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Abstract

Suppose the random vector (X,Y') satisfies the regression model Y = m(X) +
o(X)e, where m(-) and o(-) are unknown location and scale functions and ¢ is
independent of X. The response Y is subject to random right censoring and the
covariate X is completely observed. A new test for a specific parametric form of
any scale function o(-) (including the standard deviation function) is proposed. Its
statistic is based on the distribution of the residuals obtained from the assumed
regression model. Weak convergence of the corresponding process is obtained and
its finite sample behaviour is studied via simulations. Finally, characteristics of the

test are illustrated in the analysis of a fatigue data set.

KEY WORDS: Bootstrap; Goodness-of-fit tests; Fatigue data; Kernel method; Least

squares estimation; Nonparametric regression; Right censoring; Survival analysis.



1 Introduction

In this paper, we consider the following heteroscedastic regression model
Y =m(X)+o(X)e, (1.1)

where m(X) and o(X) are some unknown but smooth location and scale functions and &
(with location zero and scale one) is independent of X (one-dimensional). Suppose also
that Y is subject to random right censoring, i.e. instead of observing Y, we only observe
(Z,A), where Z = min(Y,C), A = I(Y < C) and the random variable C' represents
the censoring time which is independent of Y, conditionally on X. Let (Y;, Cy, X, Z;, A;)
(t=1,...,n) be n independent copies of (Y,C, X, Z A).

The aim of this paper is to test the hypothesis

Hy:o0() € M versus Hy : o(-) ¢ M, (1.2)

where M = {0y : ¥ € O} is a class of parametric functions and © C IR”. However,
it is well known that functions which involve the right tails of the conditional distri-
bution of F(:|z) = P(Y < :|X = z) of Y given X = z (like the conditional variance
Var[Y|X = z] = [(y — E[Y|z])?dF (y|z)) cannot be estimated in a consistent way in a
completely nonparametric model, due to the presence of right censoring. In fact, the com-
pletely nonparametric (kernel) estimator of F(:|z) is not consistent in the right tail (see
Beran, 1981) if the conditional distribution of Y has a larger support than the conditional
distribution of C. In this paper, we present a way to overcome this problem by imposing
the weak model assumption (1.1) and replacing the class M in (1.2) by the more specific
class
M' ={oy: 09y =101, and ¥ € O}

(H, will therefore be replaced by a new hypothesis Hj using M’), where p = (¢ --- Up)’,
¥ = (¥, p') and © C IR”. We will show that using those assumptions enables to reduce
the inconsistency problems included in the testing procedure.

A nice advantage of the method is that it applies to any scale function (see Section
2 for formal definitions of location and scale functions) including the square root of the
general expression

o?(z) = ag/

0

1

(P sf) — mo(w) L7 (s + a5 [ (P o) = my ()}, (1)

where F~!(s|z) = inf{y : F(y|r) > s} is the quantile function of Y given x, my, ..., mye

are general location functions of the type
L & 1
my(z) = a%/o F= (s|lz) Ly (s) ds + ) ay  F~ (sye|x), (1.4)
j=1
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p=0,...,k% (see e.g. Serfling, 1980, p. 265), L7(s) and L7'(s) are given weight functions
satisfying [y L7(s)ds = 1 and [y L7(s)ds =1, p=0,...,k%, k7 > 0, k" > 0, af, ..., af,

are positive real numbers (af can be zero if k7 > 0), Ay - - - ,a;’}%n are real numbers such
that Z?ZOCLZ} =1,p=0,...,k% pj(u) = sTul(u > 0) + (s7 = Nul(u<0),j=1,...,k%,
and 0 < 87,...,87:, 571, ,s;’};;n <1,p=0,...,k% The expression (1.3) includes a very

broad class of scale functions. For example, for k7 = 0, k' = 0, L° = Ly* = 1, (1.3)
corresponds to the conditional variance, for af = afy =0, a] = k7 = k" =1, s7 = 1/2
(s§ =1/4) and s7} = 1/2 (s]; = 1/4), (1.3) corresponds to the square of the usual scale
function associated with the median (the first quartile).

A key idea to obtain consistent test statistics is to replace (possibly inconsistently
estimated) m® (z) = (mo(z) - mpo (7)) and o(z) in (1.4) and (1.3) by other location and
scale functions m°(z) and ¢°(z) of the same type as (1.4) and (1.3) and which can be
consistently estimated (see Section 2 for specific definitions). Indeed, under model (1.1),

it is easy to check that ¢(X) and o(X) are proportional and that the model
Y =m?(X) + o (X)e° (1.5)

also holds for any location and scale functions m°(X) and ¢°(X) with ¢ = (V —
m®(X))/o%(X) independent of X.
The approach used in this paper is based on the estimated difference of residuals

distributions given by
F2y) = Flly), —0 <y <T, (1.6)

where FO(-) and F. () are estimators (described in Section 2) of FO(y) = P(e° < ) and
F.,(y) = P(c§ < y), the distributions of the residuals obtained from model (1.5),

o_ Y — m’(X)
and
0o_ Y — m’(X)
£ = o X) (1.8)

5, (+) denotes the best approximation of a%(+) by elements of the class M’ (if H is true,
then o5 (X) = 0°(X) = 04,(X), for a true parametric scale og,(X)). The point 7" in (1.6)
is chosen smaller than the upper bound of the support of the distribution of the observed

residuals Z;g"(”;()X) (see Section 2). The presence of this cutting point is due to possible

right censoring problems of the residuals (1.7) and (1.8). However, under model (1.5),
each false H{, will be detected by a nonzero difference between both residuals distributions

F%(y) and F.,(y) for points y smaller than 7' (see Lemma 2.1).
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In the case of no censoring the problem of testing for heteroscedasticity in the classical
nonparametric regression model with conditional expectation m and conditional variance
o2 has been considered by numerous authors [see Dette and Munk (1998), Dette (2002),
Liero (2003), Dette and Hetzler (2009a,b) and Dette, Neumeyer and Van Keilegom (2007)
among others|. Similar testing problems in semiparametric models have been considered
by You and Chen (2005).

Although a number of goodness-of-fit tests exists for the regression function with cen-
sored data, few results are obtained for the conditional variance and especially for a scale
function which is different from the usual standard deviation function. In the censored
case, Gonzdlez Manteiga, Heuchenne and Sanchez Sellero (2007) considered goodness-
of-fit tests for the conditional mean and variance functions while Pardo Fernandez, Van
Keilegom and Gonzédlez Manteiga (2007) addressed the problem for a specific location
function using the process of the difference of residuals distributions. This process has
been widely studied, b.e., by Dette, Pardo Ferndndez and Van Keilegom (2007) or Van
Keilegom, Gonzalez Manteiga and Sanchez Sellero (2007). Indeed, it is more naturally
related to the commonly used graphical procedures based on visual examination of the
residuals (see Atkinson 1985). In the case of variance testing, it has been used by Dette,
Neumeyer and Van Keilegom (2007). In fact, nonparametric residuals submitted to com-
pressions and expansions (due to their transformation into parametric residuals) seem to
produce important discrepancies in the corresponding distributions.

The paper is organized as follows. In the next section, the testing procedure is de-
scribed in detail. Section 3 summarizes the main asymptotic results, including the weak
convergence (under HY)) of the proposed process to a Gaussian process. In Section 4, we
present the results of a simulation study and different parametric forms are tested on a
fatigue data set in Section 5. Finally, the Appendix contains the assumptions, functions

and proofs needed to obtain the main results of Section 3.

Remark 1.1 (Choice of the null hypothesis). In practice, a null hypothesis for which
a parametric form oy cannot be factorized by one of its parameters can be tested. In this
case, the above methodology doesn’t apply. However, this restriction is not so much
constraining since a new null hypothesis for which oy is multiplied by a parameter can be

tested; rejection of this will also imply rejection of the initial null hypothesis.

2 Notations and description of the method

As explained in Section 1, the idea of the method is first to construct consistent residuals

by replacing m(-) and o(-) by some specific m°(-) and ¢°(-) and then to introduce the



so-obtained residuals in expression (1.6). To develop the procedure, we first need to
introduce a number of notations.

Define F(ylz) = P(Y < ylr), Glyl) = P(C < yla), H(yle) = P(Z < yla), H(y) =
P(Z < y), Hs(ylx) = P(Z < y, A = d|z) (6 =0,1), Fx(z) = P(X < ), S2(y) =1 -
F2(y), Seo(y) = 1= Fey(y), for E% = (Z —m®(X))/0°(X), we denote H2(y) = P(E° <),

HY%(y) = P(E° < y,A =), H)(y|lx) = P(E° < y|z), HY(y|lz) = P(E° < y,A = d|z),
for EO = (Z -m’(X ))/05( ), we denote H.,(y) = P(EO < y), Hes(y) = P(Eg <
y, A = 0), Hey(ylr) = P(EY < ylz), Hops(ylz) = P(EY < y,A = d|z), and for C? =

(C —m?(X))/0%(X) (resp. Cf = (C' —m°(X))/05,(X)), we denote G(y) = P(C° < y)
(resp. G.,(y) = P(C§ < y)). The probability density functions of the distributions defined
above will be denoted with lower case letters and Rx denotes the compact support of the
distribution of the random variable X.

Now, let m!(+) be any location function and o*(-) be any scale function, meaning that
ml(x) = T(F(:]x)) and o*(z) = S(F(:|x)) for some functionals T and S that satisfy
T(Foyso(-|z)) = aT(Fy(-]z)) + b and S(Fuy1b(-|z)) = aS(Fy(-|x)), for all @ > 0 and
b € IR (here F,y4(-|z) denotes the conditional distribution of aY + b given X = x). Let

= (Y —m!(X))/o*(X). Then, it can be easily seen that if model (1.1) holds (i.e. ¢ is
independent of X ), then €' is also independent of X. Moreover, o(X) = S4(F.i(+))o*(X),
F.s(+) denoting the distribution of €'* and S¢(F..(+)) the scale functional corresponding to
o(X) and applied to Fl.(-) instead of F(:|X) (&' independent of X). Therefore, achieving
goodness-of-fit tests for o(-) or o°(-) are equivalent when the parametric function to test
can be factorized by one of its parameters. If the objective is to estimate o(X), this can
be achieved in a second step by estimating the quantity S¢(F..(-)) (a simple case for
S(F.s(-)) is the standard deviation of the residuals).

Next, for m!(x) and o*?(z), we choose

"@)= [ Fsl)d(s)ds, o™(@) = [ P (sle) () ds - m® (), (2)

where J(s) is a given score function satisfying [ J(s)ds = 1. When J(s) is chosen
appropriately (namely put to zero in the right tail, there where the quantile function
cannot be estimated in a consistent way due to the right censoring), m°(z) and o°(x) can
be estimated consistently (see Section 4 for a data-driven choice of J). The distribution
F(ylz) in (2.1) is replaced by the Beran (1981) estimator, defined by (in the case of no
ties) :

R Wiz, ay,
Flyle)=1—- ] {1 N ; Zi)%/j(:c,an)}’

Zi<y,A;=1

(2.2)



where

K ()

an
n fo] ’
K (5

K is a kernel function and {a,} a bandwidth sequence. Therefore,

Wi('xa an) -

(x) = / FV(sla)J(s)ds, 6%(z) = / F(s|a)2J(s) ds — m®(z)  (2.3)

estimate m°(z) and o%?(z). Next,

Fy)=1- ) 11 (1 - n—lz—i—l) , (2.4)
B9 <y, ;=1

denotes the Kaplan-Meier (1958)-type estimator of F° (in the case of no ties), where

EY = (Z; — m°(X;))/6°(X;), E?i) is the i-th order statistic of E?,..., EQ and Ay is

the corresponding censoring indicator. This estimator has been studied in detail by Van

Keilegom and Akritas (1999).

Next, we consider a parametric estimator for ¢° defined by

Uy, 1= argming.q i[&O(Xi) — o9(Xy)). (2.5)

i=1
Asymptotic properties of this estimator can be found in the Appendix. Similarly to (2.4),
let

1
Foo(y) =1- 11 <1 - 1) : (2.6)
B0 <y Ayo=1 n—tr
(1)o=9=(4)0
denote the Kaplan-Meier (1958)-type estimator of F., (in the case of no ties), where
EY = (Zi — (X)) /09, (X0), E%)o is the i-th order statistic of EY,..., B9, and Ay
is the corresponding censoring indicator.

Therefore, we consider the following process

W(y) = n'2(F2(y) = Foyy)s =00 <y < T, (2.7)
where T' < 7o = Tpo A Tgo and 7p = inf{z : F(z) = 1}. As it is clear from the definitions
of F9(y) and F.,(y), W (y) is actually estimating

W(y) = n'*(F2(y) = Fuy () (2.8)

for —oo < y < T, such that the whole supports of the involved distributions are not
considered. However, as already mentioned in Section 1, differences between scale func-
tions can only be detected with a part of the considered supports. This is shown by the

following Lemma.



Lemma 2.1 Assume that all moments of the random variable e°I(e° < T) exist and that
T is a positive real value. Then H{ holds if and only if there exists some 0o € O such that
FO(yAT)=F. (yAT) for all y, —oo < y < 0.

Proof of Lemma 2.1. The direct implication is trivial. On the other hand, assume that
there exists some 6y such that FO(y AT) = F.,(y A T), for all y and some T It is then
clear that

. y%JX)
~ 7 o%(X)

) forall y <T. (2.9)

We have

T 2 0 T 2
Lmy%wxw = [myWﬁg@)

IA

[y [* arsgara), 210)

o5 ()

720~

for all n € IN, since [ [, * (y%)Q”de(y)dFX(x) < 0. The last inequality can be
&)

obtained as follows. For regions of Rx where Cfg((f)) <1,

U(;O(x)

TSy, 0°(x) o T n
[T @ ymapy) < - [, o 1),
T o, () T8

while for regions of Rx where if(?((;)) > 1,

o5 (x) o5 ()
7% " 0 7% "
[T T D are) < [ mnar )

aéo(x) T
Using (2.9), we therefore have

/ P ey — BTy = 0.
Rx o%(x)

The inequality 1 > f(JOQ(x))”dFX(x) is simply obtained by replacing 7" by —7" in (2.10).

a2 (x)
)
Therefore we obtain from Carleman’s condition (see e.g. Feller (1966) p. 228) that the
distribution of the random variable Z?EQ coincides with the distribution of the constant
o

random variable U = 1, that is H{ holds.



From (2.7), we therefore propose a Kolmogorov-Smirnov type statistic

Txs = sup !W(y)|

—oo<y<T
and a Cramer-von Mises type statistic
Tow = o [ Wi ()
TR e T

The null hypothesis H{ is rejected for large values of the test statistics.

Remark 2.2. This testing procedure is used to check a parametric form for a scale func-
tion o(-) but (2.5) only provides a parametric estimation for o°(-). However, a parametric
estimation for o(-) under H| is easily obtained by multiplying oy, (-) by an estimator of
S?(F.,(-)) which in the case of (1.3), (1.4), could be given by

SE(FL() = q /_T (y = To(F2 ()))* L7 (Fu (9)dE2, (y)

+Za”{/ pi(EY(s) AT — Ty(Ey (4)))ds)?, (2.11)

where Ty, ..., Ty are pseudo-location functionals of the type

- T

Ty(Feo (1) = agy /_OO yLy' (Foy(y)) ) + Z ar(F, )AT), (2.12)
q=0,...,k°.

3 Asymptotic results

We start by developing an asymptotic representation for the expression (2.7) under the
null hypothesis Hj, and where the remaining term is op(n~'/2) uniformly in y. This will
allow us to obtain the weak convergence of the process W(y) Finally, the asymptotic
distributions of the proposed test statistics are obtained under the null hypothesis H{.
The assumptions, proofs and involved functions in the results below are given in the

Appendix.

Theorem 3.1 Assume (A1)-(A8) (in the Appendiz). Then, under the null hypothesis
H},
F2(y) = Fey(y) = 07" 30 x00(Xi, Zi, Ay y) + Ruly),
i=1
where sup{|Rn(y)|; —0o < y < T} = op(n="?) and xe,(x,2,6,%) is defined in the Ap-

pendiz.



Theorem 3.2 Assume (A1)-(A8) (in the Appendix). Then, under the null hypothesis
H}, the process W(y) = n Y2(FOy) — F.,(y)), —o0 < y < T converges weakly to a

centered gaussian process W (y) with covariance function
Cov(W (), W(y')) = Elxe, (X, Z, A, y)x00(X, Z, A, y/)].
Corollary 3.3 Assume (A1)-(A8) (in the Appendiz). Then, under the null hypothesis
Hy,
Tics = sup  |[W(y)],

—oo<y<T

Ton % FOET) /_io W2(y)dF2(y).

4 Practical implementation and simulations

In this section, we study the finite sample behavior of both test statistics. We are inter-
ested in the behavior of the percentage of simulated samples for which the null hypothesis
is rejected. The simulations are carried out for samples of size n = 50 and n = 100 and the
results are obtained by using 1000 simulation runs. First, we describe the characteristics

of the proposed methods.
(1) For the score function J, we recommend the choice
J(s)=bI0<s<b) (0<s<1),

where
b= min F(400|X;).

In this way, the region where the Beran estimator is inconsistent is not used, and

on the other hand, we exploit to a maximum the common ‘consistent’ region.
(2) For the K(z), we work with the biquadratic kernel function
K(x) = (15/16)(1 — 2°)*1(|z| < 1).

In order to improve the behavior near the boundaries of the covariate space, we use

the reflection method to compute all kernel estimates.

(3) For the calculation of the parametric estimate in (2.5)we use the Levenberg-Marquardt
algorithm (Levenberg (1944) and Marquardt (1963)) (for a fixed value of the band-

width parameter).



(3) The point T is chosen as E?n)o for the Cramer von Mises test and as E?n) v ED o for

(n

the Kolmogorov-Smirnov type statistic.

For the calculation of the critical values we need the distributions of the statistics
Txs and Tepr under the null hypothesis. Unfortunately, the asymptotic distributions
obtained in Corollary 3.3 are too complicated and contain too many unknow quantities.
We therefore propose a bootstrap procedure to estimate the critical values of the test in
practical situations. This is based on a smoothed version of the 'naive bootstrap’ described
in Efron (1981) and on the method suggested in Pardo Fernandez, Van Keilegom and
Gonzélez Manteiga (2007).

First, define E?, ..., E°, the standardized versions of the residuals E?, ..., E°. In fact,
for Ay = [yJ(FO(y))dF2(y) and A3 = [(y — M\)2J(F°(y))dF°(y), we compute E? =
(E9 — A\)/As, i =1,...,n. Note that the right tail of F(y) could be involved by A; and
Ao. In this case, the last order statistic E?n) is redefined as uncensored. The boostrap

procedure consists of the following steps. For fixed Band b=1,..., B,

(1) Fori=1,...,n:
- Let

Y, = m’(X;) + oy, (Xi)ers,

2y

where &7, =V, + aSiyp, Vip is drawn from Ff, (the Kaplan-Meier estimator based
on the standardized residuals) and S;; is a normal distributed random variable
with mean 0 and variance 1 which introduces a small perturbation in the residuals
(controlled by the constant a).

- Select C},, from a smoothed version of G(-|X;), the Beran (1981) estimator of the
distribution G(-|X;) obtained by replacing A; by 1— A, in the expression of F'(-|X;).
- Let 7, = min(Y},, Cfy) and Aj, = I(Y5, < CF).

(2) The bootstrap sample is {(X;, Z;,, Aj,), i =1,...,n}.

(3) Let Thg, and T¢y,, be the test statistics calculated with the bootstrap sample.

Let T g ;) be the b—th order statistic of Tg;, . . ., Tkg p, and analogously for T¢, ).

Then Ty g ((1-a)B1+1) A0 Ty ((1-a) 1) (Where [-] denotes the integer part) approximate

1—a
the (1 — a)—quantiles of the distributions of Tk g and Tcy,. In the following discussion we
illustrate the finite sample properties of this procedure for the Cramer von Mises statistic
in two examples. The results for the Kolmogoroff Smirnoff case are similar and therefore

omitted.
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In our first example we consider the problem of testing for homoscedasticity in the

regression model
Y =X, +0.5exp (cX;) &, 1=1,...,n,

where X1, ..., X, are i.i.d. ~U[0,1] and &, ..., &, are i.i.d. ~ N0, 1]. Note that the case
¢ = 0 corresponds to the null hypothesis of homoscedasticity and two alternatives are

considered, i.e. ¢ = 0.5 and ¢ = 1. The censoring times are generated by the model
C’iin+q+0.5exp(cXi)m, izl,...,n,

where ¢ determines the amount of censoring and 71, ..., 7, are again ~ N0, 1].

In Table 1, we display the simulated rejection probabilities based on 1000 simulation
runs, where the number of bootstrap replications is chosen as B = 199. For the bandwidth
in the conditional Kaplan Meier estimate we used a,, = 0.1, while the bandwidth a,, = 0.15
was used in the Beran estimate to generate the censored observations in the bootstrap. For
the constant g we considered the cases ¢ = 9%, ¢ = 0.85 and ¢ = 0.35 which corresponds to
an amount of 0%, 11% and 31% censoring under the null hypothesis, respectively. Under
the alternative ¢ = 0.5 and ¢ = 1 the cases ¢ = 9%, ¢ = 0.85, ¢ = 0.35 yield to 0%, 18%
and 35% and 0%, 24% and 39% censoring, respectively.

Table 1 Simulated rejection probabilities of the bootstrap test for the hypothesis of ho-
moscedasticity.

n 20 100
c | g |25% 5% 10% 20% |25% 5% 10% 20%
9? 48 6.2 11.5 221 3.7 5.8 10.1 214
0 | 0.85 46 6.6 109 18.2 21 42 85 16.3
0.35 4.7 6.9 11.8 17.5 3.9 6.2 107 194
99 19.3 25.0 36.3 482 | 76.3 834 89.6 94.2
051085 | 175 214 299 419 | 43.1 494 55.7 68.2
035 11.2 143 216 343 | 289 36.2 403 538
99 51.9 55.7 63.8 729 | 84.7 923 994 99.9
1.0 | 0.85 | 409 464 549 65.7| 60.1 67.3 757 87.1
0.35| 20.1 243 345 488 | 396 44.6 54.7 69.7

In the second example we investigate the problem of testing for a parametric form of

the scale function. In particular we consider the hypothesis
Hy: 0(X) = exp(f + B2 log X) (4.1)

11



and the regression model
Y = X; +exp (0.5 +1log X;) &, i=1,...,n,

where Xi,...,X, are i.i.d. ~ U[0,1] and &,...,&, are i.i.d. ~ N[0,1]. The censoring
times are generated by the model

C; = X; +q+exp (0.5 4+ log X;) n;, i=1,...,n,

where ¢ determines the amount of censoring and 7y,...,n, are again ~ N0,1]. The
simulated rejection probabilities based on 1000 simulation runs are shown in Table 2 (the
number of bootstrap replications is again B = 199 and the bandwidths are chosen as
in the previous example). For the constant g we considered the cases ¢ = 9%, ¢ = 0.85
and ¢ = 0.35 which corresponds in the present context to an amount of 0%, 26% and
15% censoring under the null hypothesis. We observe a reasonable approximation of the

nominal level, which is slightly worse compared to the hypothesis of homoscedasticity.

Table 2 Simulated rejection probabilities of the bootstrap test for the parametric hypoth-
esis (4.1) under the null hypothesis.

n 50 100

25% 5% 10% 20% | 2.5% 5% 10% 20%
9? 43 69 125 23.1 3.8 5.6 103 21.7

0.85 5.1 6.8 119 222 3.2 58 95 16.6

0.35 49 64 11.0 18.5 3.5 64 109 18.6

5 Data analysis

We are here interested in the (nonlinear) relationship between fatigue life of metal, ceramic
or composite materials (which is considered as a survival time) and applied stress. This
important input to design-for-reliability processes is motivated by the need to develop
and present quantitative fatigue-life information used in the design of jet engines. Indeed,
according to the air speed that enters an aircraft engine, the fan, the compressor and
the turbine rotate at different speeds and therefore are submitted to different stresses.
Moreover, fatigue life may be censored since failures may result from impurities or vacuums
in the studied materials, or no failure may occur at all due to time constraints of the

experiments.
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Figure 1: Fatigue life data. Scatter plot of the logarithms of fatigue life versus the
logarithms of strain for specimens of a nickel-base superalloy. Uncensored data points are

given by x and censored observations by /A.

From a long time, an important question in fatigue analysis is to know whether the
variability of fatigue life given the stress (or the strain) is constant for any stress (or
strain). Several authors addressed this problem, among others, Nelson (1984) and Pascual
and Meeker (1997,1999) who studied the number of cycles before failure of nickel-base
superalloys as functions of the strain or the pseudostress (Young’s modulus times strain).
By example, Pascual and Meeker (1997) considered model (1.1) with the following form
for the conditional standard deviation of the logarithm of the number of cycles before

failure:
o(X) = exp(f + B2 log X). (5.1)

However, those authors assumed parametric forms for both m(X) and the error distribu-
tion.

We present, in this section, a data set of 246 specimens of a nickel-base superalloy given
by Shen (1994) and studied by Pascual and Meeker (1999). For these data, we consider
model (1.1) where Y is the logarithm of the number of cycles before failure and X is
the logarithm of the resulting strain (see Figure 1). Pascual and Meeker (1999) only use
the 115 observations for which strain is below .007. The reason is that their completely
parametric model doesn’t fit the whole data set. As consequence, beyond robustness
questions, there are obvious reasons to study (X ) independently of any parametric form.

In order to provide answers for the above questions, we display in the left part of

Figure 2 the nonparametric estimates of the scale function o?(x). Next we illustrate the
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Figure 2: Left panel: residuals of a nonparametric fit to the fatigue life data. Right panel:
parametric and nonparametric estimates of the conditional scale function. Solid line:

nonparametric estimate; dashed line: parametric estimate obtained under the hypothesis
H02.

new test and consider the hypotheses Hy; : o(-) € M;, j = 1,2, for the classes of functions
Mlz{ﬂ:ﬁé@l},
(test for homoscedasticity) and

Ma = {exp(f1 + B2log X) : (81, Ba) € O2}

(test for the hypothesis (5.1)), where ©; C IR and ©, C IR*. For the problem of testing
for a constant scale the new bootstrap test yields a p-value of 0.000 (using 499 bootstrap
replications). This hypothesis is clearly rejected and reflects the picture of the residuals
in Figure 1. For the hypothesis (5.1) the p-value of the test is slightly larger, i.e. 0.018
and the hypothesis cannot be rejected at the 1%-level. However, in the right part of
Figure 2 we show the nonparametric estimate of the scale function (solid line) o and the
corresponding parametric estimate (dashed line). This figure indicates that the function

exp(f1 + (2 log x) may not describe the variance structure adquately.
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Appendix

The following notations are needed in the statement of the asymptotic results given Section
3.

YNz

(2,6, ylz) = (1 — F(y|z)) {_ / (1d_H]}(fﬁ))2 + I(ngé‘;l)},

n(z,d0lx) = / £(z,0,v|z)J(F(v|z)) dvo’(z)™t,

Tlyle) = / WdH£1(3)+ | detatelz)

L () 1 HI(s)
o g7\t 7ath)

P(xv 2,0, 50) = —Qflao(x)(‘(z? (5‘@ 8050 (a:)

o0
i 5::0,9) = (1= F20) Polulo)C = 1)
+ [0 0 2,880 72 i )],

Let T, be any value less than the upper bound of the support of H (+|z) such that
infyepy (1 — H(Ty|x)) > 0. For a (sub)distribution function L(y|z) we will use the nota-
tions I(y|z) = L' (y|z) = (8/dy)L(y|x), L(y|z) = (9/8z)L(y|z) and similar notations will
be used for higher order derivatives.

The assumptions needed for the asymptotic results are listed below.

(A1)(i) nat — 0 and na***(loga;')~' — oo for some § < 1/2.

(71) Rx is a compact interval of length Lx.

(171) K is a density with compact support, [uK(u)du = 0 and K is twice continuously
differentiable.

iv) The matrix ) is non-singular.

(¢
(A2)(7) There exist 0 < sy < s, < 1 such that s; < inf, F(T,|z), so < inf{s €
[

0,1]; J(s) # 0}, sy > sup{s € [0,1]; J(s) # 0} and inf,ep, infy,<s<s, f(F (s|z)]z) > 0.
(i) J is twice continuously differentiable, [} J(s)ds = 1 and J(s) > 0 for all 0 < s < 1.
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(A3)(i) Fx is three times continuously differentiable and inf,cr, fx(z) > 0.

0 is twice continuously differentiable.

(73) m
(A4)(7) n(z,6|x) and ((z,d|x) are twice continuously differentiable with respect to = and
their first and second derivatives (with respect to x) are bounded, uniformly in = € Ry,

2z < T, and é.

(Ab) For L(y|z) = H(y|x), Hi(y|x), H)(y|x) or HY (y|z) : L'(y|x) is continuous in (z,y)
and sup,, |[y>L'(y|x)| < oo, the same holds for all other partial derivatives of L(y|x) with

respect to x and y up to order three.

(A6) For the density fx|za(z]z,0) of X given (Z,A), sup, . |fx|za(z|z,6)] < oo,
sup, , | fx|z,a(x|2,0)| < oo, sup, , |fx|za(|2,0)| < oo (6 =0,1).
(A7) © is compact and 6, is an interior point of ©. All partial derivatives of og(x) with

respect to the components of ¥ and z up to order three exist and are continuous in (z, )

for all z and 9. Moreover, inf,cg, 0°(z) > 0.

(A8) For all € > 0, infy,_5 .. E[(0°(X) — 04(X))?] > 0.

Lemma A.1 Assume a, satisfies na’(loga, ')t = O(1) and na>**(loga, )™t — oo for

some 0. Assume also (A1) (i, iii), (A2) (i), J is continuous, [y J(s)ds = 1, J(s) > 0
for all0 < s <1, Fx is twice continuously differentiable, inf,.cr, fx(x) >0, H(y|z) and

-1

Hi(y|x) satisfy (A5), © is compact and 6y is an interior point of ©, og(x) is continuous
in (x,9) for all x and 9, infyer, 0%(x) > 0 and for all ¢ > 0, infy, 5. F[(¢°(X) -
09(X))?] > 0. Then under the null hypothesis H|,

19,1—90 —Pp 0.

Proof. Define Sp(9) = E[(¢°(X) — 09(X))?]. It follows from Theorem 5.7 in van der
Vaart (1998, p. 45) that it suffices to show that

Sup [Sn (V) = So(W)] —p 0,

where S, (¥) = (1/n) X", (6%(X;) — 09(X;))?. Using Proposition 4.5 of Van Keilegom and
Akritas (1999) (hereafter abbreviated by VKA) enables to write

Sup [ S (V) = So(V)] < sup |50(9) = So(9)| + 0p(1),

where S, (9) = (1/n) 27, (6°(X;) — 09(X;))2. Next, the result follows from Theorem 2 in
Jennrich (1969).
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Lemma A.2 Assume (A1)-(A3), ((z,6|x) satisfies (A4), H(y|lx) and H(y|zx) satisfy
(A5) and (A6)-(A8). Then under the null hypothesis H|,

19n - 90 = —Q*lnfl ZUO(Xz)C(ZHAz‘Xz>aO-05?(;(Z) + 0P<n71/2),
=1

Proof. For some 1;,, between ¢,, and 6,

PS5 (01n) - las (90)

=00 = {5509
where
Do)~ ot 3 60(0) — o ) 27
B, pt VTR gy

- —2*171 50X, — 00(X;)) o)
w7 Y (X) — (X)) S
We have by Proposition 4.9 of VKA (1999)
9.5, (0o)

n _ —2 71
o - ZZK

i=175=1

dog, (Xi) ~-1/2
7879 + 0p<n )

fx( Xi)o(X:)¢(Z;, A41X5)

dag,(X;)

~1/2
o + OP(n )7

= opt Z o (X;)¢(Z5, Aj|X;)

using arguments similar to those used in expressions (A.5) to (A.7) of Heuchenne and
Van Keilegom (2007). Next,

925, (01,)

0909
= -2 {Zn:l(&()(Xi) — 09y, (&))W - i(agﬂgéXi))(aUvgb(/Xi))}
= 20+ op(1),

for which Lemma A.1, Proposition 4.5 of VKA (1999) and assumption (A7) are used.
This finishes the proof.

Lemma A.3 If the assumptions of Lemma A.2 are satisfied, then under the null hypoth-
esis HY, n'/2(9,, — ) < N(0,%), where

60-90 (X) 80'90 (X) ] -1
o o’ '

2 = Q' B[e™(X)CA(Z, AX)
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Proof. The proof follows readily from Lemma A.2.

Proof of Theorem 3.1. The objective of the proof is to provide asymptotic repre-
sentations for both differences FL,(y) — F.,(y) and F(y) — F°(y). Indeed, under H},
F.,(y) = F%(y), for —oco < y < T. Following the lines of Theorem 3.1 of VKA (1999), we
obtain

and

= poy [ O ¢ [ A )]

+R, (y), (A.2)

where sup{ | R ()]s —00 <y < T} = op(n=/2), sup{ R (y)]; —00 < y < T} = op(n~72)
H.,(y), Ho1(y), H(y), H% (y) denote the estimators

n
N

(1/n)>_I(& <)

i=1
of the (sub)distributions H.,(y), He1(y), H(y), HY(y) for & = EAz'(Zo’ E?,o for which
A =1, E? and E? for which A; =1,i=1,...,n

Now, from the proof of Proposition A.2 in VKA (1999), we have that

Ha(0) = Hal0) = 3 S((ES <) = Ha)

m®(x) — m(x)
o' ()
oy, () — o' (x

—l—/yhgo(y]x) Al )o ( )dFX(x) +op(n~V%),  (A.3)
o' ()

uniformly in —oo < y < T. The last term (lower order terms of a Taylor developement) is

op(n~Y?) because of assumption (A7), Proposition 4.5 of VKA (1999), Lemma A.3 and

the fact that sup, , [y*h. (y|z)| < oo. In the same way,

+ [ hayyle) dFy (x)

n

() — Hon(y) = SO <y, A = 1) — Hos(y)

n;3
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m®(z) — m°(x)
o°(x)
o9, (x) — o%(x
t b0l 2D T 4 (@) 4 0pn2), ()
o°(x)
uniformly in —co < y < T, and similarly for both H(y) — H%(y) and HY (y) — H% (y),
where EBO (resp. H.,(y), hey(y|z), Hep1(y) and heyi(y|x)) is replaced by E? (resp. HY(y),
he(ylx), Ha(y) and hgy(ylx)), i=1,....n
The results (A.1), (A.3) and (A.4) are actually true if Lemma A.1 of VKA (1999)
can be used with functions dy(x) € Yg(Rx) = {2z — 2‘9( ) with inf {"19 } > 2.0 € @}

0

instead of dy(z) € C3+*(Ry) used in this Lemma. It is cle(air that P(ngl(g) € Yo(Rx)) —
asn — oo. Next, the bracketing number Nj(A\2, Zg(Rx), L2(P)) = O(A72P) for any A > O,
due to the compactness of © € IR”. Since this bracketing number is smaller than for the
class C3*9(Rx), C3*°(Rx) can be replaced by Yo(Rx) in Lemma A.1 of VKA (1999) and
consequently, (A.1), (A.3) and (A.4) are true.

Next, we treat the right hand side of (A.3). (A.4) is treated similarly. Using Proposi-
tion 4.8 of VKA (1999) and a Taylor development, we obtain for the second term of the

right hand side of (A.3)

+ [ hei(l) dFy (z)

n

/hso(?/|=T)m (xioza:;l (x>dFX(95) =" hey (Y X)n(Zi, A X5) + 0p(n71%), (A5)

=1

uniformly in —oo < y < T. By Lemma A.2 and a Taylor development, the third term on
the right hand side of (A.3) becomes

D
0
1Z/yh50 (y|x)(o Z a(Xi, Zi, Ay, 0o) ?;ix)dFX(x) —|—0p(n_1/2), (A.6)

uniformly in —oo < y < T, where py(X, Z, A, 0) is the d® component of the vector
p(X,Z,A,0y), d=1,...,D. Substituting (A.5) and (A.6) in (A.3) leads to

. 1

Iy (y) — Hooly) = i: I(ES < ) — Hao(4))

3

—n 3 hey (y Xi)n(Zi, A|X)
i=1

n

'3 [ (b))

=1

D Jog, (x
X Z pa(Xi, Zi, A, 0p) (:3()9109( ) } dFx(x)
d=1 d

+op(n1?), (A.7)
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uniformly in —oco < y < T In the same way, (A.4) has the same structure with I(E < y)
(resp. H.,(y) and he,(y|z)) replaced by I(E) <y, A =1) (resp. H.y1(y) and he,i(y|x)).
Finally, Proposition A.2 of VKA (1999) ensures that

n

Y (B <y) — H(y))

=1

H(y) — H)(y) =

1
n
—n~"! Z hg(y|Xz’)77(Zi, Ai’Xi)

=1
—n " yh(y|Xa)C(Zi, Al XG) + op(n™?), (A.8)
=1

uniformly in —oo < y < T, and similarly for H?, (y) — H% (y). Therefore introducing (A.7),
(A.8) and their counterparts for H. 1 (y) — H.,1(y) and HY (y) — HY (y) in (A.1) and (A.2)

leads to the asymptotic representation proposed in Theorem 3.1.

Proof of Theorem 3.2. We will make use of Theorem 2.5.6 in van der Vaart and Wellner
(1996), i.e. we will show that

/O " \flog Ny(\, F, Ly(P))d < oc, (A.9)

where NV is the bracketing number, P is the probability measure corresponding to the joint
distribution of (X, Z, A), Ly(P) is the Lo—norm and F = {xg, (X, Z, A,y); —o0o <y < T'}.
Proving (A.9) implies that F is a Donsker class and hence the weak convergence of the
given process is ensured by pages 81-82 of van der Vaart and Wellner’s book. First,
the functions z — (1 — F2(y))vo(y|x) are bounded uniformly in y as well as their first
derivatives since sup, , lyh%(y|z)| < oo and sup, , lyh?, (y|z)| < co. By Corollary 2.7.2 of
the aforementioned book, their bracketing number is O(exp(KA™!)). Since ((z, 6|z) is uni-
formly bounded, the bracketing number of the first term of x4, (z, 2, d, y) is O(exp(KA™1)).

Next, the second term of xg,(z, 2, d, y) is divided into D terms corresponding to each term
8090 (x)

- FEach term can therefore be written

of the scalar product p'(z, z, 4, b))

pate, 0,000 = X[ (0°00) ™ Py ar )]

for d = 1...,D, which is immediately treated since it is factorized in a (uniformly
bounded) function independent of y and a uniformly bounded function only depend-
ing on y. This concludes the proof since the integration in (A.9) can be restricted to the
interval [0, 2M], since |xg,(z, 2,0,y)| < M (for a specific choice of M), for all z, z,§ and
y (for A > 2M, we take Ny(\, F, Ly(P)) = 1).
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Proof of Corollary 3.3. The convergence of Tkg follows directly from the weak conver-

A

gence of the process W (y) and the continuous mapping Theorem. For T¢y,, write

[ it - [T wrart)

< [ 0720) ~ W) + [ WHAEN) ~ F())

For the first term on the right hand side of the above inequality, we apply the Skoro-
hod construction (see Serfling, 1980) to the process W (y) such that SUD_ oo y<T W (y) —
W(y)| — 0, a.s. The second term is jointly treated by the Skorohod construction applied
to the process n/2(F2(y) — F(y)) and the Helly-Bray Theorem (see p. 97 in Rao, 1965)
applied to each of the trajectories of W(y). Finally, we use Corollary 3.2 of VKA (1999)

to treat the difference

1 r 2 0 1 r 2 0
Fo) o VIR W — g [ WHDIFW),
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