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Abstract

We consider the moment space M, corresponding to p X p real or complex matrix
measures defined on the interval [0, 1]. The asymptotic properties of the first & components
of a uniformly distributed vector (Sin,...,Snn)* ~ U(M,,) are studied if n — oco. In
particular, it is shown that an appropriately centered and standardized version of the vector
(Stns---,Skn)* converges weakly to a vector of k independent p x p Gaussian ensembles.
For the proof of our results we use some new relations between ordinary moments and
canonical moments of matrix measures which are of own interest. In particular, it is shown
that the first k canonical moments corresponding to the uniform distribution on the real or
complex moment space M,, are independent multivariate Beta distributed random variables
and that each of these random variables converge in distribution (if the parameters converge
to infinity) to the Gaussian orthogonal ensemble or to the Gaussian unitary ensemble,

respectively.
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1 Introduction

A real (complex) matrix measure p on the interval [0,1] is a p x p matrix pu = (u;;)],-; of
signed real (complex) measures y; ;, such that for each Borel set A C [0,1] the matrix pu(A) =

1



(11:,5(A)); j=; is symmetric (hermitian) and nonnegative definite. Additionally, we require the
matrix measure to be normalized, that is p([0,1]) = I,, where I, denotes the p x p identity
matrix. In recent years considerable interest has been shown in generalizing many of the results
on classical moment theory, orthogonal polynomials quadrature formulas etc. to the case of
matrix measures. Among many others we refer to the early paper of Krein (1949) and to the
more recent works of Geronimo (1982), Aptekarev and Nikishin (1983), Rodman (1990), Sinap
and van Assche (1994), Duran and van Assche (1995), Duran (1995, 1996, 1999) and Duran and
Lopez-Rodriguez (1996, 1997), Griinbaum (2003), Griinbaum et al. (2005) and Damanik et al.
(2008) among many others.

The aim of the present paper is to explore the relations between moments of matrix measures
and Gaussian ensembles, an important distribution in the area of random matrices [see Mehta
(2004)]. Both fields have been investigated rather independently and in this paper we demon-
strate that there exists a deep connection between random moments and Gaussian ensembles, if
the “dimension” of the moment space converges to infinity. To be precise, consider the real case
and recall that the moments of a real matrix measure p on the interval [0, 1] are defined by

1
(1.1) Sk:/ Fu() € S,(R);  k=0,1,2,...
0

and the nth moment space is given by

(12) M,(R)= {(Sl,...,Sn)T

Sj:/olxjd,u(x), j:l,...,n} C (Sp(R))"™,

where S,(R) denotes the set of all real symmetric p X p matrices. In the scalar case p = 1
this space has been investigated by numerous authors [see Karlin and Shapeley (1953), Karlin
and Studden (1966), Skibinsky (1967), Dette and Studden (1997)] and some of these results
have been generalized to the matrix case [see Chen and Li (1999), Dette and Studden (2002)
among others]. In order to understand the geometric properties of the moment space M,,(R)
in the case p = 1, Chang et al. (1993) proposed to consider a uniform distribution on M,,(R)
and studied the asymptotic properties of random moment vectors. In particular, these authors
showed that an appropriately centered and standardized uniformly distributed vector on the set
M, (R) converges weakly to a multivariate normal distribution. This work was continued and
substantially extended by Gamboa and Lozada-Chang (2004) and Lozada-Chang (2005), who
derived a corresponding large deviation principle in the one-dimensional case.

In the present paper we will investigate related questions for the moment space (1.2) corre-
sponding to the matrix measures on the interval [0, 1]. More precisely, we consider a uniformly
distributed vector (S1,,...,Snn)? on M,(R) C (S,(R))™ (for a precise definition see Section 2)
and show that the vector of the first £ matrices converges weakly after an appropriate standard-
ization, that is

V(AT @ L) (S1n — S0, S — ST —2 (G, ..., G,

n—oo



where A € R*** is a matrix which will be specified in Section 2, ® denotes the Kronecker
product, S;-) = s?]p,

! id 1 (25
xldx
(1.3) s?: —:T(?>’ 7=0,1,2,...,
o T/a(l—x) 29\
are the moments of the arcsine distribution and G4y, ..., Gy are independent random p X p matri-

ces, each distributed as the Gaussian orthogonal ensemble. The proof is based on the introduction
of new “coordinates” for the moment space M, (R). More precisely, we define a one to one map
from the interior of M,,(R) onto the product space (0,, I,)", where 0, is the p x p matrix with
vanishing entries and (0, 1) denotes the set of all positive definite p x p matrices C' € S,(R) for
which C' < [, with respect to the Loewner ordering, that is I, — C is positive definite. The new
coordinates are called canonical moments [see Dette and Studden (2002)], and they are related
to the Verblunsky coefficients, which have been discussed for matrix measures on the unit circle
[see Damanik et al. (2008)]. We show that for a uniformly distributed vector on the nth moment
space M,,(R) the corresponding canonical moments are independent and have multivariate p X p
Beta distributions. Each canonical moment converges weakly (after centering and standardizing
it appropriately) to the Gaussian orthogonal ensemble, and this result will be used to obtain a
corresponding asymptotic result for the vector v/n(S1, — Sy, ..., Sk, — S)T.

The remaining part of this paper is organized as follows. In Section 2 we introduce the basic
notation, define a uniform distribution on the moment space M,,(R) and state our main result.
We also determine the volume of M, (R) defined by (1.2). In particular, it is shown that the
volume behaves asymptotically as 2-"°PP+1/2 which means that the moment space M, (R)
defines a very small part of (S,(R))"”. Canonical moments of matrix measures on the interval
[0, 1] are introduced in Section 3. The proof of our main result is given in Section 4, which contains
several results which are of own interest. In particular we prove the weak convergence of the
(appropriately standardized) multivariate Beta distribution to the Gaussian ensemble. Section
5 extends these results to random moment sequences corresponding to matrix measures with
complex entries. Roughly speaking, a corresponding weak convergence result is still available,
where the Gaussian orthogonal ensemble has to be replaced by the Gaussian unitary ensemble.
Finally, the proofs of some technical results are deferred to an Appendix in Section 6.

2 The uniform distribution on the moment space of ma-
trix measures
Throughout this paper let (S,(R), B(S,(R))) denote the measurable set of all symmetric p x p

matrices with real entries, where B(S,(R)) is the Borel field corresponding to the Frobenius
norm on S,(R). In order to define a uniform distribution on the matrix moment space M, (R)



we consider on S,(R) the integration operator
(2.1) dX =[] dwi; .
1<j
the product Lebesgue measure with respect to the independent entries of a symmetric matrix.
For an integrable function f : S,(R) — R the integral

(2.2) / F(X)dX

is thus the iterated integral with respect to each element x;;, ¢ < j [see e.g. Muirhead (1982)
or Gupta and Nagar (2000)]. We will repeatedly integrate functions F : S,(R) — S,(R), in this
case we define

p
(2.3) /F(X)dX = (/(F(X))”dX)

ij=1
It was shown in Dette and Studden (2002) that the moment space M,,(R) is compact and has non

empty interior, say Int(M,,(R)), which enables us to define a uniform distribution on M,(R).
To be precise we introduce the matrix valued Hankel matrices

SO Sm Sl_S2 Sm_Serl
(24) Hy,=| : Hym = : :
So oo Som S — Somar oo Som_1 — Som
and
S S So — 51 o S — Smp1
(25) Hypypy = : : Hopmy1 = : :
Sm+1 o 52m+1 Sm - Sm+1 o SQm - 52m+1

Dette and Studden (2002) showed that the point (Si,...,S,)? is in the interior of the moment
space M., (R) if and only if the matrices H, and H, are positive definite.

For a point (S, ...,5,)" € M, (R) we define

hgm (Sm+17 : 752777,)
hgm_l (Sma : 7S2m—1)
Bgm (Sm - Mm+1y " 782771—1 - SQm)
Bgm—l = (Sm — Om+ly 752771—2 - S2m—1)
and consider the p x p matrices
(2.6) Sppr = hoH b, n>1,
Sty = Sy KTH e n>2,



(for the sake of completeness we also define S = 0 and Sy = I,,, S; = S1). Note that S,

and S, are continuous functions of the moments Sy, ..., S, and that S, ; < S}, | if and only
if (S1,...,9,)7 € Int(M,(R)). Moreover it follows that

(2.8) M,(R) = {(S1,...,8)" | Sy <S8 <SF,...,8 <8,<S},
(2.9) Int(M,(R)) = {(Si,....S)" | Sy <Si<Sf,...,8, <S,<SF}#0

n

see Dette and Studden (2002) for more details]. Consequently the 1np(p+1)-dimensional volume
2

(2.10) V(Mo (R)) = / ds, ... ds,
My (R)
of the moment space is positive and a uniform distribution on M, (R) is well defined by the
density
1
(211) f(Slaasn): Sl,...,Sn) .

For the sake of brevity we use the notation (Si,...,S,)? ~ U(M,(R)) throughout this paper.
The following result gives the volume of the moment space M,,(R). The proof will be given in
Section 3 where more powerful tools have been developed for this purpose [see Remark 3.6].

Theorem 2.1. For the real moment space M,,(R) defined in (1.2) we have

n

(2.12) =[IB, Gk(p+1).3k(p+ 1)) .
k=1

where By(a,b) denotes the multivariate Beta function

[p(a)Tp(b)

(2.13) By(a,b) ==+ D)

a,b>i(p—1).
and I'y(a) the multivariate Gamma function

Fp(a)::/ det X o~ r0/2—t1(X) gy
X>0

1
—prl)/4HF s(i—1)), a>§(p—1).

As a simple consequence of Theorem 2.1 we obtain by Stirling’s formula the following approxi-
mation for the volume of the nth moment space

lim log V(M,,(R))

n—oo _p2 p(p2+1) log(2)

=1,



which shows that M,,(R) consists only of a very small part of (S,(R))". We will conclude this
section with the main result of this paper, which gives the asymptotic distribution of the vector
of the first k& components of a uniform distribution on M, (R). For this purpose recall that a
random symmetric matrix X is governed by the Gaussian orthogonal ensemble (GOE), if its
density is given by

1 2
(2.14) f(X) = (QW)—P/Q,,T—P(JD—I)M e—itrX ‘

Theorem 2.2. If Supn = (Simy- -y Spn)t ~ UM, (R)), then an appropriate standardization
of the vector Sxn = (Sin,--.,Skn)’ converges weakly to a vector of independent Gaussian
orthogonal ensembles, that is

An(p+1)(A™ ® L)(Skn — S2) —— G .

Here S = (s%1,,...,s00,)T, % denotes the mth moment of the arcsine distribution on the
interval [0, 1] defined in (1.3), A is a k x k lower triangular matriz with elements a; ; defined by
(2.15) a;j = 2‘””(. ' ) j<i,

=]

and G = (Gy,...,Gp)T € (S,(R))* is a vector of k independent Gaussian orthogonal ensembles,
ie. Gy,... Gy ii.d. ~ GOE.

The proof of Theorem 2.2 is complicated and stated in Section 4, which contains also several
results of own interest. It requires some explanation of the relation between the ordinary and
canonical moments of a matrix measure, which will be presented in the following section.

3 Symmetric canonical moments of matrix measures

Let (S,...,S5,)T € Int(M,(R)) be a vector of moments of a real matrix measure on the interval
[0,1] and recall that the matrices S;” and S, given in (2.7) and (2.6), respectively, depend
only on the moments Sy,...S;_1. The corresponding canonical moments of the moment point
(S1,...,8,)T are defined by

(3.1) U= (S —S,) S, —S;), k=1,...,n,

whenever S} — S, > 0,, otherwise they are left undefined [see Dette and Studden (2002)]. Note
that in general the matrices Uy, ..., U, are not symmetric and a symmetric version of canonical
moments, say (Uy,...,U,)T, can easily be obtained by the transformation

(3.2) Uy i= (S = S;) PUR(S = Sp) 72 = (S = Sp) 7 2(Sk — S ) (S — 8,) 712



Throughout this paper we will work with both definitions of these matrices (note that the
matrices Uy, and Uy are similar). It is shown in Theorem 2.7 in Dette and Studden (2002) that
the “range” of the kth moment can be expressed in terms of the canonical moments U; and
Vi=IL,—Ufori=1,....k—1:

(33) S,j— ];:[71‘71...ka1ka1, k:2,...,n

Furthermore, the moment space M, (R) is convex and by the discussion in Section 2 it follows that
M., (R) has non empty interior. Consequently, any random variable (Si,...,S,)T ~ U(M,(R))
with density (2.11) satisfies P((S1,...,S,)T € Int(M,(R))) = 1 and the corresponding canonical
moments Uy, ..., U, and Uy, ..., U, are well defined with probability 1. Moreover, it is easy to
see that S, < Sy < S implies 0, < Uy, < I, whenever (Si,...,5,)T € Int(M,(R)), since the
Loewner ordering is not changed by the multiplication with positive definite matrices. Therefore

equation (3.2) defines a one to one mapping

(3.4) . :{ Int(M,(R))  — (0, Ip)"

(Sl,...,Sn)T Hgop(Sl,...,Sn) :(Ul,...,Un)T,

from the interior of the moment space onto the “cube” (0,, I,)", where the open interval is defined
by
(OpJp) = {A € SP<R) | 0p < A< Ip}‘

In the following Lemma we collect some interesting properties of the matrix valued canonical
moments, which will be useful in the following discussion. The proof can be found in the
Appendix.

Lemma 3.1.

a is a matriz measure on the interval [0, 1] with corresponding canonical moments

i tri the interval [0,1] with di cal s U
and v = u" is the measure induced on the interval [a,b] by the transformation ~v(x) =
(b—a)r+a (a < b) with corresponding canonical moments U}, then

U, =UF,

whenever the canonical moments are defined. In other words: the canonical moments are
movariant under linear transformations.

(b) If the matriz measure is symmetric, then
U1 = %[;m

whenever the canonical moments are defined.



(¢) Let i denote a matriz measure on the interval [0, 1] with canonical moments U¥ and define
o as the symmetric matriz measure on the interval [—1,1] induced by the transformation

(3.5) o([~,z]) = u([0,27])
with corresponding canonical moments U;, then

(3.6) U1 =35lp s Uz =Uy

1
2 n?

whenever the canonical moments are defined.

The following result shows that the ordinary moments of a matrix measure can be calculated
recursively from the canonical moments U;. A similar result in the scalar case was shown by

Skibinsky (1968).

Theorem 3.2. For a moment point (Sy,...,S,)T € Int(M,(R)) with corresponding canonical
moments Uy, ..., U,, define (o =0,, ¢, =U; and

(37) Cj:‘/jfl j o 3:2,,71

Then we have

Sn - Gn,m

where {G;;, i,j € (1,...,n)} denotes an array of p X p matrices defined by G;; = 0, if i > 7,
Go,; = I, and recursively by

(3.8) Gij = Gij-1+ GoiniGic1j

whenever 7 > 1 > 1. In particular, we have

S =3 GGy

iel
where the index set is defined by I = {(i1,...,i,)|ix € {1,...,n}, i1 =1, i <idg_1 + 1} .

Proof: We consider the (infinite dimensional) block Hankel matrix
(3.9) M = (Si+j)ij>0 »

which contains the moments of the matrix measure p. Let {P,(z)},>0 denote the sequence of
monic (this means that P,(x) has leading term z"1,) orthogonal matrix polynomials with respect
to p, that is

(3.10) /Pn(.r)d,u(:v)Prf(x) _ { gieelg:j; if n #m

tfn=m

8



It was shown by Sinap and van Assche (1994) that these polynomials satisfy a three term
recurrence relation

Pﬂ(m):[pa P1<.Z'):x[p—A1,
xPn(x) = Pn+1($) + An+1Pn(x) + Bn+1Pnfl($)7 n > 1.

We define P(z) = (P{ (z), Pl (z), P (z),...)", and

A I, 0,
By Ay I, 0,
(3.11) J=10, By A3 1, ,

then the recursion can be rewritten in the form

(3.12) JP(z) = 2P(z) .

If F(z) = (I, x1,,2%1,,...)" denotes the vector of matrix valued monomials, then it follows that
(3.13) P(z) = LF(x) ,

where L is a lower triangular block matrix containing the coefficients of the matrix polynomials
P,(z). The following Lemmata are proved in the Appendix. The first specifies the inverse of the
matrix L.

Lemma 3.3. The matriz L defined in (3.13) is non singular and its inverse K := L™ is defined
by

(3.14) RK = KJ |,

where the matriz R is given by

Moreover K is a lower triangular block matriz with the matrices I, on the diagonal. If D =
diag(Dy, Dy, . ..) is the block diagonal matriz with entries D; defined by (3.10), then the Hankel
matriz M defined by (3.9) has the representation

(3.15) M = KDK” .



Lemma 3.4. If p denotes a matriz measure on the interval [0,1] and o the corresponding
symmetric measure on the interval [—1,1] defined by (3.5), then the monic orthogonal matrix
polynomials { P, () }n>0 with respect to the matriz measure o satisfy the recurrence relations

Po(ill) = [p7 Pl(x) = I’[p,
(3.16) 2P, (z) = Pyy1(2) + L Py (), n>1,

where ¢, = V,,_1U, and U, are the canonical moments of the measure y.

By Lemma 3.4 the orthogonal polynomials P, (z) with respect to the matrix measure ¢ on the
interval [—1, 1] are even (if n is even) or odd (if n is odd) functions. Consequently it follows from
Lemma 3.3 and the representation (3.13) for the block K;; € RP*? in the position (4, j) of the
matrix K = L~ that K;; = 0, if ¢ + j is odd. Moreover, for the elements of the corresponding
matrix J in (3.11) we have A,,; = 0, and B,,; = (!, where (, corresponds to the matrix
measure p. Observing (3.14) we obtain the recursion

(3.17) Kiyoji = Kiyoj_1-1+ Ki+2j—1,i+1§£1 :
With the definiton
Gm,n - KT

n+m,n—m

for 1 <m <n,

(if m > n we define G,,,, = 0,) one easily sees that the matrices G,,,, satisfy the recursion (3.8).
Finally the representation (3.15) yields for the moments S# and S? of the matrix measures u
and o the relation

o
Sﬁ = Popn — M2n,0 = KQn,ODOKO,O = K2n,0 = Gn,n )

where M, ; denotes the p X p matrix in the position (7,7) of the matrix M corresponding to
the matrix measure o. This proves the first part of Theorem 3.2. The remaining statement is
obvious. O

In the following we will study the distribution of the canonical moments corresponding to a
random moment vector uniformly distributed on M,,(R).

Theorem 3.5. If (Sy,...,5.)" ~U(M,(R)) is a random vector with a uniform distribution
on the nth moment space M,(R), then the distribution of the corresponding random wvector
of matriz valued canonical moments (Uy,...,U,)" is absolute continuous with respect to the
Lebesgue measure and its density is given by

(3.18) F(Uh .. U, = m TT det(@a(r, — U)PD021, (1)
n k=1

10



where V(M ,,(R)) is defined in (2.10).

Note that Theorem 3.5 shows that the random variables Uy, ..., U, corresponding to a ran-
dom moment vector (Sy,...,S,)" ~ U(M,(R)) are independent and have a multivariate Beta
distribution, that is

Ur ~ Beta,(3(n—k+1)(p+1),5(n—k+1)(p+1)),

where the density of a random variable X ~ Beta,(a,b) with a matrix valued Beta distribution
with parameters a and b is given by

(3.19) F(X) = By(a,b) ™ (det X)*~#TD/2(det(I — X))*" 21 1 1(X)

[see Olkin and Rubin (1964) or Muirhead (1982)] and the normalizing constant B,(a, b) is defined
n (2.13). Note that this definition requires a,b > (p — 1)/2.

Proof of Theorem 3.5: We first calculate the Jacobi determinant of the mapping ¢, in (3.4)
from the ordinary to the canonical moments, which we denote by J(y,). By the transformation
formula (3.2) we can write ¢,(S1,...,5,) = (¢ (1)(51) . ,gal()n)(Sn)), where

o (S5, S5 — (0, L)

o) (Sk) = (Sif = S) 7 28k(SE = Sp) 72 = (S = Si) TS (S = 52
Note that the transformation goj(gk) is one to one and depends only on the moments Sy,..., Sk 1.
This implies that the Jacobian J(p,) is the product of the Jacobians of the transformations %(;k).
For fixed nonsingular matrices A and B with B € S,(R) the Jacobian of the transformation
X — AXAT + B is equal to (det A)P™| see Theorem 2.1.6 in Muirhead (1982). Consequently

we obtain with the aid of equality (3.3)

I
z:

J(0p) H det(S;" — S )~ 0/

B
Il
—

det (T, V; ... Up_yVj_y) P12

I
=

T
[\

n—1

det (U1 Vy ... Up_y Vi) "D/ Hdet UpVi) (=R @+D/2
k=2 =

I
=

This gives for the density of the vector (Uy,...U,)"

fU, ... U) =———=I{(Uy,...,U,)" € p,(Int(M }Hdet (U V) R@+D/2

11



where ¢, (Int(M,,(R))) = (0,, I,)". O

Remark 3.6. Note that the proof of Theorem 3.5 provides also a proof of the formula for the
volume of the nth moment space in Theorem 2.1, because

n—1

VM, (R)) = / [ det(Uw(Z, — T)"=PED2au,, .. du,
(Opzlp)n k=1

n

= B, Gkp+ 1), 3k(p+1)) .
k=1

4 The multivariate Beta distribution and a proof of The-
orem 2.2

The proof of Theorem 2.2 is separated in two steps. First we investigate the asymptotic properties
of the multivariate Beta distribution (Section 4.1). In particular, we show that a standardized
version of the random matrix X,, ~ Beta,(an,a,) converges in distribution to the GOE if the
parameter a,, tends to infinity. From this result and Theorem 3.5 we obtain a weak convergence of
the vector Uy, = (U1, ..., Urn)? of canonical moments corresponding to the first & components
of a vector Spn = (S1m;- -y Spn)T ~ UM, (R)) if n tends to infinity.

Secondly, we use the relation between ordinary and canonical moments of matrix measures on
the interval [0, 1] to prove a corresponding statement regarding the weak convergence of the
vector Skpn = (Sin, .-+, Ska)? (Section 4.2).

4.1 Some properties of the multivariate Beta distribution

By Theorem 3.5 the multivariate Beta distribution will play a particular role in the analysis of
random moment sequences of matrix measures on the interval [0, 1]. This distribution on S,(R)
can easily be defined by its density (3.19). Since the density depends on X only through the
determinant of X or I, — X, the distribution of a multivariate Beta distributed random variable
X is invariant under the transformation X — OXOT for any orthogonal matrix O € O(p),
where

O(p) = {0 e R”*?| OO = I,,}

denotes the orthogonal group. For some properties following from this invariance see Gupta and
Nagar (2000), chapter 9.5. The eigenvalues of a multivariate Beta distributed random variable
follow the law of the Jacobi ensemble. To be precise recall that the Jacobi ensemble is defined

12



as the distribution of a vector A = (A1,...,\,)" with density
(4.1) ey [AN)|? H Ao~ )P 0.0y (N)

where A(A) = [[,;(A; — A\i) is the Vandermonde determinant, a,b, 3 > 0 and the constant c; is
given by

p

H + 0T (a+b+5(p+j—2)
- 1+29 F(a+§(j INT(b+5(j—1))

(4.2)

see for example Dumitriu and Edelman (2002). For the sake of simplicity we write
(4.3) ~ T

if a random vector A = (Aq,...,\,)T has density (4.1). Usually only the cases § = 1,2 and 4
are considered corresponding to matrices with real, complex and quaternion entries, respectively
[see Dyson (1962)]. A symmetric random variable X ~ Beta,(a,b) can be factorized as X =
Odiag(\)OT, where O € O(p) and diag(\) is a diagonal matrix containing the eigenvalues
of X. Integration with respect to the orthogonal matrix O shows that the eigenvalues are
distributed according to the Jacobi ensemble .7 ~(P=1)/20=(r-1)/2) , for the calculation we refer to
Muirhead (1982). We now make use of the invariance of the multlvarlate Beta distribution and

the distribution of the eigenvalues and calculate the first moments

(4.4) E[X"] = / X*f(X)dX

of a multivariate Beta distribution.
Lemma 4.1. Suppose X ~ Beta,(a,b), then the moments defined by (4.4) satisfy
(4.5) BIX"] = 1,

where the constant ¢, € R depends on the parameters a,b and p. In particular, we obtain for the
first two moments of X

(16) BX) = T,

a

b
(a+b)(a+b+1) (a+1+(p_1>2a+2b—1)1”

(4.7) E[X? =

Proof: Because of the invariance of the multivariate Beta distribution we obtain for any orthog-
onal matrix U

(4.8) E[X*|U = E[UX*UT|U = UE[X"] .

13



Therefore E[X*] commutes with all orthogonal matrices, which gives E[X*] = ¢;I,. The real
constant ¢; can be determined by

1 1 1
(4.9) o = —trE[X*] = —E[trX*] = —E[Af +--- + A¥] |
p p p
where the distribution of the eigenvalues A,..., A, is the Jacobi ensemble with paramters a —

%(p —-1),b— %(p — 1) and 8 = 1. Therefore the moment E[X*] is given by
1 1 p
(4.10) EMN] -1, =¢; / . /0 MIAW T A ®F072 (1 = ap)t-e+02ax -1,
0 Jaie

This integral is known as Aomoto’s generalization of the Selberg-integral [see Aomoto (1988)].
Aomoto showed that the eigenvalues of the Jacobi ensemble 52(70‘ P satisfy

(4.11) EMV~~AM=fi a+v(p—i)

srat+fB4+92p—i-1)

for 1 <m < p. By a similar method Mehta (2004) gets the recursion
(4.12) (a+B+1+2y(p—1)E[N] = (a+14+2y(p — 1)E[N] —v(p — DE[M o]

We combine equation (4.11) and (4.12) and obtain

o at+y(p—1)
(4.13) E[)\l] _(a + 3+ 2’7(}?— 1))(0& +604+1+ 27(]) — 1))
S+ -1)
(4.14) ><((a+1+v(p—1>)+7(p_1)a+6+27(p—1)—7) '

This completes the proof of Lemma 4.1 if weset a =a—3(p—1), 6=b—3(p—1) and y = 3.
O

As a next step we state a result concerning the asymptotic properties of the multivariate Beta
distribution if the parameters tend to infinity.

Theorem 4.2. Assume that X,, ~ Beta,(a,,a,) for a sequence a,/n — v € RT, then

(i) X, 11, ,

n—oo

(it) /8y (X, — 31, 2.q,

n—oo

where the random variable G is distributed according to the GOE.
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Proof: Let || - || denote the Frobenius norm, then we obtain by Lemma 4.1

B[|| X5 — 35" = trE[(X, — E[X,])°] = tr(E[X;] — B[X,]*)

n

p 2ay,
= 1 —1 0.
8an+4( +(p )4an—1) n—oo

The proof of (ii) is based on the convergence theorem of Scheffé (1947), by which it suffices
to show that the density f, of the standardized random variable \/8yn (X, — %Ip) converges
pointwise to the density f of the GOE given in (2.14). The density f, is given by

1 —p(pt1)/4
FulX) =B, (an, an)(8yn) Pt/
1 1 (p+1)/ 1 1 an—(p+1)/2
x det (\/&y_nX + 2[ ) det (§Ip — \/ﬁX) [(—Wlp,mlp)<x)

=B, —p(p+1)/49—2pan+p(p+1
*Bp (@n, an)(8yn) p(p+1)/49—2pan+p(p+1)

an—(pH1)/2
) Iz, vzt (X) -

1
x det (]p - —X?
2vn
We can diagonalize a fixed matrix X € S,(R) as X = Odiag(A\)O”, where O € O(p) is an
orthogonal matrix and A = (\1,...\,)" are the eigenvalues of X. Therefore is easy to see that
each factor in the last formula satisfies

1 ) *(erl)/
det (Ip -5 X > Izt vz, (X)

2yn
p 1 ) (p+1)/
= H (1 - QV—H)\Z> Iz, vam) (Ai)
i=1

p
142 1 2
n—oo

=1

As n tends to infinity, we obtain by Stirling’s formula

-1 —p(p+1)/46—2pan+p(p+1
Bp (&n,an)(g’m) p(p+1)/49—=2pan+p(p+1)
) Ip(2a,)

—(8~n) PP+1)/49—2pan+tp(p+1
( /yn) F (Cln)2

2a,, — 1(2’ - 1))
— g P(P=1)/4(8~p ) P(P+1)/49—2pan+p(p+1) ['(2an 2
(Bym)” HFan Li—1))y

=1
:W_p(p_l)/4(27r)_p/2(1 +0(1)) .

In other words, the normalization constant of the density f, converges to the normalization
constant of the GOE, which completes the proof. O
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By Theorem 3.5 it follows that for a vector of matrix-valued moments Sy, n = (S1p,- -+, Spn)? ~
UM, (R)) chosen uniformly from the moment space M,,(R) the corresponding canonical mo-
ments Uy ,, ..., U, are independent multivariate Beta distributed. As n tends to infinity the
parameters of the Beta distributions behave as % (p +1). The following Theorem is thus a direct
consequence of Theorem 4.2 with v = 2(p +1).

Theorem 4.3. Assume that Syn = (S1m; -+ Spn)T ~UML(R)) and let Uy yy = (Ui gy -+, Upn)T
denote the vector of the first k canonical moments corresponding to the random variable Sy .
Then

\/ 4(]? + 1)n (Uk,n — Ug) L Gk ,

n—oo

where UY = %(Ip, o, L)Y and Gy consists of k independent matrices of the GOE.

It follows from calculations in the scalar case that the canonical moments of the arcsine distri-
bution defined in (1.3) are all equal 1/2 [Skibinsky (1969)]. Therefore we obtain

Uy = 1,....1)"
= @p(((sg[m cee Sglp)T)
= @p(sg)

In other words the vector U} used in the centering of Theorem 4.3 contains the canonical
moments corresponding to the matrix measure p defined by

1
(4.15) du(z) = m]pdm :

For this reason the sequence of moments S% of the matrix measure defined by (4.15) can be
viewed as the “center” of the moment space M, (R).

4.2 Asymptotic properties of random moments

In this Section we will use the results of Section 4.1 to prove Theorem 2.2. The basic idea of the
proof consists of two steps. First we show that the inverse of the mapping

(4.16) ©p : It (My(R)) — (0, Ip)k

defined as in (3.4) is differentiable in a sense defined below, secondly we use this property and

Theorem 4.3 to establish the weak convergence of the vector Sy, of the first k& components of
Snn = (Sin, - Sun)T ~ UM, (R)). For this purpose recall that

(4.17) V(Skn = 8k) = V(g (Ukn) — ¢, (Uy)) -
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where Uxn = (Urp, .- -, UM)T denotes the vector of canonical moments corresponding to Sk n
and UY = 1(I,,...,1,)". In the scalar case p = 1 the quantity in (4.17) can be reduced by
differentiating the mapping ¢; ', that is

(4.18) Vi(Sin — s) = Vi(er (uen) — o1 (uy))

W) (Uen — W) + v o] [ — ) |

where for the sake of readability the lower capital symbols sy, S, Uk, and uf denote the
moment vectors Sk, S2, Uy, and U in the case p = 1. Note that

D!
8uk,n

(up) = A,

where the elements of the matrix A were found by Chang et al. (1993) and are defined by (2.15).
In order to study the general matrix case we introduce the following concept of differentiability.

Definition 4.4. Assume that S C (S,(R))™ is an open set. A mapping ® : S — (RP*P)™ is
called matriz differentiable in a point M° € S, if there exists a matriz L € R™*™ such that

(4.19) d(M° +H) — o(M°) = LH + o(||H]]) .

In this case the matriz derivative of ® at the point MP° is defined by g—ﬁ(Mo) =L.

Note that matrix differentiability is a stronger concept than total differentiability and that a
linear mapping ®;(M) = AM + B is matrix differentiable with % = A. On the other hand the
mapping ®o(M) = M? is only matrix differentiable at the points M? = ml,. Tt is easy to see
that matrix differentiability has the usual properties and we note for later reference

T T
(420) o0 (B
oM oM oM
if ® = (07, ..., ®7)T is matrix differentiable, and
G TR PRSP S L
(4.21) 8—M(M ) =¥ (M )m(l\/[ )+ ®(M )E)_M(M ).

if m=1, ® and ¥ are matrix differentiable in M° and ¥(M?°) = cI, with ¢ € R. Our next
result shows that the inverse of the mapping ¢, defined in (3.4) is matrix differentiable and gives
the derivative. The proof is complicated and given at the end of this Section.

Theorem 4.5. The mapping ¢, : (0,,1,)F — Int(M(R)) defined by (3.4) is matriz differen-

tiable at the point U° = L(I,,...,1,)" with

T
(4.22) S (U) =41,
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where A is the lower triangular matriz defined in (2.15).

With the aid of Theorem 4.5 we are now in a position to complete the proof of Theorem 2.2.
More precisely we obtain from (4.17) and (4.22)

Vi(Sin — Sk) =vn(g,  (Uka) — ¢, (Uy))
=Vn(A® 1,)(Uxn — Ug) + v/n op(|[Ukn — Ugl])

and the assertion of Theorem 2.2 follows because (4.6) and (4.7) yield that the expectation of
n|[Ukn — UR||? converges to pk/8, which implies that n||Uy, — UL||> = Op(1). Also note that
A ® I, is nonsingular and (A® I,)"' = A7 @ I, O

Proof of Theorem 4.5: We first study for 1 < m < k the mapping

0, I,)t — R
(4.23) g { Ol = R
(Ul,...,Uk) — Um
where U = (Uy,...,Up)T € (0,,I,)F is a vector of (symmetric) canonical moments defined by

(3.2) and U, the mth non symmetric canonical moment defined by (3.1). Note that U,, =
Dy U Dy? where

Dy = D,,(U) = SH — S |

and D,, satisfies the recursion D,, 1 = Dqln/ 2UmeD71n/ 2, D, = I, [see Theorem 2.7 in Dette and
Studden (2002)]. Obviously D,, depends continuously on Uy,...,U,,_;. At the point U°® we

have D,,(U%) = D, (51, ...,51,) = (35)*" 21, and ¥(U°) = 1I,. With the notation D,, =

D,,,(U° + H) we obtain for H = (Hy,..., Hy)" € S,(R)*
V(U +H) = 4(U°) = D, '2(51, + Hy)D,” — 31,

_ Do, DY
— LH, + (D;1/2Hm1§;{2 - Hm> .

The remainder can be estimated as follows

D;V?H,DV? — H, =D Y?H,DY? — DV, DY? 4 D-12[, DV? — [,
= D,,}?Hy(D}* = D}*) + (D, * D} — I,) Hy,
= o(||H]]) -

This yields 92(U°) = eI, ® I, and as a consequence

ou,, o OUum, ¢
W(U)—%(u)@’fm
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where as in (4.18) wu,, denotes the mth component of the vector u of canonical moments in
the case p = 1 and u® is the vector of scalar canonical moments corresponding to the arcsine
distribution in (1.3). A similar argument shows that

OV
ou

OV,

=i (U0) = e ® 1, = Tu

(u0> QI ,

where v,, = 1 — u,,. By (4.21) products of canonical moments U,, and V,, are also matrix
differentiable at the point U? (for sums this statement is trivial) and the derivative is the

Kronecker product of the derivative in the case p = 1 with the unit matrix. For example
we can calculate for m # 1
3Cm V1 Upn Vi1 oU,,
U% = 2 _""UY =1 U%) + 1[ (e
— Yem—em 1) @ I, = 20 g

ou

and for m =1

G ol 9
ou ou
Finally Theorem 3.2 shows that the mth moment S,, is equal to the sum over products of the

matrices (,,. Therefore the matrix derivative of S, with respect the canonical moments U is
given by % 8m (U0) = %m (1) ® I, and (4.20) yields

Oul

SLU%) = S (U = Sl ) @ b,

ou
880;1 890_1
(U =)L =A®1I,.
This completes the proof (note that A ® I, is non singular). O

5 Complex random moments

To a large extend, the case of complex matrix measures can be treated analogously to the case
of real matrix measures. For the sake of brevity we only state the results in this Section and
omit the proofs. The kth moment of a complex matrix measure on the interval [0, 1] is defined
as

1
(5.1) Sy = / 2*du(z) € S,(C); k=0,1,2,...
0

where S,(C) denotes the space of p x p hermitian matrices. The complex nth moment space

(52) M, (C) = {(Sl,...,Sn)* S — /01 Pdu(z), j ln} c (S,(C)"
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is characterised by the equations (2.8) as well [see Dette and Studden (2002)]. Here A* = AT
denotes the conjugate transpose of the matrix A. For a point (Sy,...,5,)* € Int(M,(C)) the
complex canonical moments Uy, ..., U, are therefore well-defined, where as in the real case

(5:3) Ui = (S§ = Sp) 728k = S8 = 8p) 712

and the hermitian matrices S, and S; are defined as in (2.6) and (2.7), respectively. The
integration operator changes on S,(C) to

p

i=1 i<j

that is, we integrate with respect to the p? independent real entries of a hermitian matrix.
Note that in this case for a nonsingular matrix A € S,(C) the Jacobian of the transformation
X — AXA is given by (det A)?’. The law of a random variable X € S,(C) is called complex
multivariate Beta distribution with parameters a,b > p — 1 if its density is given by

(5.5) F(X) = (BP(a,b)) " det X* P det (1, — X)" P11, (X)

and we denote this property by X ~ Betaj(f) (a,b). The normalizing constant is the complex
multivariate Beta function

2 2
BO(a.p) = @O ()
g Ty (a +b)
where Fg)(a) = qPP=D2TT"_ T(a — i+ 1). For a more general discussion of the complex

Beta distribution we refer to Khatri (1965) and Pillai and Jouris (1971). The eigenvalues of
a Beta;(?)(a, b)-distributed random variable follow the law of the Jacobi ensemble jQ(a_p Lo )
[see Pillai and Jouris (1971)] and similar arguments as given in the proof of Lemma 4.1 show
that the first moments of a random variable X ~ Beta,(f)(a, b) are given by

E[X] =

E[X?] =

a
—1
a+b?’

a

b
(@a+0)(a+b+1) (a+1+(p_1)a+b—1) Iy -

Proceeding as in Section 3, we get the following result for complex canonical moments.

Theorem 5.1. Let Syn = (S1m,---,S0n)* be uniformly distributed on the compler moment
space M,,(C) defined in (5.2), then the corresponding canonical moments Uy, ..., Uy, are in-
dependent and for k = 1,...,n Uy, is compler multivariate Beta distributed with parameters

(p(n —k+1),p(n —k+1)).
For a sequence of complex random variables X,, ~ Betal(f)(an, a,) an analoge of Theorem 4.3

holds, where in the limit the Gaussian orthogonal ensemble has to be replaced by the Gaussian
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unitary ensemble (GUE). Recall that a p x p hermitian matrix of the GUE is characterized by
the density

1, . v2
(5.6) f(X) = (QW)—p/QW—p(p—l)/Qe—EtI'X '

Theorem 5.2. Assume that X,, ~ Betaz(f) (an,ay) for a sequence a,/n — v € RY, then

(i) X, 11, ,

n—oo

(ii) &y (X, —11) 2= G

where the random variable G s distributed according to the GUE.

The remaining arguments in Section 4 remain essentially unchanged, which yields the following
result on the weak convergence of random complex moments.

Theorem 5.3. If Spyn = (Sin, .-, )" ~ UM,(C)), then the standardized vector of the
first k moments Skn = (Sin,-.-,n)* converges weakly to a vector of independent Gaussian
unitary ensembles, that is

V(AT ® L) (Skm — S) —2— G .

n—oo

The matriz A and the vector SY are defined as in Theorem 2.2 and G = (Gy,...,GL)*, with
Gi,...,Gy i.i.d. ~ GUE.

6 Appendix: Proof of auxiliary results

6.1 Proof of Lemma 3.1

(a) We denote by S,, and T;, the nth moment of the matrix measure p and v, respectively, then
a straightforward calculation yields

n—1

— n . .

6.1 T, = Ja" ' (b—a)'S; + (b—a)"S, .

(6.1) > (7)o -arsv o)

Note that 7' (7)) is the unique maximal (minimal) matrix with respect to the Loewner ordering
such that for fixed Ty, ...,T,—1 the vector (Tp,...,T,) is an element of the moment space of
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the matrix measure on the interval [a,b]. Therefore we obtain (note that the specification of
To, ..., T,_1 determines Sy, ...,S,_1) that

T, =% (”) a"i(b— a)'S, + (b— a)"S. .

+ +
This yields T,, — T, = (b —a)"(S, — S, ), and the assertion (a) of Lemma 3.1 follows from the
definition of the canonical moments in (3.2).

(b) We consider the transformation ¢(z) = 1 — z and the measure v = p® = u. The same
arguments as in part (a) show

+ + +
Ty, — Ty, = Son — S5, , Top1 — Ty = Sgy_1 — San—1
which implies for the corresponding canonical moments
(62) Uéjn = U;n ’ UZVn—l = Ip - Ugn—l :
Because p = v we obtain U, = Uy, = I, — Uk, _,, which yields Uk, =11,

(c) We obtain for the moments S{ of the matrix measure o

Sg, = [ tdo(t) = [, t"du(t) = S, ,
(6.3)
SS1 = fjl t2n_1d0(t) =0, ,

where Si, Ss, ... denote the moments of . The measure o is obviously symmetric and (b) yields
US,_y = 31,. From (6.3) we have for the even moments

Sp S 55, <57
which yields S5 = S, , S5t = S;F. Consequently it follows

(6.4) Ug, 1 =11, , Uy, =Ul.

n

6.2 Proof of Lemma 3.3 and 3.4

Proof of Lemma 3.3: From (3.13) and (3.12) we obtain (observing that the matrix R acts as
a shift operator) LRF(z) = 2P(x) = JP(x) = JLF(z), which yields

(6.5) LR =JL .
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It is easy to see that the matrix L is non singular and that the inverse matrix K := L~! is again
a lower triangular block matrix with matrices I, on the diagonal. From (6.5) we therefore obtain

RK =KJ .
On the other hand F(z) = KP(z) and by the orthogonality relation (3.10) it follows

M = / Tz)=K- /P(az)du(x)PT(a:) K" = KDK" |
where the matrix D = diag(Doy, D1, . ..) is defined by (3.10). O

Proof of Lemma 3.4: It follows from Favard’s theorem [see Sinap and van Assche (1994) or
Dette and Studden (2002)] that there exist matrices A,,, B,, such that the polynomials { P, (z) },,>0
orthogonal with respect to the matrix measure o satisfy a three term recurrence relation
PU(-T):[pa P1<.’L'):x[p—A1,
xPn(x) = Pn+1($) + An+1Pn(x) + Bn+1Pnfl($)7 n > 1.
We define y = 1(z + 1) and obtain from Dette and Studden (2002) for the monic orthogonal

1
polynomials R,(y) = 27"P,(2y — 1) with respect to the measure 6 = o2@ )

[0, 1] the recursion
Ro(y) =1,  Rily)=yl,— ¢
(6.6) YR (y) = Ruia(y) + (CGpsr +€5,) Ru(y) + (C5,1€5,) Rucaly),  n>1

where (¢ = V7 U7 for n > 2, (7 = U7 and U? denote the canonical moments of the measure .
Observing Lemma 3.1 (a) and (c) it follows that (f = Uf = 11, and for n > 1

(6.7) (o = Vo iUz, = Vi, U3, = 35U,
(63) Gor = 20y — T) = 170
This yields for the polynomials { P, (z)},>0

Po(.ilf) = Ip, Pl(QZ) = I‘Ip

on the interval

and (6.6) simplifies to
Lz +1)27"Py(z) = 27" (Pos1(2) 4+ Pa(2) + (L Poi(2)) n>1

which proves the assertion of Lemma 3.4. O
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