STEIN’S METHOD FOR DISCRETE GIBBS MEASURES

PETER EICHELSBACHER AND GESINE REINERT

ABSTRACT. Stein’s method provides a way of bounding the distance of a prob-
ability distribution to a target distribution . Here we develop Stein’s method
for the class of discrete Gibbs measures with a density eV, where V is the
energy function. Using size bias couplings, we treat an example of Gibbs con-
vergence for strongly correlated random variables due to Chayes and Klein [6].
We obtain estimates of the approximation to a grand-canonical Gibbs ensem-
ble. As side results, we slightly improve on the Barbour, Holst and Janson [4]
bounds for Poisson approximation to the sum of independent indicators, and
in the case of the geometric distribution we derive better non-uniform Stein
bounds than Brown and Xia [5].

INTRODUCTION

Stein [17] introduced an elegant method for proving convergence of random variables
towards a standard normal variable. Barbour [2], [3] and Gotze [10] developed a
dynamical point of view of Stein’s method using time-reversible Markov processes.
If 1 is the stationary distribution of a homogeneous Markov process with generator
A, then X ~ p if and only if FAg(X) = 0 for all functions ¢ in the domain D(.A)
of the operator 4. For any random variable W and for any suitable function f, to
assess the distance |Ef(W) — [ fdu| we first find a solution g of the equation

Ag(x) = f(z) / fdu.

If g is in the domain D(A) of A, then we obtain

‘Ef(W) -/ fdu‘ — |EAg(W)]. (0.1

Bounding the right-hand side of (0.1) for a sufficiently large class of functions f
leads to bounds on distances between the distributions. Here we will mainly focus
on the total variation distance, where a point indicator f(z) = fr(z) = l{z—py is

the type of test function to consider.
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Such distributional bounds cannot only be employed to assess the limiting be-
haviour of the quantity considered, but they are also of particular interest for exam-
ple when one has only few observations, or when there is considerable dependence
in the data slowing down the convergence. In such a case even a relatively large
bound can be informative for lack of a better approximation.

In Section 1 we introduce Stein’s method using the generator approach for
discrete Gibbs measures, which are probability measures on Ny with probability
weights p(k) proportional to exp(V(k)) for some function V' : Ny — R. The
discrete Gibbs measures include the classical distributions Poisson, binomial, geo-
metric, negative binomial, hypergeometric and the discrete uniform, to name but
a few. One can construct simple birth-death processes, which are time-reversible,
and which have a discrete Gibbs measure as its equilibrium measure. In the context
of spatial Gibbs measures this connection was introduced by Preston [15].

In Section 2 we not only recall bounds for the increments of the solution of the
Stein equation from [5], but we also derive bounds on the solution itself, in terms of
potential function of the Gibbs measure, see Lemma 2.9, Lemma 2.15, and Lemma
2.19. The bounds, which to our knowledge are new, are illustrated for the Poisson,
the binomial, and the geometric distribution.

For nonnegative random variables, the size bias coupling is a very useful approach
to disentangle dependence. Its formulation and its application to assess the distance
to Gibbs measures is described in Section 3. We compare the distributions by
comparing their respective generators, an idea also used in [11], while paying special
attention to the case that the domains of the two generators are not identical. The
size bias coupling then naturally leads to Theorem 3.9 and Corollary 3.13.

Section 4 applies these theoretical results to assess the distance to a Gibbs distri-
bution for the law of a sum of possibly strongly correlated random variables. The
main results are Theorem 4.5 and Proposition 4.7, where we give general bounds
for the total variation distance between the distribution of certain sums of strongly
correlated random variables and discrete Gibbs distributions of a grand-canonical
form, see [16, Section 1.2.3]. In particular Theorem 4.5 gives a bound on the rate of
convergence for the qualitative results in [6] by bounding the rate of convergence.

Considering two examples with non-trivial interaction we obtain bounds to lim-
iting non-classical Gibbs distributions. Our bound on the approximation error is
phrased in terms of the particle number and the average density of the particles.

Summarizing, the main advantage of our considerations is the application of
Stein’s method to models with interaction described by Gibbs measures. When
applying our bounds on the solution of the Stein equation to the Poisson distribution
and the geometric distribution, surprisingly we obtain improved bounds for these
well-studied distributions. Thus our investigation of discrete Gibbs measures serves

also as a vehicle for obtaining results for classical discrete distributions.
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The results presented here will also provide a foundation for introducing Stein’s

method for spatial Gibbs measures and Gibbs point processes, in forthcoming work.

1. GIBBS MEASURES AND BIRTH-DEATH PROCESSES

1.1. Birth-death processes. A birth-death process {X(t),t € R} is a Markov
process on the state space {0,1,..., N}, where N € Ny U {oo}, characterized by
(non-negative) birth rates {b;,j € {0,1,...,N}} and (non-negative) death rates
{dj,j € {1,...,N}} and has a generator

(Ah)(4) = bj (h(j+1) = h(j)) —d; (h(j) —h(j—1)) with j€{0,1,...,N}. (L.1)

It is well known that for any given probability distribution p on Ny one can construct

a birth—death process which has this distribution as its stationary distribution. For

N = o0, recurrence of the birth-death process X (-) is equivalent to ) -, % =

oo. The process X (+) is ergodic if and only if the process is recurrent and ¢ :=
1+ 51 bfi'l':.b.’zl;l < o0. For N < oo, irreducibility and hence ergodicity holds if
b; >0,5=0,1,...,N—-1, by =0and d; >0,j=1,...,N.

In either case the stationary distribution of the ergodic process is given by p(0) =

1/c and

bO .. 'bn—l

p(n) = N(O)W-

(1.2)

For any given probability distribution pu on Ny these recursive formulas give the
corresponding class of birth—death processes which have u as the stationary distri-
bution. For the choice of a unity per capita death rate d; = j one simply obtains
that

p(j+1)
1(g)

for j < N — 1. Here and throughout, if N = oo then by j < N — 1 we mean

7 =0,1,.... The choice of these rates corresponds to the case where the detailed

bj = (J+1), (1.3)

balance condition

holds, see for example, [1] and [12]. We will apply these well known facts to the
discrete Gibbs measure introduced in the next subsection.

Now might be a good time to note that not all probability distributions on Ny are
given in closed form expressions; notable exceptions occur for example in compound

Poisson distributions.
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1.2. Gibbs measures as stationary distributions of birth-death processes.
Gibbs measures can be viewed as stationary measures of birth-death processes, as
follows.

We start with a discrete Gibbs measure p; for convenience we assume that p has
support supp(u) = {0, ..., N}, where N € Ny U {oo}, so that u is given by

1 yaywt
u(k:)zEe ()H’ k=0,1,...,N, (1.5)

for some function V : Ny — R. Here Z = ZQLO exp(V(k))wk—];, and w > 0 is
fixed. We assume that Z exists; Z is known as the partition function in models
of statistical mechanics. We set V(k) = —oo for £ > N. In terms of statistical
mechanics, p is a grand-canonical ensemble, w is the activity and V' is the potential
energy, see [16, Chapter 1.2].

The class of discrete Gibbs-measures in (1.5) is equivalent to the class of all
discrete probability distributions on Ny by the following simple identification: For
a given probability distribution (u(k))ren, we have

V (k) =log (k) +logk! +log Z — klogw, k=0,1,...,N, (1.6)
with V(0) = logu(0) 4+ log Z. Hence Z = %. The latter formula gives the

possibility of proving convergence for a sequence of partition functions Z,, by using
the convergence of the corresponding sequence i, (0).

However, the representation of a probability measure as a Gibbs measure is not
unique. For example, the Poisson distribution with parameter A, Po()), can be
written in the form (1.5) with w = X, V(k) = =\, £ > 0, Z = 1. Alternatively, we
could have chosen V(k) =0, w = A\, Z = e,

From (1.3), if we choose a unit per-capita death rate dj, = k, and if we choose the
birth rate

_ V) _ plk+1)
b, = weV D=V — (k4 UW, (1.7)
for k,k +1 € supp(u), then
(AR)(k) = (h(k + 1) — h(k))weV EFD=VE) L p(h(k — 1) — h(k)), (1.8)

for k,k + 1,k — 1 € supp(p), & € N (set h(—1) = 0), is the generator of the
time-reversible birth-death process with invariant measure p.

Note that this choice of di and b, ensures that the detailed balance condition
(1.4) is satisfied. Hence we have chosen a birth-death process with generator of the
type (1.1) which is easily seen to be an ergodic process. Namely, if N = oo then
the recurrence of the corresponding process is given since

dy---dp p(1) #1) _
;m_z(n+1)u(n+l> Zn21n+1 -

n>1
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For N < oo we have that V(k) > —oo for k € supp(u), so that by > 0 for
k=0,...,N—1,and as V(N +1) = —oo, we obtain by = 0. Due to the unit capita
death rate the ergodicity follows. From 0 € supp(u) we obtain ¢ = 1/u(0) < oo.
Hence p is indeed the unique stationary distribution of the birth-death process.

In the development of Stein’s method unit per capita is a common and useful
choice for the death rate, see [2]. It is worth noting that there are modifications of
this choice in [5] and [11].

To compare with the approach in Barbour [2] we reformulate the generator: let
h(k+ 1) — h(k) =: g(k + 1), then (1.8) yields

(Ag)(k) = g(k 4+ DweV*F+FV=VH®) _ko(k), k=0,1,...,N. (1.9)

The generalisation to case of arbitrary death rates dj is straightforward; we omit

it here to streamline the paper.

2. STEIN IDENTITY FOR GIBBS-MEASURES AND BOUNDS

In view of the generator approach to Stein’s method, for a test function f:

supp(u) — R the appropriate Stein equation for p given in (1.5) is

(Ag)(5) = f(5) — p(f) (2.1)
for 7 € {0,..., N} and A the generator given by (1.8). Here,

N
u(f) =) _ f(R)u(k)
k=0
is the expectation of f under u. We are interested in indicator functions f(j) =
Ijc ) for some A C supp(p). Thus if W is a random variable on supp(x), we obtain
EAg(W)=P(W € A) — u(A). (2.2)

The right-hand side of Equation (2.2) links in nicely with the total variation dis-
tance. Recall that for P and @) being probability distributions on Ny, we define the

total variation distance (metric) by

drv(P,Q) = sup [P(4) = Q(A)]
= 5w [P() - Q)
feB
= 5 37 IPURD - QUL
keNyp

where B; denotes the set of measurable functions f with 0 < f < 1. Hence bounding
the left hand side of (2.2) uniformly in A C Ny gives a bound on the total variation

distance.
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In the following we give a Stein characterisation for p given in (1.5) and a solution
of the corresponding Stein equation.

Let Z be a random variable distributed according to the Gibbs measure u defined
in (1.5) and for a function ¢g: Ng — R assume F|Z¢(Z)| < oco. From Equation (1.9)
we obtain the Stein characterisation for p that if Z is distributed according to u,
given by (1.5), then for every function g: Ng — R with E|Z g(Z)| < o

E{weWZ“)—V(Z) g(Z+1)— Zg(Z)} = 0. (2.3)

If f: supp(u) — R is an arbitrary function, and p is given by (1.5), then there
exists a solution gy y: Ng — R for (2.1) with operator as in (1.9),

gs.v (k+ DweVEFDTVE kg v (k) = f(k) = u(f), k <N, (2.4)

see [5]. This solution gf v is such that g;y(0) = 0, and for j = 0,..., N — 1 the

solution gy can be represented by recursion as

i , J k
grv(+1) = e VU ST (f(k) - u(f) (2:5)
k=0
B vy N v e
= e U Y SO W ). 26)
=i+

We may set gy (N +1)=0.

Having a suitable Stein equation for Gibbs measures and its solution at our
disposal, the next step in Stein’s method is to bound the increments of the solutions;
it will turn out advantageous to bound the solutions themselves as well. For any

function g : Ny — R we define

Ag(j) =9+ 1) —g(j)-

In applications often only bounds on the increments are needed, hence we start
with these. Uniform bounds on the increments are also called Stein factors or
magic factors. Non-uniform Stein factor bounds may yield better overall bounds
on distributional distances and are therefore of particular interest. Lemma 2.9 gives
such a non-uniform bound. The proof is given in [5], Lemma 2.4 and Theorem 2.1.

We introduce the class of functions

B :={f: supp(n) — [0,1] } (2.7)

and we define
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Lemma 2.9 (Non-uniform bounds for increments). Assume that the death rates
are unit per capita and assume that the birth rates in (1.7) fulfill, for each k =
1,2,...,N -1,

i F(k) > eV HD-V(K) > i Flk+1) (2.10)

ry Fr)
Let f € B and let g¢,v be its solution to the Stein equation (2.4). Then, for every
j€e{0,...,N},

sup gy ()] = /O VOVFG ) SFG ). (21D
Moreover, for every j € {0,...,N},
V()

. 1
sup |A9f,V(]>| < 3 A W-

feB

Remark 2.12. Condition (2.10) is Condition (C2) in [5, Lemma 2.4]. In this
paper, three more conditions are formulated, which are all equivalent to (C2). For

example, if the death rates are unit per capita and the birth rates are non-increasing:
eV (HD=VIR) < VR =VI(k=1) "} — 0 1,..., N, (2.13)
Condition (C4) in [5] is satisfied and (2.11) holds.

Remark 2.14. [11] gives an elegant recursive proof of (2.11) for a choice of birth
rates and death rates which make the method of exchangeable pairs work. In par-

ticular unit per-capita death rates are not used in her results.

Under a slightly weaker condition than (2.10) it is possible to derive non-uniform

bounds on the solution gy of the Stein equation itself, as follows.

Lemma 2.15. Consider the solution gy v of the Stein equation (2.4), where f € B,
given in (2.7). Assume that, for each k =1,2,...,N —1,

F(k+1
weV ED=V(E) > | % (2.16)

is satisfied. Then we obtain for every j € {1,..., N} that

1 1
lg7,v(j)| < [ min < In(j), kup(k) p + A (ORSZCOI I .
Zk: w F(j)
The proof is related to ideas of [4], pp. 7-8, used in Poisson approximation.

Proof. For j € {0,...,N} let U; = {0,1,...,7}. We use the notation fls(z) =
f(z)1(x € A). It is easy to see from (2.5) that for f € Band A C {0,...,N}, and
for j € {0,...,N — 1},

0 +1) = LU (10, )u(Uf) — w7 1e)n(U;))
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and hence

lgrv(i+1)] < v (U)(US). (2.17)
gf,V j — (.d]_'_l /“l’ J /J’ i

From (2.16) we have that

. j y
3very gy - LN vi-vien el !
e ) = 02 e T
k=0
- i _FO 11 vo-ve_FO)
TSP+ DR w F(j+1)
1 oy 1
< On0)+1fvm)‘qn)ii7177
Alternatively,

! . L F(k) 1,1 F(o
T vurnumy) < LW 1L veve O

witl o= FG+1)k w F(j+1)
al 1 1
< F(k)+ PO SO ) [ —
(; w FG+1)
N
= [ k) + lvo-vo)) 1
pt w F(j+1)
proving the assertion. 0

We now prove a crude but usable bound for the supremum norm || gy || which
does not require (2.10) or (2.16) to be satisfied. To this purpose we introduce the
quantities

A = w Inf VD=V —  ipf b, and
0<k<N-1 0<k<N-1

Ay = w sup e/FFOVE = gqup . (2.18)
0<k<N—1 0<k<N-1

Note that i—f > 1 by construction.

Lemma 2.19. Consider the solution gy v of the Stein equation (2.4), where f € B,
given in (2.7). Assume that \y > 0 and A2 < co. Then

A2
A +1

1 Ao—A1—2
I gsv ||§2+§( ) 1A —2 > \y).
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Proof. As the proof follows the ideas of [4], pp. 7-8, used in Poisson approximation,
we only sketch it here. With the notation as for (2.17) we obtain the bounds

. 73 v
9rv(G+ 1 = —mge VD L (U;)

1g V(k)—V(j+1)Wk_jﬂ
- ng k!
\ 1zj:>\ ¢ 7!
< AL 1
— NI
— (-0
Similarly we have
. iV v c
lgrv(i+1)] < me V(J+1)M(Uj)
N i
_ 1 3 VR -vin @t !
k!
k=j+1
< Z /\k: j— 1]
k=j+1

= jleM )\Q_j_lPo(Ag)(UjC).
This puts us in the situation of (1.20) and (1.21) in Chapter 1 of [4]. We obtain
that for 7 < A\;
grv G+l < 2min(1,0F) <2,
and for j > Ay — 2
J+2 5
. . < -
G+DE+2-2A2) ~ 4
Thus we have proved the assertion for 7 < A\; and for 7 > Ao — 2. If Ay > Ay — 2

< 2.

lgrv G+ 1] <

then our bound covers the whole domain.
Now assume that S = {|\1|+1,...,[A2] —2} is non-empty. For j € S we have

G+ € e VO (U 1 8) + p(UE S)u(U;)

- witl
1 .
< 2+ %e‘VU*l)u(U; ns)
[Az2]—-2 1
| k— j 1
< 247! Z Ay 0
k=j+1

< 247007 e Po(h) {0, A - 2},

From [4], Proposition A.2.3 (iii) , p.259, the Poisson probabilites can be bounded

as

Ao
PoQ){0 s o] =2} £ s Pola) (e - 2)
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and so, as (A2 —1—7 > 1for j < |[\y] — 2,

. 1 J! [A2)—2—j
D < 24 =—J° _y\Ael27
1 _ o o
< 2+§(j+1) ([A2]-2 J))\%AzJ 2—j
1 Ao [A2]—2—j
< 24 =
< 2 (3)
1 Ao A2—Ap—2
< 24 =
< 24 (3t)
This finishes the proof. O

Remark 2.20. As A\ and Ao stay invariant under the reparametrisation w — @ =
aw, we arque that these are reasonable quantities to employ.

Remark 2.21. While the examples below will show that the bound in Lemma 2.19
may not be informative, in particular examples better bounds may be obtainable in
a straightforward manner. Lemma 2.19 is nevertheless useful as it gives conditions
on the birth rates so that || gfv || is bounded, and these conditions do not involve
momnotonicity of the birth rates.

Remark 2.22. Note that neither the last bound in Lemma 2.9 nor the bound in

Lemma 2.19 use the normalizing constant Z explicitly.

Again, the generalisation of the bounds to the case of arbitrary death rates dj
would be straightforward.

A complication arises when we compare two distributions with non-identical
supports. Therefore it will turn out to be useful to consider the following extension
from finite to infinite support for a generator A. For convenience assume that the
corresponding measure p has supp(u) = {0, 1,...,n}, for some finite n, so that A is
only defined for functions with support {0, 1,...,n} (recall that we set g(n+1) = 0).
We extend A to be defined for functions on {0, 1,2,...} as follows;

(Ag)(k) = g(k+ DweVFD=VE _ ko), k=0,1,...,n
(Ag)(k) = —kg(k), k>n+1. (2.23)

Thus when there are more than n individuals the process is pure death. Now
if X ~ p, then still EAf(X) = 0 for all functions f € D(A), the domain of
A, since the operator A represents a birth-death process with the same invariant
distribution as A, see (1.2). Next we extend the solution of the Stein equation, so
that for f : {0,1,...,n} — R, the solution gsy is defined by Equation (2.5) for
ke {0,1,....,n}, and by

pu(f)
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(Note that our formula (2.5) would have yielded gfy(n+ 1) = 0.) For a related
suggestion see [4], Chapter 9.2. The above definition ensures that the Stein equation
(2.4) is still satisfied. However, the bounds on the solution of Equation (2.4) change
slightly. In contrast to (2.7), let

By :={f:Ng—[0,1], f(z) = 0 for x ¢ supp(u)}. (2.25)

Lemma 2.26. Let A, associated with w,V, and w be given as in (2.23), where p
has supp(p) = {0,1,...,n}. Let f € By and let g¢v be the solution of the Stein
equation (2.4) given in (2.5) for k < n, and as in (2.24) for k > n+ 1. Defining
the sum Z?:jﬂ as 0 for j > n, with \y and Ay being given in (2.18) for u,

1 /\2 Ao—A1—2

. 1 )
lgr V(@) < o >n+ 1.
In the case that (2.16) is satisfied we also have

1 1
lgrv () < (min {ln(j),zku(k)} + ;eWO)‘V(”) ——, §=0,1,....n,
k

and if (2.10) is satisfied, then
V() ,
= D P

sup |Agyv(7)] < { .
, 7 >n.

feBo

Q=S =

Proof. The first assertion follows directly from Lemma 2.19 and (2.24). The second
assertion follows from Lemma 2.9 for j < n — 1, and for j > n + 1 it follows from
(2.24) that

g+ 1) —gpv(i) = u<f>{#—l},

so that

For j = n we obtain

it D= grvn) = wDg {2 - a9}

so that

We conclude this section with some examples.
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Example 2.27. Poisson-distribution Po(\) with parameter A\ > 0: We use
w=M\V(k)=—-\ Z=1. The Stein-operator is

(Ag)(k) = g(k + 1) A — kg ().

Applying Lemma 2.9 (bi, = X is non-increasing in k) gives the non-uniform bound

1 1
sup |A9f,p05(k)| < 7 A N (2.28)
fenB

which leads to the well known uniform bound 1 A1/, see [4, Lemma 1.1.1]. Yet [4,
Lemma 1.1.1] give the better bound A\™'(1 — e=*) < min(1,1/X). In the Poisson
case the right hand side of (2.11) gives

k—1 )\l 00 )\l
“A “A
1/k g e +1/A E TR
=0 l=k+1

This sum can be bounded by

BVARP\ e 1 _
PR ) =T =30

=1

and therefore we obtain for any k > 1

1 _
sup |Agys,pos(k)| < X(l —e >‘) (2.29)
feB
as in [4, Lemma 1.1.1]. The bounds (2.28) and (2.29) lead to
1 1
Sup |Agrpos(k)] < = A =(1—e?), 2.30
sup [ gy pen(8)] < 1 5 (1= ) (2.30)

which is a slight improvement of (2.28) and of [5].

For the Poisson distribution, Ay = Ao = X\ in Lemma 2.19, and the bound 2 from
Lemma, 2.19 is poor compared to the bound || g ||< min(1,A\~2) from Lemma 1.1.1.
on p.7in [4]. The bound in Lemma 2.15 is cumbersome to compute; but for A > V2
and for j = 1, say, the non-uniform bound |g(1)| < ()\(1 — e_’\))_l is slightly more
informative than the uniform bound || g ||< A~2. The non-uniform bound improves
with increasing A\, and deteriorates with increasing j.

Example 2.31. Binomial distribution with parameters n and 0 < p < 1: We

use w = 725, V(k) = —log((n — k)!), and Z = (n!(1 - p)") L. The Stein-operator

’ p(n — k)
(Ag)(k) = g(k +1) = kg (k).

In [4] and [7] we find (Ag)(k) = g(k + 1)p(n — k) — (1 — p)kg(k) as the operator

which is equivalent to our formulation. The birth rates (b)) are non-increasing

and we obtain from Lemma 2.9 that

Lo
L—p)k  pn—Fk)

sup [Agy bin(k)| <
feB (
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The proof of [4, Lemma 9.2.1] implicitly contains the same non-uniform bound.
Formula (18) in [7] gives a bound of the form

sup IAgsbin(k)| < (1—p" ' = (1 —p)"™)/((n+1) (1 —p)p)

for every 0 < k < n. Simple calculations show that the bound (18) in [7] is for
some cases better and for some cases worse in comparison to our non-uniform
result. From Lemma 2.19 with \; = 1, o = n we obtain a bound on || gf pin ||
which is of order O (e” 1n") and therefore in most applications not useful. The
non-uniform bound Lemma 2.15

19(5)| < <1 —~ § (:)p’“(l —p)”_’““) : (min {In(j), np} + 1n;pp)

k=0
will still be informative for j small and np large.

Example 2.32. Geometric distribution: Consider u(k) = p(1 — p)* for k =
0,1,.... The Stein-operator is

(Ag)(k) = g(k+1) (1 —p)(k + 1) — kg(k).

The birth rates by, = (1 —p)(k+1) fulfill by —bp—1 <k —(k—1) =dx —dx—1. This
is condition (C4) in [5], which is sufficient for (2.10). Hence applying [5, Theorem
2.10], one obtains

Sup [Agy,geo(F)| <
feB

which leads to the uniform bound 1 A ——

(1-p)°
We can improve their bounds calculating the right hand side of (2.11) explicitly:
. p 1—p)y 1 '
Agrv ()l = : ( +—(1—(1—p)’
297v () (1-p)(+1) p J( (1=p)
1—p)Y 1 ; +1—(1—p)
SRS S ) SO P ke
j+l i3 +1)

Obviously |Ags v (j)] < % Using Bernoulli’s inequality (1 —x)" > 1—nx forx <1
and n € N it follows that

Jtpy  1+p

Agrv(i)| < = = —.
[297v () jG+1) 41
We obtain
1 1+p
sup |Agf,geo(k)| < — A ;
which leads to the uniform bound 1 A (1 + p).
In Lemma 2.19 we obtain \y = 1 — p, Ay = 00, and hence the lemma does

not give informative bounds. Lemma 2.15 gives, with F(j) = (1 — p)’, the bound
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19f.8e0(J)| < (1+p)j (min{ln(j),%}-i— ﬁ) However, with (2.6) and f € B we
may bound directly

oo

. J! Z k
|gf,geo(j + 1)‘ S i+1( . | (1 _p)
1 « 1
= E— 1 —p k = — 0,
J+1k_0( ) p(j+1)

and using that gf geo(0) = 0 we obtain the improved bound || gf geo ||< To our

1
o
knowledge this bound is new.

In [13] the author considered another Stein-operator. Hence the results cannot
be compared. In [14] the authors considered the same Stein-operator. They obtain

Sup rep |Agy geo(k)| < . Hence [5] already improved this result.

3. SIZE-BIAS COUPLINGS AND GIBBS MEASURES

3.1. Size-bias couplings and Stein characterisations. Stein’s method is most
powerful in presence of dependence. To treat global dependence, couplings have
proved a useful tool. For discrete, non-negative random variables, so-called size
bias couplings fit nicely into our framework as they link in with unit per-capita
death rate generators.

For any random variable X > 0 with £X > 0 we say that a random variable
X*, defined on the same probability space as X, has the X -size biased distribution
if

EXf(X)=EXEf(X") (3.1)

for all functions f such that both sides of (3.1) exists. Size-bias couplings (X, X*)
have been studied in connection with Stein’s method for Poisson approximation,
see [4], e.g., and for normal approximations, see [9], e.g.; a general framework is
give in [§],

If X is discrete then for all x we have P(X* = z) = 5% P(X = z). This
illustrates that size biasing corresponds to sampling proportional to size; the larger

a subpopulation, the more likely it is to be contained in the sample.

Example 3.2. Poisson distribution. If X ~ Po(\), then from the Stein-operator
in Example 2.27 we read off that X* = X +1 has the Po()\)-size biased distribution.

In [4] a related coupling is used, namely the reduced size-biased coupling (X, X,),
with X, = X* — 1.

Example 3.3. Bernoulli distribution. If X ~ Be(p), it is easy to see that
X* =1 has the Be(p)-size biased distribution, for all p € (0,1]. As an aside, this
shows that X* does not uniquely define X.
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Example 3.4. Sum of nonnegative random variables. Let Xi,...,X,, be
nonnegative, EX; = p; >0, W =3%", X;, EW = pu, Var(W) = 1. Goldstein and
Rinott [9] give the following construction, valid also in the presence of dependence.
Choose an index I from {1,...,n} according to P(I = i) = L& If I =i, replace
X; by a variate X having the X;-size bias distribution. If X = x, construct Xj,
j # i, such that
L(X;,j #ilX] = 2) = L(X;, ] #i|X; = ).

Then

W =Y X;+ X} (3.5)

A

has the W -size biased distribution; see [9], construction after Lemma 2.1.

As in the Poisson case, the size bias coupling can be used to derive a character-

isation of a Gibbs measure, as follows.

Lemma 3.6. Let X > 0 be such that 0 < E(X) < oo, and let u be a discrete Gibbs
measure given in (1.5). If X ~ p and X* having the X -size biased distribution is
defined on the same probability space as X, then for every function g: Ng — R such
that E|X g(X)| exists,

wEeV XNV Xg(X +1) = wEeV XDV gg(X™). (3.7)

Proof. In view of (2.3), for any X > 0 with EX > 0 and (X, X*) a size-biased

coupling we have, for any bounded function g: Ng — R

E{w eV EFD=VX) (X 4+1) — Xg(X)}

= E{w eV XAV (X +1) — EXEg(X*)}.

For X having distribution (1.5), the expectation is given by
EX = wEeVXFD=V(X),

From FX > 0 it follows that w # 0. The result now follows from the Stein
characterisation (2.3) of (1.5) for w # 0. O

Indeed in (3.7) the factor w cancels. However, in a moment we shall relate (3.7) to
the Stein equation. In order not to get confused about the solutions for the Stein
equation with and without the w involved, we have decided to keep the w.

Lemma 3.6 provides a new formulation of the Stein approach (2.2): Let W >0
with 0 < EW < oco. If W has distribution u, then for all f € B

Ef(W) = u(f) (3.8)
— W{EBV(W—"—l)_V(W)gﬁV(W + 1) o EeV(W%—l)—V(W)ng’V(W*)}’

where g¢ v, given in (2.5), is the solution of the Stein equation (2.4).
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3.2. Comparison of distributions via their generators. From Equation (2.2),
for any random variable W and any measurable set A we can find a function f = f,
such that P(W € A) — u(A) = EAf(W), where A is the generator associated
with the target distribution p. Applications of Stein’s method usually continue
by bounding the right-hand side EAf(W). Nevertheless, Stein’s method can also
be employed to compare two distributions by comparing their generators. While
generators may in general not be available, for any discrete distribution we have
implicitly constructed a generator in (1.9). It is from this angle that we shall bound
distances between Gibbs distributions. Assume that 1 and uo are two distributions
with generators A; and Aj, respectively. Then, for W ~ ps, EAsf,,, (W) =0, and
therefore

p(A) = P(W € A) = EALfu, (W) = EAx f,, (W) = E(A1 = Az) fu, (W).

Hence we can compare two discrete Gibbs distributions by comparing their birth

rates and their death rates, as follows.

Theorem 3.9. Let puy have generator Ay as in (1.9) and corresponding (w1, V1),
and let o have generator As, and corresponding (wa, Vo), both described in terms
of unit per-capita death rates. Suppose that D(Ay) = D(Asz). Then, for Xo ~ us,
f € B, if gr,v, is the solution of the Stein equation for pui,

'Ef(Xz) - [ s

< (3.10)

w1 — wy|

min{ll grw | E(X2) <

el Yy ‘er(X;)—vl(X;—1>>—<V2<X;>—V2<X5‘—1>> — 1‘) :
w2

w2

|wo — w1 |
I grve || E(X1) <7
w1

+%2p ‘ewz(Xf)—vz(Xf—1>>—<v1<Xf>—V1<X1‘—1>> — 1‘) } .
w1

Proof. For Xy ~ s, f € B, if gy, is the solution of the Stein equation for s,
we have Ef(Xo) — p1(f) = EA1gsv, (X2) = E(A1 — A2)gy,v; (X2). Using the size
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biasing and (3.7) we obtain

Ef(X2) — pa(f)
= Egrv(X2+1) (wlevl(X2+1)—V1(X2) _ wQeVZ(X2+1)—V2(X2))
= wiEgsv, (Xo+ 1)6V2(X2+1)—V2(X2)6V1(X2+1)—V1(Xz)_(v2(X2+1)_V2(X2))
—E(X2)Egyr v, (X3)
= Z_;E(XQ)EQLW (X3)eMV1(X2)=Vi(Xz 1)) =(Va(X3) = V2 (X5 1))

—E(X2)Egyv,(X3)

w1 — W
= ———E(X2)Egsvi(X3)

w2

+%E(X2)ng,vl(X§‘) {em<X;)—v1<X;—1>>—<v2<X;>—v2<X;—1>> _ 1} ,
2

Taking absolute values together with the triangle inequality, and observing that the
argument is symmetric in the indices 1 and 2, we obtain (3.10). O

Remark 3.11. Theorem 3.9 has the advantage that the partition function Z may
not be needed to assess the distance.

Remark 3.12. Note that it is not surprising that || gfv, | appears in the bound -
even if we compare two Poisson distributions, with different means A1 and )Xo, the
bound would be of the type |A\1 — 2| || g¢,v; |-

When D(A;) # D(Az), we first extend A; to A;, defined for functions on
{0,1,2,...} asin (2.23), and apply then Lemma 2.26. For convenience assume that
supp(u1) =4{0,1,...,n} and supp(uz) = {0, 1,2,...}. Using similar calculations as
for Theorem 3.9, we derive the following result.

Corollary 3.13. Let uy have generator Ay and corresponding (w1, V1), and let
po have generator Ay, and corresponding (wa, Va), both described in terms of unit
per-capita death rates. Suppose that supp(p1) = {0,1,...,n} and that supp(us) =
{0,1,2,...}. Then, for Xo ~ po and f € By as in (2.25), if g¢v, is the solution of
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the Stein equation for py as in (2.23),

‘Ef(X2>—/de1

(3.14)

w1 — wo
w2

< min{n g5 | E(X2) (

LoV 06V (X5 1)~ (5 8-l 1) _ 1‘) ,
w2

|wa — wi
| g5 | E(X2) (—
w1

42 ‘e(Vz(Xf)—Vz(Xf—1))—(V1(Xi“)—V1(X1*—1)) — 1‘) }
w1

oo

) Y k).

k=n+1

The extra term p1(f) Y ,—, , p2(k) in the bound (3.14) as compared to (3.10)
accounts for the extension A; of the generator Aj.

Proof. We proceed as in the proof of Theorem 3.9. Let A; be the extension of A;

as in (2.23). For Xo ~ pa, f € By, if gf v, as in (2.24) is the solution of the Stein
equation for pp, we have

Ef(X2) — pi(f)
= EAigrv,(X2)
= E(4A; — A2)gp v (X2)
= By (Xa+1) (wlevl(Xg-i-l)—Vl(Xg) _ wzeVQ(X2+1)—V2(X2)>

n—1

= 3 P(Xz = K)gpvik + 1) (wn e DTV eVl e
k=0
_ Z P(Xy = k)_“l(f)wQeVz(kJrl)—Vz(k)
= kE+1 ’

where we used (2.24). Now the summand

n—1

Z P(Xy = k)gsv, (k+1) (wleV1(k+1)—V1(k) _ wQeVQ(k—H)—VQ(k))
k=0

can be treated exactly as in Theorem 3.9; from Lemma 2.26 we have the same
bounds on the solution of the Stein equation when k& < n. For the second summand
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we have

Z pa(f) Vo (k+1)—Va (k)
P(Xo = TN J 2 2
Z ( 2 k’) k‘ 1 woe

_ L v wy Vo (k+1)—Va (k)
— WZHJI(f)ZZe k"(k'-i-].)e

Thus we obtain (3.14). O

Note that the bound in Corollary 3.13 contains the measure po explicitly; hence
examples will require the calculation of the normalising constant Z,. We now treat
the instructive example that the two generators A; and A, have the same birth
and death rates, but live on different domains.

Example 3.15. Suppose that the distributions 1 and pe have supports supp(py) =
{0,1,...,n} and supp(pz) = {0,1,2,...}, respectively. Let py have generator Ay
and corresponding (w, V), and let ps have generator As, and corresponding same
(w, V), both described in terms of unit per-capita death rates, so that the two genera-
tors have the same birth rates and death rates for k =0,...,n. Then, for Xo ~ us
and f € By, if grv, is the solution of the Stein equation for pi, it follows from
(3.14) that

£100) - [ gau] <) Y path)
k=n-+1
In particular it follows that
dry (py, p2) < > pa(k),
k=n+1

stating that the difference between the two distributions can be bounded by the total
mass of the domain, under the respective distribution, which is in the support of the
one distribution, but not of the other distribution.

Indeed the bound is sharp, as from (1.2) we have that pi(k) = apus(k) for k =
0,1,....n, witha = (Y p_qp2(k))~t > 1. Hence

n oo oo
1

drv () = 5 (o= D) 45 S k)= S palh)
k=0 k=n+1 k=n+1
Theorem 3.9 and Corollary 3.13 invite to the study of the total variation distance
of discrete probability distributions with different supports of the corresponding
operators, for example considering the distance between a binomial and a hyper-
geometric distribution. As this leads away from the flow of the paper, we do not
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pursue it here. Instead we turn to the application of our approach to Gibbs mea-

sures arising in interacting particle systems.

4. APPLICATION TO LATTICE APPROXIMATION IN STATISTICAL PHYSICS

Now we apply our results to the model studied by Chayes and Klein [6]. Their
setup is as follows. Assume A C R? is a rectangle; denote its volume by |A|.
Consider the intersection of A with the d-dimensional lattice n='Z¢. For each site
m in this intersection we associate a Bernoulli random variable X which takes
value 1, with probability pl,, if a particle is present at m and 0 otherwise. If the
collection (X ),, is independent, the joint distribution can be interpreted as the
Gibbs distribution for an ideal gas on the lattice. The Poisson convergence theorem
states that, for n going to infinity, when preserving the average density of particles
the lattice ideal gas distribution converge weakly to a Poisson distribution, which
is the standard Gibbs distribution for an ideal gas in the continuum. On physical
grounds one expects that a similar result might hold for interacting particles. The
model is as follows. Pick n € N and suppose that A can be partitioned into a

n

regular array of d(n) sub-rectangles {S7,.. -753(71)} with volumes v(S),) = =.

Here, 27!, > 0 for each m,n. Thus

1 d(n)
Al = — > o
™ m=1

As a guideline motivated by [6] we choose 2] > 0 and z, such that 2, — 0 and
zn — 2 > 0 for n — oo. For each m,n choose a point ¢, € S]. Now the following
class of functions is considered.

Assumption 4.1. Let (fx)r be a sequence of functions satisfying fo = 1 and for
each k > 1, fr(x1,...,2) is a nonnegative function, Riemann integrable on AF,

such that fr is a symmetric function for each k, that is, for any permutation o,

fk(alg(l), .. -;Jfa(k)) = fk(xl, .. .,ij).

Let X', 1 <m <d(n), be 0-1 random variables with joint density function

d(n)
P(XT =a1,..., X} = aqw)) < falal, .. qn) T] (zm)

m=1

where each a; € {0,1} and the indices on the right-hand side are determined by

m=1
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Define

Then, due to the symmetry of f,
Zn d(n d(n n n n
) ) 221( )122152)1 fk(Qilv'-'aqz'k)Hm 1U(S )

P(Sn:k)_ d(n) (zn)k d(n d(n ’ (42)
k(:g % Zil(:)l T Zik(:)l fela, . q)) Hm UCHS
Note that we can write (4.2) as a Gibbs measure pu,, of the form (1.5) with
wn = zn; Vp(k)=log(W,(k)), ke{0,1,... d(n)}, (4.3)
where
d(n)  d(n) k
Walk) = > > fulah,--vai) [T o(SE). kefo.....dn)}.
i1=1 =1 m=1
Let S be a nonnegative integer valued random variable defined by
k
2 vy Tg)dxy - d
P(S = k) K ffg’“ fo@y,. . z)dey - day (4.4)
> oheo r Jan Jr(xa, o x)day - - - day,

We write (4.4) as a Gibbs measure p of the form (1.5) with
w=z, V(k)=log(W(k)), ke{0,1,...},
where
W(k) = " fe(xy, ... xk)dey - -dag, ke {0,1,...}.
In [6] the following class of functions is considered. Let (fx)r be a sequence of

functions satisfying Assumption 4.1 and, in addition,
(a) There exists a constant C such that fi,(z1,...,7x) < C¥ for all k > 0.
(b) fr(x1,...,zx) = 0 if x; = x; for some i # j. This is not a necessary
condition, see [6].
In [6] it is shown that under these additional conditions, S, = S, that is, S,
converges weakly to S, under the conditions that lim,, .. 2z, = z and that

lim ( max z5)=0.
n—00 \1<m<d(n)

For the proof of this convergence, Condition (a) on (fx)r enters to ensure that
the Riemann sum converges, so that the normalising constants Z,, and Z for u,
and for pu, respectively, are finite. Condition (b) avoids some measure-theoretic
considerations. In [6] a bound on the rate of convergence is given for the special
case that fr =1, all £ > 0, resulting in a Poisson approximation.

Here we give a general bound on the distance, not only in the case f = 1, k£ > 0.
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Note that in [6] the generalisation of Poisson convergence allows the authors to
develop a lattice-to-continuum theory of classical statistical mechanics; similarly
our results could be applied to obtain bounds on such lattice-to-continuum theory.

Using Corollary 3.13 with u; = u,, and ps = p, we obtain

Bf(s.) - [ fdu‘

|2 — 2|

< min{E(Sn) lgrv |l ( t iE‘%gZ)?/f)(vSthfl@i; - 1D ’

n

E(S) Il gt.v., | (@ +E ‘ %W 1(>i;;31§ ! >}
+ Nn(f) Z “(k>
k=d(n)+1

Writing out the size bias distribution gives the following result.

Theorem 4.5. Let Sy, i, 2z, be as above. Let us assume that (fy)r satisfies As-
sumption 4.1 and Condition (a). Then

drv (L(Sn), 1)

< max(| g I, ]| 9., ) min { (E<sn>

|z — 2]

z W(kYW,(k—1 Z— Zn
+on 2 () ‘Wék)— ) ID ’ (E(S>| =

+%;ku<k>)$§’;>ﬁg’%2—1\>}+un<f> S wlk),

k=d(n)+1

Remark 4.6. Note that for Theorem 4.5, no monotonicity assumptions on the birth
and death rates in the corresponding birth-death process are needed. For the bound
to be informative, though, we need that max(|| g¢,v ||, 9f,v, ||) < oo; conditions to

ensure this behaviour are given in Lemma 2.19.

For the case of non-increasing birth rates and unit per-capita death rates, we
also obtain bounds based on the increments Ag. Recall the notation of Example
3.4.

Proposition 4.7. Let S, be the sum of Xi,...,X,, where X; ~ Be(p;), and
construct S} via (3.5), and let p be given by (1.5). Assume that the birth rates in
(1.7) are non-increasing, and assume that the death rates are unit per-capita. Then

dTV(E(Sn)7 /J’)
< wE {eV<Sn+1>—V<Sn> min {S(Sn, S* 1), (4.8)

(1S — 8% +1]/w) eV(min(sn,s;;—1))—V(min(sn,s;—1)+1)}}

+ | grv || wE ‘eV(SnH)—v(Sn) _ gV (Snt1)=V(Sy)

Y
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ZmaX(Ly)

where we put S(z,y) = (—mmin () +1 3.

Proof. With the notation as in Example 3.4, denote the conditional expectation
given I =i by E;. Let f € B. If X; ~ Be(p;),i=1,...,n, then X} = 1. Put

S'n’z - ZXJ

JF

By (3.8) and (3.5), we have

[Ef(S )—u(f)l

{ { V(S +D=V(Sn) g0 (8, + 1)}
lpJ

_ EeV(S7L+1)_V(S7L) ng,V (Z X] —|— 1) } ‘
J#i

P g {ev(snﬂ)—v(sn)) (gf,v(Sn +1)— gf,v(gnvi + 1))}
Jj= lpJ

+E; g V(Sn .+ 1) (ev(s,LJrl)—V(sn) _ EeV(an)—v(sn)) ‘ (4.9)
S nL sz Ei{ev(sn+1)_V(Sn) min{S(Sn7gn,i)7
2j-1Pi
(‘Sn . gn,i‘/w) eV(min(Sn,S'n,i))—V(min(Sn,S'n,z‘)-l-l)}‘Sn £ S’n’i} P(Sn £ S‘n’i)
+ l gpy || wE[eVSn+D=V(Sn) _ peV(Snt1)=V(Sa)|
where we used Lemma 2.9 for the last inequality. U

Note that in contrast to Theorem 4.5, we did not employ the difference between

generators in the proof.

4.1. Poisson approximation for a sum of indicators. In the Poisson case we
can use the bound (2.30) on Ag instead of Lemma 2.9 to obtain improved overall
bounds, as follows. Let X; ~ Be(p;), i = 1,...,n, then as in Example 3.4 we
have for S,, = Z;.Lzl X, that S} = Sn,] + 1, where as above S”,” = Z#ZX Let
A=ES, = Z?zl p;j- Recall that if ¢ = Po()) then w = X and V' (k) = —\. Hence
using Equality (4.9) we obtain

[Ef(Sn) — Nl =

<9fV Sn+1) — gf,v(gn,i))'-
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Calculating as in the proof of Proposition 4.7 and using (2.30) we get
drv (L(Sy), Po(N)) (4.10)

< sz Z{mm{ (Sn,Sn,i),w@—e—*)} S, ;éS*n,Z}P(Sn + S0.0).

In particular we recover the bound for couplings in [4], Theorem 1.B,

Iy (E(S) P £ TSI Sl )

Example 4.12. Assume that the variables S, and S, * can be coupled such that
1S, — Spil <1, i=1,...,n. (4.13)

Then we can improve the bound (4.11) , using

Bi {S(Sn, 80018 # S} P(Sn # Sn)

< E qu’ﬂsn # Snip P(Sn # Sni)
1+ Sn,i

< P(S, % Sni) [P {Sn —0|S, Sn} n %P {Sn > 1|5, # Sn}]
- P(Sﬁégﬂ,i)%( +P{ i = 0[Sy, ;ASMD.

Example 4.14. In case that the X;’s are independent and we have S’m =5,—X;,
so that (4.13) is satisfied, and (4.11) yields that

drv(£(5,), Po) < Y op i (1.15)

The bound (4.15) coincides with the bound (1.23) given in [4]. We can improve on
it by using that

P{80: =018, # Sui} = P (ZX = 01X, —1) [0 =y

J#i

This results in the bound for the independent case

drv(£(S,), P Zpl mln{ (1 + 0 - ) ! _;_A }

JF

To see when the above bound is an improvement on the bound (1.23) given in [4],

consider the inequality

1 1—e?
=(1 < .
(L) <—
We re-arrange this inequality to give

Ao < 2—\—2e .
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Numerical calculations yield that the right-hand side is positive when 0 < A <
1.59362. For such A and some y such that 0 < y < 2 — X\ — 2e~ we can construct

strongly inhomogeneous cases such that

[T -p) <A™y

J#i
for some indices i. FEzxamples are, for X = 1, the vector p = (p1,...,0n) =
(1,0,0,...,0), or the vector p = (p1,...,pn) = (1 —=1/(n —1),1/(n —1)%2,1/(n —
1)2,...,1/(n—1)?) for n > 3. In such cases, our bound provides an improvement.

Example 4.14 can only be an improvement on (4.11) when the underlying ran-
dom variables are not identically distributed; in the independent and identically

distributed case, we recover exactly the bound given in [4, (1.23), page 8§].

4.2. An example with repelling interaction. Our first example with interac-
i=1 ]

n ’'n

tion partitions A = [0, 1] into n intervals, the ith interval given by S* = |

and we choose ¢' = %=1, the midpoint of the interval S?. Then each S7 has
volume % = ﬁ; we choose z]' = % and z, = A. Note the freedom of choice in
A > 0. We consider the set of functions fi given by fo =1, fi(x) =1 for all x, and
for k > 2, fr(z1,...,25) = 0if z; = x; for some i # j, and otherwise
fk:(xlw";'rk): Z ({’Ci_ajj)27
1<i£j<k
so that values x1,...,x, which are far away from each other are preferred. Then

clearly fi satisfies Assumption 4.1 as well as Conditions (a) and (b). To avoid
trivialities we assume that n > 2.

In our set-up we choose 0-1 random variables X' 1 < m < n, with density
function

P(XP=ay,.... X} =ay,) o n "X Y (¢ —q})? k=) am>2
m=1

where

Wo(k) = n7%> > fulgl,....q), k=0,...,n

11=1 tp=1
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Let S be a nonnegative integer valued random variable defined as in (4.4) by

)\k
ET(IQJ_kjk(xla---7xk>dxl"'d$k Ak
P(S=k) = < x W (R),
Zk:o T f[O,l]k fk(xlv o ,fL'k)de'l ©c d
with
W(k) = / fe(xy, ... ,xk)dxy - - -dxy, k>0.
[0,1]*

It is immediate that W (0) = W(1) = 1, and for k > 2,

ZZ// x; — ;)2 da; drj = k(k6 L.

i=1 j#i
Thus our limiting Gibbs measure p has normalising constant

1 2k 2

Z=1+A+ = =1+A+ e
+ +6Z(k_2)! + A+ e
k>2
and is therefore given by
A2\
w(0) = (l-l-)\-l-ge)‘)
A
1) = ———
p(1) 1+ A+ 2
)\2 -1 )\k
k) = [(14+X+2-¢ k> 2.
u) = (1eas i) o k>

To assess the distance between the distributions of S,, and of S we note that
W, (0) =W,(1) =1=W(0) = W(1), and some algebra yields, for k£ > 2, that

Wn(k) = "“Z Zz<223—1 27;j2;1>2

i1=1 =1 l#s

D MDD UEE

1<l#s<k 1=1 j=1

= o k(k Zz — <Z )2

k(k—1)(n+1)(n—1)
612 '

Thus
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for k =0,...,n, and we are in the situation of Example 3.15. Therefore it follows
that
drv(pn, ) =Y (k)
k=n+1
A2\ S Ak
= (1 A+ e ) > ol
k=n+1
)\n—l—l e)\

.
(n+1)!(1+ A+ 3e)
Summarising,
Corollary 4.16. Let S, and S be as constructed above. Then
)\n—i—le)\

v (BB 1) S T AT ey

4.3. A second example with interaction. Using the same partition of A = [0, 1]
and the same notation as in the previous example, and choosing for simplicity
w = A =1, we now consider the set of functions (f)x given by fo(x) = fi(z) =1
for all x, and for k£ > 2,
fk(xl,...,xk): H a:ixj.
1<i£j<k

Clearly (fx)r satisfy Assumption 4.1 as well as Condition (a) and (b). We take
q’ = %, the left endpoint of the interval S*. Assume that n > 3. Along the lines

of the calculations in the previous example we obtain now W(0) = W(1) =1 and
for £k > 2

W(k) = k=%,
so that the distribution of S given in (4.4) is
11,

k)= —=—k k>0.
We note that
— 1 —klnk 1
1§Z:1+ZHe < ez,
k=1

For the distribution of S,, given in (4.2) we obtain W,,(0) = W, (1) = 1, and for
k> 2,

W, (k) =n " (2 ik_1>k.

We employ an integral approximation, obtaining

kz
1
("n ) K=k < Wi (k) < k=F, k> 2.
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Observe that for k =0,...,n
N Wk
(n_ ) < Walk)

For Theorem 4.5, we may thus bound for k = 2,...,n,
W W,k —1) 1
= D)Wa(k)

: max{l—c:)“;@:f—l}

Now we calculate
W (k)W (k — 1) K
Zk:k””<k>‘W<k—1>Wn<k>‘1' < Dbl {< —1) _1}'

Taylor expansion gives the inequality

K2 5 k2 2 2

n k 1 k K2 k
0< —-1< 1 1 k
_<n—1) _n—1<+n—1) Sao1t Saoi%

for K <n and n > 3. Applying this inequality, we obtain that

W (k)W (k — 1) 1 &1,
_ < - — og(k)+k
; Kpin () ‘ W=Dk | S =Dz, kz_l Kl
< 766 < E
(n—1)Z2, n’

where we used Z,, = 14+ ;7 | W, (k) > 1 in the last inequality. Next we estimate

0 1 o 1 iy 00 1 L ln—(n—i—l)
don :g Z k— <> W TSk
k=n+1 k=n+1

where we used that Z > 1.
k+1
Note that Ay = sup,, UH;,% ’
we find an alternative bound on || gfv || as follows. From Equation (2.6) we have

| . ~
970+ DI < Sge 0 > O Zz? -
k=j+1 k=0

= 00, so that we cannot apply Lemma 2.19; instead

ml)—-

Corollary 4.17. Let S, and S be as constructed above, and let n > 3. Then
ee—l—l/e N n—(n—l—l)
e

dryv (L(Sn), 1) 2

IN
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