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Abstract

We consider the problem of constructing nonparametric undirected graphical models for high-
dimensional functional data. Most existing statistical methods in this context assume either a Gaus-
sian distribution on the vertices or linear conditional means. In this article we provide a more flexible
model which relaxes the linearity assumption by replacing it by an arbitrary additive form. The use
of functional principal components offers an estimation strategy that uses a group lasso penalty to
estimate the relevant edges of the graph. We establish statistical guarantees for the resulting estima-
tors, which can be used to prove consistency if the dimension and the number of functional principal
components diverge to infinity with the sample size. We also investigate the empirical performance of

our method through simulation studies and a real data application.

Keywords: undirected graphical models; functional data; additive models; lasso; EEG data; brain

networks.

1 Introduction

In recent years, there has been a large amount of work on estimating undirected graphical models
that describe the conditional dependencies among the components of a p-dimensional random vector
X = (X',...,X")". Let V= {1,...,p}, and E denote a subset of {(i,j) € V. x V : i # j}, which
satisfies (7,7) € E if and only if (j,7) € E. The pair G = (V, E) constitutes an undirected graph, with

V representing the set of vertices and E the set of edges. The vector X follows a graphical model if
(i,j) ¢ E < X' 1X|x "9 (1.1)

where X 7 represents the vector X with its ith and jth components removed, and for random
elements A, B, and C, A I B|C means that A and B are conditionally independent given C. The
goal is to estimate the edge set E based on a random sample from X.

If X is assumed to follow a p-dimensional Gaussian distribution with expectation 0 € R* and
positive definite covariance matrix ¥ € R”*", the model is called Gaussian Graphical Model (GGM)
and has become very popular. For a Gaussian random vector X = (X',..., X*)7 the structure of

—1

the precision matrix ©® = ¥~ characterizes the conditional independence relationships among the

variables X', ..., X? (Lauritzen, [1996). Specifically,

X'LxXx " o 6,=0, (1.2)



where 6,; is the (i, j)th entry of the precision matrix ©. Because of the relation (1.2)), the estimation
of the edge set E reduces to estimating the sparsity pattern of the precision matrix ©. Hence, there
exists a large amount of literature, which has its focus on estimating high-dimensional Gaussian
graphical models. For example, Meinshausen and Biithlmann/ (2006]) introduced a neighbourhood-
based approach by solving p lasso linear regression problems for each node of the graph. [Yuan and
Lin (2007) and |Friedman et al.| (2008) considered a penalized maximum likelihood approach with
the lasso penalty imposed on the off-diagonal entries of the precision matrix ©. Based on a relation
between partial correlation and regression coefficient, Peng et al.| (2009)) proposed to estimate a sparse
GGM by imposing the lasso penalty on the partial correlations. Other developments on GGM include
the SCAD and the adaptive lasso penalty (Lam and Fan, 2009)), the Dantzig selector (Cai et al., 2011
and hard-thresholding (Bickel and Levina, [2008]).

Despite of its simplicity, the Gaussian assumption can be very restrictive in practice and statisti-
cal inference based on the Gaussian distribution might be misleading if this assumption is violated.
Therefore, more recent work has its focus on considering graphical models under less restrictive as-
sumptions. For example, Liu et al. (2009, 2012) and Xue et al. (2012) relaxed the marginal Gaussian
assumption on the vertices of the graph using copula transformations, and [Voorman et al. (2013)
allowed the conditional means of the variables to take an additive form. [Li et al.|(2014) and Lee et al.
(2016al) proposed a non-Gaussian graphical model based on additive conditional independence (ACI),
a three-way statistical relation that captures the spirit of conditional independence.

Most of the literature discussed so far has its focus on graphical models for finite dimensional data.
However, many recent applications involve functional data, such as electroencephalogram (EEG) and
functional magnetic resonance imaging (fMRI) data, where each sampling unit is modelled as a realiza-
tion of a stochastic process varying over a time interval. In this paper, we are interested in estimating
a nonparametric and high-dimensional undirected graphical model for multivariate functional data.

In contrast to the finite dimensional case, less literature can be found on graphical models for
multivariate functional data. Qiao et al. (2018) proposed the Functional Gaussian Graphical Model
(FGGM) assuming that X is a multivariate Gaussian random process. Roughly speaking, they used a
truncated Karhunen-Loeve expansion, say of order m,,, to reduce the infinite dimensional problem to
a pmy,-dimensional problem for the principal component scores. The conditional independencies of the
graph define a block sparsity structure, such that the properties of the precision matrix of the scores can
be used to identify the edge set using a group lasso penalty. They called this method functional glasso,
or simply fglasso, and the authors showed that, when m, approaches infinity, consistent estimation
of the edge set is possible. Zhu et al.| (2016]) proposed a Bayesian framework under the Gaussian
assumption on the random functions for the analysis of functional graphical models, while |[Li and
Solea| (2018)) relaxed this assumption by extending the concept of ACI to the functional setting.

In this paper, we introduce an alternative approach to relax the Gaussian assumption in the
functional graphical model. Our research is motivated by the fact that in many applications the
relation between the functional principal scores is rarely linear as implied by the assumption of the

FGGM. To illustrate this observation, we consider an electroencephalography (EEG) dataset that
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Figure 1: Pairwise scatterplots for the control group between channels AF1 and P8 (left) and channels O1
and X (right).

consists of two groups of subjects: 77 subjects in the alcoholic group, and 45 in the control group
(Zhang et al.l [1995; [Ingber} 1997). For each subject, an EEG activity was recorded at 256 time
points over a one second time interval using 64 electrodes placed on the subject’s scalp. The goal
is to construct a functional graphical model to characterize brain network connectivity for the two
groups of subjects based on the functional data collected by the electrodes. In Figure |1} we display
the pairwise scatterplots between channels using the first two principal components for the random
functions of the control group. Clearly, this figure indicates that the conditional relationships among
the scores corresponding to different vertices of the graph are nonlinear. Therefore, the Gaussian
assumption of the FGGM is difficult to justify for the analysis of this type of data.

As an alternative, we propose a new nonparametric functional graphical model that allows the
conditional relationships among the principal scores to take an additive structure. Our approach
uses the traditional probabilistic concept of conditional independence, and then applies the additive
structure to the scores of the Karhunen-Loéve expansion of each random function. We approximate
each nonparametric additive component by a linear combination of B-splines basis functions. This
enables us to estimate the edge set of the graph by imposing the group lasso penalty on a matrix
formed by the coefficients in the spline approximation. We derive statistical guarantees for the result-
ing estimates, which can be used to prove consistency if the dimension p and the number of scores
diverge to infinity with the sample size. This provides a useful methodology for general nonparametric
analysis of high-dimensional functional graphical models. Our approach differs from related work on
nonparametric functional graphical models by Lee et al.| (2020) and |Li and Solea (2018), who used
additive conditional independence and reproducing kernel Hilbert spaces for neighbourhood selection
via a functional additive regression operator.

The remainder of the article is organized as follows. Section [2| describes the methodology and
proposes the nonparametric functional graphical model. Section [3| presents the estimation procedure.

In Section [4] we study the theoretical properties of the resulting estimator. In Section [5] we conduct



simulation studies to evaluate the finite sample properties of the proposed methodology, and in Section
[6] we apply the new model to the motivating EGG dataset. We conclude with some final remarks in

Section [7], while all proofs of the theoretical results are deferred to the Appendix.

2 Additive functional graphical models

We first provide a formal definition of an additive function-on-function regression model which will be
used to define the functional graphical model considered in this paper. We begin by introducing some
basic concepts from functional data analysis.

Throughout this paper £7([0, 1]) denotes the space of all square-integrable functions defined on the
interval [0,1] C R. We denote by (f, g) f[o . t)dt the common inner product in £*([0,1]) and
by || £l = (f, f)"/? the corresponding norm. Let X = (X',..., X")T denote a p-dimensional random
element with mean 0 whose ith component X* is an element of £7([0, 1]) such that E||X"||* < oo. For

each X, we define the corresponding covariance operator
2
S /f o (s.t)ds, e (0,1, (2.1)

where i i(s,t) = cov(X'(s),X'(t)) = E(X'(s)X'(t)) is the covariance function of the random
element X'. The operator ¥ iy 18 a compact Hilbert-Schmidt operator (see, for example, [Hsing and

Fubank] 2015)), and there exists a spectral decomposition of the covariance function of the form

o i i(s,t) st (2.2)
where \; > A\, > ... are the eigenvalues and {¢, },cy are orthonormal eigenfunctions satisfying
[ 7t s)ds = N ol o).
T

Consequently, each X' € £*(]0,1]) can be represented by its Karhunen-Loéve expansion
X'=3W/Xge i=1,...,p, (2.3)
r=1

where the random variables ¢ = (X ‘ o)/ \/X are called the functional principal component scores
and satisfy E(£) =0, var(§,) =1, BE(£¢) =0 for ¢ # 7.

We next give our formal definition of the functional graphical model. Suppose G = (V,E) is an
undirected graph, where V denotes the finite set {1,...,p}, and E denotes a subset of {(i,7) € V. x V:
i # j}, which satisfies (4, j) € E if and only if (j,4) € E.

Definition 2.1 A vector of random functions X = (X',...X")" € £*([0,1]) x ..., x£L*([0,1]) is said
to follow a functional graphical model with respect to an undirected graph G = (V,E) if and only if

X' ULX\X“ v(i,j) ¢E.
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Example 2.1 [Qiao et al.| (2018) assumed that X = (X',..., X*)" is a Gaussian process on £*([0, 1]) x
... x L£%([0,1]) and define a Functional Gaussian Graphical model (FGGM) by the condition

(i,j) ¢ E <  cov[X'(s), X' (1) X =0 Vs,tel01]. (2.4)

They proposed to approximate each X' by the first m, coefficients from the Karhunen-Loéve ex-
pansion . Thus for each X°, one obtains a pm,-dimensional Gaussian random vector &' =
((€)7,...,(€")7") of scores, where ¢ = (€},...,&,, )T is the vector of the first m,, functional principal
component scores in the Karhunen-Loeve expansion of each X'. Using the m,-truncation |Qiao
et al. (2018)) also showed that the FGGM can be represented as a conditional multivariate linear

regression model with respect to the scores. Indeed, each 52 can be expressed as

p mn
£=>3"Bi¢+e, ieV,g=1,...,m,, (2.5)

j#i r=1

such that (€, )1<<m, is uncorrelated with (£)),<,<m,,i # j if and only if

B = (B )icqrem, = —(0,) 710}, (i,§) €V x V,i# j,

n n

where ©F € R™ ™" is the (i, j)th element of the block precision matrix ©,, = (07),., ;<, € R""*™"
of the pmy,-dimensional vector £. Hence, under the Gaussian assumption the conditional relationships
between nodes ¢ and j are linear, and the network structure of the FGGM can also be recovered by the
sparsity structure of the regression coefficient matrix B”. They used group-lasso penalized maximum
likelihood estimation to address the blockwise sparsity of the precision matrix and showed that the
precision matrix is a consistent estimate of the set E, when p and m,, approach infinity with increasing
sample size. Note that the FGGM is the extension of the Gaussian graphical model of [Yuan and Lin
(2007)) to the functional setting.

We use a generalization of the representation ([2.5) to give a formal definition of the additive

function-on-function model for multivariate functional data.

Definition 2.2 Consider a vector of random functions X = (X*,... X")" € £*([0,1])x..., xL*([0,1])
and suppose that each X' has a Karhunen-Loéve expansion of the form . The vector X follows
the function-on-function additive model if for each pair (i,j) € V XV there exists a sequence of smooth
functions f7 = {f;i . q,r € N} defined on R with E[f?(¢)] =0,q,r € N, such that

q

p o
Blg & # i =) ) f(€) (2.6)

j#i r=1
Similar to the functional additive regression model of Han et al. (2018]), model (2.6) relaxes the
linearity assumption in FGGM by imposing an additive structure on the scores in the Karhunen-
Loéve expansion, giving rise to a more flexible model than the FGGM. By definition, the scores ¢! are

uncorrelated, but we also require them to be independent in the following discussion as also postulated



in Han et al. (2018). Furthermore, we assume that they take values in a closed and bounded interval
[—1,1]. For example, this can be achieved by taking a monotone transformation ¥ : R — [—1,1] (see
Zhu et al., 20145 Wong et al., 2019)).

We now define a new nonparametric functional graphical model which we call the Additive Func-
tional Graphical Model (AFGM).

Definition 2.3 Suppose X = (X',...X")" € £*([0,1]) x ..., xL*([0,1]) is associated with a func-
tional graphical model G = (V,E). If X is additionally a function-on-function additive model of the
form , then we say that X follows an additive functional graphical model, and write this statement
as X ~ AFGM(G).

The definition implies that the independence structure of X can be recovered by the sparse struc-
ture of the additive components f;i in the representation . Since each random function is infinite-
dimensional, some type of regularization is needed by truncating the Karhunen-Loéve expansion
at a finite number of principal components, say m,,, where (m,,),.cy is a sequence converging to infinity

with increasing sample size. Thus, we obtain a truncated version of model ({2.6)), that is

BEHE j#ir=1,...om}] =D > fl&), q=1,...,m,i€V. (2.7)

Jj#i r=1

Then, our goal is to estimate the “truncated” edge set
E.={(i,7) eV xV:i #j,f;ﬁ # 0 forsome ¢,r=1,...,m,} (2.8)

Note that we aim to recover the edge set when each X' is approximated by a finite sum of m,, terms
rather than an infinite sum. Our theoretical results in Section[d]show that the edge set can be identified

with probability converging to 1 as m,, — oo, p — co and n — oc.

Remark 2.1

(1) Note that it is not necessary to fix the sign of the eigenfunctions in the definition of scores
fi = (X', gbi) /v/A, used in the representation or , because a sign change can always be
compensated by choosing the function f,’(—x) instead of f.)(z).

(2) Model can be regarded as the nonparametric and additive version of the FGGM (2.5)), and
the generalization of the model of |Voorman et al.| (2013) to the functional setting where they
propose a semi-parametric method which allows the conditional means of the random variables

to take on an arbitrary additive structure.

3 Estimation and computation

In this section, we develop an estimation procedure for fully observed functional data to estimate the

scores & for each X', which is used afterwards for the estimation of the edge set E,.



To be precise, let X;,..., X, be an independent sample from X, such that for each u = 1,...,n,
X, = (X.,..., X" T isavector in £*([0,1])x...xL£>*([0,1]). Then, for eachi = 1,...,p, the covariance

operator ¥ ; i can be estimated by

S (f)(E) = f(s)6 i (s, t)ds, e L£([0,1]),

[0,1]

where

G iyi(st) ZXU

is the common estimator of the covariance function (note that the X* are centered). Let 5\; and QZE; be

the sample eigenvalues and eigenfunctions obtained by solving the equation

1
/ a-)(i)(i(s? t)¢;(5)d8 = Aigbi‘(t)? r= 1’ ctty mn?
0

subject to the constraints (¢,,¢.) =0, for ¢ #r,q,7 =1,...,m, and ||¢.| = 1. Then, the estimated
scores éf” are given by

€. =) XL e, u=1,...,n,r=1,...,m,,i€V.

For each i € V, let £ = (ful,...,ﬁum )" be the m,-dimensional vector of the estimated scaled
scores corresponding to the observation X,, u = 1,...,n. Following Huang et al. (2010) we use
B-spline functions to approximate the additive components f;{ in model . To be precise, let
—1l=7<m<...<T7y, <71 =1 be an equidistant partition of the interval [—1,1] into L, + 1
subintervals I, = [1,,741),0=0,..., L, — 1, and I, = [1s,, T, 11)-

For the number of knots we make the following assumption. Define S,;, as the space of polynomial
splines of degree ¢ > 1 consisting of functions s satisfying: (i) the restriction of s to the interval I,
is a polynomial of degree ¢ for 1 < b < L,; (ii) for £ > 2 and 1 < ¢ < ¢ — 2, s is a ¢ times
continuously differentiable on the interval [—1,1]. Then, there exists a basis of normalized B-splines
functions (hy)1<k<s, for the space S, , where k, = L, + ¢ + 1, such that every function s € S, can

be represented as

= Bihu(z)

(see |Schumaker| (2007)). Under some smoothness conditions, the additive functions f;i can be repre-

sented by linear combinations of B-splines functions

Zﬁwk ) qr=1,2..., (3.1)
where the sum of squared coefficients is summable, that is
> (Bi)" < oo (3.2)
k=1



By truncation of this series, we obtain the following approximation

kn

'(z) = th(az) Bl ar=12,..., (3.3)

where the sequence (k,),cn diverges to infinity as n — oo (note that this can always be achieved by
increasing the number of knots in the partition). Hence, the corresponding function f” will be zero

approximately if and only if ||377]|; = 0, where |- ||, denotes the Euclidean norm of the k,-dimensional

vector ﬁqi = (ﬁqu, . ,qun) ,q,7r=1,...,m,. Thus, to encourage sparsity we propose to minimize
the criterion
) 1 mn N N ; ’L mnp Mmn 1/2
PL - L3S (6 - XS @) s {5
g=1 u=1 Jj#i r=1 VE g=1 r=1

subject to the constraint
ZhT ' ”:0, gr=1,...,m,, 7€V, (3.4)

where hT(x) = (hy(x),..., hy,(z)) is the k,-dimensional vector of the B-splines basis functions and
A, is a tumng parameter The group lasso penalty Y7, {37 > [|5:11I> 21'/? enforces all regression

coefficients 5 , B ok, bO either be all 0 or all nonzero, ¢,r = 1,...,m,. Note that the centering

qrly = °
constraint (3.4) accounts for the fact that the function f;’ in model (2.7) satisfies E(f,(¢))) = 0, for
qg,r=1....m,.

This problem can be converted to an unconstrained optimisation problem by centering the basis

functions. More precisely, defining

N N 1 N
hoi(€)) = hy(E)) — gth( k=1, kyr=1,....,m,j €V, (3.5)

we consider the unconstrained optimization problem

D) IGHED 3) LRI YD Y 6 9) DICHI SUNNNEYS
g=1 u=1 G#i =1 j#i q=1 r=1
where
€)= (€, (€))7 (37)

is the k,-dimensional vector of the centered B-splines evaluated at the estimated scores.

Now let § (f Di<u<mi<r<m, be the n x m, matrix of the estimated scores, and define

SUSN,IXTS

H(E) = (Hu(&), o HA(E7Y), Ho(E1), o Ho(6)) e R (3-8)
as the vector of matrices H,(&) = (T (€, ))1<ucnicrem, € RV Similarly, let

Bi = (BZJ7‘7 c V\ {|}) c R(p71>knmn><mn7



be the vector of matrices B” = (B.)1<y<mn1<r<m, € R™™™ ™ j # i. Then, following some algebraic

manipulations, the objective function in (3.6 can be rewritten as

23 a £ L TS )2 & ij
PL(B.&) = 5-1€ ~HIEDB I+ 0 Y 1B, (3.9)
J#i
where || - ||» denotes the Frobenius norm. Finally, we define B’ as the solution of

A~

B! = argmin{PL,(B,{): B € R¥ Vknmnxmny
and propose to estimate the set E, in by

E.={(i,4) €V xV:i#j|B|lr>0or||B]]»>0}.
We summarize the algorithm below

(1) Implement FPCA to obtain the estimated scores £’ of each observation X’ and then transform
the scores into the range [—1, 1] using a monotone transformation. Choose m,, such that 90% of

the total variation is explained.

(2) For a given A, and for each i € V solve the optimisation problem (3.9) using, for example,

distance convex programming techniques, to find a sparse estimate of B’

(3) Declare that there is an edge between node i and node j if and only if either ||B”|% or || B?||%

are not zero.

4 Statistical guarantees

In this section we study the theoretical properties of the proposed estimator of the graph structure of
the AFGM where we allow the number of nodes p to diverge to infinity with increasing sample size. A
particular technical challenge in deriving the asymptotic theory consists in the fact that the additive

i

structure is applied to the unobserved variables £, , and the estimator BZL obtained from minimizing

is based on the estimated scores. Thus, the error in these estimated coefficients must be taken
into account for the analysis of the procedure.

We begin by introducing some notation. For any two positive sequences of real numbers (a,,),cx
and (b,),en, we write a,, S b, if a,, < Kb, for some constant 0 < K, < oo which does not depend on
n. We use the notation a, < b, representing the property A < inf,[§| < sup,|3*| < B, for positive
constants A and B. Moreover, given a matrix A = (a;;)1<i<ary,1<j<m, € RY*M2 e use ||A|| for the
Frobenious norm and ||A||, for the operator norm. Finally, for any two symmetric matrices A and B,
we use the notation A < B to denote the property that the matrix B — A is nonnegative definite.

Let

B, = (B,..j €V\{i}), (4.1)



with B;;‘i = {8 :1<q,7 <m,,k € N} be the true population matrix of parameters for the optimal

qrk

prediction, defined by

B}, = argming, ZE[f CE Y S ) - Bt 5]
Jj#i r=1 k=1
where hy(-)x>1 are the B-splines functions used in the representation (3.1). We define the truncated
neighbourhood N! of each node i € V by
N, ={j e V\{i} : IB,.[|- > 0}

(note that HB:;; | < oo by assumption ) Using this representation and observing the expansion
of f;i, the edge set E, defined in can be rewritten as
E.={(i,j) eVxV:i#jicN orjeN]}. (4.2)
Let
Z Bori Z Bl
(for the second equality we use the fact that E[f;”(&))] = 0), where the functions hy, are defined by

h(€)) = hu(€)) — E(hi(€)). (4.3)

We obtain from ([2.7]) the representation

5—sz«;]~r €, q=1,....m,i=1,...,p, (4.4)

’Lrl
JEN,

where ¢, = & — E[¢,[{€),j # 437 =1,...,my}]. Thus, the best predictor of £ is an additive function
of the scores in the set of neighbours N’ of the node i only.
Let (&) = (hy(£)), ..., hy, (€))7 € R be the vector of the centered k, B-splines evaluated at the

unobserved scaled scores §i, r=1,...,m,, j €V, and define the 1 x k,m, and 1 x n'k,m,, vectors

A(E) = (RT(E))rzrcmns
H(¢") = (H(E),j € NY), (4.5)

where 1 < n' < p is the cardinality of the set N'. Finally, we introduce the matrices

S = E(ﬁ(g“ﬁ)fﬂ(g“ﬁ)) o (4.6)
and

S = B(ATEAT(E™) e R, (4.7)
Let

B*i _ (B*Z] 7] c V\ { }) c R(pfl)knmnxmn

mnkn

10



denote the truncated version of the population matrix defined in (4.1)), where

B, = {8 1< qr <ma, 1<k <k, (48)
and define
B = (B2, ,j €N e R (4.9)

Recalling that B! = (BY,j € V\ {i}) € R?™"*™ ™ i5 the solution to the minimization problem
(13.9). The estimated neighbourhood for each node i € V is defined

N, ={j e V\{i} : |B]llr >0},

which yields an alternative representation of the estimated edge set

E.={(i,j)eVxV:ieN orjeN}. (4.10)
For the statement of our theoretical results we require several assumptions. Assumption is

a similar assumption as made by |Qiao et al. (2018) and refers to the eigensystem of the covariance
operator defined in (2.1)).

Assumption 4.1 .
(i) There exist positive constants d,, d, and d, such that

dor P <N <dyr™”, A= X

AL, >ditrT T forr > 1,

and for some § > 1.
(ii) The number of principal component scores m,, satisfies m,, < n® for some constant « € [0, ﬁ)
(iii) The eigenfunctions ¢’ of the covariance operator defined in (2.2)) are continuous and satisfy
max sup sup|¢’(s)] < C < oo.
JEV se[0,1] reN
The next two conditions refer to the smoothness of the functions f;i in model (2.6). To be precise,

let k be a nonnegative integer and let p € (0,1]. We define .%, , as the Holder space of functions

Kyp

f:10,1] — R whose rth derivative exists and satisfies a Lipschitz condition of order p, and additionally

satisfy the condition

[ fllee = sUP el f(2)| < F (4.11)
for some F' > 0.

Assumption 4.2 Let d = K+ p > 0.5 and assume f, € F,, and E[f; ()] = 0, for all ¢,r =
1,...,m, and (i,7) € V x V.

Assumption 4.3 The joint density function, say p’, of the random vector & = ( f,...,ﬁfnn)T 18

bounded away from zero and infinity on [0,1]™" for every j =1,...,p.

11



In order to derive graph estimation consistency, we make the following assumption about the errors
€. .. ,einn in model ([2.7)). A similar condition was also postulated by Voorman et al.| (2013]) for joint

additive models in the multivariate setting.

Assumption 4.4 There exists a constant C > 0 such that P(|¢,| > x) < 2exp(—Ca”) for all x > 0
andg=1,...,m,,i € V.

Assumption 4.5 k, = O(n") for some v > 0, where v < ;%?f if d > 2.

Assumption 4.6 (Sparsity) There exists a constant 0 > 0 such that for all i € V

doIB e < 6.

Assumption 4.7 (Bounded eigenspectrum) The minimum eigenvalue A, (2 NZNZ) of the matriz X" i

defined in (4.6)) satisfies o

Amzn(EN;N;) > Cmin

for some constant C;, > 0.

Assumption 4.8 (Irrepresentable condition) There exists a constant 0 < n <1 such that

max |2, (S) e <

n
7., i
jant NnNn vn'

Assumption @ states that the minimum eigenvalue of the population matrix X ;

(4.12)

NN is bounded away
from 0. Assumption is the classical irrepresentable condition which is necessary and sufficient to
show model selection consistency of the group lasso (Yuan and Lin, 2006; Bach, [2008). According
to Meinshausen et al.| (2009) if the irrepresentable condition is relaxed, the lasso selects the correct
non-zero coefficients but it may select some additional zero components. Ravikumar et al. (2009)) and
Obozinski et al. (2011)) considered similar assumptions for sparse additive and for high-dimensional
models, respectively. We now state our main theoretical result for the estimator N:L of the neighbour-

hood corresponding to the node ¢ € V.

Theorem 4.1 Suppose that Assumptions -[{-§ are satisfied and the regularization parameter A,

satisfies for all i
n'm’?

RS 1B e

PR () I (A ZH B ) (4.13)

Jj€

“9 ||p. Then,

mnkn

where b," =min__ ; || B
JEN,

nlfa(ﬂw)(/\n EjeN:“ H :r:flkn” )
n'm2k;,

P(N; # N;) < exp ( - C, + 210g(pmnk:n)>,
where C; > 0.

12



The proof of Theorem is complicated and given in the Appendix. A major difficulty consists in
the fact that the objective function is based on the estimated scores and one has to establish
concentration bounds in the estimation of the sample design matrix E:\:ﬁ N using the estimated scores,
rather than the true scores (stated as Theorem in the Appendix).

Recalling the representations and for the edge set E, and its estimate E, respectively.

Using the union bound of probability and Theorem we obtain the following result.

Corollary 4.1 If the assumptions of Theorem[{.1] are satisfied, we have for a positive constant Cy > 0

nl_a<2+3ﬁ>()\n minle ZjeNi HB*ij HF)2
n

P(E, #E,) Sexp ( -C ok mntn + 210g(pmnk:n)).
Remark 4.1
(a) Under the assumptions of Theorem it follows that
P(E, #E,) — 0,
if n — 00,p — 0o and
nla(%?’igr);:ir;}inf:l b:) — 00 and n'm,k, l;)\%(pmnkn) = o(Ilnii{l b:f) (4.14)

For example, if m,, = O(n") with « € [0, ﬁ), k, = O(n") and max,cyn’ = O(n’) with 0 < 0 < 1,
then, (4.14) reduces to

log(pm.,. k») P
nlf(a(4+35)+9+41/))\ = O( Izrlzl? bn ) .

n

(b) In the case of scalar data (a = 0), the conditions of Theorem 4.1 will be implied by

‘ *1 RN *7\ o ZkAl k: *1
Dbt @) < () and | l08PE) e

d ~ n ~ n 2 -
ko n,

which are similar to the assumptions made in |[Ravikumar et al.| (2009) and Voorman et al.| (2013) for

the analysis of scalar data by sparse additive models.

5 Finite sample properties

5.1 Simulated data

In this section we investigate the finite sample performance of the proposed model (AFGM) by means
of a simulation study. We also compare the new methodology with the functional additive precision
operator (FAPO) of [Li and Solea| (2018)) and the FGGM of |Qiao et al.| (2018]), where we consider two

scenarios: nonlinear dependence and linear dependence.
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Given an edge set E of a directed acyclic graph, we generate functional data by the model

Xi(ts> = Z sz;i(gir)gbq(t?) "'_6157 U= 17"'7”7 (51)
(

i,7)€EE g=1 r=1

where ¢}, ..., ¢. are the first 5 functions of the orthonormal Fourier basis, and the errors ¢, form an
i.i.d. sample from a N(0,0.5°) distribution. In all simulation experiments in this section, this data
is smoothed to obtain continuous functions X; using 10 B-spline basis functions of order 4; that is,
piecewise polynomials of degree 3. As a consequence the scores satisfy a structural equation of the

form

5
Ea= D> FHE)+E, u=1...nqg=1..5 (5.2)
(4,7)€E r=1
(see Pearl, 2002), where the errors €, form an ii.d. sample a centred normal distribution. For
simplicity we assume f,’(z) = f(x) for all ¢,r = 1,... and for all (i, j) € E. In all examples, we center
f(€) to have 0 mean, and we generated n = 100 functions observed at 100 equally spaced time points
0=ty,...,t0 = 1.

We consider directed acyclic graphs with p = 100 nodes so that 1% of pairs of vertices are randomly
selected as edges. Then, we moralized the directed graph in order to obtain the undirected graph.
We choose m,, = 5 functional principal components scores so that at least 90% of the total variation
is explained. Furthermore, we approximate each additive function using B-splines of order 4. For
simplicity we choose the same spline functions for all j = 1,...,p and for all r = 1,...,m,. For the
choice of k,, we follow Meier et al. (2009) and take k, = 4 + [/n].

For each scenario, we produce the average ROC curves (over 50 replications) for a range of 50
tuning parameters for the 3 functional graphical models estimators. To draw the curves, we compute
for different regularization parameters A\ the positive rate (sensitivity) and false positive rate (1-

specificity) which are defined as

_ Vi H4) €E, () € B}

Vi H05) ¢ B (1) € B
21§j<igp I{(Z’]) € En} .

TP ,FP = —
2zjciy (G 7) E Bo}

5.1.1 Scenario 1: nonlinear models

We use the following nonlinear models, where the linearity assumption (2.5)) does not hold. We first
consider the following model, Model I, used in |Zhu et al.| (2014])
1 1 1 8
Model I: fl@) =14+ 3z — 5 +sin(2r(z — ) + 8(x — §)2 -5
For the choice of scores in (5.2)), we simulate ¢! independently from the uniform distribution U[—1, 1]
forallr =1,...,m,,7 € V,u = 1,...,n. Furthermore, the errors eiq in (5.2) form an i.i.d. sample
from the normal distribution with variance 0.1, that is A/(0,0.5%).

The second example was considered in Meier et al.| (2009))

Model II: f(x) = —sin(22) + 2 — 25/12 + 2 + exp(—x) — 2/5 - sinh(5/2).

14



The scores £, were simulated independently from the uniform distribution U[—2.5,2.5] for all r =
1,....,m,,i€V,u=1,...,n, and the errors eiq in were simulated from the normal distribution
N(0,1).

The left and middle panel of Figure 1 show the averaged ROC curves over 40 replications corre-
sponding to the two models. In first two lines Table 1, we report the means and standard deviations
(in parentheses) of the associated area-under-curve (AUC) values. An AUC close to 1 means a better
performance for the estimator. We observe from the plots in Figure 1 and from Table 1, that for
the AFGM estimator the areas under the ROC are substantially larger than for the FGGM, indicat-
ing that our new method AFGM dominates the FGGM. Similarly, the AFGM performs better than
FAPOQ, indicating the benefit of a sparse and high-dimensional scheme.

™
™

0.0 0.2 0.4 0.6 08 10 0.0 0.2 04 06 08 10 0.0 0.2 0.4 0.6 08 10

FP FP FP

Figure 1. ROC curves ((AFGM (—), FAPO (— — —), FGGM (- - ))
for Model I (left) and Model IT (middle) and Model III (right).

Methods

p Models
AFGM FAPO FGGM

I |0.73(0.02) 0.67 (0.02) 0.59 (0.01)
100 | II | 0.76 (0.01) 0.70 (0.02) 0.69 (0.02)
III | 0.89 (0.01) 0.82 (0.01) 0.90 (0.01)

Table 1. Means and standard errors (in parentheses) for AUC
for models I and II.

5.1.2 Scenario 2: linear model.

Next, we consider a model, where the linearity assumption is satisfied, to see how much efficiency

might be lost by employing a nonparametric model under the Gaussian assumption. The model is

generated by (5.2) and (5.1)) with

Model III: flx)==x
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The scores . were simulated independently from the standard Gaussian distribution. To implement
the AFGM we truncate the scores such that they are located in the interval [—1, 1]. The right panel
in Figure 1 presents the averaged ROC curves for Model III. The lower part of Table 1 reports the
means and standard deviations of AUC. We can see that under the linearity assumption the AFGM
is comparable with the FGGM and both methods show an improvement compared to FAPO.

Figure 2. Estimated brain networks by AFGM (upper panels), FAPO (middle
panels) and FGGM (lower panels) for the alcoholic group (left), the

control group (middle) and differential brain networks (right).

6 Real data application

In this section we apply the new method to the EEG data set available at UCI Machine Learning

Repository. The data involve 77 subjects in the alcoholic group and 45 subjects in the control group.
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Each subject was exposed to a stimulus while brain activities were recorded from the 64 electrodes
placed on the subject’s scalp, over a one-second period in which 256 time points were sampled. See
Zhang et al. (1995) and [Ingber| (1997)) for more backgrounds of this data. The goal is to characterize
functional connectivity among the 64 nodes for the two groups, based on the functional data collected
from the electrodes.

We choose k,, = 4 + [y/n] B-spline functions of order 4 and number of scores equal to m, = 5.
Since our goal is to capture outstanding differences in brain connectivity between the alcoholic and
control groups, we take the tuning constant ), to be such that 5% of the (624 ) pairs of vertices are
retained as edges.

Figure 2 shows the estimated brain networks constructed by the three methods for the alcoholic
group (left), control group (middle). The right plots in Figure 2 represent the differential brain
networks, where the red lines indicate the edges that are in the alcoholic network but not in the
control network, and the blue lines indicate the edges that are in the control network but not in the
alcoholic network.

We observe that the brain networks have different patterns for the two groups. For example, we
observe for all methods, that there is increased functional connectivity in the left frontal area for the

alcoholic group relative to the control.

7 Conclusions

In this paper, we utilise the idea of generalized additive models to develop a new nonparametric
graphical model for multivariate functional data which does not require the assumption of a Gaus-
sian distribution. The conditional relationships among the principal scores in the Karhunen-Loéve
expansion of a random function are allowed to take an arbitrary additive rather than a linear form as
imposed by the assumption of Gaussianity. The additive functions are then approximated by linear
combinations of B-splines. This approximation allows us to develop a group lasso algorithm to esti-
mate the graph that encourages blockwise sparsity to a matrix formed by the coefficients in the spline
approximation. We have established consistency of the procedure while both the number of principal
components and the number of nodes diverge to infinity with increasing sample size. By simulation
study and an analysis of a data example we demonstrate the applicability of the new methodology.
The proposed model and methodology suggests many directions for future research. First, the
asymptotic results here are developed under the framework where the order m,, in the expansion
tends to infinity with the sample size, and it is of interest if similar statistical guarantees can be
obtained in model with the infinite representation. Second, the theory is developed under the
assumption that the random functions are fully observed. Therefore, an interesting and important
question for future research is the extension of the methodology to smooth functions that are observed
on a dense time grid such that the covariance operators and the functions are consistently estimated.
Another important direction is the consideration of the sparse setting, where the functions are observed

on a relatively small number of time points and are contaminated with noise. In this case, alternative

17



approaches such as [Yao et al. (2005)), [Xiao et al.| (2018) and Petrovich et al.| (2018) might be useful

and will be further investigated in the future.
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8 Appendix: Proofs

8.1 Auxiliary results

In this section we state some auxiliary results, which will be used in the proof of the Theorem 4.1} The
next Lemma provides a concentration inequality for the norm Hi wiyi — Syiyillms. It can be proved by
similar arguments as given in the proof of Lemma 6 in |Qiao et al.| (2018) observing the independence

i

of the random variables £ . The details are omitted for the sake of brevity.

ur®

Lemma 8.1 Suppose that Assumption[f.1] is satisfied. Then, there exists a constant C, such that for
all 0 < e < C, and for eachi=1,...,p
p(uixixi — % il > e) < exp(—Ciné).

Let &' = (€ )}gzn " € R™™n be the matrix of unobserved scores, and define

ha(€,) = (s (€L,) - o (€))7

as the vector of the centered k, B-splines functions evaluated at the score & | where
- . . ] — v
hnk(qun) = hk(ﬁir) 0 Zl hk(€ir)’ k=1,...k,. (81)

Note that this definition corresponds to (4.3]), where the expectation has been replaced by its empirical

counterpart, and to (3.5)), where the estimated scores éi , have been replaced by the unobserved scores

¢ . Let
H, (&) = (h(E))1cucnnzrem, € R7™, (8.2)
AN(E™) = (A (¢),)€N) e R, (8.3)
and define
Sy = pHa(EHIED) R, (5.4

which is the sample analog of the matrix E;iNi defined in (4.6)). Similarly, let él = (AiT)1<u<n L<r<mn

_____
n''n

be the n x m,, matrix of the estimated scores, and
AT(E") = (H,(€),j € NI e R Fmn (8.5)

n

where

SUSN,IXTS



and hy,(€),) is defined in (3.7). Then,

i

L, (&) AT (EV) € R Frmn < o (8.7)

is the estimated version of the sample design matrix E;iNi in (8.4). The next result provides tail

bounds for all entries of the matrix ZA];LZ i = EziNi.

n''n n''n

Theorem 8.1 Suppose that Assumption holds. Then, there exists a positive constant C, such
that for any § > 0 satisfying 0 < § < C, and for all (i,5) € VxV, i # j, r,q =1,...,m, and
k. {=1,...,k,, we have

P15 ()~ sl €) | 2 ) 5 exp (im0 257)
PROOF. First, we have

’ Z (il’nlC (é;r)ﬁné( Aiq) - il’nk (é-;r)];né(giq))’ < Tl + T2’

where the terms T} and T, are defined as

~

= | A€ €))7 = | S hnlE) () - Put€l) |

Consequently, for any d > 0,

P32 (A€ hudl€) = hun(€)hai(€) ) | = 208) < P(T 2 nd) + P(T, 2 nd),  (8.8)

and therefore it is sufficient to derive inequalities for the two probabilities on the right-hand side of

E3).
(a) We start with the probability P(T, > nd). By the definition of A, (€. ) and h,, (£ ) in ([3.5) and

(8.1)), respectively, and some elementary calculations, we obtain for any ¢ > 0
) 0
P(T 2 n0) < P(To 2 )+ P(Ta 2 ),

where

Y

T = | 20 hul€l) (L) = hu(€2)

= o Y€ o6~ )]

u=1



We now derive a concentration inequality for T3,. By Cauchy-Schwarz inequality and using the fact

that [h(&),)| <1 we have

P(Tuz—) <P(Z|hk )lzznf),

and Taylor’s expansion gives

_ 2 (o g Y|

hk( Afw) - hk(é;r) 8§

(8.9)

where £" lies in the line segment between éfw and ¢! . From the derivative formula of the B-splines (see
De Boor| (1978), Ch.10) there exists a constant M > 0, independent of n, such that for all k = 1,... &,
and x € [—1,1],

(ahk ‘ < ML,, (8.10)

where L, is the number of knots. As a result, using and (8.10) we obtain

n

P(Ty = n8) < P30 ) — il )l = 20 < P(i &, -2 LU@(SL)

u=1

Recall that £ = (X)7"*(X! ¢') and € = (\))""/*(X?,¢!). Then,

€, — € =(\)THXL 6 — () THXL, )
<A™ = D) TENXL B + (A TVHXL, 6L — ¢l

By the Cauchy-Schwarz inequality and using the fact that [|¢}|| = 1 we obtain,

€. = L S TN = 07X+ )T IXG 1, — ¢,
<A™ = DTN+ )T NXNE i = i yillms,

where we have used the inequality [|¢. — ¢!|| < di”ixixi — Y i illas (see Lemma 4.3 in Bosq, 2012)
and assume w.l.o.g. that QAS; can be chosen to satisfy sgn(qu, gbr) = 1 (see the discussion in Remark

. Using the inequality (a + b)* < 2(a” 4 b°),a,b € R, this implies

o . - ; 5
> < iN—1/2 yin—1/2)2 UIERS n
P (T > nd) < P(IG)™ = (0™ 1K 2 5577 )

. (8.11)
in=1 Jin2||C nd
R (CHIUAR RN ZHHSZHX I 2 toarz)

We now consider the first term at the right-hand side of (8.11). Observe that > _ || X.|*
> A ()7 and recall that €, € [—1,1] with E(¢,,) = 1, B((¢,,)") = 1. Thus [(£,,)" —1] <2,

ur
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which implies that for each r = 1,...,m,, >.._ ((£.,)* — 1) is a sub-Gaussian random variable with

parameter proxy o~ = 4n. Consequently, we obtain by Theorem 2.1 of |Boucheron et al.| (2013

n

E{ S - 1)}% < KI(16n)", k> 1.

u=1

Using the convexity of the function = — z*" and Jensen’s inequality, it follows

B - s = B{ 8 e -0}
< f: xB{ i((gimf - 1)}%(2&: A

< El(16Xn)", E>1,

where Ay = sup,_, >, Al < oo (due to Assumption . Hence, from Theorem 2.1 of |Boucheron

et al.| (2013), we obtain for all € > 0,

n

2
P( X”—EX”>)< (—67)
SO = BIXI) 2 €) < exp (- g

u=1

Furthermore, E(}."_ | X.|*) < nAy. Thus, for all €/2 > n),,

2

(Z 107 > €) < P(Z(HX I~ EIX,IP) > ¢) <exp (- 12;0”) (8.12)

Now, we obtain for the first probability on the right-hand side of (8.11))
. o i , 52
P< N 1/2 A\ 1/22 X2 > n )
’( 7') ( 7') ’ ; H uH — 16M2L2
<PIOD™ = 0™ 2 5o ) + P( Y IXP = 1) 1
< PG ™ = ()71 2 o) + Z X0 2 (3.13)

Define the event Q) = {Hflxz — Y iillus < 27'0,, }, where &, = minic,cm, {A, — AL, }-
Assumption (1) implies 6, > d;*m, """ leading to

P00 < P8 = Sgelns = 275 m, ) S exp(~Conm 2047, (8.14)

for some C), > 0, where we have used Lemma with § = 27'd;'m_ "™, Furthermore, from Lemma

4.43 of Bosq| (2012) we have on the event {2,

sup | AL = M\ < IS0 = B llus <2700, < 27MAL

r>1

This implies \! > QT, AL < 2\ and
iy ‘- AT = A VI
|()\'r) v ()\7‘) 1/2| — ((5\) ) |1/2 ()\!() 122 S 2()\7‘) 3/2|)\7‘ - )\7‘|
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This together with (8.14) imply that
o ) « ) ) )

i\—1/2 o 1/2 < % 1/2 o 1/2 i i c
PG ™ =001 2 gaz) <P((IGD ™ = 01 2 Gy ) N 90,) + P,

Qi i 5()\ )3/2 i c

_ >\
P((\Ar x| > 4M1/2Ln> + P((,,))
IO

c
o) + P,
where we used Lemma 4.43 of Bosq (2012) for the third inequality. Therefore, from this, Lemma
(8.12)) with € = 37 and the fact that dor~? < X!, the right-hand side of (8.13) can be upper-bounded
by

. 3/2
(18,00 zurrHs_f;}/lL)+P(ZHX P> )+ P, (s19)

S exp(—CinL, "m,,""6%) + exp(—Cyn) + exp(—Cynm,, ")

Y

for all 0 < (5L;1m;35/2 < (, and some positive constants C,, C, and C;.
For the second term on the right-hand side of the inequality (8.11) we use Lemma (8.12) and

i\ d ~1-8 .
the fact that (d.)~' > ﬁmn , to obtain,

iN—1/ 7iN2]1C né’
I CORCAR SRSy > 1637 LE)

u=1
S s\ (d)
< 7 ’L ’L > .
< PRy = Zyillus > =5 — )+P(Z||X "> ) (8.16)
< exp(—Cyn) + exp(—CsnL *m, 6%,

for 0 < 6L, 'm; ™2 < C; and C, > 0, Cs > 0.
Combining (8.15) and (8.16)) we obtain for all 0 < §L_'m_**/* < C, the inequality

P (T1; > nd) < exp(—Cyin) 4 exp(—Conm ") + exp(=CynL *m_ 77 6%). (8.17)

We now consider the probability P (T, > nd). Using the fact that |h,(¢],)| < 1 and Taylor’s expansion

yield
P(Tzn0) < P(|Y(E &)=

> o) < (ZI&w&LIQ > Mjili),

where we have used the Cauchy-Schwarz inequality. Therefore, by similar arguments as used in the
derivation of the bound for P (7}, > nd), there exist positive constants C,, C; and Cy such that for

all 0 < 6L 'm*? < C4
P (Ty, > nd) < exp(—Cyn) + exp(—Csnm,, 2 )) + exp(— CﬁnL;Qm;(2+35)52). (8.18)
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Combining (8.17) and (8.18) and choosing suitable constants, we obtain for 0 < 5L, 'm_*"* < C|,

P(T, > nd) < exp(—=CynL, *m, **76%). (8.19)

(b) To derive a bound for the term P (T, > nd) in (8.8]) we use the decomposition

~ s no

PAT, > 18) <P(| 3 (Rur(E) = hun(€) (@) — Pua(e2)) | > 2)

+ P(‘ i ilk(fjn) (ﬁne(éiq) - Eé(g‘q)) ’ - %6>

:P(Tm > %5> + P(T22 > %5>,

where the last inequality defines the terms 75, and 75, in an obvious manner. For the second term,

we obtain by the same arguments as used to estimate P (T, > nd) for any 0 < 6L 'm_*"/* < C,,
nd -2 —(2+3pB) ¢2
P<T22 > ?> < exp(—CynL *m_ 962, (8.20)

For the first term, we use the definition of the centred B-splines in (3.5) and (8.1]) to obtain for any
0>0

where

)

T = |3 (€) — 1a(€) (@) — hu(e))

> (1)~ 1€) || 3 () - nel) |

u=1

-1

Ty =n

To derive a concentration bound for the first term, we use , (8.10) and the Cauchy-Schwarz
inequality to obtain
no - .y P2 ; no
P<T2n 2 Z) < P(Z €ar = EurllEig — ol = W)

< 2P<Z |§u'r - gur‘2 > 4]\7;72[/2) f, eXp(_CsnLn2mn<2+35)5)7
u=1 n

for a positive constant Cy such that for 0 < §"/ *L'm_*"* < C5. Here the last inequality follows by
the same arguments as used for the bound of P (7}, > nd). Finally, for the term P (T212 > %‘S) we

have
P(n2 ") = P(| 32 (1€~ h€) || 3 (€ - ) | 2 7).
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Thus, we can apply similar techniques as used in the derivation of the bound (8.17)) with %5 replaced

P<T212 > %) 5 eXp( C4nL _(2+3ﬁ)5) (8.21)

for 0 < 6"°L'm_*"/* < C,. Combining these results with (8.8) and (8.19) and using the fact that

m, < n" and k, > L,, we obtain the assertion of the Theorem. O

Theorem states that the elements of the matrix & Vit ZziNi exhibit exponential-type probability

nNn

tails. We also observe that the decay rate g of the eigenvalues appears in the tail behaviour. A similar
condition of exponential tails is imposed on the elements of the sample covariance matrix of scalar
and functional Gaussian data for the analysis of high-dimensional Gaussian graphical models (see, for

example, Ravikumar et al., [2011} |Qiao et al., 2018]).

Proposition 8.1 Suppose that Assumptions and condition (4.11)) are satisfied. Then, there

exist functions fw zzl 5;]%;%1@ and positive constants c1,Cy, such that
nk:72d
P(QE) < 2exp( C,—"5 T +log(n m ))
where
1 ij ij
0= {iifcx?i}in =t - 90, < ek } : (8.22)

and £ = (F(€,)s- F€)) B = (€ Fl€))

kn

PROOF. By Assumptions and for any f;i € %, , there exists a B-spline géj} = qukhk

8.1, and a positive constant ¢, such that

||fqzi' gquOO < Clkn Y

(see Lemma 5 in |Stone et al. (1985)). Let f;ﬂ( 7)) = 9. ( i) -+ Sor_,92(€,). Then recalling the

n

notation (8.14)) we have f;f(&ﬂr) => . Bmkhnk(fir), and we obtain

. . - 1 ij j ?
foﬂ — fj ||2 < 20?/%2(1 + 2(; qujr(‘fiy-))

u=1



From this, condition (4.11]), Hoeffding’s inequality and the union bound, it follows with an appropriate

constant co > 0

L vij e Fij iy 2 ~ 27.-2d 1= i, i —d
- _ > < — >
P(?i?é{ 131111,1%);71 n”fqr(fr) fnqr(fr)HQ - clkn > — P(ﬁ’a\l‘? 1§gl}ra'§)fnn n ; fqr(é.ur) - c2kn )
—2d )
<2e < ——— 4 log(n'm’ ) ,
— Xp 2M2nzmi + g( n)
which completes the proof. O

8.2 Rates of convergence for sample design matrices

In this section we show that if Assumptions [£.7] and [£.8 hold, then with high probability, the assump-
tions hold also for the corresponding sample matrices

1.~ NE NG i )
E”i ;= rTl(g n) c Rn knmpXn knmn’ Enj .
NnNn n E Nn

\
s
=
Sy
I
N
Th

1 - - @ i
= —H (& H] (&™) € RFnmnxknmnn® = (g 23)
n

where H,(¢’) and H, (¢ NZ“) are defined in (8.2) and ({8.3]), respectively. Note that the matrices in (8.23))
in (4.6

are based on the unobserved scores and are the sample analogs of the matrices E;iNi and E;N.
n'n

and (4.7)), respectively.

Lemma 8.2 Suppose that Assumption[{.7 holds. Then, there exists a constant Cy > 0 such that for

any d > 0,
n * n52 i
n 77’52 2
P (Amin(ZNiNi) S Cmin — 5) S 2eXp < — Clm + QIOg(n mnkn)> . (825)

PrROOF. Weyl’s Lemma yields

Amin (E i

NpNp

) = Ain (Zie) < 1050 = ol < U5 s = Sl

NN, NpNp
and by Assumption [4.7] we have,

By definition the n'm,k, x n'm,k, matrix Zzi G E;iNi contains elements of the form
o 1 - o . -
Witra = > har(E)hae(€2) — B(ha(€])he(€2)),
u=1
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which can be rewritten (recalling the notation (8.1))) as A, — A,, where

A =— th & Vh, (€ E(h(€")he(€2)),

A= Z Z I (€2 )h(E2,) = B(hi(€)) B(he(€2))-

u1=1ug=1
Next, observe that the summands of A, have expectation 0 and are bounded in absolute value by 2.
Therefore, by Hoeffding’s inequality, we have P(|A,| > €) < 2exp(— 128) for any € > 0. Moreover, the

term A, can be written as nT_lAgl + A,,, where

Ay = ——s th nh(E2,) = Bl (€ ) (E2,),

U1¢U2
is a U-statistic and Ay, = # Z:Fl hk(ff}lq)hg(ﬁﬁr)— (hk(fillq)he (fﬁr)) Consequently, by Hoeffding’s
inequality for U-statistics (Hoeffding, 1963) P(|As| > €) < 2exp(— 128) for any € > 0, and it is easy
to see (due to the additional factor 1/n) that A,, satisfies an even stronger concentration inequality.

Therefore, it follows that for any € > 0
P (|W]172] > €) < 2exp (—Cine’), (8.27)

for some constant C; > 0. Thus, the union bound over the (n'm,k,)” indices and the choice of

€ = ninf — in (8.27) yields (8.24)). Finally, the assertion ([8.25|) follows from relation (8.26]) at the

beginning of the proof. O

The next Lemma guarantees that the matrices defined in (8.23)) satisfy the irrepresentable condition
in Assumption [4.8] with high probability.

Lemma 8.3 If Assumption[{.7 and[[.8 are satisfied for some 0 < n <1, then

1-1 n
P((max 127, (52 ) e = 2 ) Sexp (— O 4 2log(om, k).
rjr;zsx” i  ( NnNn) e > N exp N CIRE e + 2log(pm, k.,)

where C, is a positive constant that depends only on C.;, and 7.

ProOOF. First, we decompose

5 (2 < SR )T oY (S 2 (B
a5 (%)l S e [0 (50 = 0 (550 e a5, (5

By Assumption 4.8 we have max HEgj NZ(

-

D7 < 171 and it suffices to consider

\/TT

n 1 * * —1 77
Pmax[2 ()™ = S () e 2 o).

NN
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For this purpose we use the decomposition E:jNi (" ) =2 (2 )T =T + T + TY where

n NaNy Np NN,
j —1 * —1 J n * * -1
7=y, (2 ) = (2 = (2", =) (2
1 £]N:] ( NﬁNz) ( NﬁN,l,) ? 2 ngz §]N:] ( NaN:,) ’
E*

n -1 * -1
o) ()™ = ™).

n''n

T = (2”

j .1
&Ny,

and control the probabilities P(maxj N [l Pe= 6\;7?) separately.

(a) For the first term 77, we use the identity A~ —B~! = A~}(B—A)B~! and obtain from Assumption
4.8

max [T < max [ (S ) el (s — S ) (S)

[N 4.1 ()
N, N NN
JENy JgN, n'¥n nNn n'¥n

(]‘ - 77) n * n —1
< “;7;;‘*H§3NiNi - EjNiNiHF¢|(§:NﬁNi) [l2-

Thus, defining the event 7" = {[|(X"; ;)7"[> < 2_1 we obtain

< 2
P(max || T/ > —=) < P(I%5: 0 — Zhollel (Sl > =)
Jn 6vn' NeNa NN Ny 6(1—7)
< P(I%5p — Siplle > grs) +P(T°) (3.25)
< 4dexp ( — CIWT,,ZIW + 2log(nimnkn)>,

where we used Lemma with § = lgﬁr‘f;) and § = Crgi“ for the last inequality.

(b) For the second term 77, we have

ma 175 < () lamax |57, — S0l < Cotmax £, — 25 e
&Ny JENp &N
where we used Assumption [.7)in the second inequality. Thus,
] n n * nCmin
P(maXHTJH 2%)§P(max\|2~i—2~i|] > )
JgNE 2 6vn' JENG & ey 6vn'
Now, using similar arguments as in the proof of (8.24) in Lemma we can show
n * nd* i 2,2
P (HZ&jNi — Zngin Z 5) S 26Xp ( - Clm + log(n mnkn)>, (829)
for some positive constant C; > 0. This bound with § = ”C% and the union bound yield
6V n'
_ _ C..
J > 77 ) < o I3 ( nv o *, ] > ”7 mln)
Pmaxl| e 2 ) < 0= mOP(IS0y ~ Zpgle = 525
n i 2,2 i
< 2exp ( - Clm +log(n'm, k) + log(p — n )) (8.30)
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(c) For the third term 77, we have

j n n * n
P(max T > _)_P(max =Y, > )
i#N, [l 6vn' Ny | &'t EJN"HF 6vn'
n —1 * —1 77
P (I ™ = B e =4[ 0). (8.31)

Using (8.29) with § = \/I\/» we obtain for the first term on the right-hand side of (8.31)
6V n'

P(maXHEnj -
i & Np

YN
. §°N
J¢Nn "

le >/ —=) Sexp (-G

_ +log(n'm’k2) +log((p — nym’k2)).
= g(n'm k) + log((p —n')ym k)

(ni):s/zmz k2

(8.32)

To derive a bound for the second term in (8.31)) we apply the same arguments as used for the term 77

1 > n
Iz /5 )

n i
7(#.)5/27”2 1 2log(n mnkn)> + exp ( - C,

Thus, from (8.31)), (8.32) and ({8.33]) we obtain

n —1 *
P = ()

< exp ( - C, " >+ 210g(nimnkn)). (8.33)

P( max || T’ EL, < exp —C#—i—lo n'm’k>) +log((p — n'Yym’k’
(max T3l = =) S exb (= Cuppmmy s * oB('mik?) + log((p = nymik0) )
n i
+ 2exp < — Clm + 2log(n mnkn)>.

Putting together (8.28)), (8.30)) and (8.34) and using the fact logn’ < log(p —n') < logp (since n’ < p)

we conclude

1

_n
n n —1 2
i i > < — [
P(IJT;E;Z( ||E§JNE(EN;N;) |F > T ) < 2exp ( C, () Pmi e + 210g(pmnkn)),
for some positive constant C; that depends on C.,,;, and n. This completes the proof. O

8.3 Proof of Theorem [4.1]

We begin establishing the model selection consistency given that Assumptions [1.7) and [£.8] are satisfied
by the sample matrices defined in (8.23)). In particular we define the event

N = {EZEN?1 , ZZJ‘N:‘] satisfy Assumptions and } (8.35)

and state the following result, which is the essential step in the proof of Theorem and will be

proved in Section [8.4] below.
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Proposition 8.2 If the assumptions of Theorem[{.1] are satisfied. Then,

nl_a(2+3ﬁ)(/\n ZjeNf] HB*z’j ”F)2

mnkn

PN, # N, NN) Sexp (=€, + 2log(n'm,k,). (8.36)

P02 1.4
n'm_ k.

where C is a positive constant.
We have
P(N! #N!) < P(Ni £ N! and ) + P(V®)

where the first probability on the right hand side can be estimated by (8.36)). Moreover, by Lemmas

[B:2] and B3]

((ni)5/4mnkn)2

and this proves Theorem

P(/\/’E) < exp ( - +2 log(pmnkn)) + exp ( - + 210g(pmnkn)),

_n
(n')*m,k,)?

8.4 Proof of Proposition

We follow a similar strategy as in Bach| (2008]) and Lee et al. (2016b)), who showed consistency of
the group lasso in a reproducing kernel Hilbert space framework. First, we consider the following
alternative form of the group lasso problem

PL(B,€) = polI€~ BLE B + (18710 (8.37)

i

Because the function 2 — 2%, > 0 is monotone, problem leads to the same regularisation paths
as problem (see [Bach [2008, , page 1187 for more details). To derive the Karush-Kuhn-Tucker
(KKT) conditions, we recall the notations (8.3)), and define the matrices

1 1~ NG Zj ni mn Xknmn
Svig = Ha(€H, () e Rt (8.38)
n n
n ]- [TT /TN 2 knmnp Xmn
e = SHIENE eR (8.39)
when j # i and
5= ~H,(EME erTm (8.40)
Nog' ol ’ '

where the matrices H, (') and H~n(§AN:‘) have been defined in and (8.5]) respectively. We also

denote by 3"

" E;‘igi the versions of (8.38), (8.39), (8.40) that use the true scores ¢ instead

117 €J§“

of the estimated &' (see also equation (8.7)).
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Lemma 8.4 (KKT conditz’ons) A matriz B = (B”,j € V\ {i}) € RO V*smnxmn ith support N is
optimal for problem (8.37) if and only if

i

(izm + ATLDNi )B" — 2&5‘ =0, foralljeN., (8.41a)
. P

1%, B™ = Slle < A S B |r,  forallj &N, (8.41b)
J#i

where EA]:ZNZ is defined in (8.7), B"™ = (B”,j € N}) € RV knmnxmn B — (B2, :1<qr<m,l1<k<
k,) and

~

Dy = diag((Dy:)y;: j € N}))

.
o 1B llr

knmnXknm
UL c H& nmn X knmn
1BYr

is a block diagonal matriz with n' elements (ﬁNi)jj = Lo,

The idea of the proof is to first construct an estimator B:ﬁ by minimizing the following restricted

problem given the true support N!. That is,

B™ = argmin{PL_,(B,£) : B € R" ", (8.42)
where
PLy(B,6) = 5 €~ ALE™MBIL + *(Z 1B71) (8.43)
JENn

(note that ﬁwﬁ (B,é) corresponds to the function (8.37), where we put BY = 0 whenever j ¢ N).
and to show that the minimizer in is “close” to the true matrix B;Ni defined in ([4.9). To achieve
this we use similar arguments as in Bach| (2008)) and construct another auxiliary estimator Bsi that
minimizes the restricted penalized function, where the group lasso penalty in is replaced by an
N“ is defined by

n

£,-type penalty. More precisely, B

B:n — argmin{/P\iNi (B,é) :Be Rni/rmrrmxnm}7 (8.44)

where

7"nkn‘|F

— A~ 7 *7. BZ]
PLy(B,6) = 5 €~ AL(E BHF+f(ZHBmianF)(Z ,; Iy,
JEN n

We now proceed in the following steps:
(1) In Proposition [8.3| we show that the distance H]@:ﬁ - BZN:‘ || is small with high probability.

(2) In Proposition [8.4f we show that B::‘ is close to B::‘ with high probability.
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(3) In Proposition [8.5{ we use this result to derive a concentration bound for | B — B™|,..

(4) We then construct the oracle minimiser (BN:‘,O), where B™ is the minimiser of (8.42) and O

consists of (p — 1 —n') zero k,m,, X m, matrices.

(5) Finally, in Proposition we show that the oracle minimiser is optimal for the restricted problem
(8-42) given the true support N’; that is, it satisfies (8.41b)).

The minimisation problem (8.42)) is convex; however, for p > n, it need not to be strictly convex, so
that there may not be a unique solution. Nevertheless, the next lemma shows that the matrix DI

defined in (8.7) is strictly positive definite with high probability, and hence the objective function
(8.42) is strictly convex, and thus B is the unique optimal solution.

Lemma 8.5 There exists a constant C; > 0 such that

1—a(2+38)

N Cmin [
P(Amin(ENiN:“) > 1 ) > 1—exp ( — CIW + 2log(n mnkn))
PROOF. By Weyl's Lemma, we have A (27 1) < A (87 ) 4[5 0 = 5% i |l», and we get

N C’min n Cmin 1 n C(min
P (Ao (B) < = and (5 ) > =52 ) <P(IS], - Sl > ).
Furthermore, using 6° = %@ in Theorem with the union bound over the (n'm, k,)* index
(n'mnkn) 4

pairs of the matrix EAYNZNZ — E:\:iw“ yields for some positive constant Cy

n''n n''n

) o nl—a(2+3,8) ‘
P15~ Shuelle 2 52) S 0 (= Oz + 2log(w'mak)).
The assertion now follows by the same arguments as given in the proof of Lemma [8.2 O

Proposition 8.3 Suppose Assumptions hold and the regularization parameter X\, satisfies

i 3/2
nm, 2 oy
S A Y B (8.45)
n min jeN:-]

Then, there exists a constant ¢, € (0,1/2) such that, for any § > 0 satisfying

C—an S B e < b, (8.46)
min jeNi

we have for the minimizer of (8.44))

nlfa(2+35)62

P(HB:" _ B;N"HF > 5) Sexp ( — ClW

+ 2log(n'm.k.)),
where B;Nf‘ is defined in (4.9) and the constant C, satisfies 0 < 6 < C}.
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PROOF. Before we start with the proof we note that condition refers to the spline approximation
error from including only k, terms and the second condition represents the bias due to ridge
penalisation.

For the proof we use similar arguments as given in the proof of Proposition 2 of [Lee et al.| (2020).
The main change that we need to consider is the approximation error of the additive regression

functions by splines. First, the minimizer BSZ defined in (8.44) is of the form

—1an
DI

i i
n Ny &

ANL (g .
B = (ENiNi + )‘”Dwi)

where D; is a block diagonal matrix with ( ) = Y B e/ IBo o iy, 3 € N, as

mmnkn mnkn

diagonal blocks, and the matrices Emﬁ N and ENigi are defined in (8.7)) and ({8.38)), respectively.

A simple calculation shows that
1B = B[l < T, + T, + T,

where the terms T}, T, and T3 are defined by

(i;m +>\nD;ﬁ)‘1(§]", =)

i, i1
N, € N €

T, =|

}F’

~n * o\ —1 n . A1 "
5= H{(ENﬁNﬁ + )\"DNi) B (ENiNﬁ + /\”DNi> }ZNigi F

n * \—lgn *N:'.]
Ty = [[(Zhs s+ MDy) 'S = B
Thus, P(||£~3T'\LIﬁ - BZNzHF > 36) < ZL P(T;, > §), and it is sufficient to derive bounds for the three

probabilities corresponding to the random variables Ty, T; and T;. Starting with 77 we have

Tl < H( nz 2 +)\ D ) 1||2||Zz;€z - ||E 7 z _E;L;L‘§Z||F7

||F - len

where we use the fact that

- Cmin
i lle 2 =

on the event N and that (2" vini T An D ) =< (ﬁ:iNi)fl. Therefore, using Lemma similar argu-

ments as given in the proof of Theorem n and applying the union bound over the n’mikn pairs, we

obtain
. C..§ nl—a(2+3[3) 2 o,
P(T, >6) < P(sz —Salle T) < exp ( ~ O+ log(n mnkn)>, (8.47)
for 0 < % < () with C; > 0 depending on C,;,. To derive the bound for the probability

n'my kn

P (T, > §) we use the identity A~ — B™' = A™'(B — A)B™' to obtain (on the event N

Ty < S+ AD) ™ all (s = S ) (S + ADi) Sl

< f”zzi,\,g‘ _jZﬁNﬁ‘|F"( i +>\nD ) R igi ill2- (8.48)
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Recall the relation (4.4]), the notation f;‘i =3 BEh € F,,, and let

qrk
wiq = ZZ(f;i(gir)_f:qr(fir))v g=1,....my,u=1,...,n, (849)
jent =1

where f;JT denotes the function from Proposition Then, we can rewrite relation (4.4]) in the form
¢ =H(E")B" +uw' € e R,

. . . . ~. %
where w' = (w,,)1<u<ni<q<mns € = (€y)1<uzn1<q<m, € R™*™" and HI({N") is defined in (8.3). Fur-

Suxn,l>q9> Suxn,lxq9>

(3

= N
thermore, by multiplying from the left the above equation with L“S ) we obtain
n n * i ﬂn Nf] [ ﬁn Ni 7
=" B 4 (€ )w + (& )e, (8.50)
Npé NpNp n n
"=%" B n(§ )w ECHS )e : (8.51)
gle gIN, T n n

o . . no_ xvm AT . . .
where the matrix ZNﬁ ¢ 18 defined in Section and Z&jNi = (2 iéj) . Using this representation and

the triangle inequality we get

~ i

n * — n n * — n *Ni n * — Hn(éNn) 7
H(ENM + )‘"Dmi) 12Nﬁ£iH2 SH(ZNM + )‘”Dmi) 12N1n'NiBn [+ H(ENM + )‘"Dmi) 1Tw B
n * — IF:In(gN:]) i
L+ Ay T Dy,
As a result from this and (8.48)), it follows that for all 6 > 0 (on the event N)
0 ) )
P 20) < P(Tu 2 5) + (T2 5) + P(To 2 5), (8.52)
where
Tow = — S lell (50 + A D5) 'S (B
21 _C’min NING NiNG ITE NENE NG Neng T 112
2 ey n n * - ﬁn(gN;) i
T =G B, ~ Bl + 2D =
2 1 n n * o\ — ﬁn gN:]) i
Ty = s = SIS + M0y e,
Next we derive upper bounds for the probabilities in (8.52)). For T3, observe that
2 N n n * \—lgn *Ni 2 Sy n
T <1850 = S el + D)™ Sl B < 1850 — Bl

where the second inequality uses the fact that ||B:LN:‘ |» < oo by assumption (3.2) and that the norm
”(Eﬁim + )\nD;i )_lEziNi |l> is bounded by one. Therefore, it follows from Theorem with ¢ replaced

by 65’;%7"“; and the union bound over the (nimnk:n)Q pairs that
) . 5C. . 1—a(2+38) ¢2 _
P(T21 > g) < P<||Z;Lf1N; - EZ;N;HF > %) < exp ( — sz + 210g(nlmnkn)), (8.53)

36



for 0 < < (..

n mnkn

For the term T,, note that

s = A (E7 )72, (8.54)

7,1
NnNn

n * 711‘:11'1(6’\‘:;‘) n 711‘:In(€Ni)
I(Sps + AD) ™ =22 < )

where we used Lemma |8.2| for the last inequality with § = m‘“ . Thus, (on the event N) the term T5,

can be bounded by

i

T, < 2 i in En w
” _(Cmin) | NoNp N:]N:]HFH%HF

Recall the notation of w’_ in (8.49) and the definition of the event € in Proposition Then, if the

event () holds, we have,

T R e T RS
Il = 5 oSl = ZZ(ZZT -~ )

u=1 g=1 u=1 g=1 jel'rl

mnp Mmn

nm

IN

— [.(E)) (8.55)

]equlrlul

mn Mmn

n'm, ' -
E E E max max Hf” —f”||2 < C1(nl)2mikn2d7
z 1<g,r<mn

qurlj

JEN

and by assumption (8.45) it follows that on the event Q2

1 [3 *1
| Zwlle \/ -, Z 1Bl (8.56)

As a result,
6 *1j o 5
P(1u=5) < P((5—) e S IB el = Sglle 2 ) + PO)
JEN
WS B0
n j N; mpkn |1 F i
< exp ( - C4 (ni)fmiki + 2log(n mnk:n)> (8.57)
+exp< Cs———77 " 2k2d —|—10g(nimi))

for 0 < §(A\, Zjemﬁ |B:7||7)~" < Cs, where we have used Theorem and Proposition
We next derive an upper bound for the probability corresponding to the term Th; in (8.52)) noting

that (on the event N)

2 ’ S n I:In Nf] i
T23§< ) S WL, (8.58)

Cmin NnNp n
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i
uq*®

S NGy o
The (i, j) element of the matrix H“Sf )¢’ can be written as an i.i.d sum of the form LS ha(€)e

Thus, by Assumption [£.4]it follows that
Ta—m-
P(’ E Z hnk(gir)euq
u=1
for any € > 0. Therefore, by applying the union bound over the n'm?k, gives
H,(&")

P(HieiHF > e) < zexp(— C,
n

> ) < 2exp(~Cone?),

+ log(nimikn)> . (8.59)

€
% 2
n'm;k,

Using this inequality with € = C.,;,/6, (8.53)) and (8.58) gives

1—a(2+438) ¢2

) i n i
P(T23 > §> < exp ( - C4W + 2log(n mnkn)> + exp < - Csm + log(n mikn)>,
(8.60)
for 0 < ninfnkn < C4. Therefore from (8.53)), (8.57) and (8.60]) it follows that
1—a(2+38) ¢2 ' n o,
for 0 < nin’? k < C,, where the first term dominates the second one because of Assumption

Finally, we derive an upper bound for the probability involving T5. Using representation (8.50) we

obtain
Ts <T31 + T3z + 133, (8.62)
where

Tt =II(S5 i + AnD;f‘)_IE" B — B™|p,

Ny
n * — ﬁn N;L] 7
oo =(S + 0Dy ),
n * — I:In Nf‘ 3
T33 :H(ENENﬁ + AnDN:‘) ! né- )6 HF

For the first term on the right-hand side of the above inequality we have (on the event A)

o n * \—1 % *Ni 2 iN1/2 *1j g
Tt = Ml (s + AD) DB lle < M) D IB e < 57y
JEN;,

prii _
where we used condition (8.46|) with ¢; = ﬁ — 1 and the fact that ||diag(-—z2t2— : j € N))||r =

1B, r

(n")'/*. Moreover, by applying the same arguments for deriving the bound of T}, and by using (8.54)),

conditions ({8.45) and (8.46) it follows that on the event £

min

2 Y2 nim?? 2 g )
Ty < n < A B <9 5
2= @ <Cmin> ki B CIC ! Z-L H m”k’ﬂHF N 2(1 + Cl)
JEN,
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Therefore, inequalities (8.62)) and (8.59) imply that for all 6 > 0

1, (6%)e
==

P(1,25) < P e > ) + P()

Cm in

2

SQeXp( 03;’7’75

oy —|—log(nmk))+2exp( C, -

e o)) (8.63)

Thus, by (8.47)), (8.61)) and (8.63]), we have shown, for any § > such that 0 < § < C, and 0 < § < C,

1—a(2+38) 2

PO ) . (3 n i
P(IBY = B ||r = 8) Sexp ( - oy~ los(n mik,))
1—a(2438) ¢2 _
+ exp ( — CZW + 210g(n mnkn))

2

+exp( Cs st

T + log(n'm’k ))

Since the second term dominates the first and the third, the assertion in Proposition [8:3] follows. O

The next proposition brings B’:'Z‘ = (BY,j € NI) close to B:ﬁ = (B”,j € N!), from which we can

establish the concentration inequality for Bsa
Proposition 8.4 Let B:; be the minimiser of (8.42)) and B::‘ be the minimiser of (8.44]). IfAmin(i]"

i
NpN

i) =

n

Cmin
2o then,

e 10 i " i
1B = Bl < oA’ (0) B = B D 1Bl

2
JEN,

where b’' = min__ 1B i |l -
n

mnkn

PROOF. The idea of the proof is similar as in the proof of Proposition 3 in Lee et al.| (2020). Consider
the sphere S,(4,,) = {B € R" S xmn | BB\

n ‘

|p = 0.}, where (0,,),cy is a positive sequence of real
numbers. For € € [0, 1] let
fle) = PL (B 4 ¢A, &),

where the function ﬁmﬁ is defined in (8.43) and A = B — BE:‘. A straightforward calculation gives
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for the first and the second derivatives of the function f(e)

Fle) = —(E0 o A)p + (A5 (B + eA))p

Npé
A DB + A 30 (B + eA", Ao By + eA'|l)
jeNt keN
.. ~ ~ . . ~ . . . 2
Q)= (A5 A+ 0 (S 1BE + e[ B + e, 2,
jen?
A Y IBY e Y IAMEI B, + eAt
jeNt keN
SB[ 3 (B e ANLIBY + At )
jeN: keN
where (-, ) denotes the Frobenious inner prqduct and E:\:ﬁ{i, EZgNi are defined in and (8.7)
. . BT PNn fi BT fi )
respectively. By construction, f(0) = PLNﬁ (B,", &), f(1) = PLNZn (B,&') and by Taylor’s theorem, we
have for some € € (0,1)

—_—

PL(B.£) ~ PLy(BI".€) = f(1) — £(0) = f(0) + 1. (8.64)

The Cauchy-Schwarz inequality yields for any B € S,.(d,)) and € € [0, 1]

Cmin 2
= (8.65)

.. A~ ~ . ~ . . . 2
Fe) 2 (A8 A+ 0 (3 1B + eI (B el ) >

NnNn

On the other hand, by Lemma A7 in |Lee et al.| (2016b)) it follows that

Ol <A S [IBY = B2, Ie1BY — Bls

jeNt ken?
B el Bt I 1B = Bt el By = B .

mnkn mmnkn mmnkn

A further application of the Cauchy-Schwarz inequality gives

0 <A, ST IBY - B2, 2w S 1B — BY:
jeN: keN

A ) IBo el BY = Bl e ()7 1B, = Bl

PO, 2 K ~
= A\n'| By = B ||| By — Bl|r

) ’ .
D UIB eI - ZfianFZIIBi ~ Bl

jENﬁ
i ~Nf, *Nf] ~Nf1
An||B," = B, ||| B," — Bllr

+ AV (0) 1B = Bl By = Bllel B,
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Using the fact b < | B™ ||, < _ . ||B’, ||» we obtain

JEN, mnkn
FOI <200 0)) 7 Y 1B eI By = B |6l By — Bl p- (8.66)
jGNf1

Hence, combining (8.64]), (8.65) and (8.66)), we obtain

—_—

S 2 SNL g i g wiy— *ij N “Np Crnin
PLy(B,€) = PLy (B, €) = =20’ (0) " 3 IBL L, el Bl = B e + =0
. Nri1

45"

mnkn

JE

If we choose 07 = A X0 (b)) X, i 1B, el BY = By ||, it follows that

mnkn

— i A

I 20 HNn Q
Since the function I/DzNi (B,éi) is convex, the minimizer BS'L‘ of I/DENi (B,fi) is going be inside the
sphere defined by S,(d,,), that is,

I\ < 10 S g ~ i
1By = B[l < o (0)) OB AIBE = B e
min .
JEN;,

Using the Propositions|8.3/and we now can establish the concentration bounds for || B — B:|| .

n

Proposition 8.5 Suppose Assumptions of Proposition[8.3 are satisfied and that § satisfies

2 i *1j *1
Coin An(n )3/2(2 HBmianFf < b, 0 (8.67)

jeNi
for some constant co > 0. Then,
nl—a(2+3ﬂ) (b*l)252

n

(') ok (32, i 1B |l )

P(HB:‘i - BZN:‘HF > (5) Sexp ( -C, S+ 210g(nimnkn)),

where C, > 0 such that 0 < § < C}.

PROOF. By Proposition [8.4] and the triangle inequality,

1B = B e < B = B e+ B = Bl
*7\ — * i ~N? 10 7 *1] *7
< ) NB = Bl (A" Y 1B e +5))
jend

< i (p) ! B*Nf] _ BNZ, Z B
~ n ( n) H n n ||F H mnanF7
jen’

J
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where we have used the fact that b < 2w IBY, ||r and A, < 1. The assertion now follows

mmnkn
from Proposition [8.3{ with 4 replaced by b.'d(n’ D jeni | B ||F)_1. O

€Ny mnkn

Let Bgﬁ be the minimizer of the restricted problem (8.42). By construction, the estimator (B::'a 0)
obtained from Bsz by adding blocks with 0 elements whenever j ¢ N!, satisfies the first KK T-condition
(8.41a). To prove that (B’:ﬁ, 0) is, with high probability, optimal for problem (8.42)), it is therefore
sufficient to show that the second KKT-condition (8.41b]) is satisfied. This is the statement of the

following proposition.
Proposition 8.6 The matriz (B:ﬁ7 0) satisfies (8.41b)) with high probability, in the sense that

. p
P(max £ B =55 ille > A 1B |Ir)
FEN, " J#i

nl—a(2+3ﬂ)(/\n ZjeNi HB*ij HF)Q

mmnkn

< exp ( -C, +2 log(nimnkn)),

P2 1.4
n'm.k;,

where C, is a positive constant.

PROOF. The idea of the proof is similar as in the proof of Proposition 4 in Lee et al.| (2020). By the
first optimality condition ([8.41a)), we have for all j € N,

)T (8.68)

where Ewﬁ is defined in Lemma Using (8.68)) in the expression at the left-hand side of condition
(8.41b) gives

n AN, ¥ _ X S\ A\l N1 _ J J
EEjNiBn — Eﬁjﬁi = ijNi(ENiNf‘ + AnDNZ) ZNiEi — Zgjgi = Rl +...+ R7,

where

NN n NEe! Ne
B = (5 D) (5 D) I
R, = (EZJN’ EZjNi>(EZ$Nﬁ + )\"DNQ)A(?Z’;&’ EZ;s)
R-m-5,

. n ~ —1 n * \—1 n
Ry =35, {(Egy +ADy) = (B0 +ADy) 180
Ry =30 (S + D) S —

NpNp
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In the following we derive bounds for the probabilities

‘ A »
P( R|p>225"1BY ) 8.69
IJ_I;%;?H e = = ZH o e (8.69)
jeN:
(r=1,...,7). For this purpose we proceed in two steps.

Step 1: First, we define the event, that there exists a constant 0 < ¢, < 1, such that
Ay = {HB:” _ BZNnHF < co(ni)flm Z HBZkanHF}
jent

Then, by Proposition [8.5| with § = ¢o(n?)~'/2 > ieni 1Bk, |7 we have

. nl—a(2+3ﬁ)(b;i)2 i
PAD) 5 exp (= O Gy + 2los(n'muk)) 510
pimeEH () ZjeNi ‘\B:,fianF)2 . :
< exp ( -G n'm>k* +2log(n m”k”))’

for some constant C; > 0.

Now, on the event A,, it follows by the Cauchy-Schwarz inequality that

S IBe = 1B
jent jen!

*1j
<coy Byl
jend
Therefore, we have for r =1,...,7

J¢Np R JEN,
jENn

j )\n ~ij j )\n 1 —C *1] c
P(was B 2 5 7 IBY) < P max | > 2074 > IBL )+ POAS)
JEN,

where the second probability can be bounded by (8.70)). Thus, in order to control the probabilities of

the terms max_ i IR » > )‘7" S> i ||B||» it suffices to derive the probabilities P(maniNi IR |7 >

JEN,

Cl)\n ZjeNi HB*ij HF) for all r = 1, cee 7’ where ¢ = 1—00.

mnkn 7
Step 2: Term R’. Substituting the representation (8.50)) used in the proof of Proposition we can

rewrite R] as

R =< (2"

&Ny, eINEIVTNIN

and by the union bound it follows that

3

. id j C)\n *1]

P(m«ruﬁupzclAn2||Bm;knrrF)S;P(ﬁzcnmnpz 3 2 Ble). @)
JEN, - JEN,
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where R}, R},, R}, are defined in an obvious manner satisfying

IR < = Sl Slips + 2Dy ) S B o

NnNn "
. N R
J n n n 1 n 7
[ R 1ol SHEgNﬁ - Egﬂ'NﬁHFH(ENﬁNg +X.Dyi) —, v -
n n ~ — ﬁn ENE) i
IRl <180 — Sl (s + AuDy) " Em e,

Next we derive bounds for the probabilities on the right hand side of (8.71)) starting with the term
|R?,||r. Observing that

Nn n n''n NnNn Nn NnNn NnNn NnNn N:\Nﬁ
we have
||(EZ3N:1 + )\nDNi)_lzzf‘Nsz < H(EZZ;N?} + )\nDNi)_l(E,ZiNf‘ - Ezi,\,i)nz + " N + An D ) ENM”2
4 Sy n
< @HEN;N; =X lle+1, (8.72)

where we used the fact that 3" i = EA]:ZNl + AL 2 iYleNz + )\nﬁNi. From this, it follows that

max | R4 e <m0~ 2} (o I8 — Sl +1),

]&N JEN, mln

where we use the fact that |B""||, is bounded. Consider the event

dn Xy 1Bl

Ay = {I.I;?ﬁ({HE:jNi - EZij‘||F} <
J n

6
Then,
P( max|| Ry, | 2lle) < P18 = S0l Cmi“) +P(A)
i mnkallr ) < ning e T 1)
jEN
n1—a(2+3ﬁ) )
5 exXp ( — CQW + 210g(n mnkn)>
1—a(2+438) *zl
n e e 1o, 1) . ,
+exp (— G, o e log(n'mi k) + log((p — n')mi kD) ).

where we have used Theorem [8.1] and the union bound.
For the term R’,, we use the same arguments as for the term 7, in the proof of Proposition
Specifically, recall the definition of the event  in (8.22]) and the calculation in (8.49) to obtain on the

event )
‘o 0 C..\"Y2 pim??
mox | < max 17 = e (o W~ Sl +1)(557) e
JeN ' jQNa 6] 'S]N len Nnfn 2 kd
< 5 S ( 4 ok oo +1)< 4 ) ZHBM]‘ I
max i — Pl &gy = &y lle C.. makn
JEN, ]N e’Ny Cmin NpNp NpNn C(mm ’

Jje
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for some constant ¢, > 0, where we used condition (4.13|) for the last inequality.

2” 1_2

Jani I o |7 > c10&} we have by Proposition
n

Then, conditioning on the event A, = {max

&Ny
B
C *1J
P(max Rl 2 S0 1B, 1)
J¢Np ]
]GNn
N n C(min N clcmin C
< P15~ Suglle = 52) + P(maxl£5, - e = S5 ) + POF)
1—a(2438) _
1—a(2+38) _ _
+exp ( C*k +log(n'm? k) + log((p — n')mk2))
+ exp(=Cy g + log(n'm)).

For the term RJ,, we have

€ ||F7

me | Rl < —— max [, — S0l
J%N min J§ZN n

which yields

P(max|Rylle > S, ZIIBZikn Ie)
J¢Np

A X i 1B e (™) . Con
PRgat )+ (1P, > o)
3 n 2

g’N’

i & Ny

JENnp

nlfa(2+36)()\ z ; ” B ” )

n jENp mnkn i

Sexp (- " +log(n'm’ k) + log((p — n')m’ 7))
+exp< Co——— Zmnkn + log(n'm’k ))

where we used Theorem and (8.59). Combining together the results for the terms ||R]|, ||R,||

and || R.,|| we conclude that

nl_a(2+3ﬁ)()\n ZzeNf, H :ﬁlan )

2 214
n'm;k;,

(max IR > e\ Z ||B:ianF) < exp ( —C, + log(pmiki)>.

]QN . K2
JEN,

Term R.. First we write

max |3l < max {150 (Se) ™ e HIZhes (5 s+ A D) ™ all e = S il

JgNy, J&N Nn®

< H ( Nini T An D) lllzllizki—E"i ill F

Np €

]__ 77 4 A n )
< 77 Ga P~ S e + DI = Sl
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where we used (8.72) and the second inequality holds with high probability by Lemma As a

result, it follows that

(maX{HRQHF >\, Z HB:ianF})

JENR . 2
FEN,

77 4 N n ) *1,
< P(S 18 — Zile + DI = Sl = eh S B2 )

lell
\/> JENn
a0 n Cmin C
< P85 — Zhlle = 757 ) + P(AY
1—a(2+38) .
< exp <_CSWmZk4 +2 log(nlmnkn)>
1—a(2438) *’Lj
n A i 1By 1) ‘
+ exp ( — C, m;;g” - + log(n’mikn)),
where
Ay = { max [y = 2l < 5 11, e}
J¢Nn ¢ 2 1 ’

and we used Theorem [8.I] and the union bound for the last inequality.
Term R. Using the identity A™' — B™' = A™'(B — A)B™" and following similar arguments used

to obtain bounds for the terms R, and R,, we get (note that we are working on the event \)

3
. *1] c *7,
P(max|[B]le > eh Y I1B), l1r) < 30 P(max B Jle > SA, }juBm;kn P
J#Np i r=1 Jg¢N’

jend

where,
IR, ||» < 1\/_77:7 (1 + CmmHE N i:ﬁNﬁHF>”ZZﬁNﬁ - iﬁzNa”F”(EﬁaNa + )\nDNi)_lzzﬁNﬁBZNiHFa
IRl < 1\/‘1??7 (1+ cim”zﬁawz = S e 1S5 = S el (S + Anﬁwlﬁ"f%)wiup,
IR < 1\/_7777<1 + C'mm”E i T EZﬁNzHFMEZiNi - iZﬁmﬁ”F”(E;ﬁNﬁ + )\nDNﬁ)lmfNa)EiHn

(note that the terms on the right-hand side are independent of j). We next derive bounds for the

mnk

probabilities P (HR?‘,,«HF >SN Z]EN:'] |B:? nHF) for r = 1,2,3. For the term ||Rs, ||, note that

j (]- - n) n ey 4 N n
IRl £ = =21, = Sl (S0~ Zlle +1)
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which implies (using the same arguments as before)

C *1,
P(max IRl > A, ZuBm;kn )

. Vaid, S 1B | |

S P(Hznl ;= Eni 1HF Z JEN, mmnkn F&) _i_P(Han .- : 1HF > len)
NnNn NnNn 1 — 77 6 N N 4
1—a(2+3p) *ij 2
n (A do i 1Br e [e) _

< exp ( -C, nim];g?l k N 2log(nlmnkn)>

1—a(2+38) ! n'
+ exp < - C4m +2 log(nlmnkn)>,

for some positive constant C, that depends on 1 and C.,;,. Similarly, for the term || R%,||» have

. 4 n n
2] < 1857, — Sl +1)

wi
I - Sl =
Hence, recalling the definition of the set € in (8.22)) and using conditions (4.13]) and (8.56]), Proposition

and Theorem we obtain for some positive constant
C *1,
P (max Rl > A, Z 1852, )

\/EC 1

n n n S Cmin C
< P(I%50 = Sllr 2 g roy) + P (%0~ Shillr 2 55%) + PO
L2 +38) . 1—a(2+38) .
< exp ( — 05172]# + 210g(nlmnk:n)> + exp ( — @W +2 log(nzmnkn)>
+ exp( 03 z kad + log(nimi))v

TL n

for some positive constant C; that depends on 1 and C,,. For the term ||RZ||r, we write

(1_77) 2 n N n &n Hn(an) i
||R JHF — \/E (Cmin)1/2 (1 + Cmin ”ZNﬁNf1 o ENﬁNzHF) ”ENng1 B EN:&Nf1 HF” n € ||F’
and consider the event A; = {HZ‘,TNL',~1'\I?1 - 2ZﬁNﬁHF < S ZJEN |B:, |l#}. Then
C *7,
P (e |3l > A Z 1852, )
< P(maXHR e > ‘ Gh B, e and A3> + P(A%
JEN JeNn
I:In(é.N:‘) 7 Cmin n < Cmin C
< P12l 2 220 ) + P10 — Sl 2 52 + PAD
Y i 1B e :
< exp ( — Cs n’m];:;t - +2 log(nzmnkn)>
1—a(2438) /_ .
+ exp ( - CGW + 2log(nbmnk‘n)) + exp ( Co——— o k + log(nlmnkn)}
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where we used (8.59) and Theorem Combining the results of ||R,||p, |RL,|r and ||Ri,|l» we
conclude,

IO 1B )

mnkn

P(max | Rlr = e Y 1By, l1r) S exp (= C + 2log(n'm.k.)).
JEN,

2 274
—~ n'm_k;,
JEN,

Term R’. We have

max | Ryl < max 570 — 05 Dl + D) el — Sy

|
j&Ny, j&Ny, Nne"F

<

n al n
— Iﬁzix HE i~ Eng;i‘HFHENEg - ENigz‘HF‘

Recall the definition of event A, = {max HEngZ — E:jwi e <A X i |B.7 . |~} then we have

j *1j N n Cmm
P(max|Ryllr = eda > 1B lr) < P18 = S lle = ei5™ ) + P(AD
JEN, : n n

jEN;
nl—a(2+3,8) .
< exp ( - Cs 7nimn2ki + log(n mnkn)>
1-a(2+38) *ij 2
n (A 22 eni 1B, 1)
+exp (- o log (pmiK) ).

for some positive constant C5, where the estimates follow from Theorem

Term R.. For the term R! we obtain by the same argument for some positive constant Cj

P(ma;cnRéuFzcngHBzzknnF)s<p—ni>P(Hzgjg— belle = e DB le)
jgNn )

jGN;ﬁ JGNn
WS e 1B )
n jENp mpkn
< exp ( —Cs m{;Z + log(pmikn)> .
Term R.. Using again the identity A~ — B™' = A™'(B — A)B™" and ( , we have
j n * - *N Hn(gNn) 2 I:In(gN;) 2
Ry = NS (S + AD) (D5 = D) (S s + ADy ) (EN,NlB T+ e

Obviously, on the event N we have

1 *7J c *
P(max||R}]le = e Y 1B, ) < ZP(|R3T||F2 SN, Zan;kn o)
JEN, i

jEN,
where
1—n . A
IR r < WA”HDN:; - DN§||27
, L—n, o = . S HLE
[ Reoll r < W)‘"HDNZ; =Dyl (EG i +ADyi) 1Tw [~

j L—n . A n A HA(EM)
[ Rl m < W)\”HDNi - DN§”2”(EN§N3' +XDyi) 176 [P
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Now, using the same computations as in the proof of Proposition 4 in Lee et al. (2020), we obtain

for the operator norm of the matrix (D', );; — (ﬁNi)jj

ZZENf‘ HBZLZHF ZZEN:; HB::ianF

H(D*i)ji - (f) i)jj||2 =

N Ny 1B Bl
§ HBZZ;%IIFZZEN 1B = 1B e + B2 e — |1 B2 D et 1B22 e
B IBI || || B2 |

mnkn

- 1B Nl Br sl

mn kn

PP 1B, = Byl e e [ B |l
B B e = 1By = Bl lle)

mnkn mnkn

. 1B Ml e 1B = By e + B3, = BY e 32 1Bl

On the event A, = {HBZa — B;NzHF < %7}, we obtain

£ ' il
(D555 = (D)l < 2(67) ZIIB’ B, e Y 1B e

[
£en,,

<2(b,)” (nz)l/QHBn” =B Y 1Bl

where we used the Cauchy-Schwarz inequality. Consequently,

C oy A \E * i C ]- *17
P (e |7y > A Z\\Bm;kn Ir) < PUBY = Bl 2 G = () + PLAD.

Now, we apply Proposition with § = gl%(b“) and § = %"i to obtain

C *17
P(mas R > G0 30131 )
JEN
nl a(2+35)(b )6 _
S eXp ( - C i r *1j + ZIOg(nlmnkn))
T mi k(e | Bri lle)?

nlfa(2+3ﬁ) (b:;z)él

() mak, (32, o I B |l)
1—a(2+38) ) *ij 2
N O VD DI L= )

mnkn

+ exp ( - C; > +2 log(nimnkn)>

+ 2log(n'm, k) ),

5 exXp ( - 07 nim?2 k4

where we used ﬁ)\n(ni)wQ(E]EN 1B |le)? < ea(b))" (s =2,3) for the last inequality (see condi-

tion )
By the same arguments and using (8.54)), (8.55)) and Assumption (4.13)), we can show the existence
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of a constant Cy > 0 such that
P(max Bl > 50 3218 1)
Jj¢

JEN
TLl a(2+3ﬁ))\ (b i)ﬁ
(') ma ks, (3, e 1 B 1)

1—a(2438) (b*i)4
n

<exp ( - Cy + 210g(nimnkn)>

n
(n)'mik (3 i 1B 1)
n' N 1B )

mmnkn
n'm?k*
n n

+ exp ( —Cy +2 log(nimnk‘n)) + P(Qc)

JEN

< exp ( —C, +2 log(nimnk‘n)> + P(QC) ,

where the probability P(QC) can be estimated by Proposition and is dominated by the first term
because of Assumptio Similarly, using (8.59)), we obtain

17a(2+35)(b*i)6 )
*14 5 n z
P(max |l > 3 ERPPLE Ie) S 0 (= Ot T o + 280
nl—a(2+3ﬁ)(b*i)4 )
+ <—C _ T 421 ’ nkn>
exp g(n’)‘*miki(Z]eN B3, |1)? og(n'm,k,)

+ exp ( — anL + log(n’ mnkn)>

‘m2k,
n' N i 1B )’
" j Nz mpkp |1 F i
< exp ( - C; nimjfk“ + 2log(n mnkn)>
—|—exp< Co——— Zmnk‘n + log(n'm>k ))

Combining these results, we can conclude that

mmnkn

T, g 1Br 1)

P(max |[Bllr > S 1B, 1) Sexp (= Cr
TN jeny

and (8.69) holds for » = 6 (note that this argument requires condition (4.13])).

Term R.. Observing (8.50) and (8.51)), the term R’ can be further decomposed as

. 21 inn)
mZ + 2log(n'm,k,) ),

j n n * — n * '7:. H H .
Ry =% (S + ADy) 1(ZNﬁNiBnN n w' + e)

&N,
H(E) o Hy(€)

Zn B*Ni
— ini B —
&/Np n n

:R% + RJ?? + Riga
where

R‘;‘l — E”, (an ; + )\nD:‘i)—lzn. B*N; _ En B*N;

€/ Np VNG Ny n NpNp " Ny
R S HLE) o HIE)
R;Q = ESjN,Z; (EN:'N:'] + )\nDN;) n w — n w
j n n * 71H~n(£NrZ‘) A ‘f{:z—(fj) %
R, = Engi(ENlNZ + )‘”DNf,) € = —— ¢



Turning to ||R2,||r, we have

A

max | Ry, |l <
j&N JgNg n n nNn nNn

= X max||37 (5 )DL B

n

max [ 27 (S +ADy)” (EZZ‘NZ' (L +AD) )) B,

&N VTN
JGZN
< A=A 1B e, (8.73)

where we have used X7, ; < X" , + A\, D", and Assumption
NnNn NnNn er

we first write

HI(E) (, HLE) 1, (") o
R} r < I — MU ) —m\s
ma | Ry | < max | =22 (1= =2 (5 ) )
< ma | 1)

_ I_"i o [ |
jngl \/ﬁ H2H\/HHFH \/’TL NENG \/’ﬁ H2

For the term R’

729

= NG ~ NG
The matrix I — M(E" )71% defines a projection and therefore its operator norm is 1.

vn NENE
Moreover, by the Lemma 6.2 in |Zhou et al.| (1998) we have H 53) H”(gj )H2 < - forallj € V. Thus,
observing (§8.55)), it follows that on the event €2 defined i 1n
(e n'm
H f H HT”F ~ ki+1/2 :

By condition (4.13]), we can choose a constant ¢; > 0 such that
i 3/2
n mn *
max || R, || » < T S \/ eI E 1B, |l -
JéN mln

Combining this inequality with the constant c; = C"Q‘i“ (1-n— %) and (8.73) now yields

EX%1 C *7
P(max |R|r = ch ZHB,JMHF) < Pmax||Rylle 2 3 Zan;kn )

9¢Mn jeNn
= Ni .
<Py, 5 & Y, 3 B2 le) + (0 nl)P(uH‘ e 2 DA, LN ‘)
NS |IB |
Sexp<_08n( ZJ;;\;nn!k nanF) —i—log(nzmikn))
2
A i B _
+exp(_08n( Z”m”g',i ol +log((p — n)mik.) ) + P(Q°).

Finally, combining the result (8.70) from Step 1 with the estimates for Ry, ..., Rz, we conclude that

P
P(maXHZ ; 1B "=l 2 A HBZHF)

&Ny j#i
n' NS B e
< exp ( — 01 = m]El:“ nhn + 2log(pmnk:n)),

o1



~ n mnkn

such that X, (n')** < (b*i)3(zjemﬁ 1B llw) ™" H

Proof of Proposition First, note that the event I\Alf‘ = N! holds if and only if
IB=#0 VieN, and [B/e=0 Vj&N,
which is implied by the conditions

AN:.] *Nri] *7 . *%j
I1B," = B,"|[r <b, =min|B,, |,

mmnkn
JEN

~ At ~ s

max |27 B =3 il <A Y |BY |5
i &N £ ¢

jgNn jENi

Thus, the Proposition [8.5| (with § = b*, an obvious estimate of the probability using condition (8.67))

and Proposition [8.6] we can conclude that

nlfa(2+35)()\n Z‘jeN:«" HB*ij ||F)2

mnkn

P(I\Alf] #N! and V) < exp ( - +9 IOg(pmnkn)>

P2 1.4
n'm.k;,

and this completes the proof of Proposition O
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