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ABSTRACT. In the common time series model X; , = p(i/n)+e¢;, with non-stationary
errors we consider the problem of detecting a significant deviation of the mean function
p from a benchmark g(p) (such as the initial value £(0) or the average trend fol wu(t)dt).
The problem is motivated by a more realistic modelling of change point analysis, where
one is interested in identifying relevant deviations in a smoothly varying sequence of
means (u(i/n))i=1,...,» and cannot assume that the sequence is piecewise constant.
A test for this type of hypotheses is developed using an appropriate estimator for
the integrated squared deviation of the mean function and the threshold. By a new
concept of self-normalization adapted to non-stationary processes an asymptotically
pivotal test for the hypothesis of a relevant deviation is constructed. The results are
illustrated by means of a simulation study and a data example.
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1. INTRODUCTION

Within the last decades, the detection of structural breaks in time series has become a
very active area of research with many applications in fields like climatology, economics,
engineering, genomics, hydrology, etc. (see Aue and Horvath, 2013; Jandhyala et al.,
2013; Woodall and Montgomery, 2014; Sharma et al., 2016; Chakraborti and Graham,
2019; Truong et al., 2020, among many others). In the simplest case, one is interested
in detecting structural breaks in the sequence of means (i;)i=1,..n = (u(i/n))nen of a
time series (Xjp)i=1,...n corresponding to a location model of the form

Xin=p(i/n)+ein, i=1,...,n. (1.1)

A large part of the literature considers the problem of detecting changes in a piecewise
constant mean function u : [0,1] — R, where early references assume the existence of
at most one change point (see, e.g. Priestley and Subba Rao, 1969; Wolfe and Schecht-
man, 1984; Horvath et al., 1999, among others) and more recent literature investigates
multiple change points (see, e.g. Frick et al., 2014; Fryzlewicz, 2018; Dette et al., 2020;
Baranowski et al., 2019, among many others). The errors (&, )i=1,...» in model (1.1) are
usually assumed to form at least a stationary process and many theoretical results for de-
tecting multiple change points are only available for independent identically distributed
error processes. These assumptions simplify the statistical analysis of structural breaks
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substantially, as - after removing the piecewise constant trend - one can work under the
assumption of a stationary or an independent identically distributed error process and
smoothing is not necessary to estimate the trend function.

On the other hand, the assumption of a strictly piecewise constant mean function might
not be realistic in many situations and it might be more reasonable to assume that p
varies smoothly rather than abrupt. A typical example is temperature data (see, e.g.
Karl et al., 1995; Collins et al., 2000) where it might be of more interest to investigate
whether the mean function deviates fundamentally from a given benchmark denoted by
g(p). Here g is a functional of the mean function, such as the value at the point 0, that
is g(p) = u(0), or an average over a certain time period, that is

t1

g(p) w(x)dz for some 0<ty<t; <1 (1.2)

ot —to Jy
(see Section 2 for more details). Moreover, there also exist many time series exhibiting
a non-stationary behaviour in the higher order moments and dependence structure (see
Starica and Granger, 2005; Elsner et al., 2008; Guillaumin et al., 2017, among others),
and the detection of fundamental deviations from a benchmark in a sequence of gradually
changing means under the assumption of a location model with a stationary error process
might be misleading.

In this paper we propose a distribution free test for relevant deviations of the mean
function p from a given benchmark g(x) in a location scale model of the form (1.1) with
a non-stationary error process. More precisely, for some pre-specified threshold A > 0
we are interested in testing the hypotheses

Hy:dy = (/01 (pu(z) — g(,u))zT(d:z:))l/2 <A vs. Hy:dy>A, (1.3)

where 7 is an appropriate measure on the interval [0, 1] chosen by the statistician. This
means that we are looking for “substantial” deviations of the mean function from a given
benchmark g(u) in an L?-sense. The choice of the threshold depends on the particular
application and is related to a balance between bias and variance as the detection of
deviations from a (constant) mean often results in an adaptation of the statistical anal-
ysis (for example in forecasting). As such an analysis is performed “locally”, resulting
estimators will have a smaller bias but a larger variance. However, if the changes in the
signal are only weak, such an adaptation might not be necessary because a potential
decrease in bias might be overcompensated by an increase of variance.

In principle, a test for the hypotheses in (1.3) could be developed using a nonparametric
estimate of the mean function p to obtain an estimate, say a?o, of the distance dy. The
null hypothesis in (1.3) is then rejected for large values of do. However, the distribution
of the test statistic will depend in an intricate way on the dependence structure of the
non-stationary error process in model (1.1), which is difficult to estimate. To address
this problem we will introduce a new concept of self-normalization and construct an
(asymptotically) pivotal test statistic for the hypotheses in (1.3). The basic idea of our
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approach is to permute the data and consider the partial sum process of this permu-
tation, thus, taking into account observations over the whole interval rather than only
the first observations. The new concept and the asymptotic properties of the standard-
ized statistic can be found in Section 3, while some details on the testing problem and
mathematical background on locally stationary processes are introduced in Section 2. In
Section 4 we investigate the finite sample properties of the proposed testing procedure
by means of a simulation study and provide an application to temperature data. Finally,
in Section A, the proofs of the theoretical results in Section 3 are presented.

1.1. Related literature. Despite of its importance the problem of detecting relevant
deviations in a sequence of gradually changing means has only been considered by a
few authors. Dette and Wu (2019) investigate a mass excess approach for this problem.
More precisely, these authors measure deviations from the benchmark by the Lebesgue
measure of the set {t € [0,1] : |u(t) — g(p)] > A} and test whether this quantity
exceeds a certain threshold ¢ > 0. Their approach requires estimation of the local
long-run variance and multiplier bootstrap. More recently, Biicher et al. (2020) propose
the maximal distance to measure relevant deviations from the benchmark and consider
the null hypothesis Ho : sup;cpo 1) [(t) — g(p)] < A. While the maximum deviation
might be easy to interpret for practitioners, the asymptotic analysis of a corresponding
estimate is challenging. In particular it requires an estimation of the long-run variance
and additionally the estimation of the sets, where the absolute difference |u(t) — g(u)]
attains its sup-norm. The methodology proposed here avoids the problem of estimating
tuning parameters of this type using an L?-norm in combination with a new concept of
self-normalization.

Ratio statistics or self-normalization have been introduced by Horvath et al. (2008) and
Shao (2010) in the context of change point detection in stationary processes and avoid
a direct estimation of the long-run variance through a convenient rescaling of the test
statistic. The currently available self-normalization procedures are based on partial sum
processes (see Shao, 2015, for a recent review), which usually (under the assumption of
stationarity) have a limiting process of the form {oW (X)}xcp,1), where {W(A)}acio,1
is a known stochastic process and ¢ an unknown factor encapsulating the dependency
structure of the underlying process. In this case the factorisation of the limit into the
long-run variance and a probabilistic term is used to construct a pivotal test statistic
by forming a ratio such that the factor ¢ in the numerator and denominator cancels.
However, in the case of non-stationarity, the situation is more complicated, because
the limiting process is of the form { J3} a(u)dVV(u)}/\e[0 ;) such that the probabilistic
and the part representing the dependence structure cannot be separated. Zhao and
Li (2013) and Rho and Shao (2015) discuss in fact these problems in the context of
locally stationary time series, but the proposed self-normalizations need to be combined
with a wild bootstrap. In this paper, we present a full self-normalization procedure for
non-stationary time series, which might be also useful for testing classical hypotheses.
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2. THE TESTING PROBLEMS AND MATHEMATICAL PRELIMINARIES

Throughout this paper £2([0,1]) denotes the space of real-valued square-integrable func-
tions on [0, 1] and L?(]0, 1]) the corresponding normed vector space of equivalence classes.
Let (f,g) = fol f(z)g(x)dz denote the scalar product in L([0,1]) and || f|j2 = (f, f)*/?
the corresponding norm, for f,g € L?([0,1]). Further, (f,g), = fol f(z)g(x)r(dx) and
| fll2,r = (f, fﬁ/z, for f,g € L*([0,1],7). Finally, for the sake of readability, for functions
in £2([0, 1]), we denote the integral fol f(z)g(z)dz by (f, g). Finally, if X is a real-valued
random variable we use the notation (in the case of existence) ||X |40 = (E[|X|q])1/q,
for ¢ > 1.

2.1. Relevant deviations in a sequence of gradually changing means. Recall
the definition of model (1.1) and the hypotheses (1.3). Different benchmarks may be of
interest in applications. For example, if one is interested in deviations from the value of
the mean function at a given time, say ¢ € [0, 1], one could choose g(p) = u(t), while
relevant deviations from an average over a certain time period are obtained for the choice
(1.2). In particular if ¢g, ¢; and 7 are chosen 0, 1 and the Lebesgue measure, respectively,
one compares the local mean p(x) with the overall mean g(pu) = = fol u(y)dy and the
hypotheses in (1.3) read as follows

Hy : (/01 (w(z) — /1)2dx) <A vs. (/01 (u(x) — ﬂ)2dx) s > A.

The tests which will be developed in this paper are based on an appropriate estimate of

the quantity
1/2

do={ [ (u(e) ~ 9()r(a) (21)

for which we require precise estimates of the mean function p and the threshold g(u).
Note that the measure 7 in (2.1) is chosen by the statistician and therefore known.

Throughout this paper, we assume that 7 is absolutely continuous with respect to the
Lebesgue measure and has a piecewise continuous density, say f,. Further, we assume
that the mean function p is sufficiently smooth, as specified in the following assumption.

Assumption 2.1. The function p : [0,1] — R is twice differentiable with Lipschitz
continuous second derivative. In particular, this implies that the integrals fol p?(z)dz
and fol p?(z)7(dz) are finite, thus, u € £2(]0,1]) and px € L£2([0, 1], 7).

A natural idea for the construction of a test of the hypotheses (1.3) is to estimate the
L2-distance dg as defined in (2.1) and to reject the null hypothesis for large values of the
corresponding estimate. For this purpose one can use the local linear estimator, which
is defined as the first coordinate of the vector

(fin, (1), 1", (1)) = arbgr;linz (Xim —bo — bi(ifn — )’ Ky, (i/n—t),  (2.2)
0,01 =1
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to estimate the mean function p locally (see, for example Fan and Gijbels, 1996). In
order to reduce the bias we consider the Jackknife estimator

i (8) = 24, 3(t) — in (1) (2.3)
as proposed by Schucany and Sommers (1977) and obtain an estimate g, = g(fip, ) of the
threshold g(u) (other estimates could be used as well). Here h,, is a positive bandwidth
satisfying h, = o(1) asn — oo, Kp(-) = K(3) and K denotes a kernel function satisfying
the following assumption.

Assumption 2.2. The kernel K is non-negative, symmetric, supported on the interval
[~1,1]. It is twice differentiable, satisfies [i_; ;; K'(z)dz = 1 and Lipschitz continuous in
an open interval containing the interval [—1, 1].

The estimate of dy can then be defined as
1/2

i, =l = ([ (@)~ ) r(a)” 2.4)

To study the asymptotic properties of the statistic defined in (2.4) and alternative esti-
mates proposed in this paper (see Section 3 for more details) we require several assump-
tions regarding the dependency structure of the error process in model (1.1), which will
be discussed next.

2.2. Locally stationary processes. For the proofs of our main results we require
several assumption on the dependence structure of the non-stationary time series defined
in (1.1). In the following, we work with the notion of local stationarity as introduced
by Zhou and Wu (2009). To be precise, let n = (1;)icz be a sequence of independent
identically distributed random variables and let (') = (1});cz be an independent copy
of n. Further, define F; = {n : k < i} and F = (...,n—2,9-1,M0,M,---,7:). Let
G : [0,1] x R*® — R denote a filter, such that G(¢,F;) is a properly defined random
variable for all ¢ € [0, 1].

A triangular array {(&;,)i1<i<n }nen is called locally stationary, if there exists a filter G,
which is continuous in its first argument, such that

Ein = G(z/n,}'z)
for all i € {1,...,n},n € N. The physical dependence measure of a filter G with
supyefo1 |G (¢, Fi)llg.0 < 0o with respect to || - [|g.0 is defined by
0q(G, i) = sup [|G(t, Fi) — G(t, F7)llg.0-
t€[0,1]

A filter G is called Lipschitz continuous with respect to || - |40, if
sup ||G(L, Fi) = G(s, Fi)llg.o/ [t = s| < oo

0<s<t<1
The filter G models the non-stationarity of (¢;,). The quantity d,(G,?) measures the
dependence of (g;,,) and plays a similar role as mixing coefficients. We now state some
assumptions regarding the error terms in model (1.1).
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Assumption 2.3. Let the triangular array {(&;n)i<i<n}nen in (1.1) be centered and
locally stationary with filter G, such that the following conditions are satisfied:

(1) There exists a constant v € (0,1) such that §4(G,i) = O(v), as i — oo.
(2) The filter G is Lipschitz continuous with respect to || - [|4,0 and

sup ||G(t, Fo)llan < oo.
t€[0,1]

(3) The (local) long-run variance of G, defined as

az(t): i Cov(G(t, F;), G(t, Fo)), (2.5)

1=—00
for ¢t € [0, 1], is Lipschitz continuous and bounded away from zero, i.e.,

inf o?(t) > 0.
t€0,1]

(4) The moments of order 8 are uniformly bounded, i.e., max;<j<yn Eein < 00.

2.3. Testing for relevant differences - the problem of estimating the variance.
Continuing the discussion in Section 2.1 it follows from the results given in Section 3
that the estimator (2.4) is asymptotically normal distributed if Assumptions 2.1, 2.2, 2.3
and an additional assumption on the consistency of the statistic g, are satisfied. More
precisely, it can be shown (see Remark 3.7) that

Va(llin, = gnll3- = e = g(@l3) ~ N(0,4]duol3), (2.6)

where the symbol ~ denotes weak convergence, o2(-) is the local long-run variance
defined in (2.5) and d,,(-) denotes an unknown function, that depends on the function
p and the error process. In principle, if 62 and d?u are estimators of the local long-run
variance and the function d,,, respectively, a reasonable strategy would be to reject the
null hypothesis in (1.3) if

2H52w6nH2
vnoo

where z;_,, denotes the (1 — a))-quantile of the standard normal distribution. It will be

17k, = Gull3- > A% + 210 (2.7)

shown in Remark 3.7 below, that this decision rule provides a consistent and asymptotic
level a-test for the hypotheses in (1.3). However, it turns out that this decision rule
does not provide a stable test because local estimators of the long-run variance have a
rather large variability.

In order to avoid the intricate estimation of the local long-run variance we will re-define
the local linear estimator in (2.2) permuting the data and consider the partial sum
process of the new estimators in the following section. This approach will enable us to
construct an (asymptotically) pivotal test statistic for the hypotheses in (1.3).
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3. A PIVOTAL TEST STATISTIC

3.1. Self-normalization. A common technique to avoid estimating the long-run vari-
ance are ratio statistics or self-normalization as first introduced by Horvéth et al. (2008)
and Shao (2010), which are based on a convenient rescaling of the test statistic. However,
these concepts are not easy to transfer to non-stationary time series as they rely on the
asymptotic properties of a corresponding partial sum process. To illustrate the problems
of these concepts in non-stationary time series consider the simplest case of model (1.1),
where the mean function is constant and the error process is stationary. In this case the
estimate of the constant mean function p from the partial sample Xi p,..., X|xn|n 18
its mean and under the assumptions stated in Section 2 we have the weak convergence

LAn]

{Bn( M) taep,1) = {”71/2 > (Xin— M)}

=1

A€[0,1] e {UWO‘)}AG[OJ] )

where {W())} AE0,1] denotes a standard Brownian motion and the long-run variance o2
is defined in (2.5) and does not depend on t (because of the stationarity assumption).
In this case, the factorisation of the limit into the long-run variance and a probabilistic
term is used to construct a test statistic in the form of a ratio, such that o occurs in
the nominator and denominator, and therefore cancels out. On the other hand, if the
error process in model (1.1) is non-stationary (but the mean function is still constant)
we have the weak convergence

A
(BN heoy = { [ o@aW (@},

In this case, the limiting distribution does not factorise and it is no longer possible to use
the common self-normalization approach. Zhao and Li (2013) and Rho and Shao (2015)
discuss locally stationary time series, but the proposed self-normalization procedures
have to be combined with a wild bootstrap.

In this work, we present an alternative self-normalization procedure for non-stationary
time series which does not require resampling to obtain (asymptotically) pivotal statis-
tics. Our approach is based on the idea that in a locally stationary setting, observations
from the whole interval [0, 1] need to be taken into account. Therefore, let b, denote a
sequence with b, — oo and b,/n — 0, as n — oo, and let £, = |n/b,|. We define a
(fixed) permutation of the set {1,...,n} by

{1,...,n} — {1,...,n}
T: ) (k=1 mod £,)b, + [k/l,], if k< {,by
F = Te= k, it k> fyb,

Note that for k = il, + j it holds Ty, = (j — 1)b, + ¢ + 1, where i € {0,...,b,} and
jed{l, ..., 0}
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Roughly speaking, the mapping T splits the set {1,...,n} into £, blocks with block
length b,,, that is

{Ty,...., Ty} = {1,b,+1,2b, +1,...,(L, — 1)b, + 1}
{To,41,---,Tor,} = {2,bn+2,2b,+2,...,(ln, — 1)b, + 2}
{ngnﬂ, .. ,ngn} = {3, bn +3,2b, +2,..., (ln — 1)bn + 3}

where the blocks correspond to the columns in the above display.

With this notation, for ¢ > 0 and A € [(, 1], we define the sequential local linear estimator

of the mean function y from the sample X7, , ... >XTWL |;n as the first coordinate of the
vector
[An]
A ~ . . 2
(An, (A1), 1!y, (A1) = argmin > (Xzym —bo — bi(Ti/n — 1)) Kp, (T;/n—t).  (3.1)
0,01 ;—1

In the following we will work with a bias corrected version of fis, (A, t) and consider the
sequential Jackknife estimator

i, 1) = 271, 5 ONt) — fin, (A 8). (3.2)
With the notation
d(z) :== p(z) — g(p)

we can rewrite the distance in (2.1) as dy = ||d||2,-. In order to estimate dy let g, () be a
suitable sequential estimator of the benchmark g(x) from the sample X7, ,,, ... s X1y
and define

A

dn(>\a :E) = ﬂhn ()‘7 ZL‘) - gn()‘)
and
dz,n(A) = [ldn(X,-)l2,r-

Note that all estimates are calculated from a part of the permuted sample and that the
statistic czgvn(l) estimates doy from the full sample X ,,, ..., X, , and therefore coincides
with the estimator defined in (2.4). For the proofs of our main results we need an as-
sumption regarding the precision of the estimator g, (-) of the benchmark, the bandwidth
h, and the block length b,,, which are given next.

Assumption 3.1. The sequential estimator §,(A) of the benchmark g(u) admits a
stochastic expansion
1 Ll
)\\/ﬁ(gn()‘) - Q(M)) = = Z ETi,nwn(Ti/n) + O]p(l),
Vi S
uniformly with respect to A € [(, 1] for some constant ¢ € (0,1) and functions wy,w €
£4([0,1]) such that w, is Riemann-integrable for any n € N, |Jw, — w|4 — 0 and

tn bu ‘ |
Do Jwn(B2) — wa (M2 | = O(bahy, ), (3.3)

j=1r=1
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1/4
where [wp — wlla = (Jo' lwn(z) — w(@)[[*dz)""".
Assumption 3.2. There exist constants a, 8 > 0 such that the sequence of bandwidths
h, — 0 satisfies nh, — oo, nhS — 0, nf = O(nh?}) and the sequence b, — oo satisfies

b3 /n 0, b = 0, n® = O(by).

Remark 3.3.

(1) Assumption 3.1 is rather mild and satisfied for many functionals as explained below.
Proofs of the following statements can be found in Section A.3 of the Appendix.

(i) Condition (3.3) is satisfied for all Lipschitz continuous functions and all step
functions on the interval [0, 1].
(ii) The assumption holds for g(p) = ¢ with some known ¢ € R, for g,(\) =
9(jin, ().
(iii) Assumption 3.1 is satisfied for the functional defined in (1.2) and the estimator

LAn]
1
On (A :75 X o L(to < Ti/n < t1).

(iv) Let g : L?([0,1]) — R be a linear, bounded operator. By the Riesz-Fréchet
representation theorem, there exists h, € L%([0,1]) such that g(-) = (-, hy). If
there exists a continuous function h, in the equivalence class corresponding to
hg, the estimator §,(\) = g(fin, (X, -)) satisfies Assumption 3.1.

(v) The functional g(u) = u(t) (for some fixed t € [0,1]) is not covered by Assump-
tion 3.1. Nevertheless a corresponding pivotal test can be developed as well - see

Remark 3.5 for more details.

(2) Assumption 3.2 is satisfied, if h,, = n=1/5 b, = nl/%. In this case, the constants a
and S can be chosen as % and 1, respectively.

Theorem 3.4. Let Assumptions 2.1, 2.2, 2.3, 3.1 and 3.2 be satisfied. For any ¢ € (0,1),
the process

{GnMhrecn = AVn(d3 () — d5) hacrcay (3.4)
converges weakly to the process
{G(N)hacrea) = {2]|dwa ||, W (M) aeie) (3.5)

in £°([C,1]), where d,(-) = f-(-)d(-) + w(-) fol d(x)7(dx) and {W(\)}aecp,1) denotes a
standard Brownian motion. In particular, G(\) = 0 if dy = 0.

Remark 3.5. If g(u) = p(t), for some fixed t € [0, 1], the benchmark g(u) needs to
be estimated locally and there is no estimator satisfying Assumption 3.1. However,
an analogous result as stated in Theorem 3.4 can be shown with the same arguments
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given in the proof of the latter theorem. More precisely, if g(u) = p(t) we can use
gn(A) = fip, (A, t) and under Assumptions 2.1, 2.2, 2.3 and 3.2, the process

{Gh (N heea) = IMWnha(d3,,(A) — d3) hacie

converges weakly to
(@ Wb = {20000 [ dteyrtanwon}
’ 0 AEC]

in £°([¢,1]), where the constant & is defined by x2(t) = [, (K* ($))2dx ift € (0,1) and
by

0= =g [ (5@ (G = t)macin)

k(L) = — Kax x ——1)k T x,
(Ktokt2 — K7 1)? - N V2 b2

with k; = f_lt_tij(:c)da:, for 7 € {0,1,2} and ¢t € {0,1}, and K* is defined by

K*(z) = 22K (\/2z) — K(z).

In the following, we will develop a pivotal test for the hypotheses (1.3) on the basis of
Theorem, 3.4 or Remark 3.5. For this purpose let v be a probability measure on the
interval [(,1] with v({1}) = 0. We propose to reject the null hypothesis if

1
B2.,(1) > A2+ g1_q /< Ad2,(A) — d2,,(1)[du(), (3.6)

where ¢1_,, denotes the (1 — a)-quantile of the distribution of the random variable
w(1)
JEIW () = AW (1)]dw(N)

Corollary 3.6. Let the assumptions of either Theorem 3.4 or of Remark 3.5 be satisfied.
If A > 0, the decision rule (3.6) defines a consistent and asymptotic level a-test for the
hypotheses (1.3) of a relevant deviation of the mean function p from the threshold g(u),
that s

0, ifdy<A
P( the null hypothesis (1.3) is rejected by (3.6) ) “—%{ a, ifdy=A
1, ifdo > A.

Remark 3.7. Note that the Jackknife estimator defined in (2.3) coincides with fip,, (1, -)
and g, = g(fin, (1,-)). Consequently, the continuous mapping theorem and Theorem 3.4
yield the weak convergence stated in equation (2.6) of Section 2.3. Consequently, if the
estimators 62 and CZZJ are consistent, the decision rule in (2.7) defines a consistent and
asymptotic level « test for the hypothesis (1.3), that is

0, ifdyg <A
P( the null hypothesis (1.3) is rejected by (2.7) ) 225 { «a, ifdg=A
1, ifdy > A.
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4. FINITE SAMPLE PROPERTIES

4.1. Monte Carlo simulation study. A large scale Monte Carlo simulation study was
performed to analyse the finite-sample properties of the proposed test (3.6). The local
linear estimator in (3.1) requires the specification of the kernel K and the bandwidth h,,.
We used the quartic kernel K (z) = 12(1—122)2, but other kernels will yield similar results.
The choice of the bandwidth h,, for the estimator fiy,, is crucial to avoid both overfitting
and oversmoothing, and we employ the following k-fold cross-validation procedure with
k =10 (as recommended by Hastie et al., 2009, page 242).

Algorithm 4.1 (Cross-Validation for the Choice of hy,).
(1) Split the observed data randomly in k& = 10 sets Si, ..., S1p of equal length.
(2) For h, = + and each set S;, calculate the Jackknife estimator /1;;2 based on the
data in the remaining sets.
(3) Based on the Jackknife estimators ,u( " from Step (2), compute the mean squared
prediction error

MSE,, =

Z Z {Xjn ﬁgn J/”)} .

nz 1j5€S;

(4) Repeat Steps (2) and (3) for the bandwidths h, = 2, ..., [n/2]

n
(5) Choose the bandwidth h,, that minimises the mean squared prediction error

MSEy,, .
As block width we chose b, = 20 and as measure v on [0,1] in (3.6) we used the
uniform distribution on the set {1/5,...,4/5}. Preliminary simulation studies showed

that different choices of b,, and the measure v lead to similar results.

We considered two types of mean functions u, three different error processes and four
different choices of the time-dependent variance. The first class of models is based on
the mean function

pV(z) =10 + 3 sin(8mz) + a(z — %)211@ > 1), (4.1)

which is displayed in the left part of Figure 1 for various choices of the parameter a. We
considered the testing problem

= ’uél)—

wf, stz v Hi:|ud )

‘2 > 1/2, (4.2)

where
1/2
g(p) = i) =2 [ ) (@),
0

and 7(-) = 2A[1/2,1() is the Lebesgue measure on the interval [3,1]. Such a scenario
might for instance be encountered and of interest in the context of analyzing climate data
where measurements for a recent period are compared with an average from previous
years.
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FIGURE 1. Left: The mean function p” for three choices of a. Right:
The mean function p®.

Note that H,ugl) — ﬂ((ll)||27 = 1/2 for a* ~ 1.43. We call this situation (i.e. when there
is equality in (4.2)) the boundary of the hypotheses. On the other hand for a < a* and
a > a* the null hypothesis and alternative in (4.2) are satisfied, respectively.

The second model has the mean function

9 for x < %
1 (z) = —3sin(2rz) + 105 for 1 <z <32 (4.3)
12 for % <z

which is displayed in the right part of Figure 1. For models involving this mean function,
we considered the testing problem

Ho:do=||p® —g(u)llar <A vs.  Hy:||p® —g(p)|ar > A (4.4)

for various choices of the threshold A > 0, where g(1) = 10 and 7(-) = A y)(-) is the
Lebesgue measure on the interval [0, 1]. Such a setting might be encountered in quality
control, where deviations from a target value might occur gradually due to wear and tear
(and eventual failure) of a component of a complex system. Note that ||z —10|2, < A
for A > 1.392, whereas [|1(?) — 10|z, > A for A < 1.392.

We consider four different choices of time-dependent variance 6%(t) = E[G?(t, Fo)], that
is

a5 (t) =1, Gi(t) =3 +t,
53(t) = 1 — 1 cos(2rt), G5(t) =5 +1(t>1/2),
and three classes of error processes {€;, : 1 <4 < n}pen in model (1.1), that is
(IID)  ein = Gr(i/n)m
(MA) i = G3(i/n) (1; + 5mi-1) /2
(AR)  ein = 63(i/n)(ni + 5€i-1,n) /2,

for k € {0,1,2,3}, where (1;);ez is an i.i.d. sequence of standard normal distributed
random variables.
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(€) ~2 ~2 ~2 -2
Ha 90 01 02 03

a dof% 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000

Panel A: iid errors
0.37 -0.15 | 0.0 0.0 0.0| 0.0 0.0 00| 00 0.0 00| 00 0.2 0.0
0.89 -0.10 | 0.0 0.1 0.0| 00 0.2 00| 00 0.0 00| 00 0.2 0.1
1.18 -0.05 0.2 0.9 0.6 0.0 1.0 0.3 0.0 1.4 0.4 0.1 0.9 0.6
1.43 0.00 | 0.7 3.9 4.5 | 0.4 2.8 3.4 0.5 5.5 4.6 | 0.3 2.7 3.4
1.86 0.10 2.7 23.6 43.1 2.1 21.6 335 3.0 32.2 47.0 1.0 134 26.5
2.26 020 | 74 546 839 | 82 463 73.0| 95 66.5 886| 35 334 614
2.64 0.30 | 14.1 76.6 95.8 | 12.1 68.7 91.8 | 19.5 88.8 98.0 6.2 51.1 &83.1

Panel B: MA errors
0.37 -0.15 | 0.0 0.0 0.0| 0.0 0.0 00| 00 0.0 00| 00 0.0 0.0
0.89 -0.10 | 0.0 0.0 0.0| 0.0 0.0 00| 00 0.0 0.0 00 0.0 0.0
1.18 -0.05 0.1 0.4 0.2 0.0 0.8 0.1 0.0 0.2 0.2 0.1 0.2 0.4
1.43 0.00 | 0.3 4.8 4.9 | 0.1 4.1 4.2 0.5 7.0 53| 0.1 44 4.1
1.86 0.10 | 4.3 383 587 | 3.7 309 533| 55 454 69.0| 3.0 21.9 39.2
2.26 0.20 | 12.6 76.8 948 | 11.6 69.3 914|163 83.8 97.8 94 525 79.5
2.64 0.30 | 29.5 93.7 999|286 876 98.8|33.4 974 99.7|21.4 754 94.0

Panel C: AR errors
0.37 -0.15 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.0 0.0
0.89 -0.10 | 0.0 0.3 00| 02 0.1 00| 01 03 00| 03 06 0.1
1.18 -0.05 0.4 1.3 1.1 0.1 1.5 0.9 0.0 2.3 1.3 0.4 24 1.3
1.43 0.00| 1.3 8.6 65| 1.2 7.1 75| 1.0 7.8 70| 0.8 5.6 5.8
1.86 0.10 | 5.3 36.3 528 | 54 295 479 | 6.8 41.1 57.0| 3.9 226 354
2.26 0.20 | 16.4 67.8 90.0 | 14.6 59.9 85.7|18.0 78.2 92.6|10.0 45.0 70.1
2.64 0.30 | 30.6 86.6 989 |24.1 80.1 96.1|354 929 99.4 | 187 65.6 89.5

TABLE 1. Empirical rejection rates of the test (3.6) for the hypotheses
(4.2). The mean function is given by (4.1), where different values for the
parameter a, different error processes, and sample sizes are considered.
The lines in boldface correspond to the boundary of the hypotheses.

The empirical rejection rates of the test (3.6) for the hypotheses Hy : dy < A vs.
Hy : dg > A are calculated by N = 1000 simulation runs and displayed in Table 1
and Table 2. The sample size is chosen as n = 200, 500 and 1000 and the nominal
level is 5%. Table 1 shows the rejection probabilities for different values of a in the
function u,(ll) defined in (4.1), which yields to different values of dp in the hypotheses
(4.2). On the other hand, in Table 2 the function 1? and therefore the value dp is
fixed and the threshold A in the hypotheses is varied. The lines marked in boldface
indicate the boundary of the null hypothesis, that is, the parameter where dy = A.
More precisely, note that the null hypothesis in (4.2) holds if and only if dy < 0.5 and
we display exemplary results for the cases dg = 0.35, 0.4, 0.45 and 0.5 in Table 1, where
the last case corresponds to the boundary of the null hypotheses. The remaining cases
dp = 0.6, 0.7 and 0.8 represent three scenarios of the alternative in (4.2). Similarly,
in Table 2 the function p(? is fixed with dy = 1.39. Therefore, the null hypothesis in
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@ 35 5 53 53

A A —dy | 200 500 1000 | 200 500 1000 | 200 500 1000 | 200 500 1000

Panel A: iid errors
1.30 -0.09 | 13.8 41.8 62.8 | 125 36.3 59.4 | 14.8 47.0 684 9.1 234 443
1.34 -0.05 6.8 20.8 34.3 6.9 19.1 29.8 7.2 228 37.6 4.8 11.7 233
1.38 -0.01 2.1 89 11.2 4.0 8.2 8.3 3.1 84 11.2 2.7 4.8 7.9
1.39 0.00 | 2.0 5.0 5.1 | 2.2 5.2 54| 2.4 5.1 58| 2.4 3.3 4.5
1.41 0.02 1.0 2.6 1.1 1.8 3.0 1.0 1.2 2.6 1.5 1.8 2.0 2.4
1.48 0.09 0.3 0.0 0.0 0.1 0.0 0.0 0.1 0.1 0.0 0.5 0.5 0.0
1.55 0.16 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.0 0.0

Panel B: MA errors
1.30 -0.09 | 27.3 58.0 84.6|20.7 544 79.7|325 67.6 86.3| 158 40.2 66.1
1.34 -0.05 | 12.6 30.7 52.3 9.5 269 459|152 37.2 557 7.2 188 34.5
1.38 -0.01 5.5 11.1 13.7 3.8 85 12.6 5.3 11.1 14.8 2.8 7.6 11.7
1.39 0.00 | 3.0 5.0 77 3.4 5.1 6.2 | 3.6 6.9 75| 2.2 44 5.9
1.41 0.02 1.6 2.0 1.5 1.3 1.2 0.9 1.0 2.0 0.8 1.3 2.3 1.5
1.48 0.09| 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 00| 0.0 0.0 0.0
1.55 0.16 | 0.0 0.0 0.0 0.0 0.0 0.0 00 0.0 00| 0.0 0.0 0.0

Panel C: AR errors
1.30 -0.09 | 23.8 52.2 75.0|20.7 435 67.8|26.6 58.6 79.2| 151 36.7 53.6
1.34 -0.05 | 13.9 28.3 428 |11.8 23.2 39.3|13.2 32.8 50.1 9.3 220 31.1
1.38 -0.01 7.9 10.1 153 6.3 8.9 128 5.8 12.7 16.8 6.0 10.1 12.5
1.39 0.00 | 5.7 7.5 90| 45 7.5 86| 6.3 8.0 96| 42 7.3 9.9
1.41 0.02 3.2 2.6 2.5 2.9 2.4 2.1 2.2 3.3 2.1 3.5 3.7 3.0
1.48 0.09| 0.6 0.0 0.0 02 0.0 00| 03 0.1 00| 08 03 0.1
1.55 0.16 | 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 00| 01 0.0 0.0

TABLE 2. Empirical rejection rates of the test (3.6) for the hypotheses
(4.4). The mean function is given by (4.3), where different values for the
threshold A, different error processes, and sample sizes are considered.
The lines in boldface correspond to the boundary of the hypotheses.

(4.4) holds if and only if the threshold satisfies A > 1.39. We observe in most cases
a good approximation of the nominal level at the boundary of the hypotheses and the
test is also able to detect alternatives with reasonable power. These empirical findings
corresponds with the theoretical results derived in Section 3.

We conclude this section with a comparison of the new test (3.6) with the test (2.7)
which relies on the estimation of the (local) long-run variance. For this purpose we use
the long-run variance estimator as proposed in equation (4.7) of Dette and Wu (2019)
with bandwidths as suggested in this reference. In Table 3 and 4 we display the rejection
probabilities for both tests for some of the models considered in Table 1 and Table 2,
where we use the Lebesgue measure on the interval [0, 1] for the calculation of the L2-
distances and the benchmark is given by g(u) = fgl p(x)dz. For the sake of brevity
we restrict ourselves to the sample size n = 500 and the variance function 63(t) = 1.
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errors iid MA AR
a do— A | (3.6) (2.7) | (3.6) (2.7)] (3.6) (2.7)
0.13 | -0.15 0.0 0.0 0.0 0.0 0.0 0.0
1.60 | -0.10 0.0 0.0 0.0 0.0 0.0 0.0
2.13 | -0.05 0.0 0.0 0.1 0.0 0.1 0.0
2.57 | 0.00 2.2 0.0 1.6 0.0 4.3 0.4
2.97 | 0.05 14.0 3.0 20.1 0.9 | 22.6 3.5
3.35 | 0.10 35.0 24.2 | 581 20.5| 46.3 26.8
3.71 | 0.15 619 67.1 | 84.8 757 | 729 71.7

TABLE 3. Empirical rejection rates of tests (3.6) and (2.7) for the hy-
potheses (4.2). The mean function is given by (4.1), where different val-
ues for the parameter a and different error processes are considered. The
variance is 68(15) =1, the sample size is n = 500 and the line in boldface
corresponds to the boundary of the hypotheses.

errors iid MA AR
A A—do | (3.6) (2.7)] (3.6) (2.7)] (3.6) (2.7)
1.15 | -0.15 73.8 839 | 90.3 93.1 | 81.8 86.2
1.20 | -0.10 48.0 45.0| 69.3 51.7 | 58.3 50.4
1.25 | -0.05 22.9 10.5| 32.1 6.7 | 31.3 124
1.30 | 0.00 5.5 0.5| 49 0.1 8.0 0.7
1.35 | 0.05 0.5 0.0 0.1 0.0 1.4 0.1
1.40 | 0.10 0.0 0.0 0.0 0.0 0.1 0.0
1.45 | 0.15 0.0 0.0 0.0 0.0 0.0 0.0

TABLE 4. Empirical rejection rates
potheses (4.4). The mean function is given by (4.3), where different val-
ues for the threshold A and different error processes are considered. The
variance is &g(t) =1, the sample size is n = 500 and the line in boldface
corresponds to the boundary of the hypotheses.

of tests (3.6) and (2.7) for the hy-

15

We observe that the test (2.7) is conservative at the boundary of the hypotheses. As a
consequence the proposed test (3.6) based on self-normalization is usually more powerful.

4.2. Case Study. Time series with possibly smoothly varying mean naturally arise in
the field of meteorology. To illustrate the proposed methodology, we consider the mean
of daily minimal temperatures (in degrees Celsius) over the month of July for a period of
approximately 120 years in eight different places in Australia. At each station we tested
for relevant deviations of the temperature from the mean temperature calculated for an
historic reference period ranging from the late 19th century to 1925 at that station. As
a threshold A, we chose 0.25, 0.5 and 0.75 degrees Celsius. Exemplary, the observed
temperature curves at the weather station in Cape Otway, Gayndah and Melbourne and
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FIGURE 2. Raw data of the temperature (light grey), estimated bench-
mark (dark grey) and estimated smooth mean function for different
weather stations. Top left: Cape Otway. Top right: Gayndah. Bottom
left: Melbourne. Bottom right: Australia (mean).

the mean over all weather stations are plotted in Figure 2, alongside with their estimated
smooth mean curves fi and the estimated benchmarks g.

The results for all stations under consideration can be found in Table 5. For test (3.6),
most p-values are significant for A = 0.25 degrees Celsius. Further, two p-values for
A = 0.5 are significant. The test (2.7) does not yield a significant p-value below 0.05 at
any station. Test (3.6) based on the proposed self-normalization procedure seems to be
more powerful than (2.7), which confirms the numerical findings of the simulation study.
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APPENDIX A. PROOFS OF MAIN RESULTS

In this section we will provide proofs of the theoretical statements in this paper. We begin
with some preliminary results regarding the uniform approximation of the sequential
estimators of the regression function, which are of own interest and required for the
proofs of the main results in Section 3, which will be given in Section A.3 and A.2.

A.1. Sequential estimators of the regression function. Recall the definition of the
sequential Jackknife estimator iy, (A, ) in (3.2) and define

K*(x) = 2v2K (V2z) — K(x) (A1)

as the corresponding kernel. The following two results provide stochastic expansions for
the difference fij, — p uniformly with respect to A and . Lemma A.1 considers the case
where the argument t stays away from the boundary, while a stochastic expansion for
the other case is derived in Lemma A.2 below.

Lemma A.1. Let h, — 0 and b, — oo be sequences with b, = o(nhy) and define
I, = [hpn,1 — hy]. If Assumptions 2.1, 2.2 and 2.3 are satisfied, we have

[An]

1
sup A fn, (A t) — p(t)) — — ernK; (Ti/n—t :(’)hi—i-nb" :
teln,)\e[g,l]‘ (0, (A ) = () nhy, ; 70 B, (Ti/ >‘ ( )

where K, (-) = K*(-/hy) and K* is defined in (A.1)

Proof. Define

[An] ) [An] )
Snj(A\ 1) = Z (T;L;:t)JKh" (% —t) and R, j(\t) = Z XTi’”(TéE:t)thn(% — ),
i=1 i=1

for j € {0,1,2}. Note that for the calculation of the local linear estimator fis, (A, t) in
(3.1) we have to minimize the function
[An]

f(bo,b1) =Y (X1 — bo — b1 (Ti/n — t))2Khn(Tz‘/” —t),
i—1

which is differentiable with partial derivatives

o .
8;;(170, b1) = —20, (B s\ t) — oS g (0 ) — biln S (A1),
for j € {0,1} and Hessian matrix
_ Sn,O(Aat) hnSn,l( ’ )
Hy = 2( hnSni(At) h2Sna(A\t) |- (4.2)

In the following discussion we will show that

1 Lo
%Sn,j()\,t) _)\/—1 K (x)dx

sup
A€[¢,1]
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for j € {0,1,2}. If this result is true, the proof follows by arguments similar to those
used in the proof of Lemma B.1 of Dette et al. (2019). To be precise, note that

Sno(At)Sn2(At) — S2 (A t) >0

for any A € [(,1] and almost every n € N. This means, that the Hessian matrix Hy is
positive definite and both partial derivatives vanish if any only if

1
bo \ _ [ Sno(At) hnSni(At) Ruo(\t) (A4)
b1 Sny]-()\’ t) hnSn,Q(Av t) Rn71 ()\, t) ’ )
By (A.3) and a Taylor expansion, it follows that

)

sup ‘)\(uhn()\, t)—p(t)) — i ; ety K, (Ti/n—t) — §h%/i”(t) /

:I:QK(x)dx‘
tel, \e[¢,]1] -1

= O(hy, + ).
The statement of Lemma A.1 now follows from the definition of the Jackknife estimator
i, in (3.2).
To finish the proof, we now show the remaining estimate (A.3). For this purpose let
A € [¢,1] and define B(\) = U?’;l Bj()), where the sets Bj(\) are defined by

Bi(N) ={( = Dba+1,.,(G = Dbu+ [N 41— 1< [Mn] =1 mod £,)}.
Note that (by Assumption 2.2) the kernel K is Lipschitz continuous with support [—1, 1],
which implies

K(

nhny

iny _ [ K(B2) + O(G) it fi = nt] < b,
0 else,

b

for i € Bj(A), where the error term O(;7-) only depends on the function K and, in
particular, does not depend on A. Thus, if follows that

[An]
—nt\k i i—nt\J )
Sn,k()‘at) = Z (T;Lhnt) Khn(% _t) = Z (nhnt)]Khn(ﬁ _t)

i=1 i€B(\)
ln A k

= > (G K -1
J=14eB;(\)

=S (M +1G - 1< ) =1 mod 6,)) (225 K, (2 = 1) 4+ O(b),
j=1

uniformly in A. As the kernel K has support [—1, 1] the only non-zero summands in the

last expression are those with index j € [n(tl;h"), n(%nh")] Moreover, it holds that

sup (%)]K(ibn) _)\/ ;E]K(l')dl‘ = O(%)’
relc 1] Hnfin j:_%%hn o o . -
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which implies (A.3). O

Lemma A.2. Let I =[0,1]\ I,, Kjpn,(t) = fg;,fi/hn 2/ K (x)dx, for j € Ny, and

o () = i (8) (L
C (1) = )
hnﬂ( ) Ko,hn (t)"{QJln (t) — /ﬂ‘/%’hn (t)

forie{1,...,n}. If the assumptions of Lemma A.1 are satisfied, it holds

wnJ
1
iy (M) = i(t)) = —— 20, (K, (5 —) = cp (8 K, (T~
up [A(in, (A1) = (1)) iy 2 5T { ey () K ny (5 =) = cnn i () K, (3 0]
relC]

= O(h +2~). (A5)
Proof. By similar arguments as given for the approximation in (A.3) it follows that

sup sup
tels \e[¢,1]

for j € {0,1,2}. Note that S, o(X,t)Sp2(N,t) — 5’%71()\,15) > 0 for any A € [¢,1] and
almost every n € N since, by Assumption 2.2,

SN0 = M, ()] = O, (A.6)

nhn nhy

/A K (z)de /A 22K (2)da — ( /A a:K(:v)dx>2 _ L[ -y K@) K y)d(,y),

=2 /e

is positive for any set A C [—1, 1] with positive Lebesgue measure. Thus, the Hessian
matrix Hy, as defined in (A.2), is positive definite and the partial derivatives vanish if
and only if (A.4) holds true. Therefore, by (A.6) and similar arguments as given in the
proof of Lemma B.2 in Dette et al. (2019) we obtain that

[An]
N 1 *
swp A, (1) = (0) = —— 3 exnen, (0K, (Ti/n — 1)] = O(12 + )
teIe AelC,1] nhn 24
Finally the statement (A.5) follows from the definition of the Jackknife estimator in
(3.2).
O

A.2. Proof of Theorem 3.4. The following two Lemmas A.3 and A.4 establish the
convergence of the finite dimensional distributions and equicontinuity of the process
{Gn(M}age,) in (34) (for any ¢ > 0). The assertion of Theorem 3.4 then follows
directly from Theorems 1.5.4 and 1.5.7 of van der Vaart and Wellner (1996).

Lemma A.3. Let Assumptions 2.1, 2.2, 2.3, 3.1 and 3.2 be satisfied and { < Ay < -+ <

Ap < 1.Then,

T T

(Grn(A1), -, Gr(N) ~ (G(M1), ..., G(Np))
in RP, where the Gaussian process {G(A)}rejgq) 5 defined in (3.5)
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Proof. First observe that

Gn(A) = Wn(llda(A, ) = dlI3 - +2(d, dn(A, ) = d)-),
and note that
n(N) = g(u) = Op(n~"?) (A7)
by Assumptions 2.3 and 3.1. Recall the definition of the interval I,, = [hy,1 — hy,] and

denote (f,g)1, = [y, f(2)g(x)r(dx) and ||f|l2.1, = (f. f)}/%, for any f,g € L2([0,1],7).
In the following let

Gn(A) = MWa(lldn(X,) = dl|3 1, +2(d, dn(X,) — d)1,) | (A.8)
then the assertion follows from the statements
(Gn(A1),- . Grn(Mp) T~ (G(M1),....G(A) T (A.9)
sup |Gn(A) — Gu(A\)| = op(1) (A.10)
A€E[¢,]

For a proof of (A.9) note that by the Cramér-Wold device, it is sufficient to prove

P p
i=1 i=1
for all a1, ...,a, € R. Define S, = Zi?:l €imn and Sy = Zle €im With

Ein = Elein|ni; - Nim,] (A.11)

for m;, € Nand k£ = 1,...,n. By Assumption 2.3 (1), Assumption 3.2 and equation
(3.2) of Wu and Zhou (2011) we have

| max 1Sk = Skllls o = On!2my©), (A.12)

where m,, = n" with v < min{3/4,a/2} and the constant c¢ is given by ¢ = %. In

4 2
particular, the sequences ”;;4 , b" and b""C/z are all of order o(1) as n tends to infinity.
From Lemma A.1 it follows that
1 W

sup ANn)‘vt_ t) — — Ei,nK* Ti/n—1 :Ohi—i—nb” .
te[hn,l—hn],/\e[g,l]‘ (i, (A1) = (1) nhy, ; T n(Ti/ )‘ ( hn)
(A.13)

Observe that by Assumption 3.1, (A.7), (A.12) and (A.13)

[An] 2
MWitllda(h, ) — d|Z, = fH(l };ij/n—-))+A<gn<A>—g<u>>21+oxp<1>
f 1 L)‘"J 1 2
< 27| 3 erap K @/n = 2V ) =900 + o)
L/\nJ 2
_ le han;;n(Tj/n—') +op(1) (A.14)

2,1
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uniformly with respect to A € [(, 1], where the random variables r;n are defined
n (A.11) and m,-dependent in the sense that €Ty, n and €ry,n are independent if
|Tj, — Tj,| > my. For the estimation of the first term, let K;; denote the integral
I1, K (Ti/n—2)Kj; (Tj/n—z)7(dz). By the Cauchy-Schwarz inequality and absolute
continuity of 7, K; ; can be bounded from above by Ch,,. Tith implies

8 ]
2,1

8
%] (A.15)

[An]
E{ sup 1’ ér T;/n—"-)
AE[¢,1] Z ’

Tj/n =)

n
szwﬁ[

k=1
n 1 k |:

:Zn6h8 >

k=1 T g1,.0J8=1

4
~ . m
H 5ijn] K1 2 K s 5u K s e K iz js = O(Th% )s
r=1

where the last estimate follows observing maxi<;<p Esin < oo by Assumption 2.3 (4)
and the fact that only O(n*m) summands of the inner sum are non-zero due to the
mp-dependency of the random variables €;,,. Thus, by (A.14),

AWnlda(A, ) = dl3 1, = op(1) (A.16)
uniformly with respect to A € [¢,1]. If

1
do :/ d?(x)dz =
0

it follows that G,,(\) = op(1) and therefore we assume dy > 0 in the following discussion.
In this case we have from (A.8) and (A.13) that

p p
> aiGn(N) =23 aidivn(d, dn(N,-) — d) 1, + 0p(1) = Zy, + op(1), (A.17)
i=1 =1

where
p [Nin]

Zn Zaz Z erym{d, by K (Tj/n =) + wn(Tj/n))1,
By Lipschitz cont1nu1ty of d and supp(K) = [—1,1] it follows that
|| K, (T = zyr(an) = (45 + Ohn)) [ K (Ty/n = w)r(d)

We obtain for any point of continuity y of the piecewise continuous density f of the
measure 7T that

/Kh — x)7(dx) = /1 hn — z) fr(z)dz

1/hn—1—=y/hn
I K (@) f (hn + y)da
1 y/hn

{ y) +o(1), ify € [2hn, 1 — 2h,],

else.
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Therefore, for T} € {2nhy,,...,n — 2nh,}, it holds

1 *
= [ @)K, (Ty/n = 2)r(da) = (T3 /m)d(T; /) +o(1), (A.18)
which leads to
Zn=>_Yj+op(l) (A.19)
where the random variables Y7, ...,Y,, are defined by

_ jﬁ(Zai]l(j < LAmJ))gTj,ndwn(Tj/n) G=1,....n)
=1

and
1
(T3 /) = (T3 m)(Ty /) + (T3 ) [~ d@yr(c).

Observe that Y7,...,Y, centred and m,-dependent random variables in the sense that
Yj, and Yj, are independent if |1}, — Tj,| > m,,. Define the big blocks B; = {k € N :
(j—1)b,+1 < k < jb,—my} and the small blocks S; = {k € N : jb,—m,+1 < k < jb,},
for j =1...,¢,, and the remainder R = {k € N : {,b,, + 1 < k < n}. In the following,
we will show that the small blocks and the remainder are negligible and the asymptotic

behaviour of Z,, is determined by the big blocks. First observe that €Ty m € S;, and
€Ty, € S;, are independent for j; # ja. Thus,

23,2,

j=1k:T,ES;
123
- Z Z Z E[YkIYkQ}
j=1k1 Tklés ko: TkQGS
p‘llnj |_>\12nJ
*Z Z Ay Qiy Z Z ]l TkuTkz ES) [5Tk17”5Tk27n]dwn(Tk1/n)dwn(Tk?Q/n)‘
Jj=1141,120=1 ki=1 ko=1
(A.20)

Further, T}, € S; for some k < |An], if and only if k = r¢,, + j for some r > b,, —m,, and
r< L)‘" 1| and we obtain

(5,2, %)

j=1k:T},€S;

)len jJ L)\zzn J

b L J | |
Z gy iy — Z Z Z dwn((]_l)b;—i_rl"_l)dwn((j_l)b;;"_m'*‘l)

i1,09=1 j 1ri1=by,—myp ro=bp—mn

X ]E[g(j_l)bn-i-rl+1,n€(j—1)bn+7"2+17n]'
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For A < 1, it holds that A bn’"z — Aand 1 — mn" — 1, so for almost every n € N,

by, — my > L’\Z—;]J Thus, if \;;, < 1 or A\, < 1, the sums indexed by r; and 72 on the
right-hand side of the previous display are empty sums for almost every n € N. For
A =1, there are m,, summands in both sums, thus, the right-hand side of the previous
display is of order O(m? /b,) which vanishes by assumption. Thus the small blocks are
asymptotically negligible, and analogously,

E{(éykﬂ zo(bj).

The sums over the big blocks are independent and we have analogously to (A.20),

2% 2 p
ZE( 2 Ykﬂ= > i Z > D () ey (B)EEr nEry ]
j=1 k:TLEB; i1,i2=1 j 1T1€lejr26312]

where

Bij={(—Dbn+1....(j = Dbp+ 1+ [XF=L| A (by — my — 1)},

for \; € [¢,1]. Note that, for almost every n € N, B;; = {(j — 1)b, + 1,...,(j — 1)b, +
1+ (222} if A < 1and Byj = {(j — )b +1,...,jby — my}, if A = 1. By Lipschitz
Contlnulty of d and Assumption 3.1,

iﬂﬂ[( Z Yk)? Z @iy Ay — Zd j Z Z Eerlnemn—i—(’)( )

j=1 k:TkEB]- 11,02=1 Tlele,] TZGBzQ,]

(A.21)
Now, by (A.12),

max_ |E[&r, nérpm] — Eler nerpn)| = O(n/2m7°). (A.22)

1<r1,r2<n
Applying Assumption 2.3 (2), yields
E[5r1,n5rz,n] = E[G(%vfm)G(%vfm)] + O(bn/n),
for any r € Bihj,rg € Bim. By the same arguments as in the proof of Theorem 1 in

Wu and Pourahmadi (2009) and Assumption 2.3 (1), it follows that
BIG(2 P )5 7] = 017,

n’ n’

for any 1 <4 < n, in particular i = jb,. Let b := |B;, j N B, j|, then,

S % Bl =0 Y (- BEGE R)GME R + 06 n+ b 1)
T1€B11J TQEBZQ’J k=—b
by
= (Aiy A iy )bno <]n > +OB3 /n+ bpytr +1).
(A.23)
Thus, by (A.22),
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b b b2 1/2
ElZ, nEran] = (\iy AXiy)bno (3 )+O< o L )

n n

(]

2

1€Bi1,j TQEBZ‘QJ‘

Plugging this into (A.21) and observing ¢, = |n/b, | leads to

ln 2 P
ZE[( 3 Yk> } = 3 dagan( AN [duol240(1)  (A24)
j=1 k’:TkEB' il,i2=1

= Var(iaiG(/\i)> +o(1).

Finally, observe that by Jensen’s inequality and Assumption 2.3 (4), for some constant
C >0,

b 4 ln
ZE[( > Yk) } < Zbi { > Yk} < Cb rilaxEETkn = O3 /n).
=1 k:Ty,€B; j=1 k:Ty€B;

J

By Lyapunov’s central limit theorem, it follows that

p p
Zy ~ N(o, Var(Z aiG()\i))> 23 4G
=1 =1

and the statement (A.9) is a consequence of (A.17), (A.19) and the Cramér-Wold device.
For the proof of the remaining statement (A.10) we note that this assertion is a conse-
quence of the estimate

sup [ Avn(iin, (A1) — p(t))’dt =op(1)  je{1,2}. (A.25)
Ae(¢1] /IR

To prove this statement, we note that by Lemma A.2

sup [ A1 (fn, (A t) — u(t))jdt =

AE[¢1] YT
sup L < L%73571 (2Ch . )Kh (E—t)—ch '(t)Kh (Ti—t))>jdt+0(1)
relc1) J1g AT N1 PN Vi n ! nen ’

for j € {1,2}. The case j = 2 follows by similar arguments as given in (A.15). For
the case j = 1 recall from the previous discussion that the random variables ¢;, can be
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approximated by mj,-dependent random variables &; ,. Thus,

sup | A/n(fin, (A, ) — p(t))dt

relea] /1
1 L)‘nj
= nl2¢h, () Khn, (£ —1t) — HK —¢)\dt 1
S Vit 2 n,(c%,m 1y (% = ) = (0K, (5 = 1))t +02(1)
[An] . .
T;n () Knn (52 — 1) = chypi(t) K, (52 — ) )dt + op(1
= o o 3 e [ (Ren 0K (5 ) en, (00, (5 )t op(1)
| \by, |
- Sup 1bn+i77’b
Ae[g,u\fj%:g; G=1)

(1)K

7% (W — t) — Chn,i(t>Khn (W — t))dt + O]p(l),

1
X /TCL hin (26%71'
(A.26)

where B denotes the set {1,..., |20,h, | }U{[ln(1—2h,)], ..., ¢y }. Note that the integral
on the right-hand side of (A.26) is bounded and by similar arguments as used in the
proof of (A.15), the right-hand side of (A.26) is of order O(b,him:), which converges
to 0 by the definition of m,, and Assumption 3.2.

Therefore (A.25) follows and the proof of Lemma A.3 is completed. O

Lemma A.4. Let Assumptions 2.1, 2.2, 2.8, 3.1 and 3.2 be satisfied. Then,

lim lim P( sup |Gn(A1)— Gr(X2)| >¢) =0,
li Jim P sup [Ga0) = Gal2)] > 9

for any € > 0.

Proof. By (A.10), it follows that
Gn(A1) — Gr(X2) = Gr(A1) — Gn(A2) 4 op(1).

uniformly with respect to A € [¢, 1], where G, (\) is defined in (A.8). Therefore the
assertion of the Lemma follows from

lim lim P( sup [Gp(A1) — Gn(A2)| >¢) =0, (A.27)
p\(] n—oo |/\17>\2|§p

To prove this statement note that we obtain from (A.16)
Gu(A1) = Gu(A2) = 2vn(A1 (dn(A1, ) = d) = Ao (dn(Da, ) = d), d)1,, + op(1)
uniformly with respect to A1, A2 € [¢, 1]. By Lemma A.1, Assumption 3.1 and (A.18) we

have the expansion
[(A1VAz)n]
1 ., (T, T;
(6 (5 =) Fen(5) ), +ert)

Gn(M) — Gr(Xo) =

S

1= \_()\1/\)\2)71]4-1
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2 L(}\l\/)\g)nJ
T Z ETiandwn (E/n) + OP(1)7
)\1/\)\2)7‘LJ+1

uniformly in Aj, A2 € [(, 1], where d,,, is defined in the proof of Lemma A.3. Further,
recalling the definition of &; ,, in (A.11), it follows by (A.12), that

~ R 9 L(A1VAz)n]
Gn(A1) = Gp(Ne) = —

éTi,ndwn (T’Z/n) + OP(l)
\/ﬁ = |_()\1/\>\2)nj+1

uniformly in Aj, A2 € [¢, 1]. In particular, we obtain

P( sup |Gu(h) = Gu(ha) > )
[A1—A2|<p

[(A1VA2)n]

} Z éTi7ndwn (Tl/n) >

[(A1AA)n]+1

= IP’( I/\il/l\IQ)ISp E) +o(1). (A.28)

Now, for some ¢ < A\ < Ag <1, define the sets B; = Bj()\l, A2) by

An

{ieN (j — 1)bn +U | +1G < [\n] mod £,) +1

Aan

<i<(j— )b+b

| = 1(an) mod &, < 5) + 1},

for j = 1,...,£,. In particular, |B;| < L%"j — L)‘E”J 1< Ll)‘z Allnj + 2. With this
notation, it holds

)\1V)\2 4 1 2 4
R, = EH Z &1, ndy, (Ti/n) ] = QE[ > Einda, (i/n) }
\F L(A1AX2)n]+1 " i=lieB;

Observe that the distance between two blocks Bj and Bj,l is larger than b,,— {WJ >

my,. Thus, the sums over these blocks are independent and we obtain the representation

kS S (Tatom)e T4

Jj=1 11712723724633

3y y (Hdwn (/) ) Bl nian Bl i)

]1 Jo2= 111 ZQGBJ i3 Z4EBJ
iz L 2

(A.29)

We first consider the first term of (A.29). Recall that the random variables &; ,, are m,-
dependent and that |B;| < LMJ + 2. Therefore, the number of non-zero summands
in the inner sum can be bounded from above by (LWJ + 2) m2. By Assumption
2.3 (4), Assumption 3.1 and Lipschitz continuity of d, the first term in (A.29) can be
bounded from above by C|A; — )\2\2?—5 < O — A%
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The second term of (A.29) is bounded by

n—C( Z Y du(i1/n)du, (i2/n)E [Eil,n%,n]f

Jj=1 ll,lQEB

for some constant C'. The inner sum in this term can be rewritten as Wd‘%n (%)02 (%) +
o(1), analogously to (A.23). Thus, S, converges to C|\; — A2|?||dyo||3. Combining these
arguments we obtain

R, < C\ — Ao
Therefore, by Theorem 2.2.4 of van der Vaart and Wellner (1996) it follows that

1 L(/\l\/)\2 J 4
E{ sup — Z ET; mluw, (T]/n) }
A1 =A2|<p \/ﬁi:L (M1 AA2)n)+1

n 4 1/2 4
< K4{/ DY4(e)de + p1/2D1/2(77)} < K4 (2771/2 + p—) ,
0 n

for some constant K and any n > 0, where D(e) denotes the packing number of the space
([0,1],] - |*/?) and can be bounded from above by 2. Thus, by (A.28) and Markov’s
inequality,

lim lim P Gu(M) — G < 165752
lim lim (\,\lilig\gp’ n(A1) = Gn(A2)| > €) < 16777,

for any 1 > 0, which proves (A.27) and completes the proof of the lemma. O

A.3. Proof of the statements in Remark 3.3. Part (i) is obvious. Part (ii) of the
statement follows with g(u) = ¢ and w = 0. For a proof of part (iii) note that

. 1 f
M) = = [ uyat)
1 1 |_/\nj 1 [An] t
:{ ZeTn (to < Tj/n < t1) + — Zu% T(tog <Tj/n < t1) — A u(t)dt}
(tl - tO) to
1 LAnJ
=t = Z el (to < Ti/n < t1) + O(ba/n) .

Consequently Assumption 3.1 holds with w(z) = (t; — to) '1(¢tg < = < t1).

Finally, for a proof of part (iv) note that it follows from Lemma A.1 and A.2 that

MW (Gn(A) — g(p) = g(w@ahnu, ) -w)
|An]

Zen,ng "(Ti/n,-)/hn) + op(1),
by linearity of g, where the function «’ is defined by

W (Ti/n,t) = Kfi (B =)Ly, 10, (1)
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+ {20%( Ky (55— 1) = e, (1) K, (5 — 5 M o101 (-

Note Kj, and Kj —are Lipschitz continuous with constant Cj /hn where Ck is the
Lipschitz constant of K and K*. In particular, if supp(K) C [—1, 1], it holds

jbn jbn r 1 1 13 1
(1) — o ()| < Ckﬁll(t € [& — hy, 80 4 U [t — p, Pt )

n

L Jbn (J+1)bn
Sckhn(te[n B, + ha])

n

_ n o _ y n
—Cknhn]l(( hn) - 1§J§(t+hn)bn),
(A.30)

for any j € {1,...,¢,} and r € {1,...,b,}. Since g is bounded, the function w,(x) :=
g(w'(z,)/hy) therefore satisfies (3.3), that is

ln b by bn

ZZ |w an _ r+abn )| < ZZ ”g”opH / ) _w/(%,.)m _ O(bnhgl).

Jj=1r=1 ]11"1“

To complete the argument, note that the assumption ||w, — w||4 — 0 is only needed in
the proof of Theorem 3.4 to establish the convergence in (A.24). However, with w = hg,
this argument can now be obtained directly noting that the continuity of hy implies for

any j € {[20phn], ..., [ln(1 —2hy,) ]}

nl3/2) = (g G0 ) o) = - [ @) /.21 + 0(1)
= / r)K}, (j/ln — x)dx + o(1)
=gl /) [ -G, (/6 — @)z + o)

= hy(5/0) [ K@+ 0(1) = Ryl /) + 0(1)
This gives

. Za G0, (/) Zo /) (1000 ) + n(3/00) [ d@yr(an))’

Za (360 (£ /00 /) + /) /d 7)) + (1)

which converges to ||do||3.

A.4. Proof of Corollary 3.6. If ||d,oll2 > 0 the corollary follows immediately from
Theorem 3.4 or Remark 3.5 since

d%,n(l) - AZ

0, ifdy < A
(o Balh-
f( )\|d%7n()\) - d%;n(l

> ql_a) =< a,ifdy=A
)ldv(A) 1, if dy > A.
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If ||doll2 = 0, it follows d = 0 by Assumption 2.3 (3), and in this case the probability
to reject the null hypothesis by the decision rule (3.6) converges to P(0 > A2%) = 0.
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