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Abstract

In a recent paper Eichler (2008) considered a class of non- and semiparametric hypotheses in
multivariate stationary processes, which are characterized by a functional of the spectral density
matrix. The corresponding statistics are obtained using kernel estimates for the spectral distribu-
tion and are asymptotically normal distributed under the null hypothesis and local alternatives. In
this paper we derive the asymptotic properties of these test statistics under fixed alternatives. In

particular we show also weak convergence but with a different rate compared to the null hypothesis.

Keywords: stationary process, goodness-of-fit tests, kernel estimate, smoothed periodogram, weak con-
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1 Introduction

In this paper we investigate hypotheses about the second order properties of a multivariate d-dimensional
stationary time series {X; }1ez which can be expressed in terms of functionals of its spectral density ma-
trix f = (fij)ij=1,..a- This problem has been investigated by numerous authors replacing the unknown
density in the functional by a corresponding nonparametric estimate [see Taniguchi and Kondo (1993),
Taniguchi et al. (1996), Paparoditis (2000) or Dette and Spreckelsen (2003), Dette and Paparoditis



(2009) among others]. Recently Eichler (2008) proposed a test for a very large class of hypotheses of
the form

(1.1) Hy : /7r F(fA),N) IdA =0 vs. Hi: /ﬂ F@(FA), ) 17 dA#0

—T

where U : C%¥¢ x [—m,7m] — C" is functional characterizing the null hypothesis by the property
U(f(A),\) =0 ae. onll = [-m,7| and || - || denotes the euclidian norm on C". Typical exam-
ples include

fll()\> fd,d()\)
(1.2) BN = (re s 1 e )
é > iy fu(A) é Y oicq fi(N)
corresponding to the comparison of the diagonal elements or the null hypothesis Hy : fi1 = ... = faa,

and the problem of testing if the components X;* and X?Z of the series {X;} ez = {(X, X)),z are

uncorrelated, which corresponds to the spectral coherence

B B 10V
(1.3) \Il(f(A)M)—( fii(A)fjj(A))i%{l ..... @y

Eichler (2008) proposed to estimate the spectral density matrix f by a kernel estimate, say f and
showed weak convergence of an appropriately standardized version of the statistic

(14 58 = [ U0 | i

under the null hypothesis and local alternatives.

The purpose of the present paper is to provide some more insight in the asymptotic properties of the
statistic Sp(¥). In particular we consider the case of fixed alternatives and show weak convergence
of a of a standardized version of Sy(¥) to a normal distribution with a different rate of convergence
compared to the null hypothesis. In Section 2 we briefly review the approach of Eichler (2008) and
state the necessary assumptions for our results, which are presented in Section 3. Finally, in Section 4

we present two examples illustrating our approach.

2 Preliminaries

Let {X;}4cz denote a centered d-dimensional stationary process which has a linear representation of the

form

(2.1) Xy = (Xp, Xop, ... Xe)' = > Ajer; L€,

j=—o00



where {A; = (a;(7,9))rs=12...4,J € Z} is a sequence of matrices with entries satisfying

(2.2) Z]j]1/2]@j(r,s)]<oo, ros=1,2,...,d
JEL

and {e;,t € Z} is a d-dimensional centered white noise process. We further assume that {X;}:cz satisfies
forall j=1,...,k—1and ay,...,a; € {1,...,d} the condition

(2.3) > @) ar o, (s - ur—r)| < 00
UL yeeny Uk _1€%
where
(24) Cay,...,ax (tla s 7tk71) = Cum<Xt1a17 s 7th,1ak,17 XOak)
denotes the cumulant of the random variables Xy 4., ..., X¢,_,a,_,» X0a,- For a matrix A define A* = ZT

as the complex conjugated and transposed matrix A. Let

(2.5) I\ = xT) d\)d*(\)
(2.6) d(N) =) Xee ™

denote the periodogram. Then the spectral density matrix f can be estimated by

~

2.7 FO) = 203 Kyh = ML),

where K denotes a kernel function, K,(\) = K(A/b)/b, b is a bandwidth converging to 0 with increasing
sample size and Ay = 27k/T (k = —[(n — 1)/2],...,|n/2]) denote the Fourier frequencies. Following
Eichler (2008) we assume that the bandwidth satisfies b ~ 77" for some 2/9 < v < 1/2 and that the
kernel K is a symmetric, bounded and Lipschitz continuous density. Finally, we assume that the function
U is defined on D x [—m, 7], where D C C% is an open set containing the set {f(\) | A € [—7, 7]}
Throughout this paper we use the notation Il = [—m, 7] and require the following assumptions for our
asymptotic results

(i) U(Z,\) is holomorphic with respect to the variable Z.

(ii) W(Z,A) and its first derivative with respect z = vec(Z2)

O (Z,\)
D, (V(Z,\) = ————=
Wz, = =5
are piecewise Lipschitz continuous with respect to A € Il = [—7, 7.



(iii) There exists a constant p, such that the closed ball
Bya={Z€C™ 2| fN = ZI< p}
is contained in D for all A € II, and such that

sup sup || ¥(Z,A) || < oo.
Aell ZeB, )

(iv) 0< f | D(U(FN)N) [ dA < o

Under these assumptions Eichler (2008) showed that under the null hypothesis a centered and stan-
dardized version of the statistic Sy (V) is asymptotically normal distributed, that is

V2T Sp(W) — b Y2 = N(0,0?),

where the terms p and o? are given by
p= [ Kwdu [ 6O @ FO)IaN
7t = (2 [ (€« KPOA [ 6T @ FONTa) +Ta(=)

FTH (=) + Ty (VI @ FON)]dA,

respectively. Here I'g(A\) = Dz (U (f(A),N)*Dz(¥(f(A),N)), K % K denotes the convolution of the
kernel K with itself and the matrix T is given by

(2.8) Ty(\) = Kgl'g (V) Kaa,

K44 denotes the commutation matrix, i.e.

d
(2.9) K=Y (ei€] ®ejel),

4,j=1

and e; € C? is the ith unit vector (i = 1,...,d). Note that Eichler (2008) considered also the case of a
tapered periodogram, but for the sake of a transparent notation we restrict ourselves to the periodogram
of the form (2.5) and (2.6). From this result a simple test for the hypothesis (1.1) can be derived by
rejecting the null hypothesis whenever

(2.10) Sp(W) > (bT) i+ 6uy_o(0Y2T) 7!

where /i and 62 are appropriate estimates of the asymptotic bias and variance, respectively, and u;_, is
the (1 —«) quantile of the standard normal distribution [see Eichler (2008) for details and examples]. In

the following section we investigate the weak convergence of the statistic Sp(¥) under fixed alternatives.
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3 Weak convergence under the alternative

Note that the statistic Sy (V) converges to

(3.1) M2 = / W) [ >0

—T

which is positive if and only if the null hypothesis is not satisfied. Consequently it follows that the
test defined by (2.10) is consistent. We now investigate the asymptotic distribution of S(¥) under the
alternative. Throughout this paper we define for non-negative definite matrix F € C*** a semi-norm
on C* by ||z||r = (z*Fz)"/2, the symbol = denotes weak convergence and (x,y) = 77 is the common

inner product of the vectors =,y € C*.

Theorem 3.1 If the assumptions stated in Section 2 are satisfied and M? > 0, then
(3.2) VT(Sr(¥) — M? - by) = N(0,7%),

where

by = // Re{W(f(N), A); DzU(f(N), \)(Ky(A — 2)vec(f(x)) — vec(f(N))))dwdA

w2 = [ir / | D2(f (). 2) O @) 2) 12
(3.3) + || Re(D2U(f(2), 2) W (f (), 0)) I, Faresy
— || Im(D2¥(f (2), 2) " (f (@), 2)) I3, 7oy 2| +4 1 AT I

A= /HRe(\Il(f(x),x)TDZ\II(f(x),x))dx c RIX¢

2 2 . .
and k € CT*% denotes the matriz containing the fourth cumulants cumy (¥, e}, 7, €f), where €} denotes

the p-th entry of the vector ;.

Remark 3.2 If the random variables &, in the linear representation (2.1) are normally distributed and
the function Dz (f(x),z)TW(f(x),z) is real valued, then the asymptotic variance in (3.1) simplifies to

(3.4) - / | DU (f (). ) U (f (). 2) 2000

I, 2+Kqa)’
where ;2,42 denotes the d? x d? unit matrix.

Remark 3.3 A detailed discussion about the use of Theorem 3.1 can be found in Dette and Paparoditis
(2009) and we only briefly mention the potential applications here.

(1) It follows from Theorem 3.1 that the power of the test (2.10)can be approximated by

P(H, rejected | Hy is true) ~ 1 — @ (—\/T(M2 + ) /T + (0Pt oury)/TV Tb) :



(2)

From Theorem 3.1 we obtain an upper (asymptotic) (1 — «) confidence bound for the parameter
M?, that is

TUq

VT

is an appropriate (consistent) estimator of the asymptotic variance given in Theorem

St(U) — b, +

where 72

3.1. Such an estimator is obtained, for instance, if f is replaced by its kernel estimator f )

The results of Theorem 3.1 can be used to the so called precise hypotheses [see Berger and De-
lampady (1987)]

(3.5) Hy: M?>¢ versus H,: M*<e,

where M? is the measure defined by (3.1) and € > 0 is a prespecified constant for which the statis-
tician agrees to analyze the data under the null hypothesis. This formulation of the hypothesis
reflects the fact that in applications second order behavior of the d time series will usually never
be precisely specified by the identity M? = 0 and the more realistic question in this context is, if
the the null hypothesis is approximately satisfied. An asymptotic a-level test for the hypothesis
(3.5) is obtained by rejecting the null hypothesis, whenever v/T'(Sp(¥) — & — by) < Fuy_q -

Proof of Theorem 3.1. We will show at the end of this proof that the stochastic expansion

(3.6)

Sy = Sp(¥) — M?
=2 [ Re(W(FO).A) 5 DI, vl () = FA) ) A+ Op(T) )

is valid. Next we use a decomposition of the dominating term in (3.6)

WT / Re(W(f(3). N): (DAU(F(N). Apvee( () — F(N) dA = By + Br

where the terms Byr and Byr are defined by

(3.7)

(3.8)

Bir = 2ﬁ/HRe<\If(f(>\),)\);DZ\II(f()\),/\)veC(Z Q%Kb(k — ) (Ir(Ax) — f(Ak)))>dA,

Bor = 2ﬁ/ﬂRe<\If(f(/\),A);DZ\I/(f(A),/\)VeC(Z Q%Kb()‘ = Ae) (k) = f(A)))>dA,

respectively. A standard calculation shows

Bor = Z | Re(UUF ). 0): DAV )N = Aevee F () = vee F(N) A

T / [ ReQU( ), 0): DAV ) AU = ) vee( ) = vee( F(N) YdadA(1+ o(1)
= VTby(1 + o(1)).



From these estimates we have

(3.9) VT (Sp(¥) — M? — b,) = Byr + 0,(1)
and the assertion follows if the weak convergence

(3.10) Byp = N(0;7%)

can be established. For this purpose we note that it follows from the results of Hannan (1970), p. 249,
and a straightforward but tedious calculation that

(3.11) Cov(vec(I(A\g));vec(I(Ag))) = (Kag- f(Ax) @ f(Mr)) - (1 +0(1))
(3.12) Cov(vec(I(Ag));vec(I(Ak))) = (f( M) @ f( X)) - (14 0(1))
(3.13) Cov(vec(I(Ag));vec(I(Ak))) = (f(Mp) @ f(Ak)) - (14 0(1))
(3.14) Cov(vec(I(A\g));vec(I(Ag))) = (Kag- f(Ax) @ f( M) - (1+0(1))

uniformly with respect to A\x # 0, 7. Obviously, we have E[I(Ax)] = f(Ax)(1 + o(1)), which yields
(315) E[BIT] = 0(1),

and for the calculation of the second moment we use the decomposition

(3.16) E(Bi;)=Ri+ Ry
with
(3.17) R — 1?2E<Xk:/l]/IIKb(/\—)\k)Kb(u—/\k)
% Re(W(£(N), N); D2U(F(), Wvee(L () = f(w)))
x Re(W(f (1), 1); D7Y(F (), p)vee( (M) = () )dAdp)
(3.18) Ry = 16; E(;/H/Hf(b(A—Ak)Kb(u—Al)

X Re<\If( FN),A); DzU(f(N), A)vee(In (M) — f(Ak))>

% Re(W(f (1), 1); D7U(f (1), p)vee(L (M) = F(A) YdAdn)



Observing (3.11) - (3.14) we obtain by standard calculations for the first term

Ry = [zw / / / Kol = 2) Ky = ) (W(F ), ) D2 (TN N

‘ f) e T
oo / / / bu—x)mw-x\If<f<A>,A>TDzw<f<A>,A>

x (@)@ f() DyU(f (), ) W(f (1), p)dAdpud
Iy / / / Ko\ = 2) Ky — )BT, AT DB (F(N), A)
% (Kaa+ (F(2) @ F(2)) (D2W(f (), 1) (F (), phdNdpde] - (1 -+ 0(1))

= i [ (@2 D2 0) & T) DV ), ) T )

—1—477/ ( 2D, (f(2), 7)
X (Ka- [(@) @ f(x) DU(f(@),2) W(f(x),))de| - (1+0(1))
319) =[x [ | DAV T gy

T || Re(D¥(f(x), )T—\I'(f() D
— I Tn(DLY(f (), ) )0 e 7oy 2] - (0 0(1)

Next we investigate the term Rs in (3.16) for which we obtain with the estimates (k # ()

E(vec(In(Ax) = f(M))vee(Ln(A) = F(M)") = E(vec(In(Ar) — f(M) vee(In(N) — f(N)))
E(vee(I(Ae) — f(A)) vee(In(N) = f(N)") = E(vee(Ln(A) — f(Ar)) vee(In(A) — f(N))7)

Nl ==



[see Hannan (1970), p. 249|

472

Ry = o5 2 e Ky(A = M) Ky (i = M) U (FA), NVTD2U(F(N),A) - - DU (f (), 1) W (f (), pr)dAdps
s ; Ky = M) Ko = AN)T(FON), NI DU (F(N), A) - k- (DU (f (1), 1) (f (), w)dAdp
v+ ; Ky(h — M) Ko (1— M)V, A D2 (f(N), A) - & - DpU(f (), ) U(f (), p)dAdpe
- 4%2 oy KA = M) Kl = M)W (FN), A7 DU (), A - (D W (f (), 1)) T (F ), Ay

- Z Ky = A K= A (W), NTDZB ), N) + B( ), ) D2E(F(N), V)

o (Dz\lf(f(u), ) W), 1)+ DY (), ) (), ) ) dNdge - (1+ 0(1)

=4 | K\ —2)Ky(u—y)a(N) - k- a(p)" d\ dp de dy - (1+o(1))

114

where we have used the notation a(r) = Re(¥(f(z),z)" Dz¥(f(z),r)). Finally standard calculations
and a combination of this result (3.16) and (3.19) show

3:20) E(BEr) = 47 [ | Dov @) @D e
+ || Re(D¥(f(x). >Tw< F@ ) 1B 50
— | (DU (f(2), &) U (F (@), 2) %, rmry @+ 4 1 AT 2] - (1+0(1)

The results (3.15) and (3.20) show that the first two moments of Byr converge to the first two moments
of the normal distribution specified in Theorem 3.1. Next we show that all cumulants of order r > 3
vanish asymptotically, that is

(3.21) cum,(Byr) = o(1) forall r >3,

which implies the desired weak convergence. For this purpose we introduce the notation

(3.22) Qi(A) = (T(F(N), ) D2U(f(N), A)):



for the ith component of the vector (U(f(\),\)TDz¥(f()\),\)) and note that

cum,(Bir) = cum, 2\/_//Kb —a)

x Re(W(f(N),\); Db (f(N), Mvee(L(a) = f(a)) ydAda) - (1 +o(1)
= cum, (ﬁ Ky(A — «)
X Y (QunyareN) + Qe an (V) (@) — sz(a))d)\da> (1+0(1))

1 r
= <27T\/_ Z /1-[2 HKI) )\ —041 a,g 1)d+a21()\)+Qaz1 1)d+a12)()\ ))

a11012...ar2=1

x cum(dau(al)dam(—al), . ,daﬂ(a,,)daﬂ(—ar)>d)\1 . d\da .. dar> (1 + o(1)).

Now the product theorem for cumulants [see Brillinger (1981)] yields

1 'r
Cumr(BlT) = <27T\/_ Z /1-12r E[Kb Z (azz 1) d+a11()\i) + Q(ail—l)d—i—am()\i))

a11a12...ar2=1

<3 f[ Cum<{daij (7): (i, 5) € Qk}>d)\1 ..d\day .. .dar) (1 +0(1))

Q k=1

where 7; = (—1)’"!a; and the summation is performed with respect to all indecomposable partitions

Q ={Q,...,Q,} of the table

(1,1) (1,2)
(3.23) : :

(r,1)  (r,2)
Using the fact

cum{de, (a1),...dy (ar)} = Cm)F ' H(ay + ...+ ag) fay.an(Q1y - s ag_1) +O(1)

uniformly with respect to aq, ..., ax with H(\) = Zthl e~ and

00 0o k—1
Jarap (a1, apy) = (27?)1_]€ Z . Z exp{—i(z Qi) oy ap (Uty - oy Uk—1)
=1

U] =—00 Uk —1=—00

[see Theorem 4.3.2 in Brillinger (1981)] we have
(324) cumT(BlT) = (Gl + GQ + G3)(1 + 0(1)),
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where the terms G, Go, G5 in (3.24) are defined as follows:

Gy = (27“/—) Z Z / EKb()\i—ai)(Q(m1)-d+ai1(>\z’)+9(au1)-d+ai2()\z'))

Q! air...ar2=1

x cum({da” (7): (i, 5) € Qk})d)\l...dATdal...daT)

denotes the sum over all indecomposable partitions @' = {Q1 ... Q,, Q] ... Q,} with p < r and at least
one set Q} with only one element. Similarly, we define

Gy = <27T\/_) Z Z / UKI) ) (Qaso—1)dran (M) + Qas—1)-dtai) (M)

Q2 a11...ar2=1

P
H 27T e lH fyk falm k10

(’yikl’ e ’ﬂyikpk)dAl Ce d)\TdOél Ce dar>

aik:pkjk'pk

as the sum over all indecomposable partitions whose sets contain at least 3 elements (7, = v;,, + ...+
Viry,, ) a0d

6= (o) (53 [ T O 00+ T O

2
Q3 a11..are=1"1T" i=1

% TT e (da, (i) gy, (i) ) s - A ey da, )
k=1

is the sum over all indecomposable partitions whose sets contain exactly 2 elements. Obviously we have
G = 0 because each summand contains at least one term of the form cum(d,,;(7;)). For the term G

we obtain

Gal = ‘(%f) > [ TT 5600 = 0 sy 10a ) + Tt )

Q2 air...ap2=1

P
5 (H(Qﬂ)pkle(%)fa%’jkl ,,,,, ——— (Vipys - - - ,%-kpk))d)\l cdhdog . dar>

p

Tr/2 Z Z / H LY (N = o) H (V) dA1...dN\day ... da,

Q2 air...ar2=1 =1 k=1

< TT/QZ Z /I_IlLT(%)dal...dar

Q2?2 aii...ar2=1

IN

where we have used the inequality |H()\)| < ¢- LT()\) where LT denotes the 27-periodic function defined
by

L) = if [\ <1/T
W if 1/T <M<

11



and the inequality
Ey(A) < - b(LY* (V)

for some constant ¢ € R™. Because G5 contains no sets with one element and at least one set with 3

elements we have p < r and obtain with Lemma 2 in Eichler (2008) the estimate

d
C C - log(T)™?
(3.25) Gol € =5 >0 D / T log(T)2dos, . day, < 129"
HQ

Tr/2—1
Q2 air...ar2=1

Finally we use again Lemma 2 in Eichler (2008) and obtain for the term Gy

|Gs| =

1 r d r
(27T\/T> <Z Z /1‘12r E Ky(Ni = ) (Qass—1)-d+ai (Ai) + Qai-1)draiz) (M)

Q3 aii...ar2=1

% TT e (da (i) ey, (i) ) s - ey dar, )
k=1

1 . d r
A Y | TR0 = 00 Qayro0 (30 + By o ()

Q3 aii...ar2=1

r

” (H(QT‘-)Q_IH(%)faikl’jkl7aik2jk2 (%Ma%m))d/\l coodXdog .. dOZr)

k=1

%(Z 3 /T]f[lLT(W)dal...dar>

Q3 ai...ar2=1

d
7% ( Z Z /H2 L"(ay,_, + Oéir)QZOQ(T)T_QdO%_Id%r>

Q3 air...ar2=1

<Ol s s [ ]

Q3 a11...ar2=1 +ovir

IN

IN

L (o, o, oy, ) = 00TV,

A combination of (3.24), (3.25) and (3.26) yields cum, (Bi7) = o(1), whenever r > 3. This shows (3.9)
and the assertion of Theorem 3 follows from (3.8). The proof will now be completed by a proof of the

stochastic approximation (3.6).

Proof of (3.6): By means of a Taylor expansion we have

(3.26) S = / [ vee(FN) = FO) lrye dA+ 3 G5,

J=0

12



where the matrix Ty ()) is defined by Ty (\) = Dz U(f(A), \)*DzU(f(\), \), we have used the notation
Co = 2 [ Re(W( (), 2): DB Apve(FX) = FO) )
¢ = [ IR I o
Oy =2 /HRe<kIf(f()\),)\);R> d\
G = 2 [ Re(DH(I(N). ) - veel F(A) = F(0): RN ) i

and the remainder is given by

(3.27) RO = T(f(A),A) = T(f(A), \) — DzU(f(N), N)vee(f(A) — f(N).

We will show exemplarily that Cy = Op((bT)™!) a corresponding result for C; and C3 can be obtained
by similar arguments. For this purpose note for any n > 0,9 > 0

P, = ]p(/ Re<\11(f(>\),>\),R(>\)> ax > (7)) < B / ( RO))| dx > n(o7) ™)
= / v (f |- IRV dx > n(bT)~ Aa +IP’ / 1T (F), M- IR A > n(bT) ™, A§>

where Ay = {w|maxyer || f(A) — f(A) ||< 6}. Observing that || ¥(f(A), ) || is bounded by a constant,
say K (see Assumption (iii) on page 5) it follows

P, < IP’ K/ IR dX\ > n(bT) ™, A5> + P( A§)
< P(K / CHllF(N) — FOVI2 dA > g(bT) ", Ag) + B( A5

where we have used the fact that for any 6 > 0 there exists a constant Cs5 > 0, such that [|[R(N)|| <
CsllF(A) = f(N)|? uniformly with respect to A € II, whenever maxyer | f(A) — f(A)] < 6. Therefore
an application of the estimate (5) in Eichler (2008) and equation (6.1.17) in Taniguchi and Kakizawa
(2000) shows that for every e there exists a constant 7. such that

Py = ]P’(/H Re<\If(f()\), Nk R(A)> A > ns(bT)‘l) <e

for sufficiently large T', which yields the estimate Cy = 2 [ Re(¥(f(X),A); R(A))dX = Op((bT)71).
Similar arguments for the first term in (3.26) and the terms C; and Cj give

(3.28) C; = Op )*1) ,i=1,2,3

(3:29 [ vl = £ e, (NO)AA = Ow(0T) )

Combining (3.26), (3.28) and (3.29) yields the assertion (3.6), which completes the proof of Theorem
3.1. O
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4 Examples

In this Section we discuss several examples to illustrate Theorem 3.1. In particular we consider the
problem of testing for “no-correlation” and the problem of comparing the spectral densities of the
components of the d-dimensional time series. Throughout this section we assume that the random
variables ; in (2.1) are normally distributed and real valued. Otherwise a corresponding term reflecting
the dependence on cumulants or order 4 has to be added (see Theorem 3.1).

4.1 Comparing spectral densities

The problem of comparing spectral densities has also found considerable attention in the literature. [see
e.g. Carmona and Wang (1996), Coates and Diggle (1986), Swanepoel and van Wyk (1986) or Diggle
and Fisher (1991) among others. Recently Dette and Paparoditis (2009) considered the case d = 2
and proposed to base a test for the hypothesis Hy : fi1 = ... = faq on the statistic Sp(V) with the
functional (1.2). This yields

SEL N 0.0 —=fu(N) 0. —fu(\)
DAY ) — d —fQ.Q(A) 0...0 Zé;% Fa(\) 0 ... —fQ.Q(A) |

(4 fa(V)? : :
—faa(N) 0.0 —fa(N) 0 (V)

and by a straightforward but tedious calculation we obtain for the quantities M?, b, and 72 in Theorem
3.1

M? = /d2 ch'lzl 121(/\d) _d(Z?zl f“()\))2 A
. (> im fi(A))?
b, = 2d Kb()\ _ x) Ei:l (dfu()\) - 23:1 fjj()\)) (J;u(fﬂ) ijl fjj()\) — f“()\) ijl fjj(:t)
" (imy fii(A ))3
. S o)l (fta) = Er i) (fele) - Eri)
" (X 1fu( )t

Note that in the case d = 2 this result does not coincide with the corresponding statement in Dette and

d\dx

dx

Paparoditis (2009) and that there is minor error in this reference.

4.2 Testing for no correlation

The problem of testing for no correlation between Xf = (Xu, ..., Xiq,) and Xf = (Xigy 11, ey Xpa) of
the real valued d-dimensional stationary process {X;}ez with d = d; + dy has been considered in the
context of ARMA processes by El Himdi and Roy (1997), Hallin and Saidi (2005), Bouhaddioui and
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Roy (2006) and Saidi (2007) and by Eichler (2008) for general multivariate stationary processes using
the functional (1.3). In this case we have

[ fi;(N) : o . e ‘
rTierr ey foe=(E-1d+i and b=(i—1)dy+]
—l if a=(@Gi—-1)d+j and b= (i—1)dy+j
(DZ\If(f(/\)7 A)T)ab = fii(/\);zj((/\?) ‘ | | | |
“odmonor @oe=U-1d+j and b=(i-1)d+]
0 else

which yields for the constants in Theorem 3.1

IS /fl’f”f o

i=1 j=d1+1 il ”

-3 Y [ i (Ret s WFD) — s (55 + 2455 Y

i=1 j=d,+1

T8 = dnm Z /fzk ) Fi1 N 9-1)a15 (N 1yas (V) + Re(fia(N) Fix (V) gi-1a15 (V- 1yase(V),

i,5,k,l=1

where g;(A) is defined as

(_Zg le% if i=(a—1)d+a a€{l,.. d}

g = Zlm if i=(a—1)d+a ac{d+1,..,d}
% if i=(a—1)d+b a€{di+1,...d} be{l,...di}
0 else

\
If we are interested whether the 7 and jth component of X; are uncorrelated the function ¥ is given by

I (710
AN = o)
and the terms b, and 72 reduce to
N2 — | £ fii(x) ij (z) "
= [ [ f” (2Re(Fs o) — Fa O (13 + 720 ) )
and
2 _ gn | fiiM)I? 4 2 2\ _ of. § o fr 2
=i | ENEy )(|fm( I+ LSO = 205N 55 (VRe( £ (1)? ) dA
respectively.

Acknowledgements. The authors would like to thank Martina Stein, who typed parts of this
manuscript with considerable technical expertise. This work has been supported in part by the Collabo-
rative Research Center “Statistical modeling of nonlinear dynamic processes” (SFB 823) of the German
Research Foundation (DFG).

15



References

Berger, J. O. and Delampady, M. (1987). Testing precise hypotheses. Statistical Science, 2:317-335.

Bouhaddioui, C. and Roy, R. (2006). A generalized Portmanteau test for independence of two infinite-
order vector autoregressive series. Journal of Time Series Analysis, 27:505-544.

Brillinger, D. R. (1981). Time Series: Data Analysis and Theory. McGraw Hill, New York.

Carmona, R. A. and Wang, A. (1996). Comparison tests for the spectra of dependent multivariate
time series. In Adler, R. J., Miiller, P., and Rozovskii, B. L., editors, Stochastic Modeling in Physical
Oceanography, pages 69-88. Birkhauser Inc., Boston.

Coates, D. S. and Diggle, P. J. (1986). Test for computing two estimated spectral densities. Journal of
Time Series Analysis, T:7-20.

Dette, H. and Paparoditis, E. (2009). Bootstrapping frequency domain tests in multivariate time series
with an application to comparing spectral densities. Journal of the Royal Statistical Society: Series
B, 71:831-857.

Dette, H. and Spreckelsen, 1. (2003). A note on a specification test for time series models based on
spectral density estimation. Scandinavian Journal of Statistics, 30:481-491.

Diggle, P. J. and Fisher, N. I. (1991). Nonparametric comparison of cumulative periodograms. Applied
Statistics, 40:423-434.

Eichler, M. (2008). Testing nonparametric and semiparametric hypotheses in vector stationary pro-
cesses. Journal of Multivariate Analysis, 99:968-1009.

El Himdi, K. and Roy, R. (1997). Tests for noncorrelation of two multivariate ARMA time series.
Canadian Journal of Statistics, 25:233-256.

Hallin, M. and Saidi, A. (2005). Testing non-correlation and non-causality between multivariate ARMA

time series. Journal of Time Series Analysis, 26:83-105.
Hannan, E. J. (1970). Multiple Time Series. Wiley, New York.

Paparoditis, E. (2000). Spectral density based goodness-of-fit tests for time series models. Scandinavian
Journal of Statistics, 27:143-176.

Saidi, A. (2007). Consistent testing for non-correlation of two cointegrated ARMA time series. Canadian
Journal of Statistics, 35:169—188.

Swanepoel, J. W. H. and van Wyk, J. W. J. (1986). The comparison of two spectral density functions
using the bootstrap. Journal of Statistical Computation and Simulation, 24:271-282.

16



Taniguchi, M. and Kakizawa, Y. (2000). Asymptotic Theory of Statistical Inference for Time Series.
Springer, New York.

Taniguchi, M. and Kondo, M. (1993). Non-parametric approach in time series analysis. Journal of
Time Series Analysis, 14:397-408.

Taniguchi, M., Puri, M. L., and Kondo, M. (1996). Nonparametric approach for non-Gaussian vector
stationary processes. Journal of Multivariate Analysis, 56:259-283.

17



