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Abstract

In this paper we consider random block matrices, which generalize the general beta en-
sembles, which were recently investigated by Dumitriu and Edelmann (2002, 2005). We
demonstrate that the eigenvalues of these random matrices can be uniformly approximated
by roots of matrix orthogonal polynomials which were investigated independently from the
random matrix literature. As a consequence we derive the asymptotic spectral distribution
of these matrices. The limit distribution has a density, which can be represented as the
trace of an integral of densities of matrix measures corresponding to the Chebyshev matrix
polynomials of the first kind. Our results establish a new relation between the theory of
random block matrices and the field of matrix orthogonal polynomials, which have not been

explored so far in the literature.
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1 Introduction

The classical orthogonal, unitary and symplectic ensembles of random matrices have been studied
extensively in the literature, and there are numerous directions to generalize these investigations
to the case of random block matrices. Several authors have studied the limiting spectra of such
matrices under different conditions on the blocks [see e.g. Girko (2000), Oraby (2006 a,b) among
others].



In the present paper we study a class of random block matrices which generalize the tridiagonal

matrices corresponding to the classical S-Hermite ensemble defined by its density

cs - H |)\i—Aj|ﬁe’Z?=1§ : (1.1)

1<i<j<n
where 3 > 0 is a given parameter and cg a normalizing constant. It is known for a long time that
for 5 =1,2,4 this density corresponds to the Gaussian ensembles [see Dyson (1962)], which have
been studied extensively in the literature on random matrices [see Mehta (1967)]. It was recently
shown by Dumitriu and Edelmann (2002) that for any § > 0 the joint density of the eigenvalues

A < --- < )\, of the n X n symmetric matrix
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is given by (1.1) where X, ..., X(n—1)3, N1,..., N, are independent random variables with ijﬁ ~
X% and N; ~ N(0,1). Here X7 and NV(0,1) denote a chi-square (with j3 degrees of freedom)
and a standard normal distributed random variable, respectively. In the present paper we consider

random block matrices of the form
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AP, BY, A,
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where n = mp € N, m € N, p € N and the p x p blocks Agp) and Bl-(p) are defined by
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and

X X X

Yp(n—ip) Yp—1(n—ip) Yp—2(n—ip) 71 (n—ip)
Xpor(n=ip) Xapn—ip=1) Koy (n—ip-1) Xoya(n—ip—1)
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AP = — (1.5
P (1.5)

Xoa(n—ip) Xporln=(i+1)p+3)  Xopn—(i+1)p+2)  Xopoa(n—(i+1)p+2)

X1 (n—ip) Xpaln=(i+1)p+3) Xypor(n=(i+1)p+2)  Xop(n—(i+1)p+1)
respectively, 71, ...,7, > 0 are given constants and all random variables are independent. Note

that in the case p = 1 we have G = G and that for p > 1 the elements gg? ) of the matrix GV
are standard normally distributed if i = j and Aj-distributed else, where the degrees of freedom
depend on the position of the element in the matrix G%P). In the present paper we investigate the
limiting spectral behaviour of matrices of the form (1.3). In particular it is demonstrated that the
eigenvalues of the matrix G are closely related to roots of matrix orthogonal polynomials, which
have been studied independently from the theory of random matrices [see e.g. Duran (1996, 1999),
Duran and Daneri-Vias (2001), Duran and Lopez-Rodriguez (1996), Duran, Lopez-Rodriguez and
Saff (1999), Sinap and van Assche (1996) or Zygmunt (2002) among others|. To our knowledge
this is the first paper, which relates the field of matrix orthogonal polynomials to the theory of
random matrices.

In Section 2 we review some basic facts on matrix orthogonal polynomials. We prove a new result
on the asymptotic behaviour of the roots of such polynomials which is of own interest and the
basis for the investigation of the limiting spectral properties of the matrix GP . In Section 3
we provide a strong uniform approximation of the random eigenvalues of the matrix GP by the
deterministic roots of matrix valued orthogonal polynomials, and these results are applied to

study the asymptotic behaviour of the spectrum of the matrix el

. In particular, we derive a
new class of limiting spectral distributions which generalize the classical Wigner semi circle law
in the one-dimensional case. Roughly speaking, the limit distribution has a density, which can
be represented as the trace of an integral of densities of matrix measures corresponding to the
Chebyshev matrix polynomials of the first kind. Finally some examples are presented in Section 4

which illustrate the theoretical results.

2 Matrix orthogonal polynomials

In the following discussion we consider for each £ € N a sequence of p X p matrix polynomials
(R (2))n>0, which are defined recursively by

'ar,k(x) = An+1,kRn+1,k(x) + Bn,kRn,k(x) + Ag’kRnfl,kCU)? (21)



with initial conditions R_;;(x) = 0, Rox(x) = I,, where B;; € RP*P denote symmetric and
A;r € RP*P denote non-singular matrices. Here and throughout this paper I, denotes the p x p
identity matrix and 0 a p X p matrix with all entries equal to 0. A matrix measure ¥ is a p X p
matrix of (real) Borel measures such that for each Borel set A C R the matrix X(A) € RP*P is
nonnegative definite. It follows from Sinap and van Assche (1996) that there exists a positive
definite matrix measure X, € RP*? such that the polynomials (R, (x)), -, are orthonormal with

respect to the inner product induced by the measure d¥;(z), that is
/ R (1)d4 (1) BT, () = S (2.2)

The roots of the matrix polynomial R, x(x) are defined by the roots of the polynomial (of degree

np)
det R, (),

and it can be shown that the orthonormal matrix polynomial R, x(x) has precisely np real roots,
where each root has at most multiplicity p. Throughout this paper let x,,;; (j = 1,...,m) denote
the different roots of the matrix orthogonal polynomial R, ;(x) with multiplicities ¢;, and consider
the empirical distribution of the roots defined by

1 m
Oy = o Zej(swm, nk>1, (2.3)

where d, denotes the Dirac measure at point z € R. In the following we are interested in the
asymptotic properties of this measure if n, k — oo. For these investigations we consider sequences
(nj)jen, (kj)jen of positive integers such that Z—j — u for some u € [0,00), as j — oo and denote
the corresponding limit as lim,, /z—,, (if it exists). Our main result in this section establishes the
weak convergence of the sequence of measures 6, under certain conditions on the matrices A,
and B, if n/k — u (as n — 00,k — 00) in the above sense. In the following sections we will
approximate the eigenvalues of the random block matrix el by the roots of a specific sequence of
matrix orthogonal polynomials and use this result to derive the asymptotic spectral distribution
of the random block matrix G\7.

The theory of matrix orthogonal polynomials is substantially richer than the corresponding theory
for the one-dimensional case. Even the case, where all coefficients in the recurrence relation (2.1)
are constant, has not been studied in full detail. We refer the interested reader Aptekarev and
Nikishin (1983), Geronimo (1982), Dette and Studden (2002) and the references cited in the
introduction among many others. Before we state our main result regarding the asymptotic zero
distribution of the measure 9,,; we mention some facts which are required for the formulation of
the following theorem. Following Duran, Lopez-Rodriguez and Saff (1999) the matrix Chebyshev



polynomials of the first kind are defined recursively by

(B = V2ATAB () + BT (1),

(TP (1) = AT () + BT (1) + V2AT P (1), (24)
ITAB(t) = AT () + BTAP(8) + ATA2(1), n> 2,

where A is a symmetric and non-singular p X p matrix and B is a symmetric p X p matrix, and
T 64 ’B(t) = [,. Similarly, the Chebyshev polynomials of the second kind are defined by the recursion

UM () = ATURLT (1) + BUM () + AU (t), n > 0, (2.5)

with initial conditions U4 (t) = 0, UM (t) = I, [see Duran (1999)]. Note that in the case p = 1,
A =1,B = 0 the polynomials T5(t) and U5(t) are proportional to the classical Chebyshev
polynomials of the first and second kind, that is

t sin ((n + 1) arccos £
TH(t) = \/ﬁcos(narcosﬁ); ULo(t) = (« ) 2)

sin(arccos 5)

In the following discussion the p x p matrices A and B will depend on a real parameter u,
ie. A = A(u), B = B(u), and corresponding matrix measures of orthogonality are denoted by
X A(u),B(w) (for the polynomials of the first kind) and W4y ) (for the polynomials of the second

kind). These measures will be normalized such that

/ AX A(u),Bw) (t) = / AW a(u),B(w) (1) = Ip.

If f1(u) <--- < B,(u) are the eigenvalues of the matrix B(u), then it follows from Lemma 2.4 in
Duran (1999) that the matrix

Kaw),Bw)(2) = (B(u) — zlp)l/QA_l(u)(B(u) — z]p)l/2 (2.6)

can be diagonalized except for finitely many z € C\[f(u), 5,(u)]. Throughout this paper the
union of the set of these finitely many complex numbers and the set [3;(u), 5,(u)] will be denoted
by A (note that the set A depends on the parameter u > 0 although this is not reflected in our

notation). In this case we have
Kawsw() = VDU (2), 2 € C\A, 27)

where

D(z) = diag (X7 (z), .. 0B (2))

denotes the diagonal matrix of eigenvalues of K ) pw)(2) and U(z) is a unitary p x p matrix (note

that the matrices U(z) and D(z) depend on the parameter u, although this is not reflected by our

5



notation). It is shown in Duran, Lopez-Rodriguez and Saff (1999) that under the assumption of
a positive definite matrix A(u) and a symmetric matrix B(u) the measure X () p() is absolute

continuous with respect to the Lebesgue measure multiplied with the identity matrix and has

density
dX @) Bw)(r) = A2 (W)U (2)T(2)UT () A7 (u)da (2.8)
where T'(z) := diag(f11(z), . . ., L,p(z)) denotes a diagonal matrix with elements
1 if A(u),B(u) —-29
7T\/4—<)\;4(u)’5(u)($)>2, 1 /\z (SL’) S ( ) )
ti(z) = i=1,...,p. (2.9)
0, else

For the sake of a simple notation this density is also denoted by X a(w) B(w) (7).

Theorem 2.1. Consider the sequence of matriz orthonormal polynomials defined by the three

term recurrence relation (2.1), where for all ¢ € Ny and a given u > 0

lim A, ¢y = A(u), (2.10)
P
}le Bn—ﬁ,k = B(u), (211)

k

with non-singular and symmetric matrices {A(u)|u > 0} and symmetric matrices { B(u)|u > 0}.
If there exists a number M > 0 such that

o olNe o)

Ju {z € C|det R x(z) = 0} c [-M,M], (2.12)
k=1n=0

then the empirical measure 6, defined by (2.3) converges weakly to a matriz measure which is
absolute continuous with respect to the Lebesque measure multiplied with the identity matrix. The

density of the limiting distribution is given by

1 1

— | | =X ne | ds, 2.13
[ frn] o o

where X 5(5),B(s) denotes the density of the matriz measure corresponding to the matriz Chebyshev

polynomials of the first kind.

Proof. To be precise, let (R, x(x))n>0 (k € N) denote the sequence of matrix orthonormal
polynomials defined by the recursive relation (2.1) and denote by 41 k.1, - - - , Znt1 4m the different

roots of the (n + 1)th polynomial R, x(x). At the end of the proof we will show the following

6



auxiliary result, which generalizes a corresponding statement for the case p = 1 proved by Kuijlaars
and van Assche (1999).

Lemma A.1. If all roots of the matriz orthogonal polynomial R, i1 (x) defined by (2.1) are
located in the interval [—M, M|, then the inequality

1 T

|UTRn,k’(z)R;iLk(z)A;iLkv! < Jist(e I, MD"U v (2.14)

holds for all vectors v € CP, and all complex numbers z € C\[—M, M]. Moreover, we have

1
(0" R (2) Ry o (2) A 0] > MUTU (2.15)

for all vectors v € CP, z € C with |z| > M.

We now normalize the orthonormal polynomials R, x(x) such that their leading coefficients are

equal to the identity matrix, that is
Eo,k(l’) =1, Enk(x) = Ay AppRog(z), n> 1. (2.16)

Then a straightforward calculation shows that Ej_’,i(x)ﬁﬁm(x) = Rj_’,i(:z:)AjH,kRjH,k(x) (7 >0)

and we obtain

n—1
R, (z) = [ [ Ryt (@) Ajr1xRysa(x), n>0. (2.17)
=0
This yields
1 1 n—1
" log |det R,, ,.(z)| = " Z log |det (R;;(Z)AjJrl’kRjJrLk(z)) | (2.18)
=0
1! .
= 1—9/0 log ‘det <A[sn]+1,kR[sn]+1,k(Z>R[;n}7k(z)> ’ ds.
If 71 (2), - - - Mnp(2) denote the eigenvalues of the p x p matrix Ry (2) R, 1y, (2)A, 1, ;. then it
follows
0T R (2) By (2) AL U Ry () Ry g (2) Ay v
min T ’ < Mnki(z)] < max T ’
v£0 vl v£0 vl

foralli =1,...,p [see Horn and Johnson (1985), p. 181]. With these inequalities and Lemma A.1.

we have

p p p
[et(Ra ()4 | = [TTmssta)| = (sl (219)
i=1

. - - p 1 p
> <m1n ‘UTRn,k(z)Rn-il-l,k(Z)A”'il‘lka}> - (ﬂ) ’

vTy=1



whenever |z| > M, and

p
[det(Ru(2) Bt ()AL 0)| < (b e (2)]) (2:20)
_ _ P 1
< (o b7 R )R A el) < dist(z, [~ M, M)

From (2.19) and (2.20) we therefore obtain the estimate
|log | det (Ans16Bnsrk(2) Ry 3 (2)) || < max {p[log (dist(z, [-M, M]))|,p [log(2|z[)[}, (2.21)

whenever |z| > M. Now the representation (2.18) and Lebesgue’s theorem yield for |z| > M

1 Lt . -
lim — log |det R, ,(2)| = —/ log‘det(ylllm A[SnHLkR[anLk(Z)R[Si]’k(z))|ds (2.22)
0 EY

Eounp P

1 /1
_ __/ log ‘det (¢A(su)7B(SU)(z)) } ds,
P Jo

1 u
_ _ﬁ i log |det ((I)A(s),B(S)(Z>) ’ ds,

where

AW 4(u),B(w) (1)

p— (2.23)

P A, B (2) = /

denotes the (matrix valued) Stieltjes transform of the matrix measure W) p() corresponding to
the matrix Chebyshev polynomials of the second kind, and we have used Theorem 2.1 of Duran
and Daneri-Vias (2001) for the second equality, which describes the “ratio asymptotics” of the
matrices Rni1.(2) R, 1 (2). In (2.22) the convergence is uniform on compact subsets of C \ T,

where the set I is defined by
r=ya.

m>0j5>m
Aj={r € R|det R, i, (x) =0} denotes the set of roots of the matrix polynomial R, (), and
(nj, k;)j>0 is the sequence along which the convergence is considered. The Stieltjes transform of

the matrix measure Wy(,) p) has been determined by Duran (1999) as

@), Bw (2) = %Al(U)(B(U) — 2I,)'? (—Ip — \/Ip = 4Kg(2u),3(u)(z)> (B(u) — 21)2 A (u)
= A7Y(w)(B(u) — 21,) PU)T(2)U ™ (2)(B(u) — 21,) 2 A7 (u), (2.24)

where the matrix K pw)(2) is defined in (2.6), T'(z) := diag (t11(2), ..., tpp(2)) is a diagonal

matrix with elements given by

(2 3

2)\’.4(1‘)’3(“)(2)

_/\A(u),B(u) 2) — /\A(u),B(u) )2 — 4
tal2) = 0)- O )

8



(i=1,...,p) and z € C \ {supp (Wa(),Bw)) U A}. Here and throughout this paper we take the
square root /w such that |w — \/w27 4| <2 for w € C\ [-2,2], and consequently the function
w — v/w? — 4 is analytic on C \ [~2,2]. Note that for z € C \ supp (Wa(u),B(w)) it follows that
INA@BM) ()] > 2. Observing (2.24) this implies for the Stieltjes transform

log | det(® 4w, Bw)(2))| = log]| det(A™2(u)T(2)(B(u) — z1,)| (2.25)

= log|det(A™ (u)T(2)D(2)| = log

1=

p _)\A(u),B :
S
= 200(u)

P _)\J{!(u),B(u)(Z) B \/(Ajl(u),B(u)(Z))Q 4
= Re(E log )
= 200(u)

where a;(u),. .., a,(u) denote the eigenvalues of the matrix A(u). Now define

. zpjl _NABE 4y \/( A (y)2 4
T 201;(u)
7j=1

then it follows from Kato (1976), p. 64, that the eigenvalues )\f(u)’B(u)(z) are holomorphic functions

bl

on C \ A and we obtain for any

z € Gy :=C\ {supp (WA(u),B(u)) U A}

that
A(u),B(u A(u),B(u d)\;‘(u)’B(u)(z)
if B i 1 (_d)\j()B()(Z)_)\j()B( )(Z)T)
PE < 2f; () (u) dx \/(/\;‘(“)’B(”)(z))Q _4
A(w),B(w)
Y (- A;-‘““*B(“)(wd%d—y”)
; _ _
pu 2f;(2)a;(u) dy \/()\;A(U)vB(u)(Z))Q 4
p
1 ( d \ A(w),B(w) - d \ A(u),B(u)
- Z — AT () +i—=NT Y (2) | =0,
7 J
N z
where the function f; is defined by
_)\A(u),B(u)(z) _ ()\A(U):B(U)(z))Q 4
file) = — e =L

200(u)

9



This implies that the function f(z) is holomorphic on Gy, and it follows for z € G that

d 1< 1 d | A(u),B(u) d \ Aw),B(u)
——log(det(P gy paw)(2) = 5 <_)‘j T (2) i AT ()
dz 244 \/( A;wu),B(u)(z))g _ 4 \dz dy

P i)\A(“)vB(")(Z)

— dz"J
=3 \/(A%‘(u%B(u) . (2.26)

=t /(A (2))? — 4

In the following discussion define

1
UX(Z) = /log mtr [XA(u),B(u)(t)] dt (2.27)

as the logarithmic potential of the measure whose density with respect to the Lebesgue measure
is given by tr[X a(u),5(u)(t)]. Then U¥(z) is harmonic on

Gy :=C \ supp (tr[Xau),Bw))

[see e.g. Saff and Totik (1997)]. In the following we show that the function f satisfies Re f =

UX + ¢;, where ¢; € C is a constant. For this purpose we note that the function
—U*(2) (2.28)

is holomorphic on G (note that g satisfies the Cauchy-Riemann differential equations because the

logarithmic potential UX is harmonic) and satisfies for all z € G,

z—t
9(2) = - mtr [ X a5 (t)] dt (2.29)
tr | X 4 B (T
= _/ [ AZ( iBt( 1 >] dt = —tr [GA(U),B(U)(Z)} )

where G 4(u),B(s) denotes the Stieltjes transform of the matrix measure corresponding to the density
Xa),Bw)(t). In order to find a representation for the right hand side we note that the function
K a(u),B(u) (%) defined in (2.6) is holomorphic on C \A, and observing the representation (2.7) we
obtain for all z € C\A

5 (Blw) = 21,) AT @) (B(u) — 21,) 7 — L (B(w) ~ 21,) A (w)(B(u) — 21,)

= Kly.5(2) = U'(2)D(z)U(2) + U(2)D'(2)U " (2) + U(2) D(2)(U™}(2))" .
From the identities

AN w)(Blu) — 21,)"* = (B(u) - L) ?U(:)D(=)U(2),
(B(w) — 21,)"2A u) = U(z)D()U~(2)(B(u) — 2I,) "/

10



and (U71(2))'U(z) = —UY(2)U'(2) it follows that
1

—%UI(Z)(B(U) —2L,) U (2)D(2) = 5D()U (2)(B(w) — 20,) U (2) (2.30)

= U (2)U'(2)D(2) + D'(2) = D(2)U " (2)U'(2),
which yields for the diagonal elements of the matrix U~ (2)(B(u) — 21,)"'U(z2)

U1 (2)(B(u) = 21,) U (2)];; = m<—[U4(z)U’(2)]w>\g B () — 4 \aw.
+ NP U U ()] )

A(u),B(u
ddz)\j() ()()

A A(u), B(u)(z) ’

J
for all z € C\A, 7 =1,...,p. From Zygmunt (2002) and (2.24) we have for the Stieltjes trans-
forms @ 4(u),B(uw) and G a¢u),B) corresponding to the matrix measures Wa,) ) and X ae) () the

continued fraction expansion
Gapw () = {21 = B(u) = V2A() {1 = B(u) = A(w) {21, — B(u) — ...
) ﬁA(u)}l

— {zIp — B(u) — 2A(u)® A, B(w)( }_
— (B(u) - zfprl/zwz)T(z)U*<z><B< )= 2L)7,

where z € GG, the set G is given by
G = (C\{supp (WA ) U supp (XA( ),B (u)) U A},
and the diagonal matrix 7'(2) is defined by

A

T(2) = diag(f1y(2), ..., fp(2)) = diag(

A(u),B(u A(u),B(u
)\1() ()(Z) )\p() ()(Z) >

This yields

9(2) = —tr [Gaw)suw(2 - lU- ) — 21,) U (2)]jt55(2)

J=1

p d )\A(u B(u)
- 4z & (2.31)

TSP () g

for all z € GG. Consequently, we have for all z € G

o ARG
f<z>—; W{(Wu)(z))g%—g(z)—@ r

11




For h := Re f it follows that
d d d d
=—h—i—h=—U"-
I'=& ' de "y

so that L (h — U*) =0 and £ & (h— U%X) = 0, which implies for all z € G the identity Re f(z) =

UX(2) —|— c; for some constant c; € C. Therefore it follows that

Re (f(z)) = Re (log(det(q)A(u),B(u)(z)))) log | det(P aqw),Bw)(2))] = UX(2) + 1 (2.32)

for any z € G. Observing (2.22) we finally obtain for all z € G

UX

1 v 1
lim — log |det R, = —— log ———tr | X a¢s) B(s) ()| dtds — 2.33
lim —tog et Ry (2)| = —- [ [1ow —or (X peo 0] deds —c (239
1 1 [ 1
= — |1 — X dsdt —
Jrosp S [ [ aoto] asi -
= —U%(2) — ¢,

where U? denotes the logarithmic potential of the measure ¢ with Lebesgue density defined
n (2.13) and ¢ € C is a constant. Let

1
U‘Sn’k (Z) = /log m 5n,k(dt)

denote the logarithmic potential of the measure 9, defined in (2.3). From (2.33) we obtain for
all z € G

IR 1 1 1
lim U%*(z) = lim — log—— = lim —log
T~ (2) nunp ; |2 — T 5| nounp  |det (R,k(2))]
= U%(2) +c (2.34)

The measures in the sequence (J,, x;) jen have compact support in [~ M, M], consequently, (6, k;)jen
contains a subsequence which converges weakly to a limit x4 with supp (u) C [—M, M]. Therefore
we obtain from (2.34)

Ut(z) =U°(2)+¢c, z€G,|z| > M,
and the assertion of the theorem follows from the fact that the logarithmic potentials are unique
[see Saff and Totik (1997)].

Proof of Lemma A.1. Let 1141, ., Znt1km denote the different roots of the matrix orthog-
onal polynomial R, x(z) with multiplicities ¢y,...,¢,. Then we obtain from Duran (1996), p
1184, the representation

- ”+1 k n+1,k
Rn,k('z)Rn-il—l k n+1 E = Z i/ + g (2.35)

= Tnilk,j

12



where the weights are given by

-1 T
CrovikiAniir = Bok(@Tnii k) Unrin i B g (Tntan ),
g,

(det(Rus1 k()" (ns10s)

and Adj(A) denotes the adjoint of the p x p matrix A, that is

Pniigy =

A Adj(A) = Adj(A)A = det(A), .

In (2.36) the matrix polynomial

Q) = / Roi(@) — Rn,kz(t)de(t)

r—1

(2.36)

(Adj(RnH,k(t)))(grl)($n+1,k,j)Qnﬂ,k(ﬂ?nﬂ,k,j) ;

denotes the first associated matrix orthogonal polynomial and the matrices I';, 1  ; are nonnegative
definite and have rank ¢; [see Duran (1996), Theorem 3.1 (2)]. From Duran and Daneri-Vias (2001)

we have

m m

—1 T
Y CrpiniAiige = D Buk(@nirk)Tnsrng Bn g (@nging)
=1

j=1

- / R ()S4()RT (1) = I,

(2.37)

For any z € C\[-M, M] we obtain the estimate |z — @11, > dist(z, [-M, M]) for all j =

1,...,m, because all roots of the matrix polynomial R, ; ;(2) are located in the interval [—M, M].

Note that by the representation (2.36) the matrix C, i 4A, |, , is nonnegative definite and the

n+1,
representations (2.35) and (2.37) yield for any |z| > M and v € C?

T -1 -1 T - C"'H,k,jA;il,k
‘U Rn,k(Z>Rn+1,k(2)An+l,kU‘ = |V Z > U‘

m

T -1
ZU Crt1kj n+1,kY

= |z — $n+1,k,j|

m

1

= dist(z,[—M,M])ZU LRItk T Qi (2]

j=1

1 T

v,

M)

which proves the first inequality of the Lemma. For a proof of the second part we note that for

|z| > M we have |=251| < 1 for all j = 1,...,m, which gives

1 1
Re(r—mmm) > 3

13



for all j =1,...,m. With this inequality we obtain

" n+1 kJA llk
B +
‘UTRn,k( )Rn-il-lk( )An-ll-l,kv‘ = ‘/UTZ—N ’
7j=1
m

1
1 ‘ZU TCni1 kg n+1kv‘

Z — Tn+l,k,j

- xn+lk]

m

v Cn+1ky n+1 £V
_ :rn+1 k ]

AV
|

&
Ve
M

L 7

1 T -1
> mjzlﬂ Cn‘i‘l,k,jAn—i-l,kU = m’U v

which proves the second inequality of the Lemma. O

3 Strong and weak asymptotics for eigenvalues of random

block matrices

We now consider the random block matrix defined in equation (1.3) of the introduction and

denote 5\ )<< AP g ts (random) eigenvalues, where n = mp; m,p € N. Similarly,
define 7" < ... < " as (deterministic) eigenvalues of the matrix orthonormal polynomial

R (x) € RP*P, which is defined recursively by R(p)( ) =1, }N%(_p{n(x) =0,
© R @) = A B (o) + B R (@) + A RIL, () (3.1)

(m > 0), where the p x p block matrices A-7pn and B(p are given by

VE-Dp+1)yy, J((i—Dp+2)7p-1 V(i —1Dp+3)7—2 ipm1
VIE=1p+2)1-1 V(i —Dp+2)% V(= Dp+3)p_ e Vi
AP) = % , (3.2)
(ip — )72 = Vip=Dyr i —1)% /iprp—1
Vipn e VipYp—2 Viry—1 Vi
1> 1, and
0 Vip+Dm  ip+ 1)y s (ip+ D)7p_1
(ip+ 1)m 0 (ip +2)m e (ip + 2)7p—2
BY) = % , (3.3)
(ip + 1)yp—2 ((i+1)p—2)m 0 ((i+1)p—2)m
(ip+1)7p1 e VE+Dp—2)72 ((i+1)p—1m 0



¢ > 0, respectively, and vi,...,7, > 0 are given constants. Our first result provides a strong
uniform approximation of the ordered random eigenvalues of the matrices G by the ordered

deterministic roots of the matrix orthogonal polynomials R%’?n (x).

Theorem 3.1. Let A\ < ... < A" denote the eigenvalues of the random matriz G defined
by (1.3) and j(ln’p) < .- < ZM denote the roots of the matriz orthonormal polynomial ﬁi%)n(x)
defined by the recurrence relation (3.1), then

3 (nvp) "‘(nvp)
A = T

< [logn]"*S ¥V n>2, (3.4)

max
1<j<n

where S is a random variable such that S < 0o a.s.

Proof. For the proof we establish the bound

2
> s} < 2n(p+1)exp <18;2) : (3.5)
then the assertion follows along the lines of the proof of Theorem 2.2 in Dette and Imhof (2007).

First we note that the roots of the mth matrix orthonormal polynomial Rgﬁ)n(x) are the eigenvalues

3 (n,p) ~(n,p)

P{max

1<j<n

of the tridiagonal block matrix

FlP) .= e RV (3.6)

Aﬁ—Q,n Bﬂ—Z,n Aﬁ—l,n
P p N
Aﬂ—l,n Bﬁ—l,n
P P

where the blocks fll(pn), i=1,...,n/p—1, and Bi(f’n), i=0,...,n/p—1, are defined by (3.2) and

(3.3), respectively. Moreover, by interchanging rows and columns of the matrix EP) it is easy to

see that the matrix

1In
bl £ op)
F® — " " (3.7)
(p) (p) (p)
D%pr,n Eﬁpf2,n Dé‘]pl,n
() )
Dé)—l,n E%p—l,n
with symmetric blocks
0 Vrnm—ip—1)  /r(—ip-2) VAp-1(n—(i+Dp+1)
Vrln—ip—1) 0 Vi —ip —2) VAp—2(n—(i+ )p+1)
w_ L
Eiﬁl =5
Vw—2(n—(E+1)p+2) Vrln—(i+1)p+1) 0 Vrnn—(G+1p+1)
Vp—1(n— (i +1p+1) Ve —(G+Dp+1) Vrl—(G+Dp+1) 0
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1=20,...,2—1, and
p

Vwm—ip)  \/yp—1(n—ip) VAp—2(n —ip) V1 (n —ip)
Var—1itn—ip) Vypn—ip—1)  /yp—1(n—ip—1) Vye(n—ip—1)
@ _ 1
DY = 7 ;
V2 (n — ip) Vin— G+ Dp+3) V- (G+1)p+2) /yp1(n—(i+1p+2)
V71 (n —ip) V2 =(G+1Dp+3) Vyp1(n—(G+Dp+2) Vwh—(i+1Dp+1)
(¢ =1,...,% — 1) also has eigenvalues :Eﬁ””’) < ... < 7™ From Horn and Johnson (1985) we

therefore obtain the estimate

max | AP ~(np)
1<j<n

<|¢P - FP (3.8)

where for a matrix A = (a;;)i j=1,..n

n
4]l = max > Jag|
j=1

1<i<

denotes the maximum row sum norm. If

b

then it follows for i =1,...,p,n —p+1,...,n by a straightforward but tedious calculation

Iy 1= max{max |N;|, max \/_‘ =AMl

1<j<n 1<j<n—1

max \/_‘ Jw ijyp

' 1<]<n P

Y WGP — Y| < 2p2,,
j=1

and fori=p+1,....n—p

> HGY = FPYy| < 3pZ,
j=1

which yields observing (3.8)

1<j<n |7
and
~(n,p) _ ~("»P) > < > _
P {1%‘&2% Aj D 5} <P {Z 3p} (3.9)

From Dette and Imhof (2007) we obtain the estimates

X' AV 2 2 2
P{| Zal j%‘ }<2 —<*/? , P{max |N|>—}§2ne’6 /1807
V2 3p 1<j<n 3p
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and a combination of these inequalities with (3.9) yields

P { max [\ — i) > e} <P {Zn > i} < 2n(p + 1)e =1,

1<j<n 3p

which completes the proof of the theorem. O

Theorem 3.2. Let AY‘”’) < - < AP denote the eigenvalues of the random matriz %LG%J),

where G is defined in (1.3) and vy, ...,7, > 0 are chosen such that all blocks D§p) in the matrix
Jol defined by (3.7) are non-singular. If

1 n
on = Z 1 05(n) (3.10)
j:

denotes the empirical distribution of the eigenvalues of the matriz LGép), then o, converges a.s.

v
weakly to a measure, which is absolute continuous with respect to the Lebesque measure. The

density of this measure is given by

3=

F(t) = /0 b [X o) 5o ()] (3.11)

where X yw) (5), B0 (s) (t) denotes the Lebesque density of the matriz measure corresponding to the
Chebyshev polynomials of the first kind defined in (2.4) with matrices

A(p)(s) = P : : € RP<P,

Nan A2 /-1
VIO VI

V-1
var

9

B(P)(S) = P : : c RPXP, (3_12)

V-2 o v/m 0 ym
VAP VATII

Proof. Let R%),(z) (m = n/p) denote the orthonormal polynomials satisfying the recurrence

relation (2.1) with coefficients Agﬁz = \/Lﬁ flgz and BZ»(f’n) = \/Lﬁ BZ-(Q, where flgz and Bg’n) are defined

17



by (3.2) and (3.3), respectively, then we have

R® (z) = RY (vnz),

o= e i=Lem
where the matrix polynomial Rﬁﬁ) (x) is defined by (3 1) with corresponding roots x( ) , and x§n’p )

denotes the jth root of the matrix polynomial Rm,n( ). From the definition of the matrices /Nll(p,z
and Bi(fon) in (3.2) and (3.3) we have

Tp—1

1
lim A n g —
n—00 n \/§

VA e
0 Vi

5o 9%

N
S

1
lim Bg«bp) —
00 1n \/5

Vi2 oy 0 ym
N VAP RVATE

and Gerschgorin’s disc theorem implies that all roots of the polynomials R,(f;)n(x) are located in a

compact interval, say [—M, M| [see also the proof of Lemma 2.1 in Duran (1999)]. Moreover, we

have for any ¢ € Ny

hm Bz(p)fn VupB® =: BP) (y),

lim A = JupA®) = AP (y),

K~y

where © > 0 and the matrix A® (u) is non-singular by assumption. Consequently, Theorem 2.1
is applicable and yields (note that lim, .. (n/p)/n = 1/p) that the empirical distribution of the
roots of the matrix polynomials Rﬁ}i)n(:p) (m =n/p)

1 n
57’LZ_ 6 n,p .]_
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converges weakly to the measure with Lebesgue density f defined in (3.11). Next we use Theo-
rem 3.1 which shows that

n n n 1 —(n 1 1/2
J=1 n j= n

almost surely. Therefore we obtain for the Levy distance L between the distribution functions F,
and Fj of the measures o, and 4,

1
[(Fop, Fy) ZM”” 0 =0 () (5.19

n

almost surely [for the inequality see Bai (1999), p. 615]. Consequently, it follows that the spectral
measure o, of the matrix \%G%p ) converges also weakly with the same limit as ¢,,, that is the
measure with Lebesgue density f defined by (3.11).

O

4 Examples

We conclude this paper with a discussion of a few examples. First note that in the case p = 1
Theorem 3.2 yields for the limiting distribution of eigenvalues of the matrix \/LEGS) the Wigner’s
semicircle law with density

1
- 7 V27— "EQI{\/7271<:E<\/W}’

which have been considered by numerous authors.
Next we concentrate on the case p = 2, for which it is easily seen that the matrix D in (3.7) is
non-singular whenever 9 # 7;. In this case the density of the limit of the spectral measure is a

mixture of two arcsine densities and given by

1 1/2 1
flz) = lim — 5 (2 Z / =10 (5) () << 200 () 45 (5)1 5
m\/403(s) — (z = f;(5))

7j=1

where

a1(s) = Vs (Va2 + v, aa(s) = Vs (Va2 = V), Bils) = Vs, Bals) = —v/sm -

In Figure 1 and 2 we display the limiting spectral density corresponding to the case v = 2,7, =8

and 7, = 1,7 = 100, respectively. The left part of the figures shows a simulated histogram of

the eigenvalues of the matrix \/Lﬁ G? for n = 5000, while the right part of the figures shows the

corresponding limiting distribution obtained from Theorem 3.2.
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04r

0.2

Figure 1: Simulated and limiting spectral density of the random block matrix Ggp)/\/ﬁ in the case
p=2,7 =2, v = 8. In the simulation the eigenvalue distribution of a 5000 x 5000 matrix was
calculated (i.e. m = n/p = 2500).

0.8

07 T

0.6 i

0.5 m i

0.4r

Figure 2: Simulated and limiting spectral density of the random block matrix GP /v/n in the case
p=2 7 =1, v =100. In the simulation the eigenvalue distribution of a 5000 x 5000 matrix
was calculated (i.e. m = n/p = 2500).
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Figure 3: Simulated and limiting spectral density of the random block matrix G%p ) /\/n in the case
p=3,7 =7 =4, y3 =100. In the simulation the eigenvalue distribution of a 5001 x 5001

matriz was calculated (i.e. m =n/p = 1667).

If p > 3 the general formulas for the density of the limit distribution are too complicated to be
displayed here, but it can be shown that

P _1/\A(p)(")’B(p)(“) (t)

tr[ X 4 ), B () ()] = Z — I AP) (), BP) ()
s 7T\/4_ (A?(P)(u),B<P)(u)<t>>2 {—2<X] ®

<2}’

if the matrix A® (u) is positive definite. This identity follows in a similiar way as (2.31). In Fig-
ure 3, 4 and 5 we show a simulated histogram of the eigenvalues of €S /+/n and the corresponding
density of the limit distribution obtained from Theorem 3.2 in the case 7, = v = 4, 73 = 100;
v1=1, 7o=4,73=25and 7, =1, v = 100, v3 = 200, respectively.

Acknowledgements. The authors are grateful to Martina Stein who typed parts of this paper
with considerable technical expertise. The work of the authors was supported by the Deutsche
Forschungsgemeinschaft (De 502/22-1/2.)
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Figure 4: Simulated and limiting spectral density of the random block matriz G%p)/\/ﬁ in the case
p=3, 7 =1, %o =4, v3 = 25. In the simulation the eigenvalue distribution of a 5001 x 5001

matriz was calculated (i.e. m =n/p = 1667 ).

7 8 L
Al
4 L
- : ) -1.5 1 J0.5 0.5 1 1.5

Figure 5: Simulated and limiting spectral density of the random block matriz GY )/ \/n in the case
p=3,v =1 7 =100, v3 = 200. In the simulation the eigenvalue distribution of a 5001 x 5001

matriz was calculated (i.e. m = n/p = 1667 ).
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