Matrix measures on the unit circle, moment spaces,

orthogonal polynomials and the Geronimus relations

Holger Dette Jens Wagener
Ruhr-Universitdt Bochum Ruhr-Universitdt Bochum
Fakultat fiir Mathematik Fakultat flir Mathematik
44780 Bochum, Germany 44780 Bochum, Germany

e-mail: holger.dette@rub.de e-mail: jens.wagener@Qrub.de

September 18, 2009

Abstract

We study the moment space corresponding to matrix measures on the unit circle. Mo-
ment points are characterized by non-negative definiteness of block Toeplitz matrices. This
characterization is used to derive an explicit representation of orthogonal polynomials with
respect to matrix measures on the unit circle and to present a geometric definition of canon-
ical moments. It is demonstrated that these geometrically defined quantities coincide with
the Verblunsky coefficients, which appear in the Szego recursions for the matrix orthogonal
polynomials. Finally, we provide an alternative proof of the Geronimus relations which is
based on a simple relation between canonical moments of matrix measures on the interval

[-1,1] and the Verblunsky coefficients corresponding to matrix measures on the unit circle.
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1 Introduction

In recent years considerable interest has been shown in moment problems, orthogonal polynomials,

continued fractions and quadrature formulas corresponding to matrix measures on the real line



or on the unit circle. Early work dates back to Krein (1949), while more recent results on matrix
measures on the real line can be found in the papers of Rodman (1990), Duran (1995, 1996)
and Defez et al. (2000) among many others. Additionally, several authors have discussed matrix
measures on the unit circle [see Delsarte et al. (1978), Geronimo (1981), Marcellan and Rodriguez
(1989), Sinap and Van Assche (1994, 1996), Yakhlef and Marcelldn (2001, 2002), Cantero et al.
(2003)].

The purpose of the present paper is to investigate some geometric properties of the moment space
corresponding to matrix measures on the unit circle. In Section 2 we present a characterization
of the moment space in terms of nonnegative definiteness of block Toeplitz matrices. We also
provide a geometric definition of canonical moments of matrix measures on the unit circle, which
generalizes the scalar case discussed by Dette and Studden (1997) in a nontrivial way. In Section 3
an explicit determinantal representation of orthogonal matrix polynomials with respect to matrix
measures on the unit circle is presented, which generalizes the classical representation in the one-
dimensional case [see e.g. Geronimus (1962)]. These results are used to identify the canonical
moments as Verblunsky coefficients, which appear in the Szego relations for the corresponding
orthonormal and reversed matrix polynomials [see Delsarte et al. (1978), Sinap and Van Assche
(1996) or Damanik et al. (2008)]. In particular our results provide a geometric definition of
Verblunsky coefficients corresponding to matrix measures on the unit circle. Roughly speaking,
the Verblunsky coefficient of order m can be characterized as the distance of the mth trigonometric
moment to a center of a matrix disc relative to the diameter of this disc (see Section 3 for
more details). Finally, in Section 4 these results are used to present an alternative proof of the
Geronimus relations for monic orthogonal polynomials, which describe the relation between the
coefficients in the three-term recursive relation of orthogonal polynomials with respect to a matrix
measure on a compact interval and the coefficients in the Szego recursion of an associated matrix

measure on the unit circle.

2 The moment space of matrix measure on the unit circle

A matrix measure g on the unit circle is defined as a p x p matrix of complex valued Borel
measures (= (f;;)ij=1,..p on the unit circle 0D = {z € C| |2| = 1} such that for each Borel set
A C 0D the matrix p(A) is nonnegative definite, i.e. p(A) > 0. Throughout this paper we use

the usual parametrization z = ¢, § € [—m, 7) and the notation () for the sake of simplicity.



The kth moment of a matrix measure p on the unit circle is defined by

where a = ay(p) = [T _cos (k0)du(0), By = Be(p) [ _sin (kO)du(d) (k = 0,1,...) are the
trigonometric moments and the dependence on the given measure p is omitted in the no-

tation, whenever it is clear from the context. Throughout this paper let m € Ny A(u) =

(o, a1, B, -+ s Qi Bm) € (CP*P)2™ 1 denote the vector of trigonometric moments of order m
and define
(2.2) Mo = {\(p) | p is a matrix measure on 9D} C (CP*P)*m+1

as the (2m + 1)th moment space of matrix measures on the unit circle. The set Mo, 1 and its

interior Int(May,,+1) can be characterized as follows.

Theorem 2.1 \ = (ag, 1,01, -+, Qm, Bn) € Mapi1 if and only if

(2.3) D) trace(BiB;Ti_;) >0 ¥ By,..., By, € C"?,

=0 5=0
where the matrices T_,,, T i1, ..., Ty are defined in (2.1).

A= (g, 01,01, Oy Brn) € Int(May,11) if and only if there is strict inequality in (2.3) except
if By=--=B,, =0,

Proof: We start with a proof of the first part. Assume that A € My, ;1 and consider matrices
By, ..., B,, € CP*?, With the notation

(2.4) B(0) =) B (0 €[-m, 7))
k=0
it follows that the polynomial P(0) = B(0)(B(0))* is obviously nonnegative definite, i.e.

(2.5) P(0) = B(O)(B(6))* >0 V€ [~ 7).

A straightforward calculation shows that the polynomial P can be represented as

(2.6) P(0) = Dy + f: Dy cos (kO) 4+ Ej sin (k6),

k=1



where the hermitian p x p matrices Dy, ..., D,,, F1, ..., E,, are defined by Dy = Ag, and for
k=1,....m
Dk = Ak + A_k, Ek = Z(Ak — A_k)

and
m—k

Ak = Z Bk-JrlBl* and A,k = A;;
=0

Because it is easy to see that the moment space Ms,, 1 is the convex hull of the set
{(aa*, cos (f)aa™,sin (A)aa™, . .., cos (mh)aa*,sin (mh)aa*) | a € CP, § € [—m, w)},
a similar argument as in Corollary 2.2 of Dette and Studden (2002) now shows that (2.5) and

(2.6) imply

0 < trace(Doag) + Ztraee(Dkak) + trace( By G)
k=1

= trace / Zd(Dou(e)Hi:: /_ Zcos (kO)d(Dypu(0)) + /

—T

™

sin (k:@)d(EkM(e))>

= ftrace ' z’”‘: 6ik9d(f4kﬂ(9))>

T k=—m
T m m—k T m m—k
= trace / > et (Z Bk+lB;*u(0)> + [ Y e (Z BIB,’;+lu(0)>)
T k=0 1=0 T k=1 1=0
= trace Z / ei(kl)ed(BkBl*u(H)))
k=0 1=0 * 7
= Z Z trace(Br B/ T'x_1),
k=0 1=0
which proves (2.3). On the other hand assume that the inequality (2.3) is satisfied for all matrices
By, ..., B,, € CP*P and consider a nonnegative definite matrix polynomial
(2.7) P(0) = Do+ » _ Dy cos (kf) + Eysin (k6) >0 V0 € [~ ).
k=1

with hermitian matrices Dy, ..., Dy, Ey, ..., E, € CP*P. It now follows from Malyshev (1982)

that there exists a matrix polynomial
B(0) =Y Bie™
k=0
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such that P(0) = B(0)(B(0))*, and the same calculation as in the first part of the proof yields

trace(Doayg) + Ztraee Dyay,) + trace(Exfy) = ZZtraee (B; Bil; ;) > 0.
k=1 =0 j=

By similar arguments as in Lemma 2.3 of Dette and Studden (2002) it follows that this is suffi-
cient for A € Mo,,11 .

Finally, the second part of the Theorem is shown similarly observing the fact that
(o, a1, B, - -y Oy Brn) € Int(May41) if and only if

trace(Dooy) + Ztraee(Dkak) + trace(Ey ) > 0
k=1

for any nonnegative definite polynomial P(6) of the form (2.6) with P(#) # 0 V0 € [—m, 7). This
characterization can be shown by the same arguments as presented in Dette and Studden (2002)

who proved a corresponding statement for the moment space of matrix measures on the interval
[0, 1]. a.

Throughout this paper let
ry, - I,
(2:8) Tn=Tu(w)=|: . 1 [eCrimomd
r.,, - Ty
denote the Block Toeplitz matrix, where the blocks I'; = T';(u) (i = —m, ..., m) are the moments
of a matrix measure g on the unit circle defined by (2.1) (note that 7), is hermitian). The

following characterization of the moment space Ms,,,1 by nonnegative definiteness of Toeplitz

matrices is now easily obtained.

Corollary 2.2 Assume that A = (g, a1, B1, - - - Qs B) € (RP*P)2™ T and that T, is defined by
(28} with Fk = o + Zﬁk and F,k = Qf — Zﬁk

(a) X\ € Mop,11 if and only if T,, > 0.

(b) A € Int(May11) if and only if T,,, > 0.

Proof: We only proof part (a); part (b) is shown by similar arguments. First assume that
A € My, 11, then we obtain from Theorem 2.1 for all matrices By, ..., B, € CP*?P

Zm:itrace B; B’ Y. ;) > 0.

1=0 7=0



Consequently, if ag, ..., a, € CP, a = (al,...,al)" € CP™*Y) we put B; = (a;,0,...,0) € CP*P

(1=0,...,m) and it follows

a*'Tya = trace(aa™T,,) = Z Ztraee(aiajf‘j,i) = Z Ztrace(BiB;Fj,i) >0,

i=0 j=0 i=0 j=0

which shows that the matrix 7,, is nonnegative definite. To prove the converse assume that
T,, > 0, i.e.

(2.9) 0<a'T,a= Z Ztrace(aia;Fj_i).

i=0 j=0

foralla = (al,...,al)T € CPm+D If By, ..., B, € C**?, and ag-i) denotes the ith column of the

matrix B; (j =0,...,m,i=1,...,p), then
~ 0 0\
BB, = Zajl (a,j >
i=1

and we obtain from (2.9)

Xm: Zm: trace(BiB;Fj,i) = Zp: Zm: Xm: trace (agk) <a§-k)> " Fj,¢> > 0.

=0 j=0 k=1 i=0 ;=0

By Theorem 2.1 it follows that A € Ma,,,.1, which completes the proof of the Corollary. O

With the aid of Theorem 2.1 and Corollary 2.2 we are now able to define geometrically canonical
moments for matrix measures on the unit circle. It turns out that these geometrically defined
quantities are exactly the Verblunsky coefficients of matrix measures on the unit circle as intro-
duced by Damanik et al. (2008) (see Section 3 where we prove this identity). For this purpose
let W denote a p x p matrix and define

Iy I e Iy W
| Y Iy oo Ipr Ty
(2.10) A=AW)= : : : : € CP(m+2)xp(m+2)
T Tomis -~ Ty Ty
w= T, - I3 Ty
Let ™ = (I _,,,T sty .o, Tone1, D) € (CP¥P)2mF1 denote a vector of moments of a matrix
measure on the unit circle, that is («o, a1, B1, - . ., m, Bm) € Mapmi1, where I'y, = ay, +16,. Define

Prm as the set of all matrix measures ¢ on the unit circle with moments of order m given by I'™),
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that is T; = [7_e™du(0) (j = —m,...,m). By Corollary 2.2 it follows that the matrix W is the

(m + 2)th moment of a matrix measure p € Prem if and only if A(W) > 0. We assume without
loss of generality that (g, a1, 51, -, Qm, Bm) € Int(May, 1) which is equivalent to T, > 0 by
Corollary 2.2 . From Theorem 1 in Fritzsche and Kirstein (1987) it follows that

AW) >0

if and only if there exists a p x p matrix U with UU* < I, such that the matrix W can be

represented as
(2.11) W = (Iy..T) T (T ... T_)" + LV2URY?,
where the matrices L,, and R,, are defined by

(2.12) L,
(2.13) Ry = To—(T_ .. T )T (T T,

respectively. Note that the matrices L,, and R,, are Schur complements of the positive definite
matrix 7, and as a consequence are also positive definite [see Horn and Johnsohn (1985)]. This
means that that the matrix W is the (m + 2)th moment of the matrix measure 1 € Ppemy, if and

only if it is an element of the “ball”

(2.14) Ky = {W € CP*?|L V(W — M,)R,}/* =U,UU* < I},
where the “center” of the ball is given by the matrix

(2.15) My =0y...0)T (T, . T_)".

We are now in a position to define the canonical moments of a matrix measure on the unit circle

(or Verblunsky coefficients as shown in Section 3).

Definition 2.3 Let p denote a matriz measure on the unit circle with moments I'y = oy + 10k
(k; Z 0)7 )\2m+1(:u> = (Cko, ai, ﬁl? s 704maﬁm) S (Rpo)m—l—l (m 2 0) and deﬁne

(2.16) N(p) =min{m € N | Agpi1(p) € OMopmir},

as the minimum number m € N such that o411 is a boundary point of the moment space Moy, 11
(if Aom+1 € Int(Mayy1) for all m € N we put N(pu) = 00). For each m = 0,...,N(u) — 1 the



quantity
(2'17) Am—H = Am-l-l(ﬂ) = Lr_nl/Q (Fm-H - Mm) R;zl/Q

= [Fo— (e D) Tty (T, T) ]2
X (Ferl — (Fl, R 7Fm) Tn;£1 (F,m, R ,F,l)*)
% [Fo = (T Do) Tty (Do, Do) 72

is called the (m + 1)th canonical moment of the matrix measure fi.

Definition 2.3 is a generalization of the definition of canonical moments of scalar measures on the
unit circle in Dette and Studden (1997). In general the explicit representation of the canonical

moments in terms of the moments I'g, I'y, ... is very difficult. For example if m = 0 we have
(2.18) A, =T, '
and in the case m = 1 we obtain from Definition 2.3

(2.19) Ay = (T =Ty Ty 'T ) 72 (T = T4T5'Ty) (T — T, Ty 'Ty)

In the following section we will demonstrate that the quantities defined by Definition 2.3 are the
well known Verblunsky coefficients, which are usually obtained from the recursive relations of
the orthonormal polynomials with respect to matrix measures on the unit circle [see for example
Delsarte et al. (1978) where these matrices do not have any special name, Sinap and Van Assche
(1996) where they are called reflection coefficients or Damanik et al. (2008)]. For this purpose
we use an explicit determinant representation of the matrix orthogonal polynomials, which is of

interest by itself and given in the following section.

3 Orthogonal matrix polynomials

A p X p matrix polynomial is a p X p matrix with polynomial entries. It is of degree n if all the

polynomial entries are of degree less than or equal to n and is usually written in the form

(3.1) P(z) = ZAizi.

with coefficients A; € CP*P and z € C. Recall that for matrix polynomials P and @ the right
and left inner product are defined by
(3.2) P.Qn = [ PEydu®Q)

—T

(3.3) (P.Q) = / " P(e)du(0) Qe

—T



respectively [see for example Sinap and Van Assche (1996)]. The matrix polynomials P and @

are called orthogonal with respect to the right inner product (-, -)g if

(3.4) (P,Q)r =0

and orthogonality with respect to the left inner product (-, ) is defined analogously. The matrix
polynomials Py(z), Pi(2), P2(z), ... are called orthonormal with respect to the right inner product
if for each m € Ny P,,(2) is of degree m, P,,(2) and P, (z) are orthogonal with respect to (-, ) g

whenever m # m’ and
(3.5) (P, Pr)r = 1,

where [, denotes the p x p identity matrix. Orthonormal polynomials with respect to the left
inner product (-, ) are defined analogously. Orthonormal polynomials with respect to the inner
products (-,-)g and (-, ), are determined uniquely up to multiplication by unitary matrices. In
the following discussion we will derive an explicit representation of these polynomials in terms of
the moments of matrix measure p. A representation very similar to the well known determinant
representation in the scalar case [see for example Geronimus (1946)] was given by Miranian
(2005, 2009) in the matrix case on the real line and on the circle. Here we develop another

explicit representation using determinants.

For this purpose consider a matrix measure p on the unit circle with moments I'_,,, ..., I, and
recall the definition of the corresponding block Toeplitz matrix 7}, in (2.8). We define for m € N

matrix polynomials by

(3.6) Ui(z) = (j;}j%(z))i,jzl,...,p )
(3.7) Ur(z) = (7151(2))1_]:1]7 ’
where the elements T;7(z) and T}}(z) in these matrices are given by the determinants
Ty r, ... T,
r e ... Ty
(3.8) T (z) = : : o hi=1..p
| RS | Iy
[n(2) T250a(2) g (2)
and
L'y (z) I'y Lm
(3.9) Th(z) = Fljl_(z) S R T R
Fz—jm(z) | Lo




respectively, and the matrices 'V (and Y

otk Y mir) are obtained replacing the jth row (and the

ith column) in the matrix T'_,, 14 by el 2* (and e;2"*). The following result shows that these

polynomials are orthogonal with respect to the given matrix measure pu.

Theorem 3.1 For a given matriz measure j on the unit circle let VE(2) and UL (2) (m € N)

denote the matriz polynomials defined by (3.6) and (3.7), respectively, then we have

(3.10) (LU = 0, (k=0,....m—1); (2", V% s =|T,|I,

(WL KLy, = 0, (k=0,....m—1); (VE 2"L), = |T,|L,.

Proof: We will only give a proof for the polynomials W (z), the remaining part of Theorem 3.1

is shown similarly. The element Bg in the position (i, 7) of the matrix

™

B = (P10, = / e *0du(p) (7}?(6”)). 4 (k=0,...,m),

4,J=1,....p
—T

is given by
(3.11) BE= Y [ M o)
=177

An expansion of the determinant T;¥(e) with respect to the (mp + j)th row yields

(3.12) TH(e") = Z(_1)<m+n)p+j+leme \Tr(nmpﬂ)’(np”)\ :
n=0
where the matrix 7.0 ig ohtained from T}, by deleting the (mp+ j7)th row and (np+1)th

column. If v, ;; = f_nﬂ emed,uij denotes the element of the matrix I, in the position (4, j), where
n € {—m,...,m}, it follows that

m p

(3.13) Bifj} - Z Z(_l)(ern)pHJrl |T7§1mp+j),(np+l)| Ykl

n=0 [=1

Now it is easy to see that the right hand side of (3.13) is the determinant of the matrix 7;,,, where
the (mp + j)th row has been replaced by the vector

(7—1@,1'17 coey V=kypy V—k+14ly - - -y V—k+1ips - - - Ym—1—kily - -« s Vm—1—k,ips Ym—kily - - - ﬁm—k,ip)

Consequently, if & € {0,...,m — 1} the (mp + 7)th and (kp + i)th row in this matrix coincide
and we have B/ = 0, which proves the first identity in (3.10).
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For a proof of the second identity we note that in the case k = m and ¢ # j the same argument
yields B;; = 0. If k = m and ¢ = j it follows that B;; is exactly the determinant of the matrix
T, which completes the proof of the first assertion of Theorem 3.1. O

In the following discussion we derive several consequences of the representations (3.6) and (3.7),
which will be useful to identify the canonical moments as Verblunsky coefficients. In particular
we determine the corresponding leading coefficients and identify the orthonormal polynomials
with respect to the measure . For this purpose recall that a matrix polynomial of the form (3.1)

is called monic, if the coefficient of the leading term is the identity matrix, that is A,, = I,,.

Corollary 3.2 For a given matriz measure j on the unit circle let WE(2) and WL (2) be defined
by (3.6) and (3.7) and consider for m < N(u) the matriz polynomials

(3.14) O (2) = U (2)|To|™ R,
(3.15) @ﬁl(z) = |Tm|_1Lm\II£I’L(Z)7

where the matrices R, and L,, are defined by (2.13) and (2.12), respectively. The polynomials
L (2) (and ®L(2)) are monic orthogonal matriz polynomials with respect to the right (and left)
inner product (-,-)r (and (-,-)1).

Similarly, define for m < N(u)

(3.16) OR(z) = WE()|T. 'R,
(3.17) Ok (2) = |Tu| LYWL (2),

then the matriz polynomial ¢F(2) (and ¢%(z)) are orthonormal polynomials with respect to the
right (and left) inner product {(-,-)r (and (-,-)1). The leading coefficients of ¢ (z) and ¢L (2) are
given by R;llﬁ and Lr}l/Q, respectively.

Proof: In the first part we will prove that the leading coefficients of the polynomials W% (z) and
WL (2) defined by (3.6) and (3.7) are given by

(3.18) LE = |T,|R;},
(3.19) L = |T,|L.

respectively. With these representations we obtain from Theorem 3.1
(U, Uodr = [Tl (L) 5 (W, Vi) = [Tl (L)

11



and the assertion of the Corollary follows by a straightforward calculation.

In order to prove (3.18) and (3.19) we restrict ourselves to the first case; the second case is shown
similarly. Observing the definition of the determinants T}}(z) in (3.8) we obtain for the entry in

the position (4, j) of the leading coefficient of the matrix polynomial W (z)

(LR) _ (_1)2mp+i+j’T(mp+j)7(mp+i)”
m/ij m

where we have used an expansion of the determinant with respect to the (mp + j) row and the
matrix 77" s obtained from T, by deleting the (mp+ j)th row and (mp+i)th column.
This means that (Lffl)ij is the entry in the position (mp + i, mp+ j) of the adjoint of the matrix
T (i,5=1,...,p), and consequently L /|T,,| is the p x p block in the position (m + 1,m + 1)

of the matrix 7., which is given by
(To— (T . T (T T0)) T = R

[see e.g. Horn and Johnsohn (1985)]. This proves the assertion (3.18) and completes the proof
of the Corollary. a.

We are now in a position to identify the canonical moments introduced in Definition 2.3 as
Verblunsky coefficients which are defined as coefficients in the Szego relation of the matrix or-
thonormal polynomials ¢Z(z) and ¢f(z). For this purpose we introduce for a given matrix

polynomial P, of degree n the corresponding reversed polynomial

P,(z) = 2"P, (%) :

where Z denotes the complex conjugation of z € C. Obviously we have for any p x p matrix A
AP, (2) = P, (2)A".

In the following discussion let k% = R'? and KL = L' (m=1,...,N(u) — 1) denote the
leading coefficients of the orthonormal matrix polynomials ¢ (z) and ¢Z (2) with respect to the

right and left inner product induced by the matrix measure p and define the matrices

(3.20) plt = (mﬁﬂ)_l kB and pk =kt (H#+1)_1 (m=1,...,N(u) —1).

m m

Then it follows from Damanik et al. (2008) that there exist p x p matrices H,, such that the

orthonormal matrix polynomial with respect to the measure p on the unit circle satisfy the Szego

recursions
(3'21) Z¢£1(Z) - pﬁ@ an+1<Z) = Hm—l-lgzgﬁ(z)v
(3.22) 25 (2) — 51+1<Z>p712 = Qgan@)HerL

12



The matrices H,, are uniquely determined and called Verblunsky or reflection coefficients, because
they were introduced for the scalar case in two seminal papers by Verblunsky (1935, 1936). The
final result of this section shows that the Verblunsky coefficients coincide with the canonical

moments introduced in Definition 2.3.

Theorem 3.3 Let uu denote a matriz measure on the unit circle and assume that 0 < m < N(u).
If Ay is the (m~+1)th canonical moment of u defined in Definition 2.3 and H,,41 is the (m+1)th
Verblunsky coefficient defined by the Szegi recursions (3.21) and (3.22), then

(323) Am+1 - Hm+1.

Proof: Integrating the recursion (3.22) we obtain

<]p7z¢nR@_ HR’L—i-lIOT}EL)R = <]pa¢~5£nHm+1>R
and
<Ipaz\anz>R|Tm|_1R71r{2 = <Ip7®7Ln>R|Tm|_1L%2Hm+17

where we have used the orthogonality of the matrix polynomials W2 +1(#) stated in Theorem 3.1
and the representations of the orthonormal polynomials ¢2 and ¢Z in Corollary 3.2. Observing
Theorem 3.1 and the identity

820 W = [ a0 (W) = (7, W) = Ty
yields
(3.25) Hyo = L;Ll/2<fp,\i#>§1<[p,z@ﬁ>RR%2

= LTl L, 200 ) Ry,

The matrix polynomial W% (2) has the representation

m—1
UE()=LEm + Z KJ2F
k=0
where K, ..., KE | denote p X p matrices and the leading coefficient L® is given by (3.18).
Integrating with respect to du (@) gives

m—1

m -1 _
(Ip, 2 p = (1, 2™ + ) K (LE) ™ 2RI TR,
k=0

13



and it follows from (3.25) that

m—1
(3.26) Hpr = Ly (1, 2 4 3 K (LE) T 2 g R,
k=0

Observing the definition of the canonical moments in (2.17) and the definition of the center (2.15)

the assertion of the Theorem follows if the identity

m—1
(3.27) Ly 2™+ ST KE(LE) 2 g = Toper = (D1 ) Tty (P T)
k=0
can be established. For this purpose we determine the matrices Kt (k= 0,...,m — 1) explicitly

using the representation of the orthogonal matrix polynomials ¥ (2) in (3.6). From this definition
it follows that the element in the position (i, ) of the matrix K} is obtained by deleting the
(mp + j)th row and the (kp 4 ¢)th column in the determinant T}¥(z) defined by (3.8), that is

<Kl§)ij = (—1)mHRptits | pmptg) (kp+)|

Tr(nmp+j)7(kp+i

Here again ) denotes the matrix obtained T,, by deleting the (mp + j)th row and

(kp + i)th column, which coincides with the entry in the position (kp + i, mp + j) of the adjoint
of the matrix 7},. Consequently, it follows that

(Klf)w = |Tm’(Tr;1)kP+i,mp+j’

and the “vector”

1 Ky
— e (croym
|Ton '
K

coincides with the right upper block of size mp x p of the matrix T,,!. By standard result in
linear algebra this block is given by

~T. (T, ...T_)*RE

m—1

which yields

3
L
3
L

{Ip, Kz g = Ten Ky
=0

Ty Do) ((KG)" (K)7)
= —|Tu|(Ty...To) T (Do T R

B
Il

o
B

I
—~

Combining this result with the identity (Lfl)f1 = R,,|T;,|7! finally gives (3.27), which completes
the proof Theorem 3.3. O
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4 Geronimus relations for monic polynomials

In this section we present a new proof of the Geronimus relations, which provide a representation
of the canonical moments (or Verblunsky coefficients) of a symmetric matrix measure on the
unit circle in terms of the coefficients in the recurrence relations of a sequence of orthogonal
polynomials with respect to an associated matrix measure on the interval [—1, 1]. There exists
several alternative proofs of these relations in the literature [see Yakhlef and Marcellan (2001)
and Damanik et al. (2008)], but the one presented here explicitly uses the theory of canonical
moments of matrix measures as introduced in Dette and Studden (2002). As a by-product we

derive several interesting properties of the Verblunsky coefficients.

To be precise let e denote a symmetric (with respect to the point 0) matrix measure on the
unit disc (i.e. p¢ is invariant with respect to the transformation 6 — —6). We associate to

fe a corresponding matrix measure, say py, on the the interval [—1, 1], which is defined by the

property
(41) /_ fa)din(a) = /_ " F(cos (0))duc(0)

for all integrable functions f defined on the interval [—1, 1]. Note that the relation Sz : duc — dy;
is called Szegd mapping in the literature, where the matrix measure p; is usually defined on the
interval [—2,2]. We will work with the interval [—1,1] in this section, because this interval is
also used in the classical papers of Szegd (1922) and Geronimus (1946) and in the monograph on
canonical moments by Dette and Studden (1997).

Note that the inverse of the Szegd mapping (4.1) is characterized by the property

(42) / " 9(0)duc(6) = / g(arceos (2))djur(z),

- -1
where g denotes any integrable function on 9D with ¢g() = g(—#0) for all § € [—m, 7). For a
proof of the Geronimus relations we need several preparations. Our first results shows that the
canonical moments (or Verblunsky coefficients) of a symmetric matrix measure on the unit circle
are hermitian matrices. The result was also proved by Damanik et al. (2008). We provide here

an alternative proof, because several steps in the proof are used later.

Lemma 4.1 For any symmetric matrix measure puc on the unit circle the corresponding canonical

moments A,, are hermitian .

I e *dpuc(9) = T_y which yields Ty = [7_cos (k0)duc(0). Consequently, the block Toeplitz

Proof: By the symmetry of the matrix measure puc we have I'y = [T e™duc(d) =

15



matrix associated with ¢ is given by
(4.3) T, =

We denote by [A](,) the p x p block in the position (k,1) of the mp x mp— block matrix A. We
will show at the end of this proof that

(4.4) [Tnil] (k1) — [Téil] (mA+1—k,m+1-1) °

From this identity and the property I'y = I'}, we obtain

(Cryee e Do) T (D T = Y T [T oy Prneiet = D Tt [T 4] (st

k=1 kl=1
= D Towrn L] oy Do = Ty TOTL (T Tn)s
k,l=1
and by similar arguments
(4.5) (T, D) T (P ) = (D, T T (T, T

Observing the definition of the canonical moments A,,.; it now follows that

Ay = [To= T T T oy T2 (T = (T, Do) Ty (T, T
X [FO - (Fl, o 7Fm) TnZL (Flv ce 7Fm)*} e

- Am+1

which proves the remaining assertion of Lemma 4.1.

Proof of the identity (4.4). The element in the position (i,j) of the matrix [T)',] and

[ A (k,0)
T

m—1] (mt1_kmi1_g) AT€ given by

|Tm_1|—1<_1)(l+k)p+i+j T((i—ll)p+j)7((k—1)p+i)

m

and

Ty | L (—1)@mt=Rptiti | p(On=bpt) (n=k)p+i)

Y

m—I i),((m—k %
Tr(n( ; Jp+3),(( )+

respectively, where ) denotes the matrix obtained from 7, m—1 by deleting the

(m—10)p+j row and (m —k)p+1i column (note that both expressions have the same sign). In the

16
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following discussion we denote by A®(® and AY):() the matrix obtained from A by deleting the

1th column or the jth row, respectively. Then interchanging first columns and then rows yields

e ... Tuy OO . Tl
Iie oo Ty Pf,)_ﬁjll‘ | AT |
(-DptD)(k=Dpt) | _ | ()0 WO PO OO (G):()
Tt ™ 3 = |7 F\lj—k+1| Fuj—kJ Fllj—k—1| SR o
Tr o Tiowsr TP Doy oo T
PO TS A NS Ty
Tl ... r, OO o, T,
| ISR RO T Y F‘SIEJZ” gy . T
= (=07 Lm0 TG F\;—kJ LA SSTRIPR ¥
| I R AT Ff&iﬁin | TR I
T oo Ty T 0 T
Ly v Dop F,,;)_(,? | IS TS R [
(,(0)
melfl Ce F|l—k| F|l—k:+1\ F\l—k+2| e Fl
_ 2 | 1)) DO PO @O (4).0)
= (=17 | Inh F\l]—k71| F|zjfk\ 1ﬂ\z]flwru Lo T
| IR I nglﬁf)_l‘ I
Tpot .o r, TV, T

T((m*l)pﬂ),((m*k)pﬂ)

m—1 )

for some v € N, because the number of changed columns coincides with the number of changed

rows. This implies (4.4) an completes the proof of Lemma 4.1. a

For the next step we need to define canonical moments of matrix measures on the interval [—1, 1].
Because the main arguments here are very similar to the proceeding in Dette and Studden (2002),
who considered matrix measures on the interval [0, 1], we only state the main differences without

proofs. To be precise, define for a matrix measure p; on the interval [—1, 1] the moments Sj =

17



Se(ur) = [ LxFdpr(x) (k=0,1,...) and a vector ¢, (pr) = (So(pr), - - -, Salpr)) € (CP*P)"+1 We

consider the moment space
(4.6) Mffll = {c,(ur) | pr is a matrix measure on [—1,1]} C (CP*P)+!

corresponding to the first n moments of matrix measures on the interval [—1,1]. For a matrix

measure fi; on the interval [—1, 1] we define the block Hankel matrices H; and H j

So ... Snu
H,, = s ;
Sy ... Som
So — S oo Spmo1 — S
Hypm = : - : ;
Sim-1— Sma1 - Som_2 — Som
So+S1 ... Sp+Sn
Hoyppr = ; : )
S+ Sms1 - Som + Soma1
So—51 ... Spm— S
Hypy = : ' :
S — Sma1 -+ Som — Somt1

We introduce the notation

E2m = (Sm7 B S?mfl)Ta EQm = (Smfl - Sm+17 ceey S2m73 - Smel)T;
ﬁ2m+1 - (Sm + Sm—i—la cee 752m—1 + S2m)T7 EQm—Q—l = (Sm — Pm+ly -y S2m—1 - SZm)T7

and define S = Sy, S5 = S,

St = Swncz = oy Hop ol (m > 2),

(4.7)
Somi1 = SQ’”_Egm—HF;nl@—IE?m—H (m >1),
and S; = =95,
Som = Hop by, (m>1),
(4.8)
Somi1 = oy Hopihogy — Sam (m > 1),

18



Note that the quantities S and S, are determined by Sp,...,S,_1. It can be shown by the
same argument as in Dette and Studden (2002) that for (Sp,...,S,—1) € Int(M,) and any
matrix measure fi; on the interval [—1, 1] with moments satisfying S;(pur) =S; (j =0,...,n—1),

the moment of order n S, (ur) = f_ll x™dpr(x) satisfies

(4.9) S, < Sulur) < 55

n
With these preparations we can define the canonical moments of a matrix measure on the interval

[—1,1] with moments Sy, ..., S,_1.

Definition 4.2 Let u; denote a matriz measure on the interval [—1,1] with moments Sy =

Si(pr) = f_ll fdur(z) (k=0,1,...) and define

(4.10) N(uz) = min {k: EN|(So,....S) € aMEQI} .
For anyn =0,...,N(ur) — 1 the ( hermitian ) canonical moments of the matriz measure piy are
defined by
NSV _ _\-1/2
(4.11) Ups1 = (S0 — Sni1) / (Snt1 = Spi1) (Smer = Snia) / )

where the quantities S, and S, are given by (4.7) and (4.8), respectively.

Note that Dette and Studden (2002) use a non hermitian definition of canonical moments of

matrix measures on the interval [0, 1], that is
= -1 -
(412) Un+1 = (S:—i—l - Sn+1) (STH‘l - Sn+1) .

This non hermitian definition turns out to be more useful when working with monic orthogonal
polynomials but in the present context the hermitian version has advantages. We are now in
a position to prove the main result of this section, which relates the canonical moments of a
symmetric matrix measure on the unit circle and the canonical moments of the associated matrix
measure on the interval [—1,1] by the Szegd mapping. For this purpose recall the definition of
the matrix ball K, in (2.14) and the defintion for the matrices L,,, R,, and M, (2.12), (2.13)
and (2.15), respectively. If the given measure pc on the unit circle is symmetric, then it follows
from (4.5)

(4.13) L., = Ry,.
The following result is the main step for the proof of the Geronimus relations.
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Theorem 4.3 Let e denote a symmetric matrix measure on the unit circle and denote by
wr = Sz(pe) the associated matriz measure on the interval [—1,1] defined by the Szegé mapping

(4.1). The canonical moments A,, and U, of the matriz measures uc and py satisfy
A, =2U,—1,; n=1...,N(uc).

Similarly, the non symmetric canonical moments U,, defined in (4.12) satisfy

(4.14) 2U, —I,=A,; n=1,...,N(uc),

where the quantities A, are given by

(4.15) A, =LA, LY.

Proof: We only prove the first part of the Theorem. The second part is shown by similar
arguments. Assume that m < N(uc¢) and let g, I'y, ..., denote moments of the matrix measure
on the unit circle pe. For j = 0,1,... we define T;(x) = cos(jarccosz) as the jth (scalar)
Chebychev polynomial of the first kind, then it follows from (4.2) and from Rivlin (1990) that

t = [ cos()dne(®) = [ Tt
o) TG =)

(4.16) - kz:%(_ )kr(k+1)r(j—2k+1)

—ok—1
2 Si—ok,

where S; = fll 2ldur(z) (I = 0,1,...) denote the moments of the associated matrix measure
= Sz(pc) on the interval. Recall the definition of S;f,, | and S, in (4.7) and (4.8), then there
exist matrix measures pj and p; on the interval [—1,1] such that S; = S;(u7) (j = 0,...,m)

and

1 1
St = [ am i) and S = [0 o).
_ -1

1

We define
[(m+1)/2]
+DI'(m+1—-k) _,._
4.1 r+,, = o2mgt om=2kg
( 7) m—+1 S m—+1 + Z k+ 1>F<m—2k+2) S +1-2k
[(m+1) /2
_ _ +1O)I'(m+1-k) .
4.1 r = om k om—2k ok
(4.18) m+1 S+ Z )T (m — 2k £ 2) Smt1-2k

With the inverse Szegd mapping we obtain the symmetric measures pug, = (S2)~!(u}) and pug =
(S2)7'(u;) on the unit circle and the representation (4.16) yields that the measures pg and uf,
satisfy

™

[ cos(m+ 10)dug(6) =15y and [ cos(m+ 00)d() =T

—T —T
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Consequently, recalling the definition of the set K, in (2.14) we have I'} . T, ., € K,, and from
the extremal property of the moments S, ., and S, , we obtain that '}, ,,T',, ., € 0K,,. By
the definition of the set K, in (2.14) it therefore follows that the canonical moments A, and
A, ., corresponding to matrix measures g and pg, respectively, are unitary. Moreover, Lemma

4.1, implies that the matrices A, and A, are hermitian , which yields
TN _ N2
(Af) =1, and (4,..,,) =1,

Consequently all eigenvalues of the matrices A, and A, are given by —1 and 1.

We now define the matrices
(4.19) T =M, +L, and T, , =M, —L,,

which are obviously elements of the set K, because by (4.13) we have L,, = R,,. Consequently,
there exist matrix measures /i, and fig; such that I;(i5) =T (j =0,...,m) and

Ferl(/]’JCr‘) = F:wrl
Fm+1(ﬁ5) = Fr_n+1

Without loss of generality we assume that fif; and fig are symmetric with respect to the point 0
[otherwise use 3 (75 (0)+ il (—0))] and we define 4] = Sz(if) and fif = Sz(jic) as the associated
measures on the interval [—1,1] with (m + 1)th moments S, and S, ,, respectively. These

matrices satisfy the identities

L(m+1)/2]

. + Dlm+1—-k) _,,_
[ = omGt ) (m om-2kg
m+1 m+1 + Z )F(m 21{3 n 2) +1-2k
L(m+1 /2]
. 3 +DI'm+1-k) _,._
r = 2§ ’“ om=2kg
mt1 m+1 T Z )T (m = 2k £ 2) +1-2k

From the inequalities (4.9) it follows that S, > Si ., and S,, ., > S, (note that S, and

S;n41 are moments of a matrix measure on the interval [—1,1] with moments Sy, ...,S,). On
the other hand we have
2" (S’;_i_l - S:;H—l) - f;;-s-l - F:;L-i—l
= My + Loy — (M + LAY L)
= L}fr{Q ( A;rz+1) L%Q
> 0,
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because the eigenvalues of the matrix I, — A,,41 are given by 0 and 2. So we obtain
S:_H-l = S;FL+1>

while a similar argument shows
Sm+1 = Sm+1‘

Consequently, it follows that

A;L-'—l = ]p ; A;z+1 = _Ip ;
F;H = Fjr_erl ) L =T
and we obtain from the definitions of T, ,, T, in (4.19)
1,4 _ I _
M, = Q(Fm+1 + Ferl)’ Ly, = §<Fm+1 - Ferl)'

The definition of the (m+1)th canonical moment A,,; of the matrix measure p and (4.17)-(4.18)

now imply

A1 = LY Tpgr — M) L2

R - —1/2 Lot - Lopr - e
= <§(Fm+1 — Fm+1)> <Fm+1 - §(Fm+1 + Fm+1)> (§ (Fogs — Fm+1)>

= (S — S;Hl)_l/? (281 — (St + Smit)) (St — ST;LH)_I/Q
= 2(She - S;z+1)71/2 (Sms1 = Spst) (Smr — Sr;+1)71/2 — 1
= 2Um+1 — IPJ

where the last equality is a consequence of the definition of canonical moments of matrix measures

on the interval [—1,1]. This proves the assertion of the theorem. a

Our final result gives the Geronimus relations for monic orthogonal matrix polynomials, which
generalize the results obtained by Geronimus (1946) and Faybusovich and Gekhtman (1999) for
the scalar case. To be precise note that Corollary 3.2 together with (4.13) yield for the monic
orthogonal polynomials ®f and ®Z defined in (3.14) and (3.15), respectively

L L _ —-1/25L R R _ &R -1/2
pm¢m+1 - Lm (I)m+17 m+1pm_q)m+1Lm

&R — L*l/?éR &L — (fL L71/2.

Using these equations we obtain from (3.21), (3.22) and the second part of Theorem 4.3 the Szegd

recursion for the monic orthogonal matrix polynomials with respect to a matrix measure on the
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unit circle, that is
2@ (2) _(I)#H(Z) = Z:nJrl(i)Z(Z)?
2P (2) = Dfhy(2) = OF(2)Apnp

Consequently, the matrices A,,,; defined by (4.15) are the Verblunsky coefficients corresponding

to the monic orthogonal polynomials and we obtain the following result.

Theorem 4.4 Let e denote a symmetric matrix measure on the unit circle and denote by
wr = Sz(pe) the associated matriz measure on the interval [—1,1] defined by the Szegé mapping
(4.1). If By, Pi,...be the monic polynomials orthogonal with respect to the matriz measure puy

satisfying the three term recurrence recursion

(Po(t) = 1,, P_1(t) = 0,), then the matrices B, and Cy,11 satisfy
1

J— _2 J—
B = Uy = Asn)(Lp = Agpi1)Up + Azinsa),
1 — — 1 — _
Cm-‘rl = 5([17 - A2m+1)(IP + A2m+2) + 5(11) - A2m+2)(IP + A2m+3)7

where the quantities A, are defined in (4.15).

Proof: It follows analogously to Dette and Studden (2002) that the matrices B, and C,,,; are
given by
B, = (S2m - SQ_m)_l(S2m+2 - 52_m+2)7
Crmt1 = (Samt2 = Sopmia) ™ (Samss — Spnis) + (S2mr1 — Sopsr) ™ (S2ms2 — Sopmya)-

and that the non hermitian canonical moments defined by (4.12) satisfy

W oiUn = (Sp_t — S ) "H(S, — S,

n

whenever n < N(ur), where V,, = I, — U,. Consequently, the assertion follows by a direct

application of the second part of Theorem 4.3. O
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