

ve[-K,K] Oz

We now show that any viscosity subsolution of (49), W say, is a viscosity subsolution
of (50); the supersolution case is similar and is omitted. Letting ¢ be such that
¢(x,t) = W(x,t) and W < ¢, we have, by the Lipschitz continuity of W, that

—K|h| <W(x+ h,t) = W(x,t) < ¢(x+ h,t) — ¢(z,t), V(t,z,h) €0, T] xR xR.

From this it follows that [0¢/0z| < K. Solving the simple optimization problem
SUD, e[~ K, K] {%a(z, v)+ B(t,x,v)} allows to write

O¢ 00, 10)0) B
a a(x)(%) +9($)% + f(z,t) =

9¢ 99
— + sup {—oz x,v)+ [tz v } i
5 e {Geaten) o)
From this it follows that the viscosity subsolutions of (49) are also viscosity subsolu-
tions of (50) and, as can be shown similarly, the viscosity supersolutions of (49) are
viscosity supersolutions of (50). Due to the uniqueness of the viscosity solution of
(50) we have the desired result. =
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