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Abstract

If I' is a random variable with values in a compact matrix group K, then the
traces Tr(I'¥) (j € N) are real or complex valued random variables. As a crucial
step in their approach to random matrix eigenvalues, Diaconis and Shahshahani
computed the joint moments of any fixed number of these traces if I" is distributed
according to Haar measure and if K is one of U,, O, or Sp,,, where n is large
enough. In the orthogonal and symplectic cases, their proof is based on work of
Ram on the characters of Brauer algebras.

The present paper contains an alternative proof of these moment formulae. It
invokes classical invariant theory (specifically, the tensor forms of the First Fun-
damental Theorems in the sense of Weyl) to reduce the computation of matrix

integrals to a counting problem, which can be solved by elementary means.

Keywords: random matrices, matrix integrals, classical invariant theory, tensor repre-

sentations, Schur-Weyl duality

1 Introduction

In the 1980s and early 1990s, Diaconis, Mallows and Shahshahani devised a method
for studying the eigenvalues of random elements of the compact classical groups which

are chosen according to Haar measure. The paper [3] of Diaconis and Shahshahani
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is probably the best-known reference, whereas the paper [2] of Diaconis and Evans
contains the state of the art, including many applications. In a nutshell, the method
is Fourier analysis built upon an explicit solution to the following problem: Fix n € N
and let K = K,, be one of U,, O,, Sp,, (n even in the last case). Consider a random
variable I' = T',, with values in K, whose distribution is Haar measure. Compute the

joint moments of the real random vector
(Tr(T), Te(I?), ..., Te(T7)), (1.1)
i.e., matrix integrals of the form
[ (@@ (i (T nldy) (12)

(r € N, a € N}, wg Haar measure), in the cases K = O,, and K = Sp,,, and the joint

moments of the complex random vector

(Te(T), ..., Te(I"), Te(D), . .., Tr(I7)) (1.3)

in the case K = U,. It turns out that this is in fact possible if n is large enough,
and that these moments equal the corresponding moments of suitable multivariate nor-
mal distributions. The proof which is given in [3] for the moment formula in the case
K = U, uses nothing more than basic character theory of groups together with a well-
known explicit decomposition of power sum symmetric functions, which is often referred
to as Schur-Weyl duality. On the other hand, the treatment of the cases K = O,, and
K = Sp,, makes use of less familiar material, namely, Ram’s work (][9], [10]) on the

characters of Brauer algebras.

Nowadays there exist alternative methods to prove these moment formulae. Hughes and
Rudnick [7] have chosen an approach via the combinatorics of cumulants and Weyl’s
integration formula. Pastur and Vasilchuk [8] have used ideas from statistical mechanics
to obtain an entirely different proof. The present paper proposes yet another method,
which is based on classical invariant theory. This theory has undergone some refine-
ment since Weyl’s classic [12], and there exist accessible expository texts such as the
monograph [4]. It will emerge from our discussion that the fundamentals of this theory
(which include an abstract version of Schur-Weyl duality) suffice to prove the moment
formulae for all three groups in a uniform way. Invariant theory serves to reduce the
computation of integrals directly to an easy counting problem, and there is no need to

deal with special functions explicitly.
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The paper is organized as follows: Section 2 serves to fix notation, to review a fragment
of Lie theory (Theorem 2.5) and to present a version of Schur-Weyl-Duality, which will
be termed Double Centralizer Theorem, in a way that clearly brings out the connection
with invariant theory (Theorem 2.2 and Addendum 2.3). The central piece of the paper
is Section 3, and there the orthogonal case is the paradigmatic one. The presentation of
the symplectic and unitary cases builds upon the previous discussion of the paradigm

and explains how the difficulties which are specific for the other groups can be overcome.

2 Preliminaries

For a subgroup H of a group G write G: H := {Hg : g € G} for the set of right
cosets with respect to H. A G-space (M,G) is a set M together with a right action
MxG-— M: (u,g) — pg. For p € M set G, :=={g € G: pg = p} and
pS:={ug:g € G}. Then (u° G) and ((G:G,),G) are isomorphic for any u € M.

If M ={1,...,k} (k € N), write S; for the symmetric group Sym(M). For each
s € Sym(M) define [s] :={j € M : js # j} and call it the support of s. If s is of the
form
s=]]1]¢
j=1i=1

where ¢/ is the i-th j-cycle (in some fixed order), we write type(s) for the partition

A=(rry..o,rr—=1r—1,...,r—=1,...,1,1,...,1),
——— - ————
ar Ar—1 ai

which is in turn abbreviated to A = (191222 .. .r%). [(A) := a,+a,_1+...+aq is called
the length of A.

If M is a finite set, k := #M < oo, write M,.(M) for the set of all r-matchingsin M,
where an r-matching is a partition of M into r two-element and k — 2r one-element
subsets. A matching in M is an r-matching for a suitable r. If k& = 2r, then an
r-matching is also called a two-partition of M, and one writes M(M) := M,.(M).
Abbreviate M,.(k) = M,({1, ..., k}) and M(k) = M({1, ...,2k}). Note that
M(k) = My(2k). The natural action of Sym(M) on M induces transitive actions on
M(M) and M,.(M) in the obvious way.
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2.1 Lemma. Let k,r € N, r < |%].

#M () = 5 (Zl_ 271 = (2"‘;) (2r — 1)1, (2.1)
EM(E) = (2k—1)I . (2.2)

Here we use for k € N the shorthand (2k — 1)!! .= (2k —1)(2k—3)...5-3- 1.

Let V be a finite-dimensional complex vector space and write V¥ for its k-fold tensor
77777 n is a C-basis of V.. Write F(k,n) for the set of all
maps from {1,...,k} to {1,...,n}. It is well known that the family

power. Suppose that b = (b;),—

6% = {®F b, © © € F(k,n)}
is a C—basis of V®* ([5], Ch 18§6). For s € Sy, ®%_b;, € b®* set
(®lebi<p)5 = ®§:1b(is—1)<p (2.3)

and proceed by linear continuation. This defines an action of S, on V®¥ which in
turn determines a homomorphism oy : Sy — GL(V®*), hence a linear representation
(V®k, O'k) .

Given a representation (V,p) of G, we define on V* = Hom¢(V, C) the contragredient

representation p* via
* L —1 * . p(g_l) v*
v*'p*(g) = plg )" V'—"V — C. (2.4)

Given representations (V;, p;) of G; (i = 1,...,k), define a representation p; ®...® py
of Gy x...xGron V] ®...®V, by setting

(@ o) (@ 10) (g1, - - gk)) = R 0i(pi(g5)) (2.5)

and then proceeding by linear continuation. If one applies this procedure to k copies
of the same representation (V,p) of G and restricts the resulting tensor product rep-

resentation to the diagonal, then one obtains a representation py = p®* of G.

It is well known that a representation of a group G can be regarded as a representation
of its group algebra CG, and vice versa. A representation of CG on the complex
vector space V' gives rise to a CG-module structure on V', and vice versa. If A is a

C-algebra and V;, V5 are C-vector spaces with an additional structure as A-modules,
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write Hom4(V3,Vs) := {¢ € Homc(V1,V2) : (va)p = (vp)a Yo € Via € A}. If
A C Endc(V), then End (V) = Cgnac(v)(A) = {b € Ende(V) : ab = ba Va € A}.

If p is a completely reducible representation of G, then the image of CG under p is
a semisimple subalgebra of Endc(V) (see [4], Thm. 3.3.4), i.e., isomorphic to a direct

product of full matrix algebras. Therefore the following result is applicable:

2.2 Theorem (Double Centralizer Theorem, DCT). Let V' be a finite dimensional
C-vector space, A a semisimple subalgebra of Endc(V'), B := End (V). Fiz a family
V. (p € M) of mutually nonisomorphic irreducible A-submodules of V' such that all
isomorphism classes of irreducible A-modules which occur in V' have a representative
among the V,,. Set U, := Homu(V,,V) for all 4 € M. Then the U, are mutually
nonisomorphic irreducible B-modules with respect to the action (p,b) — @b (where
on the right-hand side stands the composition V), LA 7N V), and the following

isomorphism of A- and of B-modules holds:
VPV, eU,.

Proof. [4], Thm. 3.3.7. O

Now consider the special case that A is the image of a group algebra CG under a

representation p (which we drop in what follows in order to simplify notation). Set
VI :={veV:vg=v VYgecG}.

Since G acts linearly, [V]% is a vector space. Its elements are called the G-invariants in
V' (with respect to p). [V]% is B-invariant (b € B acting as an endomorphism of V'),
because for v € [V]9, be B, g€ G: (vb)g = (vg)b=vb. Ifv e [V]®, a=3 sau9 €
A, then va =3, ay(vg) = <deG ag> v € Cu. (By the definition of group algebras
we are in fact dealing with a finite sum.) This means that Cv is a one-dimensional
A-invariant subspace of V', hence an irreducible A-module.

At a critical juncture in our application of Theorem 2.2 in Section 3 we will need an
answer to the following question: What does U, look like when V,, = Cuv, for some

vg € [V]¢ ? We give our answer in the form of an addendum to the DCT.

2.3 Addendum. If A= p(CG), v € [V]¢, V, = Cuy, then U, is isomorphic to [V]¢

as a B-module.

Proof. For w € [V]¢ define ¢, € Homc(V,,V) by setting (cvg)p, = cw for all
c € C. It is easily verified that ¢, € Homu4(V,,V) = U, and that the map w —— ¢,
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is a C-linear bijection. As to the module operation, let w € [V]9 b € B. Then
b = Pub : Vi, 25V %, V', because for any ¢ € C, (cvo)(pwb) = (cw)b = c(wdb) =
c(Vopun) = (cv0)Pub - O

For n € N let I, denote the identity matrix in C"*", and for n even set

I
T = < 0 ) e Crem, (2.6)
“Ts 0

Let I € N and consider families (V,,, B, Gn, Kp)ner, where V,, is an n-dimensional

NE

C-vector space, which we will for simplicity identify with C", 3, : V,, xV,, — C a C-
bilinear form, G,, := {g € GL(V,,) : Bn(vg,wg) = G, (v,w) Vv,w € V,,}, K,, := G,NU,,

where U, is the unitary group. Consider the following cases:
(1) I=N,and forall n e I (,=0. Here G,, = GL(n,C), K, =U,.

(2) I =N,andforalln € I 3, is the nondegenerate symmetric form (z,y) — z'Ly.
Here G, = O(n,C), K,, = O,,.

(8) I ={2m: m e N}, and for all n € I 3, is the nondegenerate skew-symmetric
form (z,y) — 2'J,y. Here G,, = Sp(n,C), K,, = Sp,,.

The relation in which the K, stand to the G, is but an instance of a general theory
which links compact to complex Lie groups (see [6], Ch. XVII). Nevertheless, a pedes-

trian verification of the following important aspect of this correspondence is possible.

2.4 Lemma. In all three cases (1), (2), (3) for alln € N

i.e. the Lie algebra of G, is the complexification (as a vector space) of the Lie algebra
of K.

2.5 Theorem. Let G and K be connected closed matriz groups, K < G. Assume
further that K is compact and that £(G) = £(K) ®@g C. Let (V,p) be a holomorphic
representation of G. Then

(1) (V,p) is completely reducible.

(ii) (V, p) is irreducible if, and only if, (V, pk) is irreducible, where py is the restriction
of p to K.

Proof. [11], Lemma 4.11.13, together with the proof of Thm. 4.11.14. a
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Since we wish to apply Theorem 2.5 to G = O(n,C), which has two connected com-
ponents, we give an addendum, which follows by a minor modification of the proof of

Maschke’s theorem roughly as in the proof of [4], Prop. 2.4.2.

2.6 Addendum. Theorem 2.5 remains true when the assumption that G and K be
connected is weakened to the requirement that G+, i.e. the connected component of the

unit element, have finite index in G.

Before this section comes to a close, let us prepare the ground for our subsequent

applications of invariant theory by defining in the cases (2) and (3) two special bases

..........

.....

V, = C". In case (3), n = 2m, there exists a symplectic basis by, c1,bs,Co, ..., by, Cn,
such that for all 4,7 =1, ... ,m:

ﬁn(bz‘, bj) = 5n(Cz‘, Cj) =0, (2-7)

Bu(bi,ci) =1, Bu(bi,c;) =0 (i # j). (2.8)

We then set for all i =1,...,m

foic1 = by, for = c, f%_1 = Gy, f% = —b;. (2-9>

3 Moment Identities

3.1 The General Setup

Fix n € N, and let K, be one of U,, O,, Sp,,. Consider a random variable I';, whose
distribution is the normalized Haar measure wy, on K, . In addition, fix r,qg € N, a =
(CLl,...,CLT) S NB, b= (bl,...,bq> c Ng Set

ko = Zjaj (3.1)
=1

and define k;, analogously. It is our object to compute the a-moment
E (H (Tr(rg))“f)
j=1

of the random vector (Tr(T,,), Tr(T'2), ..., Tr(I'")) in the cases K, = O,, and K,, =

Sp,, and in the case K,, = U, the (a4,...,a,, b1,...,b,)-moment of the random vector

(Te(Ty), ..., Te(T7), Te(Ty,), ..., Tr(T%)) . We will usually drop the subscript n.
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3.2 The Trace Lemma

Let p be the defining representation of GL(V) on V. For k € N write p, for p®* :
GL(V) — GL(V®*), the k-fold tensor power of p. Recall from (2.3) the representation
oy, of S, on V¥ Obviously the images of p, and o} centralize each other. We thus

can define a representation
pr X o : GL(V) x S, — GL(V®) (3.2)

by setting
(®i1v) (o1 x 00)((9,8)) = (®i_1vip(9)) on(s), (3.3)

and proceeding by linear continuation. For g € GL(V') write ¢;(g) (i = 1,...,n) for the
(not necessarily distinct) complex roots of its characteristic polynomial (in any order).
If p € C[Xy,...,X,] is a symmetric polynomial, then p(ci(g),...,cn(g)) is defined
unambiguously and will be abbreviated to p(g). For v € N define p, := > " | X} €
C[Xy,..., X,], and for any partition A set px := pxpr, - - Pagy)-

We now specialize k to k, as in (3.1), consider (px X 0x)(g, s) as a linear operator on

V@ and compute its trace.

3.1 Lemma (Trace Lemma). For any g € GL(V),

T

[T (Te()™ = Tr((ox x o) (3, 9)): (3.4)

j=1

where s € Sy, is of type (171292 ... ror).

The proof consists in the following two lemmata, the first of which is stated without
proof in [9], Thm. 4.6(a). The second one seems to be the starting point for the approach

of Diaconis and Shahshahani.

3.2 Lemma. For any g € GL(V), s € Sg, we have

Tr((pr x 01)((9:5))) = Ptype(s) (9)-

Proof. In a first step suppose that g is diagonalizable. Consider a basis (v;);=1

.....

consisting of eigenvectors of g, and let (¢;);=1...., denote the corresponding eigenvalues.

Then {®%_,v;, : ¢ € F(k,n)} is a basis of V¥ Evidently, (px x 0x)((g,s)) maps
any basis tensor to a scalar multiple of another basis tensor. This means that in order

to compute the trace of (py % 01)((g,s)), we have to consider the fixed points of the
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action of s. Now ®§Zlvﬂ0 is fixed by s if, and only if, ¢ is constant on the supports of

the cycles of s. Writing A = (););=1,..;n) = type(s), this observation yields

Te((or x 00) (9, 9)) = 3 H%w

YEF((N),n) j=1

On the other hand,
1) I n

px(g)ZH HZCZ )

7j=1 7j=1 1=1
which is the same.
The general case follows from the well-known fact that the set of all complex matrices

whose characteristic polynomial has pairwise distinct roots is dense in C"*". 0

3.3 Lemma. For any g € GL(V)
[[(Tx(¢7)* = palg).

Jj=1

where X\ is the partition (19129 ... r%).

Proof. 1f ¢ is diagonalizable, then it is immediate that Tr(g’) = >_7  (ci(g))’. Hence
[T =11 (Z(Cz'(g))j) = [[wi(9)
=1 j=1 \'i=1 j=1

On the other hand, when one groups in py(g) = HV 1P, (g) the factors with the same
A, together, by the very definition of the partition A one again arrives at H;Zl(pj(g))“f

A density argument yields the conclusion. O

3.3 The Orthogonal Case

We consider the case (G,K) = (O(n,C),0,). Let Zy,...,Z, be iid standard normal

random variables. Set k =k, .

3.4 Theorem. If
2n > k, (3.5)

then
(T ) = ([T o ). 5.0
j=1 Jj=1
where
1, uf 5 is even,
nj = e
0, if 5 is odd.
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3.5 Remark. If k is odd, then (3.6) holds regardless of whether condition (3.5) is met

or not, both sides being equal to zero in this case.

The proof of Theorem 3.4 is the content of this subsection. Obviously the representation
pr of GL(V) can be regarded as a representation of G by restriction. We now apply
the DCT to V®* in the place of V', and take A := py(CG). Note that o1(CSy,) C B :=
End4(V®*). The semisimplicity of A is guaranteed by Theorem 2.5, Addendum 2.6
and the remark before the DCT. Using the Trace Lemma 3.1 we get

T

H (Tr(g7))™ = Tr((pr x on)( Z Tr (pk ) Tr (Uk(s)‘U) ;

j=1
where V,,U, (i € M) are defined as in the DCT, and s € Sy, is of type (1%1292...7).
On the right the symbol pg(g ‘Vu is to indicate that pi(g) € Endc(V®*) is consid-
ered as an endomorphism of the invariant subspace V,,, and analogously for ak(s)}Uu.
Integration over K yields

E(f[(Tr (1)) ) ZTr(o—k ) / Tr(pk<g>\w)wf<(dg)- (3.7)

j=1 pneM

Now for all ¢ € M the map x, : G — C: g +— Tr <pk(g)‘v) is an irreducible
character of GG, and by Theorem 2.5 its restriction to K is an irreducible character of
K . If there exists 119 € M such that V), is a trivial irreducible G-module (hence of the
form Cup for some vy € [V®¥]%), then by the orthogonality of irreducible characters

we see that (3.7) reduces to

Tr <0k(s) ‘U%) . (3.8)

Otherwise the expectation in (3.7) equals 0. Now we invoke our Addendum 2.3 to the
DCT. It says that U,, is — up to an isomorphism of B-modules — nothing else than
the space [V®*]¢ of G-invariant tensors (with respect to px). So, in order to compute
(3.8), we can apply the invariant theory of the complex orthogonal group. To simplify
notation, we drop the representation p. The first obvious question is whether there are
any nontrivial G-invariants. Since —I € G, it is clear that the answer is negative if k
is odd. So we assume that & = 2[ is even. Recall that f := (f;)i=1
basis with respect to 3. Set

» is an orthonormal

.....

Y fu®fip® - ® fi, ® fig (3.9)

peF(l,n)
and

81821 = {0,09(s) : s € Sy}

In the sequel we will drop the representation oy;.
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3.6 Theorem (First Fundamental Theorem, FFT). [V = {0} if p is odd,
and for | € N one has

[V®2l]G = spalg <6’ZS”) .
Proof. [4], Thm. 4.3.3 O

Hence, to evaluate (3.8), we have to compute the trace of s € So; on spang <9lsm) . We
will facilitate this computation by giving another description of the action of Sy on
6, . Recall that M(I) denotes the set of all two-partitions of {1,...,2[}. A family
({my,n,})=1,.; such that {{m,,n,} : v = 1,...,1} € M(l) is called a labelled
two-partition of {1,...,21}. Write M'(l) for the set of all labelled two-partitions of
{1,...,2l}. For m!, n' € MY(l) write m' = n' if m' equals n' up to a permutation
of the index set {1,...,l}. Then M(l) can be regarded as the system of equivalence
classes in M'(I) with respect to =.

For m' = ({m,,n,}) € M), ¢ € F(l,n) let [m' ] denote the tensor &2 v;
with the property that v; = f,, if i € {m,,n,}. Let Sy act on M'(l) as follows:

..........

recalling that Sy acts on V®% via oy, we see:

3.7 Lemma. For m'e MY(l), ¢ € F(I,n), s € Sy,
[m', s = [m's, ).
Let m{ := ({1,2},{3,4},...,{2l — 1,2{}). Then we have the following

3.8 Corollary. For all s € Sy

Os = Z [mis, ©].

peF(l,n)
3.9 Remark. Since for m € S; the mapping ¢ —— 7y induces a permutation of F(I,n),
the sum Zcpe Fln) [m', o] is independent from the labelling in m', hence depends only

on =(m').

The [m{, ¢] (p € F(I,n)), i.e., the summands of §;, are pairwise distinct elements of the
basis % of V®2 and Sy maps them again to elements of % . By the very definition
of a basis this implies that 6;s = 0, if, and only if, s permutes the summands of ;. Now
assume n > [ (which is the same as 2n > k, hence our assumption (3.5)). Then there
exists some ¢y € F(I,n) which is injective. Write S for the stabilizer of =(m}) =: mq
with respect to the induced action of Sg; on M(l). Then for [m{, po]s = [m{s, o] to be
a summand of #; it is necessary that s € §. Together with Corollary 3.8 and Remark
3.9 this implies
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3.10 Lemma. If n > 1, then 6;s =0, if, and only if, s € S.
3.11 Corollary. If n >1

(M(1), So1) = (S9: S, Sg) = (91821, Sar).

Corollary 3.11 implies that the number of fixed points of s € Sy; in its action on 91821 is
the same as in its action on M(l). Now, if we can show that 672 is not only a spanning
set, but also a basis of [V®#]%  the trace we are interested in will be this number of
fixed points. Note that the family (6;s)ses,, contains repetitions. We can introduce an
injective parametrization of the orbit as follows: For m € M(l) choose s, € Sy such
that mps, = m. Then (Sm)mem@) is a system of representatives for the coset space
So ¢ S, and we have that lem = (01Sm) mem()-

3.12 Lemma. If n >1, then {0;sm: m € M(l)} is C-linearly independent.

Proof. For all m € M(l) 6;sy is a sum of suitable distinct elements of the basis
§92L. Let g € F(I,n) be injective. Then for each m € M(l) =(mlsy,) = m, and
[m{Sm, o] = [Mm, ©o]sm is a summand of 6;s,, but not of s, (n # m). This proves

the lemma. O

Summing up, we have established the following

3.13 Theorem. If k =k, = )_,_, ja; is odd, then

E (H (Tr(I‘j))aj) = 0.

j=1

If k = 2l is even and 2n > k, then this expectation equals the number of fixed points with
respect to the induced action on M(l) of any s € Sy with cycle type (1412%2 .. .1r%).

Theorem 3.13 has transformed our original problem into a purely combinatorial task,

which we are going to take up right now.

3.14 Theorem. Let | € N, k= 2l, s € Sy with cycle type (1%12% ...r% ). Then, with
respect to the induced action of S on M(l) = M({1,...,2l}), the number of fized

points of s is

Hfao)?
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where
1 Zf aj = O,
_ 0 if ja; is odd, a; > 1,
faG) =4 u | P o (3.10)
J2 (a; — )N if j is odd and a; is even, a; > 2,
1+ Z(EZJIJ 7 (5)(2d — D)V if j is even, a; > 1.

Here for me N (2m — 1)l = (2m —1)(2m — 3)...3-1. The empty sum is zero.

The proof of this theorem becomes more transparent when one makes explicit a series

of more or less trivial lemmata. Fix s € Sy of the form

r  aj

=1

j=1i=1

Nowlet A C{1,...,2l}, m={{m,,n,}: v=1,...,1} € M(l). We say that m can be
restricted to A, if there exists a subset 14 C {1,...,1} such that A =], {m.,n,}.

3.15 Lemma. Let m € M(l) be s-invariant, j € {1,...,r} with a;j > 1, i €

{1,...,a;}. Then exactly one of the following cases occurs:

(a) m can be restricted to [Cf] .

(b) a; > 2, and there exists a unique h € {1,...,a;}, h # i, such that m can be
restricted neither to [Cf] nor to [Q,ﬂ , but to [Cf] U [C,ﬂ .

In case (a) the restriction of m to [¢] is ¢! -invariant, and in case (b) the restriction
of m to [Cf] U [C,ﬂ is (f(,{—z’nvariant.

Proof. Suppose that (a) does not hold. Then there exists {p,q} € m with p €
[Cf] , q ¢ [Cf] . Now there exist unique ¢’,j" such that ¢ € [ ZJ,/} . We claim that
j = j'. Assume j # j' and let v = min(j,j'). Then # ({ps’,qs"} N{p,q}) =
# <{p((’ij)”, q(Cg/)”} N {p, q}) = 1, contradicting ms = m.

Write h instead of i'. Since p ¢ [Qﬂ, m cannot be restricted to [Qﬂ, either. On the

other hand, as (Cf)J =ls, = (CIZ)]’

{p(E)" a(G)"} - e Ny = {p()" a(G)"} s m=1,....5}
is the restriction of m to [Cf } U [C,ﬂ . The statements about invariance are obvious. [J

For A C {1,...,2l} consider the following hypotheses:
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(1) There exist j € {1,...,7} with a; > 1, 1 € {1,...,a;} such that A = [Cf]

(2) There exist j € {1,...,r} with a; > 2, i,h € {1,...,a;}, ¢ # h, such that
A=[d]ula].

Now suppose that P is a partition of {1,...,2l} such that each A € P satisfies (1)
or (2). Then it is obvious that any family (m4)acp where my € M(A) is - (vesp.

¢J¢]-) invariant gives rise to an s-invariant element of M(1).

3.16 Lemma. Let A C{1,...,2[}.

(i) If A satisfies hypothesis (1), then M(A) = 0 if j is odd, and M(A) contains

exactly one (! -invariant element if j is even.

(i1) If A satisfies hypothesis (2), then M(A) contains exactly j elements which are

g’gg -invariant and which can be restricted neither to [Cﬂ nor to [Qﬂ .

Proof. (i) If j = # [Cﬂ is odd, then [Qﬂ admits no two-partition. If 7 = 2. is even,
write ¢ = (p1py ... po) and let m € M ([Cf]) be ¢/ -invariant. Suppose {p1,p14,} € m.
Then {pl(Cf)”,pHu(Cf)”} = {PryvPisa}t 1 <v < —1,0r = {p1+uap1+2(l/—L)} if
t <v < 20— 1. By invariance only v = ¢ is possible. On the other hand, { {p,,p,+.} :
v=1,...,1}is (ij—invariant.

(i) Write ¢ = (pip2.. .Dj), QJL = (q1¢2 - - .¢;), and consider an Cf(i-invariant m €
M( [Cﬂ U [QJL]) If m can be restricted neither to [Cf] nor to [Qﬂ , there are pq, ps €
{1,...,7} such that {p,,,qu,} € m. /¢ -invariance implies that

m = {pn ()" 4u(@)}: v =1, i}

On the other hand, for all p € [¢/],q € [¢]],

m(p,q) == ()", (@)} : v=1,...,5}

is Cf(i-invariant. Now, for all v = 1,...,j we have that m(p,q) = m (p(Cf)”,q(Cg)”),
hence {m(p1,¢,): v=1,....5} ={mp,q): p€[{],q €[]} O

Proof of Theorem 3.14. We have seen so far that all s-invariant two-partitions can be
obtained by gluing together invariant two-partitions of the supports of the individual
cycles or of the union of the supports of two cycles. There is a degree of freedom in the
way one groups some of the cycles into pairs, but since only cycles of equal length can
be paired, it is possible to consider each cycle length j =1,...,r separately. If a; > 1,
write f,(j) for the number of []{?, ¢/ -invariant two-partitions of [J;Z, [¢/]. If j is odd,
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then there exist invariant partitions only if all cycles come in pairs, hence only if a; is
even. In this case, there are as many pairings of j-cycles as there are two-partitions of
{1,...,a;}. Once a pairing is fixed, each of the ¥ pairs, say ( 7 Q{), gives rise to j
(Z.j Cg—invariant partitions of [Cf ] U [Q{] . If j is even, each j-cycle can remain single or
be paired with another j-cycle, so there are as many possible configurations as there

are matchings in the set {1,...,q;}. Lemma 2.1 now yields our claim. O

An easy computation shows that (3.6) follows from Theorems 3.13 and 3.14.

3.4 The Symplectic Case

We consider the case (G, K) = (Sp(n,C),Sp,,) (n = 2m even). Let Zy,...,Z, be iid

standard normal random variables. Set k = k,.

3.17 Theorem. If
n >k, (3.11)

then

E (H <Tr<rj>)‘”) - (H(ﬁzj - m)‘”) , (3.12)

j=1

where n; is as in the orthogonal case.

3.18 Remark. If k is odd, then (3.12) holds regardless of whether condition (3.11) is

met or not, both sides being equal to zero in this case.

The proof of Theorem 3.17 is the content of this subsection. As in the orthogonal case

we see that, if the trivial irreducible G-module occurs in V&,
E (H (Tr(rj))%) =Tr <0—k($)}[v®k}c> , (3.13)
j=1

where s € Sy, has type (1122 .. .r%). Now let (f;)i=1...n, (f*)i=1..n be the dual basis

pair for V' which was constructed in (2.9). Set

= fi,®f¥D...® fi,® ¥

peF(ln)
With this definition, the FFT looks like in the orthogonal case.

3.19 Theorem. [VE€P]“ = {0} if p is odd, and for | € N one has

[V®2l]G = spalg (6’?”) .
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Proof. [4], Thm. 4.3.3 O

What makes the symplectic case more delicate than the orthogonal one is precisely
that the definition of #; involves two bases, not one. This means that the proof of
the crucial Lemma 3.10 cannot be carried over to the symplectic case in a straight-
forward manner. This problem can be overcome by choosing for (f;)i=1. n, (f)i=1...n
the special dual basis pair which was constructed in (2.9) starting from a symplectic
basis b = (b1,c1,b2,¢2, ..., b, ) (m = 5). Then the action of Sy on 9182’ can be
described with respect to b®% | and this makes it possible to mimic the overall strategy
of the above treatment of the orthogonal case. But resorting to b comes at the price

that one has to develop a technology to deal with the minus sign which shows up in (2.9).

To begin with, consider an example. Assume as in (3.11) that n > k, hence m > [.

Then 6, contains the summand

F = i0f'@fH0®.. 0 fas®@f "3 ® fu1e 2! (3.14)
= bl®01®bg®02®...®bl®cl. (315)
This means that for #;s = #; to hold it is necessary that s stabilize the two-partition

{{1,2},{3,4},...,{20—1,2(}}. But this is not a sufficient condition because the trans-
position 7 = (12) maps F' to

Fr = 1@ 3bh®@c®...00L®q (3.16)
= LAV O...Q fus® PP fu1® A (3.17)

Let us analyze this situation more carefully. To this end we introduce the following ter-
minology. Define an ordered two-partition of {1,...,2l} to be a family ((m,,n,)) =1,
of ordered pairs such that {{m,,n,} : v =1,...,1} € M(l), and write M°(l) for
the system of ordered two-partitions of {1,...,2l}. Note that a two-partition can be
regarded as an equivalence class in M?°(l) with respect to the equivalence relation =

which is defined for m® = ((m,,n,))=1.. 1, P° = ((Pv, @))v=1..1 by

m'=p° <= dreSWw=1,...,[:

(my = Pvrn and n, = quﬂ') or (my = Qur and ny, = pmr>‘

For m® = ((my,ny,)),=1..1 € M°(l) define the sign

sgn(m H
|nu mr/‘
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Define the equivalence relation ~ in M?°(l) via
m’ ~p° <= m°=p° and sgn(m°) =sgn(p°).

An equivalence class in M°(l) with respect to ~ will be called a signed two-partition.
Write M2(l) for the system of signed two-partitions. It is easily verified that the

definition (~(m?))s := ~(m°s) where
m’s := ((my,s,n,9)) =1, (3.18)
yields a well defined action of Sy on M?*(l). Note that the analogous definition

(=(m°))s := =(m°s) amounts to nothing else than the usual action of Sg; on M(I).

Let m® = ((my,n))v=1..1 € M°(l), ¢ € F(l,n). Write [m° | for the tensor &2, v;

which is defined as follows: If ¢ = m,,, then v; := f,,, it ¢ = n, then v; := f"?. By the

.....

definition of [m®, ¢] and of the action oy we have

3.20 Lemma. For all m® € M°(l), p € F(l,n), s € Sq,
[m®, ¢ls = [m%, @],

where m°s is defined as in (3.18).

3.21 Corollary. For all s € Sy

Os= > [mfs,¢l,

peF(l,n)
where
m = (ml, n))um, = ((1,2), (3,4),..., (20 — 1,20)). (3.19)
Generalizing the above counterexample (3.16), (3.17), one observes that for i = 1,...,m
PR f=—fua® f and fAQ for=—foiq @ f2 (3.20)

For v = 1,...,1 define a map T, : F(l,n) — F(l,n) which assigns to ¢ the map
¢ which coincides with ¢ on {1,...,{} \ {v}, and which is defined for v as follows:
vip :=vp+1if vy is odd and vy ;= vp—1 if vy is even. Note that indeed ¥ € F(I,n)

1 € M°(l) and 7 is
a transposition which leaves =(m°) invariant, i.e. 7 = (m,n,) for some v = 1,...,1,
then (3.20) says that

because n is even, and that T, 0o T, = id. If m® = ((m,,n,)),=1

.....

[m®7, o] = —[m®, T, ()]
Together with Lemma 3.20 and the obvious analog of Remark 3.9, this yields
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3.22 Lemma. For any s € Sy with (=(m°))s = =(m°) we have

O S { z¢ef(l,m)[m°,z] if (~M(m))s = ~(m),

e Fam) e Fam) —Zgoej;(lﬁm)[m“, | otherwise.

Recall that one of the many equivalent definitions of the sign of a permutation s € Sy

sgn(s) = H jcs.‘ — ZS

—1
1<i<j<2l J

is as follows:

From this it is not difficult to obtain the following

3.23 Lemma. For m° € M°(l), s € Sy, the following statements are equivalent:

(1) (~(m%))s = ~(m).
(i) (=(m°)s = =(m°) and sgn(s)=1.

Denote by S the stabilizer of ~(m§) in Sy. By Lemma 3.23 S is contained in the
alternating group Ay . More precisely it is the stabilizer of =(mf) in Ay. By (3.15) and
the subsequent discussion on the one hand, and Lemma 3.22 and the other, it is evident
that S coincides with the stabilizer of 8, in Ay if n > k. Since Ay acts transitively
on M(1), then, (M(1), Ay) and (6;**, Ay) are isomorphic.

If 7= (12), then Sy = Ay U TAy. Again by Lemma 3.22 we have ] = —6,, hence
spang (911%21) = spang (6’?”) = [VEC. Let (am)memq) be a set of representatives for
the coset space (Ag : S) such that mpa, = m for all m € M(1).

3.24 Lemma. Ifn >k = 2l, then
{0iam: me M(1)} (3.21)
is a basis of [V®2]¢.

Proof. Only the linear independence remains to be shown. For all m € M(l), 6;ay, is
a sum of suitable distinct elements of the basis b®*. Let ¢y € F(I,n) be such that
[m§, po] = F from (3.14). Then for each m € M(l), =(mfan) = m, and [M{an, @o] =

(MY, Yolam is a summand of a,,, but not of 6,a, (n # m). O

3.25 Lemma. Assume n > k, and let s € Sy, m € M(l). Then the following

statements are equivalent:

(i) When (Ojam)s is expressed as a linear combination in the basis (3.21), then 00wy

has nonzero coefficient.
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(ii) (Ojam)s = sgn(s) Gy .
(7ii) ms =m.
Proof. Lemmata 3.22 and 3.23 and 3.24. O

3.26 Theorem. If n > k, then for all s € Sy

Tr <U2l(3)hv®2z]c> = sgn(s) - #{m € M(l) : ms =m}.
Proof. Lemmata 3.24 and 3.25. U
Now s € Sy is odd if, and only if, it has an odd number of cycles of even length (> 2).

Suppose type(s) = (1#12%2...7%). In order to get a handy version of our main result,

we observe:

3.27 Lemma.

Z aj = Z(] — 1)a; (mod 2).

=1 j=1
j even

Putting Theorems 3.14 and 3.26 and Lemma 3.27 together, we finally obtain
3.28 Theorem. If k=", ja; is odd, then

E (H (Tr(rj))“f) =0.

j=1
If k=2l is even and n > k, then this expectation equals

T

JI(=D89% fa(5),

J=1

where f, is defined as in (3.10) above in the orthogonal case.

An easy computation shows that (3.12) follows from Theorem 3.28.

3.5 The Unitary Case
We consider the case (G, K) = (GL(n,C),U,).

3.29 Theorem. If k, # k;, then

r q
Q) =B <H (Te(@)) T (Tr (1)) ) =0, (3.22)
Jj=1 j=1
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and if k, = ky and n > k,, then

a(a,b) = 5ab Hj“]'aj! (323)

j=1

The interpretation of the right-hand side as a moment of a normal random vector re-

quires some preparation which will be deferred to the end of this subsection.

Since in the unitary case the conjugates come into play, we will have to prove an
extension of the Trace Lemma 3.1. Let v be the standard scalar product on V = C",
semilinear in the first argument and linear in the second argument. To any orthonormal
basis (v;)i=1,..» of V with respect to 7 we assign a dual basis (v]);=1,.., of V* by
defining v} := (x —— ~v(v;,x)) for ¢ = 1,...,n. Recall that p denotes the defining
representation of G on V', and that p* is the contragredient representation on V* (see
(2.4)). Write p;, for (p*)®*. The image of the tensor product representation py, ® pj,
of G on V®a @ (V*)® centralizes the image of the tensor product representation
Ok, @ o, Of Sy, X Sy, on V&ka @ (V)&

3.30 Lemma. Let g€ K =U,, s € S,, t € Sy,, A*:=type(s) = (1%2%...7%),
A= type(t) = (1%12%2 ... ¢%). Then

Te(((pr, © p7,) % (00, @ 03,)) (9, (5,0))) = ] ] (Tr(g”))™ H (Tr(g%))

Jj=1

*

Proof. Recall the notation of the proof of the Trace Lemma and observe that zp(g~!)v} =

(xg~Hur = 'y(vi,xg_l) = y(vig,*) = Y(cv;, ) = G (v, 1) = G(xv}) = z(Gu}), hence
vip*(g) = Gu. So we can argue exactly as in 3.1. O

As to the proof of the moment formula, our standard application of the DCT shows
that we have to compute the trace of (s,t) € Sg, x Sy, on the space of G-invariants
in V& @ (V*)®%  Now for any 0 # ¢ € C the scalar matrix ¢ I is in G. By the
definition of the contragredient representation, for any v € V% @ (V*)® we have
v((pr, @ pj,)(c 1)) = "~ Fu. Therefore there are no G-invariants unless k, = k. Now
assume that k, = k;, and set k := k,. Let (e;);—1._», be the standard basis of V = C".
For m € Sy, set
Cr = Z (®§:16i7r*1e0> ® (O 1€w)
p€F (k,n)

We are now in a position to state the FFT for G.
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3.31 Theorem.
V& @ (V*)®*Y = spanc{C; : 7 € S;.}.

Proof. [4] Thm. 4.3.1 O

3.32 Lemma. Ifn >k, then {C,: 7€ Si} is C-linearly independent.

Proof. Since n > k there exists some ¢y € F(k,n) which is injective. Then the

summand (®f:1€i7r—1<po) ® (®§:1€wo
claim, because {(®F ;e;,)® (®f:16;"w) : i, € F(k,n)} is a basis of V& @ (V*)®*. O

) occurs only in C. This suffices to justify our

For s € Si, Cg,(s) denotes the centralizer of s in Sg.

3.33 Lemma. If n > k, then for any (s,t) € S X Sk with type(s) = (19129 .. .r%),
type(t) = (1°12%2 ... ¢%), the trace of (ox @ 03)((s,t)) on spanc{C, : 7 € S} equals
5ab #(Csk (8))

3.34 Remark. Note that if a = b, then #(Cg, (s)) = #(Cs, (t)), because in this case the

centralizers are conjugate.

Proof of Lemma 3.33. If (s))xepar(k) is a system of representatives for the conjugacy
classes in Sy, then (sx, 5,) uepar() is such a system for S; xS Since we are computing
a trace we may assume that (s,t) is one such representative. (¢ —— tp) being a

bijection of F(k,n), we have

Callon@an)(s:t) = Y (O is1n10) © (D161,)

p€F (k)

= Z (®§:1ei8_17r_1t90) ® (®f=l€;:0) = Ci-1rs.
p€F (k,n)

Therefore (s,t) permutes the C), and Lemma 3.32 implies that the trace we are in-
terested in equals the number of fixed points. Now fix ¢y € S; and regard it as an
element of F(k,n). If Cy-1,, = Cy, then s 'n7tpy = 771y, hence s™in71t = 771,
and therefore t = wsm—!. This implies that type(s) = type(t), i.e. a =0, and s =t by
the above special choice for (s,¢). Then ms = s, hence 7 € Cg, (s).

On the other hand, if 7 € Cs,(s), a = b, then

Crl(or @ a1)(s,1) = Crl(on @ 01)(5,9)) = Y (Ohseioin14) @ (OF16fir,)

peF(k,n)
= ) (@ilinig) @ (Bi€1) = Y (O ein1,) ® (B €f,) = Cr.
peF(k,n) peF(k,n)

The remaining assertion is obvious. O
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For an interpretation of the moment formula (3.23), let Z be an R2-valued random vec-
tor with distribution N(0, 21,). By a standard result on rotationally invariant distribu-
tions (see [1], Prop. 4.10) Z has the same distribution as a product RU of independent
random variables R and U, where U has the uniform distribution on the unit circle
and R has the same distribution as the euclidean norm ||Z]|2 of Z. In the present case
it is in fact an exponential distribution with parameter 1, and one has E((R*)*) = k!
for all £ € Ny. Now regard Z as a complex random variable and call it a standard
complex normal random variable. Write U = €7, where T is uniformly distributed on
0,27 Let a,b € Ny. Then E(Z°Z’) = E(R@)) E(e'@DT) = 5, E(R?) = 64 al
Hence for iid standard complex normal random variables Z; (j € N) one has
aj+b

r ) T q
Aap) = Org [ [ 0app, 72 a;! =E (H(\/}Zj)%‘ 11 (\/jzj)bj> .

j=1 j=1 7=1
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