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Abstract

We consider the problem of testing the parametric form of the volatility for high fre-
quency data. It is demonstrated that in the presence of microstructure noise commonly
used tests do not keep the preassigned level and are inconsistent. The concept of pre-
averaging is used to construct new tests, which do not suffer from these drawbacks. These
tests are based on a Kolmogorov or Cramér-von-Mises functional of an integrated stochas-
tic process, for which weak convergence to a (conditional) Gaussian process is established.
The finite sample properties of a bootstrap version of the test are illustrated by means of
a simulation study.
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1 Introduction

The volatility is a popular measure of risk in finance with numerous applications including the
construction of optimal portfolios, hedging and pricing of options. Therefore estimating and
investigating the volatility and its dynamics is of particular importance in applications and
numerous models have been proposed for this purpose [see e.g. Black and Scholes [6], Vasicek
[25], Cox et al. [8], Hull and White [15] and Heston [14] among many others|. Because the
misspecification of the form of the volatility can lead to serious consequences in the subsequent
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data analysis numerous authors recommend to use goodness-of-fit tests for the postulated model
[see e.g. Ait-Sahalia [2], Corradi and White [9], Dette et al. [11], Dette and Podolskij [10] among
others|. The literature on statistical inference in this context can be divided into two classes
depending on the type of available data. The first class of goodness-of-fit tests can be used,
when the available data consists of discrete observations of the process sampled at time points
A, 2A, 3A, ..., nA, where A > 0 is fixed and n — oo. The other class of tests addresses the
situation of high frequency data, where discretely observed data of the price process is available
at time 0,A 2A ... nA =T, where T is fixed and n — oo (which means that A — 0 for an
increasing sample size).

In the present paper we consider the case of high frequency data, where - in principle - for an
increasing sample size information about the whole path of the volatility would be available.
However, in concrete applications the situation is much more complicated because of the pres-
ence of microstructure noise, which is usually existent in high frequency data. This additional
noise is caused by many sources of the trading process such as discreteness of observations [see
e.g. Harris [19], [20]], bid-ask bounces or special properties of the trading mechanism [see e.g.
Black [5] or Amihud and Mendelson [4]]. While microstructure noise has been taken into ac-
count for the construction of estimators of the integrated volatility and other related quantities
[see e.g. Zhang et al. [27], Jacod et al. [17] or Podolskij and Vetter [21], [22]], properties of
goodness-of-fit tests in this context have not been investigated so far in the literature.
Consider for example the problem, where the process {Z; }icj0,1] is observed at the n time points
1/n,2/n,...,1. Under the assumption that

Zt = Xt with dXt = O0¢ th (11)

Dette and Podolskij [10] proposed to reject the hypothesis of a constant diffusion coefficient in
(1.1), i.e. Hy:0? = 0*(t,X;) = 02, whenever

M 2 — Zea P =t 0 | 2 — Zaa |2
T, =+/n sup it o Ut e

> Cl_q , 1.2
tef0,1] V23 i |2k = Zia? ' (1-2)

where ¢;_, denotes the (1 — a) quantile of the supremum of a Brownian Bridge. Now consider
the situation, where microstructure noise is present, which is usually modeled by an additional
additive component, that is

Zi=Xi4+Ui,1=1,...,n (1.3)

i
n

where {U:
variance w?. Tn Table 1 we show the finite sample behaviour of the test (1.2) for the hypothesis

i = 1,...,n} denotes a triangular array of random variables with mean 0 and

of a constant volatility if 07 = o(t,2) = 0 + (1 — 6)a? (note that the case § = 1 corresponds to
the null hypothesis). We observe that the test keeps its preassigned level only in the case where
w is rather small. In most cases the nominal level is clearly underestimated. On the other
hand, the test is not able to detect any alternative. An intuitive explanation for this behaviour
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is that in the presence of microstructure noise the variances of the differences Zx — Zi-1 are
dominated by the term w2 This leads to inconsistent estimates of the integraged Vol;tility
as pointed out in Zhang [27]. More precisely, a straightforward calculation shows that under
microstructure noise the statistic 7, shows the same asymptotic behavior as the the statistic

P Us = Usca P =t S5 Uk = Ui |
\/522:1 |U§ - U%P

A
\/j sup | By,
2 te(0,1]

no matter if the null hypothesis is valid or not. Here B; denotes a Brownian bridge and

V/n sup

te(0,1]

, (1.4)

which converges weakly to

A = E[(Ugjn/w)?]. This means that in the presence of microstructure noise the test (1.2) has
asymptotic level « if and only if A = 2. In all other cases the test does not keep its preassigned
level. Moreover, because the asymptotic properties under null hypothesis and alternative are
the same, the test is not consistent.

[INSERT TABLE 1 HERE]

The present paper is devoted to the problem of constructing a consistent asymptotic level «
test for a general parametric form of the volatility in the presence of microstructure noise. In
Section 2 and 3 we present the basic model and introduce a stochastic process which can be used
to test parametric hypotheses about the form of the volatility in models with microstructure
noise. For this purpose we use the concept of pre-averaging, which was introduced in Podolskij
and Vetter [21] and extended in several other papers [see e.g. Jacod et al. [17] or Podolskij
and Vetter [22]] in the context of volatility estimation. Our main results are presented in
Section 4, where we prove stable convergence of two stochastic processes which will form the
basis of the proposed new tests for the parametric form of the volatility. The new tests can

—1/4 and therefore achieve

detect alternatives converging to the null hypothesis with a rate n
the optimal rate of convergence in problems of this type [see Gloter and Jacod [13]|. Section 5
deals with the problem of testing nonlinear hypotheses for the volatility. Roughly speaking, this
situation can be reduced to the linear case using standard arguments from nonlinear regression
models [see Seber and Wild [24]|, but there appear interesting differences in the asymptotic
distribution of the process, if the null hypothesis is not satisfied. In Section 6 we investigate
the finite sample properties of a bootstrap version of the new tests and investigate the effect of
microstructure noise in the context of goodness-of-fit testing. In particular, it is demonstrated
that the new tests based on the concept of pre-averaging provide a satisfactory solution to the
problem of checking model assumptions in the presence of microstructure noise. Finally, all

proofs of the results and technical details are presented in an Appendix.
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2 Testing parametric hypotheses for the volatility

Suppose that the process X = (X;); is defined on some appropriate filtered probability space
(QO) FO) («E(O))te[o,q, P©) and admits the representation

t t
X, = X, +/ as ds +/ o, dW, (2.1)
0 0

where W = (W,); is a standard Brownian motion and the drift process a and the volatility
process o satisfy some weak regularity conditions, which will be specified later. Furthermore,
we assume that the process can be observed at discrete points on a fixed time interval, say
[0, 1].

Various assumptions on the structure of the volatility process have been proposed in the litera-
ture, typically depending on the financial asset, whose price process is modeled by X. Among
such models, a large class involves the case where o is defined to be a local volatility process,
thus merely a function of time and state [see e.g. Black and Scholes [6], Vasicek [25], Cox et
al. [8], Chan et al. |7], Ait-Sahalia [2] or Ahn and Gao [3| among many others|. Because
an appropriate modeling of the volatility is of particular importance for the construction of
portfolios, hedging and pricing, many authors point out that the postulated model should be
validated by an appropriate goodness-of-fit test [see e.g. Ait-Sahalia [2] or Corradi and White
[9]]. In several cases the hypothesis for the parametric form of the volatility is linear and one
has to consider the following two situations:

d
Hy:o0? =0%(t, Xy) = ZQi ol(t,X,) a.s. (2.2)
i=1
or
d
Hy:op=0(t, X)) =) 0;6:(t,X;) as, (2.3)
i=1
where the functions o1,...,04 (or &1,...,04) are known and the parameters 6y,...,0; (or
01,...,04) are unknown. Other models involve volatility functions, where the parameters enter

nonlinearly [see Ait-Sahalia [2]] and the corresponding hypotheses will be considered later in
Section 5, because the basic concepts are easier to explain in the linear context.

Let us focus on the problem raised in (2.2) for the moment, as the testing problem in (2.3)
can be treated in the same way. Dette and Podolskij [10] proposed to construct a test statistic
using an empirical version of the stochastic process

d

N, = /t {0? - Z 07" o3 (s, Xs)} ds, (2.4)
0

=1
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where
. . . 1 d 2
gmin _ (Qinm, o 7QZInm)T = argmineeRd/ {0’3 — ZGJ 0']2-(8, Xs)} ds.
0 j=1

Thus, one uses the L? distance to determine the best approximation to the unknown volatility
process o2 by a linear combination of the given functions o?,... 03, Tt can easily be seen that
the null hypothesis in (2.2) is equivalent to

Ny=0 Vtel01] as.,
and a well-known result from Hilbert space theory [see Achieser [1]] implies that
N, = B! - BI'D'C, (2.5)
where
t ) t
BS:/agds and B;:/af(s,xs)ds fori=1,....d,
0 0
D and C denote a d X d-matrix and a d-dimensional vector, respectively, with
1 1
D;; :/ o7 (s, X,) ajz-(s,Xs) ds and C; :/ o2 07(s, X,) ds.
0 0

Note that these quantities depend on the particular path of the process.

In practice, one does not observe the entire path of the diffusion process X = (X;); and it
is therefore necessary to define an empirical version based on appropriate estimators for the
quantities in (2.5). Let us briefly discuss the solution to the problem in the case, where the
% (0 <i < n) without
further restrictions. Based on the decomposition above, Dette and Podolskij [10] propose to

diffusion process X = (X;); can be observed at the discrete times t,,; =

define an empirical version
N, = B~ BTH¢

plugging in appropriate estimators for the unknown quantities. Quite naturally, one uses a
Riemann approximation of each integral, where one chooses n| X, — Xx-1|? as a local estimate
for o2_,. Thus,

~ 1 k
D;; = —ZU?(E,X/%)O'Z(E,XE> fori,j=1,...,d, (2.6)
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and the quantities B? and B, = (B}, ..., BY)T are given by
B [nt] [nt]
BY = ) |Xi—Xuul : Za Xk fori=1,...,d. (2.7)
k=1

In this context one can prove a (stable) central limit theorem for the process (N, — N;); with the
optimal rate of convergence n_%, from which one may construct test statistics of Cramér-von-
Mises or Kolmogorov-Smirnov type. For example, if d = 1, (¢, X;) = 1, the hypothesis (2.2)
reduces to the hypothesis of constant volatility considered in the introduction. To be precise,
we have D =1, Cy = Y0 |[Xe — Xea [, BY = S0 [Xe — Xt [2, and B} = 2 & ¢ and
we obtain the process in the Kolmogorov-Smirnov statistic (1.2), which converges (stably) to
the supremum of a Brownian bridge [see Dette and Podolskij [10]].

However, as pointed out in the introduction diffusion processes observed at high frequency are
contaminated by microstructure effects such as rounding or bid-ask bounces. In particular, in
the presence of microstructure noise the corresponding test for the hypothesis (2.2) does not
keep its asymptotic level and is not consistent. Thus a modification of the corresponding test
statistics is necessary, which will be discussed in the following sections.

3 Assumptions and definitions

In the case of microstructure noise it is less obvious how to estimate the unknown quantities
n (2.5), basically for two reasons: One has to to find a local estimator for the unknown
Volatlhty function o2 (which has to be done in the noiseless framework as well, but becomes
more complicated in this setting), and one needs an estimator for the path X, itself, which
cannot be observed directly. We solve both questions by applying the idea of pre-averaging,
which was introduced in Podolskij and Vetter [21] and extended in several other papers [see
e.g. Jacod et al. [17] or Podolskij and Vetter [22]] in the context of volatility estimation. Let
us start with some basic assumptions.
Since we are dealing with microstructure noise, we have to define a second process Z = (Z;);,
which is connected to the underlying Ito semimartingale X through the equation

Zy =X+ U

for some noise process U. Even though we assume in the following that the observation times
are given by t,; = % for 0 < i < n, it will be convenient to define the observed process (and
thus the noise process as well, even though it will typically not be measurable in time) for any
t. For this purpose we use a similar setting as in Jacod et al. [17].

We consider for each ¢ in [0, 1] a probability measure @Q,(w®,dz), which corresponds to the
transition from X,(w®) to the observed process Z; on R. Thus, it is natural to define the space
of observations Q) = RO equipped with its product Borel-o-field F® and the probability
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measure PO (w® dw®), which is the product ®coQi(w®,-) to ensure some sort of (con-
ditional) independence of the noise variables. (Z;), is then given as the canonical process on
QW FO PM) with the natural filtration .7-"t(1) = 0(Zs; s <t). The filtered probability space
(Q, F, (Fi)epoq, P), on which both processes X and Z live, is then defined as

Q=00 xQV  F=rOxFO 7=, FxFY, } 51)
Pldw® dw®) = PO (do®) PO () oy, :

This setting allows for quite general forms of noise; however, we restrict ourselves to the case of
i.i.d. noise, thus the transition probability Q;(w®, dz) depends on w® only through z—X,(w©®)
and has the form

Qi(w¥, dz) = k(z — Xt(w(o))> dz,

where £ is a density with bounded support. Furthermore, we assume that the moment condi-
tions

E[U] =0, EU}=w’  E[U}<o (3.2)

hold.
In order to introduce the pre-averaged statistics we have to define some further quantities.
First, we choose a sequence m,,, such that

mpy _1

— =K+o(n 1 3.3

T =kt ol ) (33)
for some k > 0, and a nonzero real-valued function ¢ : R — R, which vanishes outside of the
interval (0, 1), is continuous and piecewise C! and has a piecewise Lipschitz derivative ¢g'. We

associate with g (and n) the following real valued numbers and functions:

7 =g(:L), g;—% %w U= fy(g'(5))? ds, = Jy (9(5))?
s€[0,1] — ¢1 f g (u)g'(u— 3) du, Ba(s) = fslg g(u—s) du (3.4)
i,j=1,2: fo@ (s) ds

Furthermore, we define for an arbitrary process V' the random variables

Vi=Vi, AV =V -V, Z grAL V. (3.5)

Typically, we have V = X or Z and for these processes VZ can be represented as

k+mn

. 2 k . <
V.= /C Jn (5 — —> dV, with gn(s) = Zgj 1(%,%}(5)7 (3.6)
j=1

n
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where we use the convention ff ¢ dUs = ¢(Uy — U,) for arbitrary constants a, b and c. Finally,
we set

. 1 & .
Xp=— > 7 (3.7)

As pointed out before, we need additional assumptions on the process X as well as on the given
2

basis functions in (2.2) and (2.3), respectively. Since the conditions on o7 and &; are similar,
we will restrict ourselves to the first case only.
It is required that the functions 0%, ... 03 are linearly independent and that each o? is twice

continuously differentiable. Moreover, we assume that
E[|det(D)|™"] < o0 (3.8)

for some G > 0.

Regarding the various processes in X, the assumptions are as weak as possible when testing
for (2.2). We simply have to ensure that the process in (2.1) is well-defined, which follows if we
assume that a is locally bounded and predictable and that o is cadlag. [see Jacod and Shiryaev
[18] or Revuz and Yor [23]]. When working with (2.3) we propose additionally that the true
volatility process ¢ is almost surely positive and that is has a representation of the form (2.1)
as well, namely that it satisfies

t t t
at—ao—i-/a;ds+/a;dWs+/U;dV;,
0 0 0

where a', 0’ and v’ are adapted cadlag processes, with a’ also being predictable and locally
bounded, and V' is a second Brownian motion, independent of W.

4 Goodness-of-fit tests addressing microstructure noise

The two estimators of interest are 72 and X« , which are both local averages of the noisy data,
but with slightly different intuitions behind “them. For the latter one, the filtering applies to
the observations directly, and it is easy to see that such a procedure reduces the impact of the
noise variables around time % and still provides information about the latent price X k, since

the path of X does not fluctuate too much. For 7:, the averaging happens on the increments
rather than on the prices, but due to the assumptions on ¢ the interpretation is similar: one
reduces the noise effects, but keeps information about the increments of X.

We start with the construction of a test for the hypothesis (2.2) again. Local estimators for o
can be obtained from [Z, |2, but it is well known that this quantity is not an unbiased estimate
(it contains an intrinsic bias due to the noise variables U) and has a different stochastic order
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than the increments X — X1 in the no-noise case. Thus, we define

1 n
~92 2 : 2
n 2n — | 7 | ?

which is a consistent estimator for w?, see Zhang et al. [27]. Mimicing the procedure from the
no-noise case presented in Section 2, we set

A 1" k- k- o
D;; = - ; U?(E,X%) UJZ(E,X%) fori,j=1,...,d, (4.1)
- 1 & Lk —n 1y .
C; = —n 2 o (=, Xx (Z Z_n 2—(2)2) fort=1,....,d, 4.2
X et (B - (42)
as well as
R 1 ) [nt]—mp X 2/}1
By = ; (\Zkﬁ—n*a:aa (4.3)
and
Bz 1 Lntj—mn 2(1{; X ) f ' d (4 4)
- o (— ort=1,....d. .
t n — 7 n7 % 9 9

We define at last the process
N, =B’ - BI'D'C, (4.5)

which turns out to be an appropriate estimate of the process {N;}.c(0,1) defined in (2.4). Our
first result specifies the asymptotic properties of the process {A,(t)}icjo1] with

An(t) = ni(N, — N,). (4.6)

Theorem 1 If the assumptions stated in the previous sections are satisfied, the process (An(t))iejo
defined in (4.6) converges weakly in D[0,1] to a mean zero process (A(t))iwcp,1). Conditionally
on F the limiting process is Gaussian, and its finite dimensional distributions coincide with the
conditional (with respect to F) finite dimensional distributions of the process

t 1
[ (1v <t} = BID(v.X) - ( /0 v, ds — BID™! /0 (s X ds)f L A)
where V ~ U[0, 1],
g(V, Xy) = (62 (V, Xv),...,05(V, Xy))" (4.8)
and
= %(@22,%03 + 204, 0352 + @11:—:>. (4.9)
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Note that the rate of convergence n=i is optimal for this problem, since it is already optimal
for the estimation of BY even in a parametric setting [cf. Gloter and Jacod [13]].

In order to construct a test statistic based on Theorem 1 we have to define an appropriate
estimator for the conditional variance of the process {A(t)}:cj0,1), which is given by

t t 1
0 0 0

Obviously, we use B, and D as the empirical counterparts for B; and D. In order to obtain
estimates for the other random elements of s?, we define

4 Dy —nyy 1 8 (Pp Doy Y1\ mnjg .o
T, — 7 ; —<—— ) 7
C T g APl T ) e
APy 2Py | P YTy
+ n 1—(— - + > w
K3\ 3 V3 )
as a local estimator for the process v and observe that [see Jacod et al. [17]]
[nt]—my, b, ¢
Go(t) = Z Fk—>/ 72 ds
k=1 0
[nt]—my L1 . » t
at) = Y oo X)L [0 ks x) ds
n n 0
k=1

k—1

n

- k-1
G = Y Twoi( X1 o

1
Xaa) / 22 0¥(s,X,) 0%(s, X,) ds.
" 0

Inserting these estimators in the corresponding elements of s? gives the consistent estimator,
that is

32 = go(t) — 2BTD~'4(t) + BTD™'GD'B,, (4.10)

where §(t) = (g1(t),...,94(t)" and G = (9ij)¢;—1. A consistent test for the hypothesis (2.2)
is now obtained by rejecting the null hypothesis for large values of Kolmogorov-Smirnov or
Cramér-van-Mises functional of the process

{n1/4Nt }
5t tel0,1]

In principle a similar approach can be used to construct a test for the hypothesis (2.3). However,
in this case things change considerably. Quite naturally, Dette and Podolskij [10] restate this
hypothesis as

M,=0 Vtel0,1] as,
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where
d

M, = /Ot {05 — ; 07" 55 (s, XS)} ds (4.11)

and

gmin — <0§mn’ o 793Lm>T = argminéeRd / {0‘5 — Z Gjo‘rj(s, Xs)} ds.
0 j=1

Obviously, we have an analogous representation as in (2.5), namely M; = RY — RI'Q~1S, where
t ) t
R?:/Jsds and th:/cri(s,Xs) ds fori=1,...,d,
0 0

and ) and S are a d x d-matrix and a d-dimensional vector, respectively, with

1 1
Qij = / ai(s, Xs) 0;(s, Xs) ds and S; = / os 0i(s, Xs) ds.
0 0
However, an appropriate definition of an empirical version of the form
Mt = R? - RtTQAS’

requires some less obvious modifications, because local estimators for o, are more difficult to
obtain in this setting. Using a pre-averaged estimator of the form |7:| again causes an intrinsic
bias, but due to the absolute value (instead of the square as in the previous setting) its correction
turns out to be impossible at the optimal rate. However, it has been argued in Podolskij and
Vetter [21] that using in (3.3) a sequence of a larger magnitude than n2 reduces the impact of
the noise terms in 7:. This modification makes inference about o4 possible, though resulting
in a worse rate of convergence. To be precise, we fix some ¢ > % and choose [,, such that

= o)
for some p > 0. Using the sequence [,, instead of m,,, we define all quantities from (3.4) to (3.7)
in the straightforward way. Next we set

n—I

A 1 3,0 { k ~ —n

Si= ———=n" DN G~ Xu) |Z4] fori=1,....d,
paV pis — " ’

and
[nt]—1n

A~ 1 3,96 ——n
B = ——n" &9 3 7)),
! Hiy P2 ; g

S
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where 1 denotes the first absolute moment of a standard normal distribution. Moreover, it is

natural to use the following estimators B, = (R;, ..., R))” and Q = (Qij);%jzl, for the quantities
R; and Q:
[nt]—1n
. 1 Lo
Ry .= — oi(—, X)) fori=1,....d
k=1 ner
and
n—l
A I —_ k 4 ko
g — 7 _7X7 _'_7X7 f _17 7d
Qi n U(ﬂ ﬁ)gj(n :) ort

Finally, we define
Bo(t) = ni~2 (M, — M,) (4.12)
for any t € [0,1] and obtain the following result.

Theorem 2 If the assumptions stated in the previous sections are satisfied, the process (Bp(t))ico]
defined in (4.12) converges weakly in D|[0,1] to a mean zero process (B(t))icpp,). Conditionally
on F the limiting process is Gaussian, and its finite dimensional distributions coincide with the
conditional (with respect to F) finite dimensional distributions of the process

(v <n-rieawxn) - ([ S ds— FIQ / e g(s.X,) ds) by (13)

2p=
T o= et
=_ [ _ (2B
= = | €6)ds &9 =1(%7),
flu) = %(u arcsin(u) + vV'1 — u? — 1).

The estimation of the conditional variance of the process { B(t)}+cjo

t t 1
r? = / 7% ds — thTQl/ 72g(s, X,) ds + Rf{le 72G(s, X:)g" (s, X,) ds Q' R;.
0 0 0
becomes easier in this context. With the notation

- 22 —=n
T =GO 2= 1772
: Uy 1} 2]

Y
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we have
A Lntj—ln_ P ¢
ho(t) = ) rk—>/ 32 ds
k=1 0
. Lntj—ln7 E—1 . ‘
hi(t) = Tk 0i( ,X“)L/ 52 5,(s, X,) ds
k=1 n " 0
- U E—1 . E—1 - 1
by = S Do K)oy, K)o / 52 6i(s, X.) 55(5, X,) ds
n n n n 0

k=1

and consequently a consistent estimator 72 for the conditional variance is given by
72 = ho(t) — 2RT Q7 h(t) + RFTQ HQ 'R, (4.14)

where h(t) = (hi(t), ..., ha(t))T and H = (hij)d;—1. A consistent test for the hypothesis (2.3)
is now obtained by rejecting the null hypothesis for large values of the Kolmogorov-Smirnov or
Cramér-van-Mises functional of the process

{ nl/4=8/2 N, }
Tt t€[0,1]

Note that one knows from previous work that it is neither necessary to define X to be an
Ito semimartingale with continuous paths as in (2.1) nor to model the noise terms U as being
independent and identically distributed to obtain similar results as in Theorem 1 and 2. In fact,
for an underlying Ito semimartingale exhibiting jumps one can use bipower-type estimators as
discussed in Podolskij and Vetter [22] in order to define an estimator closely related to Ef
Moreover, it has been argued in Jacod et al. |17] that even for a noise process with cadlag
variance (depending on w(o)) a similar theory as presented in this paper applies.

5 Nonlinear hypotheses
In this section we briefly discuss the case of a nonlinear hypothesis
Hy:o? = o?(t, X;) = o°(t, Xy, 0), (5.1)

where § € © C R? denotes the unknown parameter. Under suitable conditions on the parameter
space O, Hy can be restated as N, = 0Vt € [0,1] a.s., where the process {N;}cjo,1) is defined
by

t
N, = B — By(6) ;:/ {07~ 0%(s, X..00)} ds.
0
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Here, 0 is the parameter corresponding to the best L*-approximation of o2 by the parametric

class, that is

¢ 2
0y = argming.g g(f), where g¢(f) = / {Jz — JQ(S,XS,H)} ds.
0

An analogue of the process N, introduced in (4.5) is given by
N, = BY — By(h),

where B? is defined by (4.3),

[nt]—mp
Bu(f) =+ 2(X %00
t(>_n Z U(ﬂ? %7 )7
k=1

; " 1,k 2
b= argminge 0,(0). where 0,(0)= 3 {5 2o X,.0))

and

From similar arguments as in the proof of Theorem 3 in the Appendix we see that

Bx%y_é4®:iéqpaaxg%)—a%uxgm}ds+%ofh.

(5.2)

(5.3)

(5.4)

Assuming the common regularity conditions for nonlinear regression [see Gallant [12] or Seber
and Wild [24]] 0o is the unique minimum of g and attained at an interior point of ©. It is easy
to see that 6 — 6, in probability in this case, and thus we can assume that 0 satisfies gn(Q) =0.

This implies that

0 =g,(0) = g,(60) + ga(0)(0 — 60) = 0 —0=—(g1(0)" g,,(00)

for a suitable choice of 6. Moreover,

" 1,k 9 4k
_ 2 2
—9n(00) =2 kz:; {Sk —C (ﬁ Xk 0)} 25° (E,X§,90)|9:90

n—mn

1
0 !
= ( Z 57 %a 9)‘9:90 —/O o?(s, X, 0p) %02(5,X3,0)|9:90 ds) + 0,(n"1)

— k; L, 0
= < Z 57 —0 n 6’)]9:90 —/ o2 25° 2(s, X, 0) |9:00 ds> + 0,(n

1

_1)7
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where the last equality follows from the definition of §,. Thus, the quantity —g,,(6o) has a similar
structure as the term C' — C in the linear case, and in particular it is of order O, (n~ ) as well.
Furthermore, we have § — 6, in probablhty, and thus it can be assumed that ¢/ (6 ) is posmve
definite and that the difference ||g”(6) — g (6o)|| is small. We conclude that (§ —6y) = O, (n~ 1),
and thus

By(6o) — Bi(0) = /t <%‘7 (s, Xs, 0) ‘9:90>T ds - (0 —6) + Op(nfi)

N _/t <%0 (s, X, 0) }960>T ds (g/(60))™" g (60) + 0p(n 7).

Furthermore, the d x d—dimensional matrix g/(6y) takes the form

n—mn k’

gibe) = 2(~sTS - Z{ o

where the (n —m,) x d matrix S is given by

5= (grc. 5,

and H;, denotes the Hessian

= Xe,00) [ HL).

k

=1,...

Again, a similar calculation as given in the Appendix shows that
_1
gn(00) = g"(60) + Op(n"4),

where the d X d matrix

70 = 2 [ (G5 M) (G X0 )i

2

1
0
- 2/0 {02 = 025, X0, 00) p50%(5. X, 0)|

is positive definite. Note that the second term in this sum vanishes, when either the hypothesis
is linear (since the Hessian is zero) or the null hypothesis is valid (since o2 equals o?(s, X, 6p)).
In these cases the matrix g”(6y) takes precisely the same form as D in the linear setting. In
any case, g”(6p) is of order O,(1), and thus we end up with the representation

Bt(e(]) - Bt(é) = —/ (%O’ (8 XS,G |9:00)Td5 (g//(e()))fl g;L(eO) —|—0p(n7%),
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and the asymptotics are driven by ¢/ (6y). Consequently, it follows from the proof of Theorem 1
in the Appendix that in the case of testing a nonlinear hypothesis of the form (5.1), the process
{V/n(N; — Ny) hiepo,1) exhibits a similar asymptotic behavior as in the linear case, that is

{n3(N; — No) heepor] = {A) beerons

where conditionally on F the limiting process is Gaussian, and its finite dimensional distribu-
tions coincide (conditionally on F) with the finite dimensional distributions of the process

(o (17 <= [ (e xa0l,) @ @ (aevxol,,) )

! ! d 2 T " —1 ! 9 2 ’
- (/0 Vs ds—/o (%0— (S,Xs,9)|9:00> ds (g (90)) /0 Vs (%U (37X579)‘9:90) ds) }t6[0,1]7

where the constant 7, is defined in (4.9). We finally note again that, in the case of a fixed
alternative and a nonlinear null hypothesis, this expression has a different structure than the
corresponding term in Theorem 1.

6 Simulation study

We have indicated in the introduction that the original test for a constant volatility from the
noise-free model loses its asymptotic properties in the presence of noise. Unsurprisingly, for a
smaller variance of the noise variables, the data look more like observations from a continuous
semimartingale and thus the test statistics behaves roughly in the same way as before, provided
that the sample size is not too large. On the other hand, for a large variance of the error terms
these are dominating, and thus the whole procedure breaks down even for small sample sizes.
The same problem arises if the variance of the error is small but the sample size is large (see
the discussion in the introduction). We start with a further example simulating the level of the
bootstrap test proposed by Dette and Podolskij [10] for a parametric hypothesis, assessing its
quality for various sample sizes n and different variances w?.

[INSERT TABLE 2 HERE]

Precisely, we have used the bootstrap test in Dette and Podolskij [10] for testing the hypothesis
Hy : 0%(t,x) = 0z?, where b(t,z) = 0.1z. The results are obtained from 1000 simulation runs
and 500 bootstrap replications and displayed in Table 2 for various sample sizes and standard
deviations w of the noise process. We observe that for n = 256 and a (small) standard deviation
of w = 0.001 the test does roughly keep its asymptotic level, whereas it cannot be used at all
when the variance becomes larger. Moreover, even if the variance is small but the sample
size is increased, the test does not keep its pre-assigned level (see the results for w = 0.001
and n = 1024 in Table 2). Roughly speaking, we observe from these and similar simulation
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results that there is no need for using tests, which address the problem of microstructure noise,
if both the variance of the noise terms and the sample sizes (in our example n < 256) are
small. On the other hand, it is known from empirical research that it is not realistic to assume
extremely large values of w, but the sample size for high frequency data is usually much larger
than 256. Consequently, in many applications tests ignoring the presence of microstructure will
neither keep their pre-assigned level nor be consistent, and the application of testing procedures
addressing the problem of microstructure noise is strictly recommended.

In the following section we illustrate the finite sample properties of a bootstrap version of the
Kolmogorov-Smirnov test based on the processes investigated in Section 4 and 5. Since the
stochastic order of |A"Z| is basically determined by the maximum of n=2 and w (which are
the orders of |ATX| and |AMU|, respectively), we kept nw? = 0.1024 fixed in order to have
comparable results for different sample sizes n. The regularisation parameters x and p were set
to be 1/2 each. All simulation results presented in the following paragraphs are based on 1000
simulation runs and 500 bootstrap replications (if the bootstrap is applied to estimate critical
values).

For all testing problems discussed below we have not used exactly the statistics N; and M,, but
related versions accounting for finite sample adjustments. Following Jacod et al. [17], where it
has been shown that finite sample corrections improve the behaviour of the estimate B? (and
presumably of C' as well) substantially, we have replaced the quantities ¢; and ®;; in (3.4) by

certain numbers ] and @7, which constitute the "true" quantities for finite samples, but are

i
replaced by their limits ¢; and ®;; in the asymptotics. See Jacod et al. [17] for details.

6.1 Testing for homoscedasticity

In the problem of testing for homoscedasticity the limiting process (A(t))ico,1 in (4.7) has
an extremely simple form, when the null hypothesis of a constant process (oy)co1] holds. In
fact, the finite dimensional distributions of the process (A(t)):co,1) coincide with the finite
dimensional distributions of the process

{Y(I{V <t} = 1) e

for V'~ U[0, 1], which means that (A(t)):cp,1] is a rescaled Brownian bridge. Thus we obtain
the weak convergence

An(t) D
A4 (B , 6.1
( Sy )tE[O,l] ( t)te[o’l] ( )
where (Bj):cp,1] is a standard Brownian bridge. Of course, this result can be used to construct
a Kolmogorov-Smirnov or a Cramér-von-Mises test, and we have investigated the properties of
the Kolmogorov-Smirnov test for different sample sizes n, where the noise satisfies U ~ N (0, w?)
and the drift function is again given by b(¢,x) = 0.1x. A similar test can be constructed using
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Theorem 2, but the corresponding results are omitted for the sake of brevity as the rate of
convergence in this case becomes worse.

[INSERT TABLE 3 HERE]

In Table 3 we present the simulated level of the Kolmogorov-Smirnov test using the critical
values from the asymptotic distribution. It can be seen that the asymptotic level of the test
is slightly underestimated. This effect becomes less visible for a larger sample size, but even
then it is still apparent. Note that these findings are in line with previous simulations on noisy
observations and it is likely that they are due to the fact the rate of convergence for most
testing problems is only n’i, just as in our case.

6.2 Testing general hypotheses

For a general null hypothesis in (2.2), the distribution of the limiting process (A(t)):c[o,1) depends
on the path of the underlying semimartingale (X);c[0,1) and on the volatility (oy):c(0,1), and thus
we cannot use it directly for the calculation of critical values. For this reason we propose the
application of the parametric bootstrap in order to obtain simulated critical values. First we
compute the global estimators &2 and § = D~1C as well as each niN, and 52 from the observed
data. Under the null hypothesis N; equals zero, and thus it is intuitively clear that the null
hypothesis has to be rejected for large values of the standardised Kolmogorov-Smirnov statistic
ni N,

~

St

Y, = sup
te(0,1]

In a second step, we generate bootstrap data

(Z*L(])7Z: 1,77/,]: 175)?

n

where 739 = X539 4 U9 the X119 are realisations of the process in (2.1) with b, = 0

and 02 = 02(s, X,) = 32, 6,02(s, X,) (corresponding to the null hypothesis) and each U

2

is normally distributed with mean zero and variance w”. Using these data, we calculate the

corresponding bootstrap statistics Yﬁ(j) and use these to compute the quantiles of the bootstrap
distribution. Finally, the null hypothesis is rejected if Y,, is larger than the (1 — a)-quantile of

the bootstrap distribution.
[INSERT TABLE 4 HERE]

In order to investigate the approximation of the nominal level we consider the hypothesis of
constant, volatility and the hypothesis Hy : o%(t,z) = 0z% The data is generated under the
null hypothesis with drift function b(¢,z) = 0.1z and the rejection probabilities are depicted
in Table 4. These results show that the bootstrap approximation works well even for a small
n. In particular, we see that in the case of homoscedasticity the exact asymptotic test using
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the weak convergence of Y, to the supremum of a standard Brownian bridge is outperformed
(compare with Table 3). In the case of testing the parametric hypothesis Hy : o%(t,z) = 22 we
observe a slight overestimation of the nominal level by the bootstrap test.

As an example for testing the hypothesis Hy defined in (2.3) we have chosen o (¢, ) = 0]z| and
investigated the properties of the analogues of Y,, and Y,, U) from above, where we have replaced

1

ni]\Aft and 5; by ni_%Mt and 7, respectively. In this case we chose § = ;, corresponding to

1
l, = O(n_%) and a rate of convergence n~s. Note that in this particular situation there is
no need for stating the hypothesis in terms of Hy as it is equivalent to o2(t,z) = 0|z|?, but
nevertheless it gives a reasonable impression on how well the bootstrap approximation works

for testing hypotheses of the form (2.3).
[INSERT TABLE 5 HERE]

We observe from the results in Table 5 that even though the rate of convergence in Theorem
2 is worse than in Theorem 1, there is no substantial difference in the approximation of the
nominal level by the bootstrap test for both types of hypotheses: The nominal level is slightly
overestimated, but in general the parametric bootstrap yields to a satisfactory and reliable
approximation of the nominal level.

Finally, Table 6 contains the rejection probabilities of the bootstrap test under the alternative.
The null hypothesis is given by Hy : 0%(t,z) = 0|z|* and two alternatives, namely o?(t,z) =
1 and o%(t,z) = 1 + ||, and one alternative coming from a stochastic volatility model is
considered. For this case we chose the Heston model, i.e.

t

t , t 1
X; = X, +/ (n—vg/2) ds +/ o, dW; with v, = vy + 6/ (v — vg) ds +7/ 1/;/2st,
0 0 0 0

2

where v, = o7 and Corr(W, B) = n and the parameters were chosen as u = 0.05/252,0 =
5/252, a = 0.04/252,7 = 0.05/252 and p = —0.5.

[INSERT TABLE 6 HERE]

We observe from the results depicted in Table 6 that the bootstrap test indicates in all cases
that the null hypothesis is not satisfied. It is also remarkable that it is more difficult to detect
the alternatives 02(t,z) = 1 and 02(¢,z) = 1+ |z| than the one coming from the Heston model.
In the latter case, the rejection probabilities are extremely large even for a small sample size,
in contrary to the first two situations.

7 Appendix: Proof of Theorem 1 and 2

Before we come to the proof of the two theorems, we start with a typical localisation argument,
which allows us to assume that several of the quantities and processes involved are bounded.
Recall first that a and o are locally bounded by assumption, from which is follows that X is
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locally bounded as well. Thus we can conclude along the lines of Jacod [16] that we may assume
without loss of generality that each of these processes is actually bounded. Since further each

o? is continuous and because U has a compact support, we may conclude that both (s, X;)

7
and (s, Xx) (for arbitrary s, ¢, k and n) are living on a compact set, and thus o?(s, X;) and
o2(s, X ) are also bounded, the latter one uniformly in n. Similar results hold for the first two
derivatives of o2 as well as for any of the functions ;. Constants are denoted by K throughout

this section.

7.1 Some preparations

The proofs of Theorem 1 and 2 are based on several preliminary results, which will be presented
and proved in this subsection. We start with two results determining the rate of convergence
of the quantities B! — B! and D,; — D;; defined in (2.7) and (2.6), respectively. The following
result ensures that the (conditional) variance in a limit theorem for N, — N, will not depend
on E’z and ﬁij, since the rate of convergence will be ni. Thus, we will focus in the following

on the behavior of C; and B,
Theorem 3 Under the assumptions from Section 3 we have

), fori=1,....d, (7.1)
), fori,j=1,...,d,

Bi— B = o,(n”
Dij—Dij = o,(n”

where the first result holds uniformly with respect to t € [0, 1].

Proof of Theorem 3: For a proof of the first estimate (7.1) we use for a fixed index ¢ the

decomposition
[nt]—mn [nt]—mp t
iy ; 1 k- k 1 k
Bi-B = — ; (72 %) = o=, X)) + (5 > ag(g,Xs)—/oaf(s,Xs) ds)).

Regarding the first term in this sum, note that

X — X

Sl=
I
g~

1M
S

i
+
-

I
-

g8
|
S

o

3=

o

. k d .,k . 32
202 X)) — X:) = —0c2(—
ot Xa) =0 (0 Xe) = 50l

3
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for some random variables &, with [, — Xk] < |Xk — X&|. As noted before, we have that
2 5 (n,fk ») is bounded for all k£ and n which yields

oy2
[nt]—mn [nt]
1 k 1 0 k . _1
LY (AR X)) = Y S Xy (X - X+ Oyl
k=1 k=1
Hence, with
m k+j
1 <= 0 k n
Aen = — 3 Z62(2, Xy) (U@ / anWS)
m, =0y "‘n’ n n k
it suffices to prove that
1 nt|—mnp X
- Z Apn = 0p(n™1). (7.3)
k=1

However, we have E[Ay,A;,] = O(n_%) for arbitrary k£ and [ as well as E[Ay , Agrin] = 0 for
[ > m, by conditioning on Fr+:. This yields

LntJ [nt]—2mn  m, 1
Z A= XY ElAwAwl o) = 00),
k=m, l=—mn,

and (7.3) follows. For the second term in the decomposition of Bi — B! it holds that

£l

il
|
3

3

1 5 Kk b,
. g; (_7Xﬁ) - g, (3>XS) ds
n n n 0
k=1
[nt| k
n k—1
= ;1/’“1(0?( - X 1)—0(3X)>d3+0( )
[nt] k
" o k—1 2 2 -3
_ / (22 Xia) — 025, Xu) + 025, Xaca) = 02(s, X)) ds + Oyl ).
k-1 n n
k=1""%

Since by assumption

k-1

i (

y Xk1) —o2(s, Xeo 1) < Kn™t

for k L<g< k - and by a similar expansion as above the claim follows. The result on ZA)Z-]- — Dy
can be shown in the same way. O

The following result specifies the convergence of the finite dimensional distributions of the
processes, which are used for the construction of {Nt}te[o,l]- Below we use the notation G, D,
G to indicate stable convergence of a sequence of random variables (G,,) to a limiting variable
G, which is defined on an appropriate extension (€', 7', (F})tcjo,1], P') of the original probability
space (0, F, (Fi)iejo,), P). For details on stable convergence see Jacod and Shiryaev [18].
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Theorem 4 Define for any fized ty, ... t, € [0,1] the (k+ d) x (k+ d) matriz

,,,,,

where €(s, Xs) = (1,61(5), - -5 Lo(5), 97 (s, X)) and the vector g(s, X) and v2 are defined
by (4.8) and (4.9), respectively. Then we have

T 1 1

1 N ~ A~ N D =
< 0 0 0 0 st 2
n4<Bt1—Btl,...,Btk—Btk,Cl—Cl,...,Cd—Cd) —>/ 27
0

1 (5, X)) AW,

-----

where W' is another Brownian motion, which is independent of the o-algebra F.

Proof of Theorem 4: Observe first that C; can be decomposed as follows:

A ]_ 1 ol k —n 1
C; = K_%n_i Z Uf(ﬁan) (|Zk|2—n_2ﬂw2>

k=1 "
b gaﬂg,x,ﬁ) (@~ 2)
N %%n_l nkz_n;n Uf(%’f(fb) _ af(%Jﬁ)) (|ZZ 2 _n_zw_uﬂ)
' w_wff (022 %0y — 02X ) (2 -2

Since w? — &2 = Op(n’%), the second and the fourth term in this sum are of the same order.
Moreover, we find from similar arguments as given in the proof of Theorem 3 that the third
term is of order op(n_%) and thus asymptotically negligible as well. Therefore we are left to
focus on

1 N,k o 1ty
Fipp=—mn"2 ol (=, X« (Z 2o 2—w2>.
v ; (—: Xe) (12l p

Due to the dependence structure of the summands in F}, it will be convenient to use a "small-
blocks-big-blocks"-technique as in Jacod et al. [17] in order to prove Theorem 4. To this end
we choose an integer p, which later will go to infinity, and partition the n observations into
several subsets: We define

be(p) = k(p + 1)m,, and ck(p) = k(p + 1)m,, + pm,,

and define j,(p) to be the largest integer k such that cx(p) < n — m, holds, which gives the
identity

in®) = | o 1 (74)
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Moreover, we use the notation i,(p) = (jn(p) + 1)pmy, and introduce for each 0 < k < j,(p)
and any p the following random variables:

" 1 1 5 b(p) R =n 2 11,
Gt = ondot(*) ,Xw'bz()(rzj\ —n i),
J=0(pP
bry1(p)—1
n 1 -1 Cr\P —=n _lw
. 202 é),xcknm) Z;) <|Zj|2—n 2?%)2).
J=Ck\P

The remainder terms are gathered in

1 n—mmn,

5, in(P) —ny IER T
J

1

G(p)s =n"2

N

Note that each of these quantities depends on ¢, although it does not appear in the notation.
The main intuition behind these quantities is that the terms G(k,p)} are defined on non-
overlapping intervals, which means that the intervals on which each 7? within G(k,p)} lives
are disjoint from any 7? within any other G(l,p)7. This is sufficient to ensure some type
of conditional independence, which will be used in order to prove Theorem 4. The variables
G(k,p)y and G(p)y are filling the gaps between G(k,p)} and G(I,p)} and can be shown to be
asymptotically negligible.

An important tool will be the following decomposition of |7§L|2. We set

, Lt j Lts j
V)= / gn(u — =) ay du+/ gn(u — =) oy AWy,
i n i n

and obtain from the representation of 7? as in (3.6) and by an application of Ito’s formula

itmn . : itmn

X172 = / "oVl gi(s— L) ay + @(s— 1) o? ds+2/ "V g(s — L) oy WL,
J n n J n
Thus,
=19 N2 —n 9 —n Tn
1Z;17 = 1X;17+ U7 +2X5 U

Jtmn . jtmn

= 2 ! Vsjgn(s—l)asdsnLQ/ ! Vsjgn(s—i)USdI/VS
n i n

n
jtmn . Jtmn

s [T gD e Ty [T gls-2)ads
J

Jtmn

. 6
n 7 )
2" s — L) oo dw, = S D), 7.5
AT = ) ov =3 - 00 (75)

3.
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where the last identity defines the quantities D(j) in an obvious manner.
For bi(p) < j < ck(p) we introduce further

Jjtmn l+5

- O j j
Dikiny = 204 [ (7wt L)yam) aus =2y aw,

n
Jjtmn

Dibipi = 200w ) [T auls=2)aw,

3k

as approximations for the quantities D(j)5 and D(j)g. Additionally, we set

b
k) = 022 ) ¥ (k)

)

where
n 1 1 awt o Cn n 1Y
Y (k,p)" = Pl ; | {D(kay,p)z + D(k,j,p)s + (D(J)4 —nTrw )} (7.6)
J=0k(P

Finally, we define

x(p)y = (E[( sup las — ai| + |os —Ut]>2 ‘fka@]) .

s,te[ibkip) ,LVT(LP)]

N|=

We start with two auxiliary results which specify the asymptotic properties of Fj, and prove
the first assertion in detail.

Lemma 1 We have

Jn(p) n(p)
tim timsupnt { (3 (Glk,p)} + Gk p)3) + G — C) = S Hikp) b =0.
Pmoe nmeo k=0 k=0
Proof of Lemma 1: The proof goes through a rather large number of steps and makes
extensive use of the decomposition in (7.5). We will show first that the influence of the random
variables D(j)} and D(j)2 within G(k,p)} is asymptotically negligible, that is

L jn(p) b (p) Ck(p)_l
lim limsupn ™5 » 02 (—2, Xuw) Y (D)7 +D()E) =0. (7.7)
P—X n—oco n
k=0 J=b.(p)

Completely analogous results hold for the corresponding results on G(k,p)y and G(p)§ as well.
For a proof of (7.7), assume without loss of generality that bx(p) < j < cx(p), and thus we have
the decomposition D(j)7 = D'(j)} + D"(j)} with

o Lt j j
D'(j)] = 2/ (/ Ggn(u — =) ay du) gn(s — =) as ds,
J J n n
jtmn l_;rs

"nean " " o l . l
D (j)l - 2/ (/ gn(u n) Oy qu> gn(s TL) Qs dS-
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Obviously, we have E[|D’(j)’f|

only. Using the decomposition

7} < Kn~!, which allows us to focus on the second term

Jjtmn J
n n +s

DG = 2w [ ([ -

J
n

J
w AWy ) gn(s — =) d
) 0w dW,) gul(s —2) ds

e

+ 2/ (/ gn(u — =) oy qu) gn(s — =)(as — avwm) ds,
i i n n n
the martingale property of a stochastic integral with respect to Brownian motion and the
Cauchy-Schwarz inequality we derive that

‘E[D” 4)

H <K n~1 x(p)}-

Thus with the notation §(k,p)? = Zj’“(fk)( ;D”( )7, we conclude that

Bk, )7 |Fun ]| < K p 0 (o)1,

For the same reasons we have

E[(é(/{: ) > ’fbk(p)] = Ck%l E[D”(J')? D"()}

Jl=bi(p)

and with & > [ it follows

‘E{ bk( ) Xuw) o (bl( ?) X ) O(1, p)y E[é(k’,p)’f

n

Finally, we obtain

L jn(p) bk<p) Ck(p)fl 2
E[(n‘Z o - ,kaim)lz DH(])?)}
k=0 J=bi(p)
Jn(p)
1 b
= Y B[t X0 (k)]
k=0 n !
Jn(p)
b b
oot Y B2 x0) oM ) sk o0,
k>l " . " "
) jn(p)
< K(pn i+ Y0 0 EXR)).
k1

From Lemma 5.4. in Jacod et al. [17] it follows that lim,, .o n2 327"% E[x(p)7] = 0 for any p,
which gives that the first term in the sum (7.7) converges to 0. For a proof of a corresponding
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statement for the second term, we define

cx(p)—1
S(k,p)i = Y D(j)

J=br(p)

and obtain from the independence of X and U that

N|=

Bl p)t |Fuw] =0 and  E[(6(kp)2)?

fM}SKPQH*-

Hence, a standard martingale argument gives

Jn(p) be(p) ,
B (n73 30 ot Xuw) (kp)5) | < Kpnt,

n
k=0

which finishes the proof of (7.7).
The next step is devoted to the analysis of the term D(j)5. We prove

L jn(p) b (p) Ck'(p)_l N
lim limsupn ™5 Y 0 (2, Xow) D (D(j)g - D(k,j,ms) =0 (7.8)
S R A
as well as
) Jn(p) e (p) brt1(p)—1
lim limsupn™1 (B X)) D(j)y =0, (7.9)
—00 00 n n
g k=0 j=ex(p)
N 1 o in(p) R An_
lim limsupn™ 1 o;( s Xinw)) Z D(j)5 =0. (7.10)
P mmee " T i)

Set b (p) < j < cx(p) again and observe the decomposition D(j)5 = D'(j)5 + D"(j)3, where

Jjt+mn
Doy =2

s =2 [ ([ Dy amn) o -1 asaw,
2 i Fa n n

its . :
" J J
(/ gn(u E) Qy du) Gn(s ﬁ) os dWs,

sk

From

[N

B|D'G);

J—"M] —0  and E[|D'(j)g D)2 ]fﬁ} <Kn

we conclude

=
sy
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—
)
S
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S
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=
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=
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o
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lim limsup £ [(n_
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from a similar martingale argument as in the previous paragraph and may thus focus on D" (j)5.
We have

B|D"();

| =0 and  B[D'GED ()

mm] <Kn™,
thus (7.10) follows easily. For (7.9), note that E[(Zb’““(( )) D"(5)3)?] < K, which gives (recall
the definition of j,(p), br(p) and cx(p))

) ]n(p) c (p) bk+1(p)7l 9 ) n% 1
n 2 E[J?(k—aXCk(p))< Z DH(])Z) i| < Kn2? —=K -,
— n S 4 P D
k=0 Jj=ck(p)
which converges to zero as p tends to infinity. We are thus left to prove
) Jn(p) Ck(p) 1
lim limsupn™4 o7 Z (D” D(k,j,p)s ) 0.
P—0 pn—oo
k=0 J=b(p)

This time, we have E[D"(j)3 — D(k, §,p)3 |Fow] =0 and

B||(D"G)s - Dlk.g.p)3) (D" — Dk Lp)3)

(ﬂk ] <K n™' (x(p)i)*

Thus
Jn(p) cr(p)—1 ~ 9
E[{n > 2P o0y > (D) - Dk i) Y]
k=0 " " j=bi(p)
Jn(p) cx(p)—1 B 9
- n_% E|:O-;1<bk(p)7ka(P)) D(])2 D(kaj p) )) ]
) " T i)
) Jn(p) cx(p)—1
< Kn E|(D"G)s = Dlk,j.p)s) (D05 = Dk, 1,p)3 )|
k=0 j,I=by(p)
L p) cr(p)—1 X Jn(p)
< Kn ()P < K p? 0 s > B[ (o))
k=0 j,I1=by,(p) k=0

With a similar argument as in the proof of (7.7) we are done. Proving that D(j)§ can be
replaced by D(k, 7, p)¢ works analogously, thus we finish the proof of Lemma 1 showing

1 ]n(p) b ( ) Ck’(p)_l

T%”;(Z (“3< knp Kuw) D, D) (7.11)

k=0 J=br(p)

lim lim sup ni {

P— n—-oo
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We start with the following proposition:

Jn (D) Ck(P)

lim hmsupni{<z </ by Xuw) o7 ds (7.12)

P—X0 n—oo

k=
bpy1(p) 1 .
+ af(ck(p),Xck(m) o’ ds) +/ af(ln@),Xin(p)) ol ds) — C’i} = 0.
cx (P) n n in(p) n n

As in the proof of Theorem 3 we obtain

- (o)
! 2 2, 9k\P 9
by () (Ui (5, Xs) — il n ’Xb’“T(p))) oy ds
ck(p) b ( )
k(P t « (
¢k (p)
“n 8 s ) m2
L Gt )t )
p2m2
= s 0 ) -

where

¢ (p)

n 0 s
! n __ 3 2
d (kap)?, - O—ka(p) ﬁk(w ayaz (Sakar(lP))</W qu) ds

and ¢"(k,p)y is defined implicitly by equation (7.13). From

lo

E[(S’(k,p)g‘ ‘fka(m} =0 and [(5’(k p)s ‘.ﬂk(p)] <Kp*n~

we conclude

Jn(p)

Z (k. p) )2] 0.

k=0

A

lim lim sup n:E [

P—X p—co

For 0" (k, p)2 we have E[|6"(k,p)?| |Foum] < K p2 n~1 x(p)? as usual, thus

.
=

p) n(p
lim lim sup ns E[|5"(k‘,p)g\] < hm limsup K p2 n"2 E[X(p)z} =

=% pooco 0 —X0  n—oo =0

—

.

n

B
Il

The corresponding results for the other summands in (7.12) can be shown analogously.
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To finish the proof of Lemma 1 we have to show

) Jn(p) bk(p) 1 1ck(p)—l CkT(p)
tim imsup {3 (AU o) (oot B DUR - [, o ds)
k=0 J=bi(p) n
( ) 1 bry1(p)—1 bit1(p)
Cr\P _1 n 9
+ O Xow)(onh S DG [ ot ds))
]:Ck(p) n
in(p) 1 n !
+ o ( - ,inép))<K—1/J2n 2';)1)(])3_["@)03 ds)}:()
j=in(p n

The last term in the sum is negligible. For the other terms we fix £ for a moment and observe
that

1 cek(p)—1 bpr1(P) be(p)
,.@_1/,2” ’ Z D(j); = /bk(p) hn,p(s n )03 ds, (7.14)
J:bk(p) n
1 br+1(p)—1 bkt1(P)Hmn ()
3 o n T _ Cp\p 9
/f%n 2 Z D) = /k(p) hn7p<s - ) os ds (7.15)
J:Ck(p) n
with
hnpls) = h’l"%p(s) 1[()’%)(5) + h?%p 1[%7’""7")(5) + hi,p(s) 1[%,%)(5)7
Bn,p(s) = hyll,p(s) 1[0 %)(S) + hip(s) 1[%727717”)(5) and
1 mnp—1 j+1
hl S :—nfé "21]]157
) = S 2 2 ()
1 P
h, = —n2Y (¢)?=1+0(n"2),
P H¢2 ;(9 ) ( )
1 mp—1 mp
2,0 = Lt o
"iw2 =0 ijt2 n’ n
Thus,
Jn(p) ci(p)
1 2, 0i(p) " br(p) ) 1
n kz_%gz( n 7XW) M(h/n@(S— n )_]_> CTS dS‘SKn .

Other integrals than those between b’“(m% and C’“—T(Lm occur in the following way:

bk (P)“”mn

[ (o) g o2, o) )

n n

+ a?(ck—;(P)jX%l(p)) hi,p(s_ C"“__l(p))} o2 ds,

n S
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where the first term and the second term in the integrand come from (7.14) and (7.15), re-

bk(P)nern t0 C’vép), By definition, we

spectively. A similar result holds for the integral from
have

hl <5 _ bk_@) + 03 (5 - C’“‘l(p)> —n2,

n n

for ka(m <s< W, and hence it is enough to prove that

bk (P)+’mn

n(P)
iZﬁ()n hg’;’p(s_M> (O?(bk(p),ka(p))—J?(Ck(p),Xck(p))) o? ds
=0 7 5" "

n n n n

converges to zero in the usual way. Again, this follows from a Taylor expansion and a similar
argument as in the first part of the proof of (7.11). O

Lemma 2 We have

Jn(p)

lim hmsupm{ ( )1+ G(k,p)y) + G(p)s >} =0.

P—X nooco e

[e=]

Proof of Lemma 2: Without loss of generality is suffices to show

p) ck(
lim 1i 4§ k§p 2(lp) 7P —ntY2) — 0
Jim lim supn —o;( m ww) ) (1Z;]7—n —w ) =0
n—00 k=0 j=by(p "

From another Taylor expansion we have

b 3 bi(p 5 DMy
o2(s, X,) — o( kT(L> Xuw) = k( ),XW% . qu+op( . )

thus we are left to prove

p) Ck(p) 1 a s ) w
lim limsupn™ —o( bi(p X,,M))(ﬂ o0 qu> <|7j’2 _ n—§_1w2> —0.
K

P00 n—oo D i) oy"\ b (w)
k n

—

Jn

ST

b
I

However, this result follows from similar arguments as in the proof of Lemma 1. Il

Note that we have completely analogous results for a decomposition of E’;O — BY. Thus, we end

up with
Jn(p)
plljgo lim sup ni{(BZO — BY) — Z Y(k,p)l{M<t}} = 0, (7.16)
n—oo k=0 n -

lim limsupn%{(é'g - C;) — Z ol (

P—X n—co
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where Y'(k,p) was defined in (7.6). Since n E[(Y(k,p))*|Fuw] = p K 7o.m + 0p(1) and
EY (k,p)|Fo.m]| =0 as in Jacod et al. [17], we conclude !

Jn(p)

_ 1
lim lim nd > B Y(k,p)21{m<w_}(fw] :/ 72 Vg aune, (5) ds
L n = J n 0

P—00 N—00
k=0

Jn(p)
- b
lim lim n2 Z E Y(k:,p)Ql{cL(mgi}U?( +(p)

P—00 N—00 L

k=0
) jn(p) a bk(p)
lim lim n2 Z E _Y(k,p)zoiz(T, kaT@)a?(—

pP—00 N—00
k=0

1
- / V2 025, X,) 02(s, X.) ds
0

Theorem 4 follows now from Theorem IX 7.28 in Jacod and Shiryaev [18], since the missing
conditions can be shown in the same way as in Jacod et al. [17]. U

7.2 Proof of Theorem 1

The convergence of the finite dimensional distributions follows from the delta method for stably
converging sequences, since we have

1
W = N Ny = N 22y 8] (s a
0

where the k x (d + k)-dimensional matrix Y has the form
BI'D™!
Y = (Lixy —Y¥), Y= :
BtTk D!

A straightforward calculation shows that the conditional covariance coincides with the condi-

tional covariance of the finite dimensional distributions of the process defined in (4.1). Thus we
are left to prove the tightness of the process ni(Nt — N;). We have the uniform decomposition

ni(N, — N,) =ni(B? — BY) + ni BTD (¢’ — C) + 0,(1)

and will prove the tightness of each of the two sequences on the right hand side separately. To
this end, we use Theorem VI. 4.5 in Jacod and Shiryaev [18], which says (in a special case)
that a family of processes (X]'):<1 living on the same probability space (Q, F, (F;):, P) is tight,
as long as the following two conditions are satisfied:
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(i) For all € > 0 there exists some ng € N and K > 0 such that

P(sup X7 > K) <e (7.17)
t<1
for all n > ny.
(ii) For all € > 0 we have
lim lim sup sup P(| X} — X% >¢) =0, (7.18)

M0 nooo R,SET;R<S<R+n
where 7 denotes the set of all stopping times bounded by 1.

For the first sequence note that (7.17) and (7.18) follows easily from Theorem 4, since it yields
the stable convergence ni (B — BY) 2= [ ~s dW!, and the process (v;) is bounded.

The proof of the tightness of the second sequence is slightly more involved. Note first that
Cramér’s rule gives D™ = adj(D)/det(D), where adj(D) denotes the adjoint matrix of D.
From the boundedness of the functions o we conclude that each entry of adj(D) is bounded as
well, and thus (3.8) yields E[|D;;'|’] < K for all i and j and some 3 > 0. Moreover, we have
|Bi| < K uniformly in ¢, and using Markov’s and Hélder’s inequality we conclude for any € > 0
and arbitrary 1 <1,7 < d:

o

8
2

nZDZ;I(CA'J/ — Cj>

>K) < K% af B¢ - )]

IA

K% E[[Dijlﬂé E[\n% = C)V’F.

From the proof of the previous theorem we know that the latter expectation is bounded (uni-
formly in n) as well. Thus, for all € > 0 there exists some K > 0 such that

P(sup n%BtTD_l(CA"—C)’ > K) <€,

t<1

for all n > ng. This gives (7.17). Note for the same reasons that

lim lim sup P(|n% n D;l(é’]’ —Cj)>€) =0

N0 pn—co

for all € > 0, and since we have |BL — By| < K - n for all such stopping times R,S with
R < S < R+n (7.18) follows and we are done. O

7.3 Proof of Theorem 2

For most parts the proof works in the same way as the ones for the preceding results. However,
since 2 — |z| is not differentiable, we cannot use Tto’s formula to obtain a decomposition of |Z} |
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and have to proceed in a slightly different manner in order to prove a result, which is similar
to Theorem 4. To this end, we define the sequences by(p), cx(p),i,(p) and j,(p) completely
analogous, but with m,, replaced by [,,.

Note first that we have E[|UZ|} <K \/—lm = Op(n_(%g)), from which we conclude

n—l

A 1 3,96 i k 1_9
S; = n~(173) ai(— E X, |+ o0,(n~i72)),
T S G SO + )

due to the constraint § > %. Furthermore, we have

n—l n—l
n k- —n 1 k —n ln
n"GHD N (=, X)X = 0 G N (5, X)X+ Op(2)
n n n n n
k=1 k=1

as in Theorem 3. Suppose bi(p) < j < cx(p). This yields

7XM) =

lim limsupn_(%+5) Z Z (51(%,)(%)_51'( n 7XM)> \Yﬁ =0

P—X n—ooo

for the same reasons as in the proof of Theorem 4. Moreover, we obtain from similar arguments
as in the proof of Theorem 3 in Podolskij and Vetter [22]

Jn(p) cr(p)—1 b ( )

lim limsup n~ (219 Z Z 52 P

Kuw) (K| = ouw W) =

P nmeo k=0 j=by(p) "
On the other hand we have
L Jn(p) CkTm b (p)
lim limsupni~ E{SZ — Z (/ Topw) 0 i , Xopw ) ds
P—0 nooco k=0 bkir(bpﬁ n n n
bg41(P) 1 )
n _ ,Ce\p _ n\P
— / O ci(p) O’Z(L Xck(p)) ds) —/ O in(p) Ui( ( )’X'Ln(p)> ds} =0
ck(p) n n in(p) n n n

as before. Mimicing the proof of Theorem 4 we conclude

Jn(p)
1_6(, A y
I}L%Ollin_)s;p n4 2{(R§—R§)— Y(k‘,p)l{@gt}} = 0,
k=0
L R Jn(p) b (p) B
lim limsupni_i{(Si -5 — i ( u , X)) Y(k,p)} = 0,
P—X0 n—-oco n n
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where
1 " it
Y (k,p) = n~Gt2g, W' = E[[W]).
( ) Mlm bk’(‘)jbz( (| J| H ]H)
k(P)
We have
awnt & i 3
B[(Y (W - mwn) ]| = 2 Z Z W75 Wil = BTS2 + 0p(2)
J=bi(p) j=bi(p) i=0
. 3
= 2pl, Z [Wo Wil = BIW[?) + 0,(-2)
and

E[[Wy W[ = E[[Wol> = s n= 3 (E[|Ny NJ] = 13) + 0,(n~2*)
with Ny, N; ~ N(0,1) and E[Ny, N;] = ¢21(E)

conclude E[|Ny N;|| — pi2 = f(m(ﬁ)) with f as defined in Theorem 2, thus a Riemann sum

. From pf = 2 and Wellner and Smythe [26] we

2
argument gives

- 2E , ply vl
E[(Y(k},p))ﬁf@] = % U%kr(lp) n2 +OP(F)'
Theorem 2 can now be derived easily and the details are omitted for the sake of brevity. U
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w 0.01 0.0025 0.000625
p 025 | .05 1 025 | .05 1 025 | .05 1

1 01 | .02 | .038 | .023 | .058 | .104 || .024 | .047 | .101
75 004 | .01 | .02 || .004 | .009 | .022 | .003 | .007 | .015
.D .003 | .006 | .013 || .002 | .004 | .014 || .000 | .000 | .002
.25 .002 | .004 | .015 || .001 | .002 | .003 | .001 | .003 | .004
0 .000 | .005 | .019 || .003 | .006 | .015 || .004 | .007 | .016

Table 1: Simulated level of the test (1.2) for various choices of w and 0, where the true
volatility function is o(t,z) = 0 + (1 — 0)x* and the noise terms U are normally distributed
with mean zero and variance w?. In all cases the sample size is given by n = 16384.

n 256 1024
“No2s| 05| 1 025 .05 | 1
001 033 | .062 | 111 || .333 | 415 | 512
002 158 | 243 | 324 || 810 | .862 | .907
004 392 | 518 | .650 | .993 | .996 | 998
005 497 | 628 | 742 || 991 | .994 | 998
01 596 | 754 | .873 || .987 | .998 | 999

Table 2: Simulated level of the bootstrap test proposed by Dette and Podolskij [10], where the
volatility function equals Hy : 0*(t,z) = 0x?, but the observations are corrupted with normally

distributed noise having variance w?.

o2 | 05 | 1
n
256 008 | .022 | .058
1024 | .007 | .023 | .062
4096 | .013 | .029 | .079
16384 || .017 | .038 | .077

Table 3: Simulated nominal level of the test, which rejects the null hypothesis of homoscedas-

ticity for a large value of sup
(6.1)]. The variance of the noise process is defined by nw? = 0.1024.

Ap(t)

3¢

, using the critical values from the asymptotic theory [see
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o?(t,x) 1 x?
o] 05| 1 |l.o25] 05| 1
n
256 019 | .046 | 113 | .03 | .066 | .118
1024 02 | .049 | .099 || 034 | 07 | 119

Table 4: Simulated level of the bootstrap test based on the standardised Kolmogorov-Smirnov
functional of (Nt) for wvarious hypotheses. The variance of the noise process is defined by
nw? = 0.1024.

“No2s| 05 | 1
n
256 040 | .076 | .136
1024 | .032 | .057 | .119

Table 5: Simulated level of the bootstrap test based on the standardised Kolmogorov-Smirnov
functional of (M,) for o(t,x) = 6|z|. The variance of the noise process is defined by nw?
0.1024.

alt 1 1+ |z| Heston
025 | .05 1 025 | .05 1 025 | .05 d
256 057 | 128 | 237 || .073 | .152 | .263 || .722 | .870 | .941
1024 170 | .230 | 329 || .224 | .326 | .465 || .975 | .980 | .985

Table 6: Simulated rejection probabilities of the bootstrap test based on the standardised
Kolmogorov-Smirnov functional of (Ny) for various alternatives. The data is simulated with
o%(t,x) = 0|z|* and the variance of the noise process is defined by nw* = 0.1024.



