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Abstract

In this paper we study the asymptotic properties of the adaptive Lasso estimate in high
dimensional sparse linear regression models with heteroscedastic errors. It is demonstrated
that model selection properties and asymptotic normality of the selected parameters remain
valid but with a suboptimal asymptotic variance. A weighted adaptive Lasso estimate is
introduced and is investigated. In particular, it is shown that the new estimate performs
consistent model selection and that linear combinations of the estimates corresponding to the
non-vanishing components are asymptotically normally distributed with a smaller variance
than those obtained by the “classical” adaptive Lasso. The results are illustrated in a data

example and by means of a small simulation study.
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1 Introduction

In recent years the usage of penalized likelihood or penalized least squares methods has become
very popular in analyzing parametric regression models. An important advantage of some of
these methods is that they can be applied in very high dimensional settings, that is models where
the number of parameters p is larger than the sample size n. Under sparseness assumptions on



the true data generating process the usage of these estimators can be theoretically justified, in
particular consistency and asymptotic normality can be established. Here “sparseness” means
that only a small fraction of the predictors (say k < n, where n is the sample size) in the model
influences the true data generating process. Some penalized estimators are able to correctly
identify the corresponding k£ non-vanishing coefficients in a linear model and give a reasonable
estimate of these, which means that they perform model selection and estimation in a single
step. For obtaining asymptotic considerations the high dimensionality is modeled by a p = p,
dimensional parameter depending on the sample size which converges to infinity with n.

In recent years substantial progress has been made in analyzing the theoretical and practical
properties of these methods. Penalized estimators include bridge estimators (Frank and Friedman
(1993)) with the special cases of Lasso (Tibshirani (1996)) and ridge regression (Hoerl and
Kennard (1970)), the SCAD (Fan and Li (2001)) or the adaptive Lasso (Zou (2006)). Knight
and Fu (2000) established asymptotic properties of bridge estimators (that is least squares
estimators with L? penalty [0 < ¢ < 00]) in the case where the dimension p of the model is fixed.
Fan and Li (2001) argued that a reasonable estimator should correctly identify the k important
parameters which are influential with probability converging to one and the estimators of these
should have the same asymptotic distribution as an estimator which would be used if the k
important parameters were known in advance. So the estimator should consistently select a
model and the estimators of the parameters of the true model should be asymptotically efficient.
They called this the “oracle property”. Fan and Li (2001) established this property for the
SCAD in the context of likelihood models and Zou (2006) proved it for the adaptive lasso in the
context of linear models.

The results for the SCAD were generalized to the case where the dimension of the parameter
p = pp is increasing with the sample size, such that p, = o(n) (see Fan and Peng (2004)), while
Kim et al. (2008) showed the oracle property for the SCAD also in the case p, > n. Asymptotic
results for bridge estimators with 0 < ¢ < 1 were established in Huang et al. (2008a) where oracle
properties were shown for p, = o(n) and 0 < ¢ < 1. For the case p, > n a two-stage-approach
is suggested using marginal bridge estimators which were shown to consistently select the true
model. Although the Lasso does not satisfy the oracle property in the case of fixed p (see Zou
(2006)) it can identify the correct model and consistently estimate the important variables in
high dimensional settings (see e.g. Zhao and Yu (2006) and Wainwright (2009)). Huang et al.
(2008b) showed that the adaptive Lasso satisfies the oracle property also in high dimensional
linear models under some assumptions (we will sometimes also cite the technical report Huang
et al. (2006) foregoing the last mentioned article, because some assumptions are formulated in a
more transparent way there). For a broader overview of penalized estimators in high dimensional
models and further references we refer the reader to the recent article of Fan and Lv (2010).

Much of the aforementioned literature concentrates on the case of linear models with indepen-



dent identical distributed errors. To our best knowledge there has been no attempt to investigate
bridge estimators and the adaptive Lasso in high dimensional linear models with heteroscedastic
errors. In the case of fixed p such results were established in Wagener and Dette (2011), who
analyzed both bridge estimators with 0 < ¢ < 1 and the adaptive Lasso in the case of het-
eroscedasticity. Generally speaking the model selection properties of the analyzed estimators still
persist under heteroscedasticity. The bridge estimators with 0 < ¢ < 1 and the adaptive Lasso
estimators of the k important parameters are asymptotically normally distributed, but with a
suboptimal variance. As a consequence, these authors introduced weighted versions of the bridge
and adaptive Lasso estimators, which were shown to have the optimal asymptotic variance.

The present article is devoted to an investigation of problems of this type in the case where the
number of parameters in the model varies with the sample size. It turns out that the analysis
differs substantially from the case of fixed p and we concentrate our investigations on the adap-
tive Lasso estimator, which satisfies the oracle property in homoscedastic linear models without
requiring a two-step-approach and has the advantage of being a solution of a convex minimization
problem in contrast to bridge estimators. We will analyze both the “ordinary” adaptive Lasso
under heteroscedasticity and a weighted version taking scale information into account. Model
selection consistency and asymptotic normality will be established for both estimators and the
weighted adaptive Lasso will be shown to satisfy the oracle property. The remaining part of
this paper is organized as follows. In the next section we will introduce some basic notations
and define weighted Lasso estimators. In Section 3 we will prove that the weighted adaptive
Lasso satisfies the oracle property. The weighted adaptive Lasso requires a preliminary estimator
for the determination of the “optimal” weights. Therefore the fourth section is devoted to an
investigation of the asymptotic behaviour of the “classical” (i.e. unweighted) adaptive Lasso. In
particular, we show that under general heteroscedasticity the adaptive unweighted Lasso is still
sign consistent and estimates the non-vanishing parameters with an optimal rate, such that it
can be used in the weighted procedure as initial estimator. In the last section we will present

some simulation results and an application of both estimators to a real dataset.

2 Preliminaries

We consider the linear regression model
(2.1) Y = X8+ X(bo)e,

where Y = (Y1, ..., Y,)T is an n—dimensional vector of observed random variables, X is a matrix
of covariates, f3 is a vector of unknown parameters and X(5y) = diag(o(z1,fo),- -, 0(Zn, 5o))
is a diagonal matrix with positive entries. We denote by zT,... 2T the rows of the matrix
X and assume that € = (g1,...,&,) is a vector of independent identically distributed random



variables with E [g1] = 0 and Var (¢;) = 1. We further assume that the model is sparse, that is
Bo = (Bo(1)T, Bo(2)T)T, where By(1) € R*¥» and £y(2) = 0 € RP»~*» but we do not know which
components of 3y are 0 (naming the nonzero components (5(1)7 and assuming them to be the
first k, components of 5y is only for notational convenience). The dimension p, of the vector
Bo is permitted to grow with the sample size n. Note that Huang et al. (2008a) and Huang
et al. (2008b) considered this model with ¥ = I,, (the n dimensional identity matrix), that is
under homoscedasticity. Throughout this paper we will use the following notation. We partion
the matrix X = (X (1), X(2)), where X (1) € R™* and X(2) € R™®=—k«) The columns of
X are denoted by z(1),...,x(p,) and the k,-dimensional rows of X (1) by z(1)%,... z,(1)T.
We assume X to be non-random but with random X all results presented in this paper hold
conditionally on the covariates. Let x;; denote the (i, j)-th entry of the matrix X and let fy;
denote the j-th coordinate of the vector fy. Define the k,, x k, matrices

O = TX()'X(1) and D(B) = - X(1)7S(5) X ()

and let e (M) and Ay (M) denote the maximal and the minimal eigenvalue of the matrix M,

respectively. In the following discussion we will investigate the estimators

n

p’n
Bise = argming | > (Vi =] B)” + Xy Y |Bj|!6j|—1]
i=1 j=1

R . n YZ _ x?ﬁ) 2 Pn —_—
2.2 wise = — | + A\ |15,
22 Pt = angin |3 (= > 1513

for the parameter 3, in model (2.1), where 3 and B are preliminary estimators for 3,. Here B;
denotes the j-th component of the p,-vector 5 (j = 1,...,p,). Note that Blse is the (unweighted)
adaptive Lasso estimator proposed by Zou (2006) and Ewlse is a weighted version of it, which
addresses the heteroscedastic structure in the data. The parameter ), is a tuning parameter
which has to be prespecified by the data analyst. It can also be determined by using a data
dependent method like cross-validation (Craven and Wahba (1979)).

Following Zhao and Yu (2006) an estimator B for [y is called sign consistent, if

lim P(B\ s ﬁﬂ) = 17

n—o0

where B\ =, Po means that each component of 3 has the same sign as the corresponding component
of fBy. Because the sign of 0 is defined as 0, a sign consistent estimator for 3, estimates all zero
components of 3y as exactly 0 with probability converging to 1 and thus performs consistent model
selection. In the following we will use the notation sgn(z) for the sign of x € R and || - || denotes
the ly-norm in R*». For a vector v € RP" and a function f : R — R we use the shorthand notation
f(w) = (f(v1),..., f(v,,))" and inequalities between vectors are understood componentwise.
Similarly, a multiplication of column vectors of the same length is also understood componentwise.
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3 Weighted adaptive Lasso

In this section we investigate the asymptotic properties of the weighted adaptive Lasso estimator
Buwise- Throughout this section we assume that the following conditions hold:

(i) The covariates are scaled such that
1 n
2 _ :
52%‘ =1 forj=1,... py.
i=1

(i) There exists a constant b > 0 such that the preliminary estimator § satisfies

kn o~
lim P(bmillrl 18;] < bn) =0,
J:

n—0o0

where

(3.1) bn = min{[fo[ [ J < kn},

is the minimum of the absolute values of the non-vanishing components of the parameter

Bo-

(iii) There exists a sequence 7, — 0o such that the preliminary estimator 3 satisfies

vz 1
lim P (nzfax 16;] > —) = 0.
n—oo

]:kn"l‘l Tn

(iv) There exist positive constants K and K and a constant d with 1 < d < 2 such that the

errors in model (2.1) satisfy

P(ley| > ) < K exp(—Kz?).

(v) The sequences \,, k,, pn, b, and r, satisfy

(a)
ki (log )=

V/nbn

— 0,

(b)

n

vnk,b,

—keR,

(log(pn — kn))4(logn) =1 \/n .
AnTn

0,



()
kny/10

AnTn,

— 0.

(vi) There exist constants Aj, Ay such that the inequalities
0< Amzn(cﬁl)) S Amax(cgb)) S >\1 < o0

and
0 < )\2 S )\mzn(ng)<ﬂO)) S >\max<D§?) (ﬁO)) < o0

hold.

(vii) There exists constants ¢ and & such that the variance function satisfies
0<o<o(z,f) <T <0
for all x in the range of x; and for all § in a neighborhood of fy.

(viii) The mapping 8 — o(x, 5) is two times differentiable in a neighborhood of 3y and the first
and second partial derivatives with respect to the first k, coordinates of S are bounded
uniformly with respect to x.

(ix) The preliminary estimator /3 is sign consistent for 3, and its first &, coordinates 5(1) satisfy

B = Al = O, ( ’%) |

Conditions (i)-(iv) are the same as in Huang et al. (2006). The properties (ii) and (iii) together
were called zero consistency with rate r, and mean that the preliminary estimator B can dis-
tinguish between zero and non-zero components of the parameter vector well. Condition (iv)
excludes heavy tailed errors. It can be relaxed if we modify condition (v) appropiately (see Re-
mark 3.1 for details). In order to better understand condition (v) assume b, to be fixed and
d > 1. Then condition (v)(a) permits k, ~ y/na, for a sequence a,, converging to 0. With
such a sequence k, we can choose A, ~ n¥%,/a, by condition (v)(b) and this choice requires

V4qr/*™ for an arbitrary small 6 > 0. Note that this is not a strong assumption, because

Ty ~ N
under some conditions on the covariates we can obtain r,, ~ n'/2~% (compare Huang et al. (2006)).
With these choices p,, can grow with every polynomial order and even of order exp(nd/ 2gl=o+e),
where € > 0. The first part of condition (vi) is standard in high-dimensional regression models
(see for example Fan and Peng (2004), where it is posed on the Fisher information matrix instead
of C’Yf)). The second part of condition (vi) is needed to address heteroscedasticity and reduces

to a standard condition on C’f?) in the case of homoscedasticity. Condition (vi) can be relaxed in



that way that the rates of growth of /\m,m(oﬁz)) and of decay of A (DS (Bo)) are not too fast
provided that condition (v) is modified appropriately. Conditions (vii) and (viii) are standard in
heteroscedastic regression. Condition (ix) is a critical one and it is for example satisfied for the
estimator Blse as shown in Theorems 4.1 and 4.2 in the following section.

Theorem 3.1 If assumptions (i)-(ix) are satisfied then the weighted adaptive lasso estimator

Ewlse 1s sign consistent for (.

Proof: Throughout this paper let | M||,, = max{||Mz||2 | |||z = 1} and |[|[M |y = /tr(MTM)
denote the operator and the Frobenius norm of the matrix M, respectively. Further, for a random
variable X let

(3:2) [ X[y = nf{C >0 [ E[¢a(|X]/C)] < 1}

denote its Orlicz norm with respect to the function v4(zr) = exp(z?) — 1 (1 < d < 2). In the
following we make frequent use of the inequalities

(3.3) [ABllop < [[Allopl| Bllop
for arbitrary matrices A, B and
(3.4) [Av]la < [|Allop][v]]2

for a vector v. Define @; = |3;|~", then the Karush-Kuhn-Tucker (KKT) conditions directly yield

that the vector § = (8(1)",0] _, ) minimizes

—~ (Y;—x]p ’ - 511 Ty \(73)—2 S o~
> (o) +a BN = (Y = X8)TEE) Y - XB)+ A I8
i=1 i j=1

j=1

if and only if the conditions

(35) 2 SE) Y — XB) = S Tsen(B) i 6 £ 0.

(3.6) 2 SE) (Y — XB) < 22, i =0

are satisfied. We define

-1
50,

B BO =m0+ (DUE) XOTSE) 56 -+ (DY)

where 5(1) = (W, ..., o, ) sgn(Bo(1)). If

~

A(l) = Po(1) one easily obtains that the vector
B = (B)T,0] )" satisfies (3.5). Using B(1

(1) =s Bo(1) if sgn(Bo;)(Bo; — B\J) < |Bo,| for
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j = 1,...,k, and the representation (3.7) it follows by similar arguments as in Huang et al.
(2008b) that

(3.8) B\: B if sgn(fo,7)(Bo,; — BJ) <|Bo,l, forall j <k,
S n;(B) + ¢(B)] < Zpaw;, for all j > k,,

where the quantities 7; are defined by

1 -1

0(8) = 2G)=0)* (1, - 1X00) (D)) XS ?) (6

and
-1

G(B) = Sa()" =B X (1) (DI(B)) ().
Thus we obtain by the representation (3.7) and by (3.8)
(3.9) P(B #4 o) < P(A1) + P(Ay) + P(As) + P(Ay),
where the events Ay, ..., Ay are given by

A = {ﬁm(ﬁn > 1B o come j < k} A= {;Wﬂ > |6, for some j < k}
A

A = @) = 5, forsome j> kb o 41 ={16) 2

and we use the notation

Zn@ for some j > kn}

-1

vi(8) = (D(B))  X(W)TS(8) 2S(B)e,
6,8) =< (D(B)) " 50),

(here e; denotes the j-th unit vector in R*"). In the following we show
(3.10) P(A;)) =0 for j=1,...,4
which implies the assertion of the theorem. By the definition of b, in (3.1) we obtain

Pl < P (Salixlg @) 2 ) < P (Safix b (6l 2 2 )42 (il - )1 2 2 ).

The definition of the operator norm and (3.3) yield

X (RW) o < | e xm) () |
= I G0l | (P )|

< G121 (50) 2 15

<A W e !

(D8 (0))

op



where the last inequality follows from assumption (vi) and (vii). Thus condition (iv) and Lemma
1 of Huang et al. (2006) (which is a slight generalization of Lemma 1 of Huang et al. (2008b))
yield

H%xxﬁw S c(log n) =1
for some constant ¢ independent of n and j. Now an application of the results in Section 2.2 of
van der Vaart and Wellner (1996) gives

-1
1 &, b N
P > ) < - -1
<n = i (o)l 4 ) - (exp <4dC'd(log n)Hd=1}log(1 + kn)> )

for some constant C' > 0 and we obtain by assumption (v)(a)

1 kn bn
P (ufix (i = %) >0

Using the definition of x () it follows from the Cauchy Schwarz inequality for each j <k,

(3.11)
60 = ) = |ef | (DI (80) X7 (960~ £
(o) - (oo )X ON P
SH(E(Bo) 5(3)?) <>( D6) e ISl
+[m@2x (o) - (o ) ) (o)l
< 2502 - 53, ncf? (ot 1Op||2(ﬁo)6|!2
#1520, a7 (P ) - (020 3) (el
Next we use assumption (viii) to obtain the Taylor expansion
T AT L ety P
(G gy 3L09/08) s, )" (80/6’60) észs )) 70 W0/ 5 4
L 200D G ) 4 - ) M B - o).

N o(xi, Bo)? - o(xi, Bo)?



where the vector ¢ satisfies ||€ — Boll2 < |8 — Bol|2 and the last line defines M (z;, £) in an obvious
way. Consequently, we have

206807 = £5) 2, < e | s T2 a5 = )|+ e (7 — ) M a1, (5 — o).
On the event {8 =, By} conditions (vii),(viii) and the Cauchy Schwarz inequality yield
b | = 55 (0 B0) (B = )| < eVRall(B(1) = Bo(D)e

for some constant c¢. By condition (ix) we have P(3 =, 5,) — 1 and
Jo

o AR O o (i)

Let Myi(x;, &) denote the upper left k, x k, block of the matrix M (x;, ). Because of assumption
(viii) we obtain

n
max
i=1

(4, 50) (B = Bo)| =

[ M1 (23, &) llop < [[Mia (a3, €)]l2 < Cks,
for some constant C' independent of x; and £. Thus on the event {8 =, 3y} it follows

i | (5 — o) M (21, €)(B — )| < Chall(B(1) — Bo(1) = Op (Z )

where the last estimate follows again from condition (ix). This gives

.12 I2(60) = )2, = 0 (2 + 22).

By assumption (vi) we have

(3.13) H o 1:2 = O(v/n),
(3.14 ()| =ouw.

Condition (vii) and the law of large numbers yield

12 (Bo)ellz = Op(v/n).

From these estimates and (3.12) we obtain for the first term in (3.11)

I9(60)-2 = 532, [t | (0200) | 1 el = 0n v +12).

10



Next the estimates (3.12), (3.13) and condition (vi) yield

(3.15 IDEE) ~ D (Bl = | L X (050 = 5B) X ()

op

<oy [[2(80) 2 = B2,

k k2
=0 _n + ),
(i)
For each invertible matrix A the mapping A + A~! is Fréchet differentiable and its derivative

at A evaluated at the matrix B is given by —A"'BA™! (compare e.g. Example X.4.2 of Bhatia
(1997)). With the notation A = D\"(3,) and B = D{"(B) — D{")(5) this directly implies

=[[AT = (A+B) o
op

<A = (A+B) "+ AT BA o + AT BAT oy
< O(IBllop) + 1AM 15,1 B lop

kn K2
~0u ().

where the last line follows from (3.15) and assumptions (vi) and (vii). By condition (vii) we

e16) [ (D) - (0E)

obtain the estimate
1=(8)72]|,, = Op(1),

which gives for the second term in (3.11) the estimate

1=®2,, |InCi?’

Pl - (@)

I2(0)zlls = Op (kuv/m + K2)

Combining these arguments finally yields
1 &, — kn k2

and by condition (v)(a) it follows

p (% mix | x;(5o) — x;(F)| > %”) —0

which implies (3.10) for the case j = 1.
Next we consider the probability P(As) and observe

Pl) < P (2o, )] 2 b, ).

n Jj=1

11



For each 5 < k,, we have

— ) =\ 1 N
@< (o) | 1
op
Let A (Bo), ..., M, (Bo) and Ay (B),..., A, (B) denote the ordered eigenvalues of the matrices
-1 _\ -1
Dg’f)(ﬁo)) and (Dg?(ﬁ)) , respectively. Weyl’s perturbation theorem (see e.g. Corollary

I11.2.6 of Bhatia (1997)) shows

250

_\—1
i (00 - 1,01 < | (080) " - (0 @) |

and thus condition (vi) yields that for each € > 0 and 0 > 0 there exists an ny € N such that for
all n > nyg

<\'+6

op

(3.17) H DM (3

with probability at least (1 — ¢). Condition (ii) yields that with probability at least (1 — ¢) and
for n sufficiently large the inequality

JED
\/E

is satisfied. The last two estimates and assumptions (v)(a) and (b) directly yield P(Ay) — 0.
Now we consider the term P(A3). We obtain analogously to P(A;) the inequality

(3.18) Dlz < Vkn maXWyl S —=

)\nrn Pn o) )\nrn
< A —n, >
(3.19) P(A;) < P ( max [;(6o)] = =g ) +P (jn}ci‘i‘l [m5(Bo) =i (B)] = —¢ )
1
tF ( i, 5] > ;)
Define

H(o) = S(60) () — Z(5) X (1) (D (5)) - X()TS(50) ().
By condition (i) we have ||z(j)||2 = v/n and thus
IH(Bo)l2 < £(50) " lop (1 * H%Xu) (D (50)) x(1)"

<o (1+ A" N0 7?) Vn,

where the last inequality follows from conditions (vi) and (vii). So Lemma 1 of Huang et al.

IIZ(ﬁo)‘QHop) vn

op

(2006) is applicable to n~*/2n; and we obtain

< c(log n)Hd=1
Ya

- H%Hw%

12

H%’fh(ﬁo)



with some constant ¢ independent of n and j. Again the arguments given in Section 2.2 of van der
Vaart and Wellner (1996) yield

-1
)\nrn (/\nrn)d
) _
d (f%??ﬁl Ini (o)l 2 =3 > . (exp <8dcd\/ﬁd(logn)”d”10g(1 P ’“n>> 1>

for some constant C' > 0. By assumption (v)(c) the right hand side of the last inequality converges

to zero. Next we consider the second term in (3.19). Using condition (i) and the Cauchy Schwarz
inequality it follows

i (80) = B < VAISE) 2 — Z(80) g I
i+ (26 2x) (@) Xy 56

~2(6) 72X (1) (D () X S(E0)?)

1%(B0)e]l2-
op
By assumption (vii), the law of large numbers and (3.12) we obtain for the first term

VlIS(8) 7 = S(80) 7 loplIZ(Bo)ell2 = Op(kav/n + k7).

while the second term can be estimated as follows:

! (E<B>—2X<1> (D%’?(B))‘l XS0 - (62X () (D () X S(E0)?)

op

((B) X (DY) x()5(E)

—3(8) (( ) - (o 50));¥uﬂ513r2

! HHZ(Bo)‘2X(1) (D) X7 (SB) ~ 2(5)?)
N @R@)7| e,

+(pw@) " - (o) | [t

op

op

< =@ -6, |

=G, =G,

+|=0@)2 =282, ||

ko, k2
~0n (G 3)

where the last line is a consequence of (3.12), (3.16), (3.17) and conditions (vi), (vii) and (ix).
The last three estimates yield

miix [1;(50) — n;(B)| = Op (kn/n+ k7)

Jj=kn+1

op

)| e,

13



and by assumption (v)(d) we have
& a) )\nrn
i (-Iﬁ)ax 7;(Bo) — n;(B)| = ) — 0.
Jj=kn+1

Thus condition (iii) and (3.19) yield P(A3) — 0
Finally, we consider P(A,) and observe

P(Ay) <P ( max |Cj( )| > AnTn) + P (jn]]l:ﬁflwﬂ > i) )

j=kn+1 4

The definition of ; yields

GO <22 |(D8@) " xT2E)0)| 13,

<2 l\(pf@) ) inXﬂ)T el =Or (%)

where the last line follows from (3.18) and arguments given above. Thus conditions (v)(b), (v)(d)
and (iii) show that P(A4) — 0 and the sign consistency of Bwlse follows from (3.9) and (3.10). O

Remark 3.1 Theorem 3.1 also holds without the assumption (iv) of light tailed errors if condition
(v)(c) is replaced by the stronger assumption
(pn B kn)n

— 0
A2r2

(3.20)

on the number of covariates. If we assume b, to be fixed, k, = /na, for some sequence a,
converging to 0 and \, ~ n®*,/a, we require

(pn - kn)
Apr/nr2

Thus even if r,, is almost “optimal”, that is r, ~ n'/?>~% for some small § > 0, the dimension of

(3.21) — 0.

the model p,, cannot grow polynomially in this case. Nevertheless the case p, > n growing faster
than linearly with n is still covered here.

To obtain the validity of Theorem 3.1 under these different assumptions we recall that condition
(iv) was only used in the proof of Theorem 3.1 to obtain estimates for the probabilities P(A;)
and P(Aj3) in (3.9). If (3.20) holds we use the inequality

kn
Pl < 3P (Sl = 2) + P (i o) - o) 2 2).
j=1

The second term on the right hand side of this equation converges to zero by the same arguments
as in the proof of Theorem 3.1. For the first one we use the Chebychev inequality and obtain

(s >5) < 2 St -0 ).

n J:1

14



Thus condition (v)(a) yields P(A;) — 0. For the probability P(A3) we use a similar argument
and E [n;(60)?] = O(n) to obtain

Py =0 () o)

292
)\nrn

Therefore the sign consistency of B\wlse under these different assumptions follows.

Theorem 3.2 Let conditions (i)-(iz) or condition (3.20) instead of (iv) and (v)(c) be satisfied
and additionally let

(z)

(i)
1 n 2
~nfa (1) — 0

hold. Then for all o, € R* with ||, ||z = 1 the following weak convergence holds

VT

n

(3.22) L (Butse (1) — Bo(1)) 2+ (0, 1),

-1

where s2 = ol ( (ﬁo)> Q.

Assumption (x) is a stronger condition than conditions (v)(a) and (v)(b). In the case where b,

1/5q,, for some sequence a, converging to 0. With this

is constant and d > 1 it requires k, = n
maximal choice of k, it is satisfied for A, ~ n%*°a,. Thus conditions (v)(c) and (v)(d) yield
stronger assumptions on p, and r, than in the case where only (v)(b) gives a condition on the
rate of growth of \,. Nevertheless, p, still can grow exponentially fast. Condition (xi) is needed
for the application of the Lindeberg central limit theorem. In view of condition (i) and the second

part of (x) it is a very weak assumption because the dimension of the vectors z;(1) is k,, = o(n~1/?).

Proof of Theorem 3.2: By Theorem 3.1 the probability of the event {B\wlse =, Bo} converges
to one. On that event we have by (3.7) the identity

N 1 =\ 1 _ 1 oy =\ -1
Butse(1) = Bo(1) + — (DIP(B))  X(WTEB) 22 (Bo)e - — (DV(B)  FH5(),
where we use the same notation as in the proof of Theorem 3.1. Thus we obtain the representation

ot of (D0®) " 2es0)

B D=(1)) = <o (DIPE)) " X()(B) (e~
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Let € > 0. First the proof of Theorem 3.1 yields that for n sufficiently large and small § > 0 the

inequality \ N
-1
D(”) Zn3(1)] < A+ S
el (D) )] < gt )

holds with probability at least (1 — ¢). Further we have s2 > A\['a? by conditions (vi) and (vii).

Thus ‘\/_STL (Dﬁ)(ﬁ)) 1 %/s\(l)‘ 0, ()‘\’;g_bk?) = 0y(1),

where the last equality follows from the first part of condition (x).

Next we use the decomposition
(D) xS @) 255 = (D Bo) X(l)TE(ﬁo)_l
+((0@) " - (o)) xS
+ (DB ) (1) (SB)72 = 2(6)2) (o)
(3.23) — A, + B, +C,,

where the last line defines A,,, B,, and C), in an obvious way. We directly obtain

1 n
—OéZ:An&‘ = E C;&q,
V/nsp —

where the numbers ¢; (i = 1,...,n) are given by

1

\/_Sn (ﬂﬁuﬁo) ( 11 (50)) zi(1).

G =

Direct calculations yield
lzl _
and
- 2 - 2 L 7 (n) 1] & (Ei(l)xl(l)T (n) -1
B Z =3 =gl GRIEY) ;;—m o (D5 (3) " an =1

by the definition of s2. Conditions (vi), (vii) and (xi) yield

< VAN 1(7_2—max||xl( )|]2 — 0.

n 1 (n) - ms
<
r?j,lx|cz| SN (Du (50)) Hop nax a(xz,ﬁo)
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Thus is follows from the Lindeberg CLT

(3.24) al A,e 25 N(0,1).

1
Vs,
Now we consider the term B, in (3.23). Its definition yields

1 VAo~
/sy, S Jn

By Markov’s inequality we obtain for every ¢ > 0

1 ) 1 & ’ 1
P (L 1K) el > 1) < 2 (Z ﬁ) <

—1

o Bre| < 1X (1) (Bo) el

op

(@) - (o)

where the last line follows from conditions (i) and (vii). Thus equation (3.16) and condition (x)

1 K2\
NS = Op <%> = op(1).

Finally, we consider the term C), in (3.23). For each € > 0, arbitrary small § > 0 and n sufficiently

yield

(3.25) ol Bhe

large the inequality

! alCel < va
vns, " N

holds with probability at least (1 — €). Using a Taylor expansion of the function o(z;, 3)~2 in a

(Az "+ ) [|[X W) (2(8) 7 = 2(50) ) Z(Bo)e]l,

neighbourhood of the point 3y we obtain
Lig =2 o(;, =2 (4, e
Z ! ( i B)? 0(5%50)2) olen Po)e Z 50 ~ b )0(371;50)2

Bo)" Z ijo (@i, Bo)eiM (@4, &)(B — Bo),
=1

where the matrix M (z;,€) is defined as in the proof of Theorem 3.1. On the event {3 =, By} we
obtain the estimate

" do Tij&q e L
;%@uﬁoxﬁ—ﬂo)m —;'B" o Z ) s ol
. . o\ 1/2
g xzjgz
<3 = Al | 3 (Z_Z 35 <Wo>a<x,,5o>2>

_o, (V;) Op(v/mhy) = Op(ky).
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where the last line follows by a similar argument as used for the estimate of B,,, using conditions
(i), (viii) and (ix). Further the inequality

(B - ﬁo)T Z 331';‘0(951', 50)81M(9€i, f)(B - 50)

=1

< g max |(B(1) — Bo(1))" M (x4, £)(B(1) — Bo(1))] Z |l

_ 0, (’; ) Op(n) = Op(R2)

holds on the event {8 =, By}, where we used conditions (i), (ix) the Chebychev inequality and
the estimate || My1(z,€)||op = Op(ky) in the last line. Thus we obtain

X7 (2B) = £(8) ) Z(o)e]], = Z(me( pro —a(xfﬁo)z)oui,ﬁo)ei)

j=1 i=1

1/2

=0Op (k;f/?)
which yields

(3.26) al'Cre = op(1)

1
/sy,
using condition (x). Finally, (3.23) - (3.26) and the lemma of Slutsky yield the assertion of the
theorem. O

Remark 3.2 Theorems 3.1 and 3.2 indicate that the weighted adaptive lasso estimator B\wlse is
able to perform consistent model selection and consistent estimation of the non-null parameters
simultaneously. Moreover the estimators of the non-null parameters are unbiased and asymptot-
ically normal with the same asymptotic variance as the generalized least squares estimator which
would be used if the true model and ¥(/3y) were known in advance. Thus Bwlse satisfies the oracle
property in the sense of Fan and Li (2001).

4 Unweighted adaptive Lasso

In the previous section the asymptotic properties of the estimator B\wlse were derived. A critical
assumption in the asymptotic theory in Theorem 3.1 and 3.2 is the existence of a preliminary
estimator 3 for 3, which is sign consistent and estimates the non-null parameters with the op-
timal rate. In this section we will establish that the unweighted adaptive lasso estimator Blse
satisfies these requirements. Moreover we will derive the asymptotic distribution of its non-null
components and show that it is asymptotically dominated by B\wlse. For this purpose we use the
same notation as in the previous section and assume that assumptions (i)-(v) hold. Moreover,
we replace conditions (vi) and (vii) by the following ones.
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(vi)” There exist constants Aj, Ay such that the inequality
0 < A < Ain(C) € Mnaa(C7) < Xg < 00
holds.
(vii)” There exists a constant & such that the inequality
0<o(x,f) <7 <0
holds for all  in the range of x; and for all # in a neighborhood of 5.

Note that condition (vi) is slightly modified and condition (vii) is relaxed. Our first result
establishes the sign consistency of the unweighted adaptive Lasso estimate in the heteroscedastic
model (2.1).

Theorem 4.1 Under conditions (i)-(v), (vi)’ and (vii)’ the unweighted adaptive lasso estimator
Bise 1S sign consistent for (.

Proof: As in the proof of Theorem 3.1 we obtain

sen(Bo,1) (Boj — Bise) < |Boyl, for all j < k,
n; + ¢l < 2@, for all j > k,

Blse —s BO if

where 7; and (; are given by

respectively, and
1

n

(41) B\lse(l) = (Blse,lv cee ngse,kn>T = ﬁ0<1> +
This directly yields

(o) xWTn(E): — (o) )

P(B\lse #s Bo) < P(A1) + P(Ay) + P(A4;3) + P(A),

where the events 1211, flg, A3 and 1214 are defined by
~ 1

.t

n

i {ﬁ

n

An .
{|77j| > 7 for some j > k:n}

J

-1 :
el (Cf?) X(l)TZ(BO)e‘ > |5;—’j| for some j < kn},

-1
eJT (C’f?) /s\(l)‘ > |Bo,;| for some j < k:n},

Ay
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and \
Ay = {|Cj\ > Z"@j for some j > k:n}

Now P(A;) — 0 for j = 1,...,4 follows with less complexity analogously to P(A;) — 0 in the
proof of Theorem 3.1. This proofs the assertion of the theorem. O

As a consequence of Theorem 4.1 we obtain that Blse is a candidate for a preliminary estimate
in the weighted adaptive Lasso, because it satisfies the first part of condition (ix). As explained
in Remark 3.1 one can drop condition (iv) at the cost of requiring (3.20) instead of (v)(c). The
sign consistency of B\lse also holds under these different assumptions which directly follows from
the proof of Theorem 4.1. Moreover, it also satisfies the second part of condition (ix) as shown
in the next theorem. Thus Blse can be used in the place of 3 for the calculation of 311,136. The
proof of Theorem 4.2 is obtained from Theorem 4.1 and the representation (4.1) analogously to

the proof of Theorem 3.2 and is therefore omitted.

Theorem 4.2 Let conditions (i)-(v), (vi)’ and (vii)’ or condition (3.20) instead of (iv) and
(v)(c) be satisfied and additionally let (x) and (xi) hold. Then for all v, € R* with |||l = 1

the following weak convergence holds

(4.2) VAT (Brae(1) = Bo(1)) 2 N(0, 1),

where 52 = n~'al (Cf?)>_1 X()X(Bo) X (1)T (C’ﬁL)>_1 Q.
Theorem 4.2 also shows that Ewlse dominates ste in terms of asymptotic variance, because B\lse
has to be scaled by s, which is the same scaling needed for the ordinary least squares estimator if
the true model was known. But in a heteroscedastic model the ordinary least squares estimator
is dominated by a generalized one which has the same scaling as Bwlse. Thus Blse consistently
selects a model and has the optimal rate for estimating the non-null parameters but it yields to

a suboptimal variance.

5 Finite sample properties

5.1 Simulation study

In order to investigate the small sample performance of the adaptive Lasso estimators Ewlse and
Bise in models with heteroscedastic errors we present the results of a small simulation study. All
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Table 1: Mean number of correctly zero and correctly non-zero estimated parameters in model
(2.1) (the ideal values are 185 and 15, respectively)

(a) (b) (c) (d)
Bise | =0159.66 161.09 142.45 145.79
40| 141 1273 1227 13.65
Buise | =0 | 166.67 172.66 164.66 163
40| 14.34 1367 12.23 13.70

calculations were performed using the package “penalized” available for R on http://www.R-
project.org (R Development Core Team (2008)). The data were generated using a linear model
of the form (2.1). We followed Huang et al. (2008b) and considered a design matrix X with
n = 100 rows and p = 200 columns in the following way: the n rows of X are independent
normally distributed random vectors. The first 15 covariates (z;1,...,2;15) are independent of
the remaining 185 covariates. The pairwise correlation between z;; and z;; is 0.5/ both if
k.l e {l,...,15} or if k,1 € {16,...,200}. The first five coordinates of 5, were set to 2.5, the
coordinates 6-10 were set to 1.5 and the coordinates 11-15 to 0.5; all remaining coordinates of Sy
were (. The entries of the diagonal matrix > were chosen as

(a) (xlv /80) \/ xT; 607
(b) o(zi, Bo) = —|17-T50|a
(c) o(zi, o) = eXP z] Bol,

(d) o(zi,Bo) = %eXp( T80)2.

The preliminary estimator 3 was a Lasso estimator in our simulation study. We also investigated
the marginal regression estimator proposed in Huang et al. (2008b) but all results based on the
last mentioned method were inferior to the ones using a Lasso estimator and are therefore not
depicted The estimator 5 needed for the calculation of Bwlse was the adaptive Lasso estimator
5lse, which was shown to satisfy the requlrements of Theorems 3.1 and 3.2. The tuning pararneter
A, was chosen by cross-validation for Blse The choice of the tuning parameter for ﬂwlse was
oriented at the cross-validated one for @se. A slightly smaller A\, than the one for Blse yielded
the best results. In general we observed that the performance of the procedures was not very
sensitive with respect to the choice of \,. All reported results are based on 100 simulation
runs. The model selection properties of the investigated estimators are reported in Table 1. We
observe that that both estimators perform quite good model selection. The weighted estimator
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Table 2: Averaged mean squared error of the estimators of the mnon-zero coefficients in model
(2.1) with Bo1 = -+ = Pos = 2.5, Pog="--= Poio= 1.5, foa1="---=Po15=0.5

(a) (b) (c) (d)
Bise | Bi,...,0s |0.0641 0.2374 0.4827 0.1346
Be, ..., B | 0.0742 0.2741 0.5583 0.1569
Bi1,..., P15 | 0.1016  0.2085 0.2812 0.1394
Buwise | Brs-... B |0.0410 0.2514 0.4614 0.1173
Be, ..., B0 | 0.0458 0.1456 0.4858 0.1345
Bi1,..., P15 | 0.0760 0.1101 0.2150 0.1396

B\wlse always excludes more variables correctly from the model than the “classical” adaptive Lasso
estimator Blse- In all cases except of example (c) it also includes slightly more variables correctly
in the model. Thus the estimator Bwlse was superior to Blse in terms of model selection in our
simulations.

In Table 2 we present the mean squared error (MSE) for the estimators of the non-zero components
of By. The displayed values are MSEs averaged over the first five (big) components of 5y, over
the sixth to tenth (moderately sized) components of 3y and over the eleventh to fifteenth (small)
components of By, respectively. For most cases we observe that the Welghted Lasso estimator
ﬁwlse yields more precise estimates of the non-zero components of 3y than 6[56 in terms of mean
squared error. In several cases the improvement is substantial (see for example model (a) and
model (b) for the parameters [, ..., S0 and [i1, ..., S15. Only in model (b) the estimators for
the large components i, ..., 35 of the parameter 5, have a slightly smaller mean squared error
if no scaling is used, while the estimators for the small components in model (d) perform nearly

identically. Thus the simulations in these examples support our theoretical findings.

5.2 Data example

In this section we illustrate the different properties of the estimators Blse and Bwlse in a real data
example. We use the diabetes data considered in Efron et al. (2004). The data consist of a re-
sponse variable Y which is a quantitative measure of diabetes progression one year after baseline
and of ten covariates (age, sex, body mass index, average blood pressure and six blood serum
measurements). Further we consider the squares of all covariates and their interactions. This
finally results in p = 65 covariates (including an intercept) while there are n = 442 observations.
First we calculated the unweighted adaptive Lasso estimate Else using a cross-validated (conserva-
tive) tuning parameter \,. We used an unweighted Lasso estimator in the place of 3 to calculate
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Figure 1: Left panel: residuals obtained by Lasso; Center: Squared residuals together with a
piecewise linear fit, Right panel: rescaled residuals

the weights of the adaptive Lasso estimator. This solution included 8 variables in the model,
namely an intercept, the body mass index, the blood pressure, the blood serums HDL, LTG and
the square of GLU and the interactions between age and sex and body mass index and blood
pressure. In a next step we calculated the resulting residuals

e=Y — XB..

which are plotted in the left panel of Figure 1. This picture suggests a heteroscedastic nature
of the residuals. In fact the hypothesis of homoscedasticity was rejected at level 5% by the test
of Dette and Munk (1998) (p-value 0.033). Next we computed an estimator of the conditional
variance o(x7 ) of the residuals. We used the ad-hoc chosen piecewise linear function

J%y):(861y—3lﬂbﬁl{y§‘X@%}ﬁ—@%ﬁly+ﬂQ&B£DI{y>;Y@%},

(see the middle panel in Figure 1 which shows the squared residuals plotted against the values
a7 @Se together with the estimator). In the right panel of Figure 1 we present the rescaled residuals
&= (Yi— x?@se) / U(|$?§lse|)$d(€). These look “more homoscedastic” than the unscaled residuals
and the test of Dette and Munk (1998) yields a p-value of 0.173, thus not rejecting the hypothesis
of homoscedasticity. The weighted adaptive Lasso estimator B\wlse was calculated by (2.2) on the
basis of the weights a(mf@se). This estimator included the same variables as Blse and additionally
the interactions between age and blood pressure, between BMI and GLU and between HDL and
LTG.

In Figure 2 we present the data plotted against the fitted values xiTB\lse and xiTB\wlse and the
residuals in the weighted model. The final residuals look very homoscedastic and both fits are of

comparable (moderate) quality.
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Figure 2: Left panel: scatterplot of Y and Xglse, Center: scatterplot Y and nglse; Right panel
: residuals in the weighted model
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