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Preface

The theme of this book is calculating Morava K-theory of classifying spaces, in
particular of finite groups. This topic has roots both in homotopy theory and
in group cohomology; in fact, given the lack of a proper geometric model for
Morava K-theory, many calculations have the flavour of group cohomology with
complicated coefficients.

There are many such computations in the literature, and apart from offering some
new ones, it was also intended to give a survey of the known results.

The first part of the book, consisting of two chapters, contains the background
necessary for the calculations carried out in the later chapters. For most of the
theory presented there I do not claim originality. A new feature though is an
adaptation of the Rothenberg-Steenrod spectral sequence to central products of
groups; this leads to various simplifications of existing work.

In Part 2 the techniques of Part 1 are applied to concrete calculations. The first of
its chapters is intended as a survey of results scattered over the literature. Some
new proofs are given, but mostly the results are just stated, with one exception:
Kriz’s celebrated example of a group with odd Morava K-theory is presented with
full details. Examples of groups whose Morava K-theory is completely determined
by the representation ring of the group are given next. The following chapter
concentrates on the prime 2, were new calculations, sometimes computer assisted,
are performed. Since it seemed to fit with the rest of the material, an earlier
paper on the structure of the Morava K-theory of an elementary abelian group as
a module for its automorphism group was also reproduced. The book ends with
a few preliminary observations on discrete groups; this area in particular needs
further study.

I am grateful to several people: Stewart Priddy, who got me interested in this area
of mathematics many years ago, David Green, John Hunton, Ian Leary, Nobuaki
Yagita, and Erich Ossa for many stimulating conversations and his never ending
patience.
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Introduction

Morava’s extraordinary K-theories have been around since the early seventies and
have proven their usefulness in homotopy theory. They play a prominent role in
much of the recent work in this area of mathematics, as evidenced by the beautiful
nilpotence and periodicity theorems of Hopkins, Devinatz, and Smith. From this
point of view, the Morava K-theories K(n) can be considered as filtering out
certain layers of p-local stable category, the so-called chromatic strata. Adding
further to their charm, they tend to be computable, as evidenced e.g. by Ravenel
and Wilson in their computation of the Morava K-theory of Eilenberg-Mac Lane
spaces, always a good test case. This brings us closer to the main theme of this
book: calculating Morava K-theories of classifying spaces.

Although the Morava K-theories are fairly well understood, we do not have good
models for the spaces representing them, with exception of K (1), which is closely
related to complex K-theory. The (so far elusive) hope is that analysing such
natural spaces as BG’s might shed some light on their nature.

The only known constructions of the spectra K (n) are purely homotopy theoretic.
In particular, we do not have a geometric interpretation akin to the theory of
vector bundles for complex K-theory. This considerably complicates matters,
including calculations. On the other hand, there is an intriguing connection
to number theory. As any complex oriented cohomology theory, K(n) comes
equipped with a formal group law. The n-th (integral) Morava K-theory realises
the Lubin-Tate formal group of height n, which plays a prominent role in the
theory of abelian extensions.

In this work we are mainly concerned with classifying spaces of finite groups. It
was Ravenel who realised that the Morava K-theory of a finite group G always
has finite rank [R]. Some time later, Kuhn calculated the rank of K(n)*(BG)
when G has an abelian Sylow p-subgroup [Kul]. Since the mid eighties, a preprint
by Hopkins, Kuhn and Ravenel circulated, which proved highly influential, long
before the final version appeared [HKR]. The results were startling: Although
there is no bundle theory for Morava K-theory, there is a character theory associ-
ated to a variant of Morava K-theory, often called Morava E-theory. The algebra
E*(BG) may thus be studied using these ‘generalised characters’ in much the
same way one uses Artin’s theorem for the complex representation ring. Fur-
thermore, they calculated the K (n) Euler characteristic, i.e. the difference of the
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2 Introduction

ranks of the even-dimensional and the odd-dimensional part of K(n)*(BG), in
terms of the subgroup structure of G. Some examples calculated up till then
(e.g. [HKR, Hul, TY2, TY3, T, Y3]) led them to conjecture that the Morava K-
theory of a finite group is always concentrated in even degrees. This conjecture
in turn prompted many new calculations which seemed to support it, until finally
Kriz came up with a counterexample [K]: he showed that the group of unipotent
(4 x 4)-matrices over F3 has odd second Morava K-theory. (It is perhaps ironic
that the counterexample to the conjecture appeared before the paper of its insti-
gators.) This example was later generalised by Kriz and Lee to all odd primes
and all n > 2 [KL].

After it became clear that the conjecture was dead, the interest turned more to
structural questions, but new computations were still carried out ([Sc, Y5, Hu2,
St1, St3, B3, St4, GS], to mention a few). However, there are still relatively few
groups whose Morava K-theory is known.

This book is mainly about calculating K (n)*(BG), and not intended to be a
comprehensive account of the subject. Much of the material presented here is
other people’s work. When embarking on this project, our intention was to give
a survey of the known computations on the one hand, and add a few more.
For example, we consider all 51 groups of order 32 (although for some we used
computer calculations, which restricted us to K(2) in these cases).

So the first question to be addressed is: how does one calculate Morava K-theory
of classifying spaces? There are in fact many possible approaches: an assortment
of spectral sequences, generalised character theory, duality, Chern approxima-
tions, transfer methods, and finally computer calculations implementing some of
the above methods. Pioneering work on the Serre spectral sequence of fibrations
over BC, was instrumental in Kriz’s construction of his counterexample: the
question of whether the Morava K-theory of the total space is concentrated in
even degrees turns out to depend solely on the structure of the (integral) Morava
K-theory of the fibre (assumed to be even degree) as a module for C; if this
module is a permutation module, then K(n)°d(E) is zero, otherwise there are
classes of odd degree. This condition is something one may check on the com-
puter, once one overcomes the basic difficulty of determining the action. This
is not quite as easy as it may sound, the formal group law complicates matters,
and furthermore one usually needs to know K(n)*(F') as an algebra. There are
not many groups where such knowledge is available. At the other extreme, one
might be tempted to evade the problem of calculating with the formal group law
by considering central extensions. However, this is rarely a viable approach, since
one needs the (ordinary) cohomology of the quotient as input.

A natural source of complex oriented cohomology of BG’s are Chern classes
of complex representations of G. This led Strickland to construct his Chern
approximations [St4]: consider all irreducible representations of G, introduce
formal variables for each Chern class of these representations, and impose all



relations dictated by relations between the representations and all A-operations.
This results in an object of finite rank, and is sometimes computable. In fact, the
only complete calculations of algebra structures we are aware of use this method;
in these cases, the approximation turns out to be exact.

Bakuradze and Priddy try a different approach: they try to find multiplicative
relations between Chern classes using formal properties of the transfer. They
come up with a formula linking the transfer of a Chern classes of a representation
of (index p) subgroups with Chern classes of the induced representation. Since
irreducible representations of p-groups are always induced from subgroups, one
obtains relations this way.

Almost all groups considered here are p-groups, mainly for one reason: the classi-
fying space of a finite group G is always a stable summand of the classifying space
of a Sylow p subgroup P of G. In a sense, p-groups are the building blocks of
finite groups, as evidenced by the many decomposition theorems in the literature.

The reader will notice that we refrain from using the algebro-geometric language
of formal schemes. This deprives us of its inherent elegance of exposition as
well as some geometric insight. We do so for two reasons: one, since the main
emphasis is on calculations, and two, we hope that writing in purely algebraic
terms renders the book more accessible.

Organisation of the book

This monograph is divided into two parts. Part 1 collects the prerequisites for
the calculations in Part 2. Although we intended this book to be largely self-
contained, the first part came out rather condensed, the principal reason being
that in many instances, we thought that any attempt on our side to improve on
the original exposition would be futile. Chapter I gives a rudimentary account
of complex oriented cohomology in general and Morava K-theory in particular.
Chapter II describes the methods employed in the subsequent calculations of
Part 2. One new feature is that we describe a way to use the Rothenberg-Steenrod
spectral sequence for central products.

The heart of the book is clearly the second part. Chapter III surveys many known
computations. When we could offer a new approach, we have generally done so,
but in many cases we chose not to redo the original calculation, but rather state
the results. There is one notable exception to this rule: we felt that without a
detailed account of Kriz’s counterexample this work would be incomplete. The
next chapter gives a few worked examples of Chern approximations, before turn-
ing to 2-primary calculations in Chapter V. This chapter contains several new
calculations, notably the groups of order 32, many of which are not covered in the
existing literature. The vain hope was that by going through the list, we might
find a counterexample to the even-dimensionality conjecture at the prime 2: to
this date, no such example is known.
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Chapter VI is an adaption of [LS]; it studies the question when the Morava K-
theory of an elementary abelian group V' is a permutation module for (subgroups
of) Aut(V'). Chapter VII makes a few obervations on discrete groups.

Sins of omission

We already said at the beginning that this book is far from comprehensive, nor
was it intended to be. Consequently, several important topics were left out, of
which we now list but a few.

Several versions of Eilenberg-Moore spectral sequences have been constructed
by Kriz [K], Bauer (not yet published), Tamaki, and Tanabe [T]; apart from
a passing reference to Tanabe’s work, we fail to mention any of them. This is
mainly since we have not used them in the calculations presented (or do not know
how to employ them to get better results).

For the same reason, we give no account of duality theory; we refer the reader to
Strickland’s paper [St3].

Since we do not use geometric language, we were also unable to include Green-
lees’s and Strickland’s theory of level structures on Morava E-theory of classifying
spaces [GS], which refines some results of [HKR].

Finally, a word on notation. When referring to a numbered statement or equation
within the same chapter, we omit the number of the chapter.
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Chapter 1

Morava K-theories

In this chapter we very briefly collect a few fundamental facts about Morava
K-theories. A more detailed source is Wiirgler’s survey article [Wii2].

1 Complex oriented cohomology

A multiplicative generalised cohomology theory E is called complex oriented, if
there is a class © = 2 € E?*(CP™), called complex orientation, which pulls
back to a generator of the free rank one module E?(CP') under the inclusion
CP! Cc CP™.

An essentially formal calculation with the Atiyah-Hirzebruch spectral sequence
shows there are isomorphisms

E*(CP>™) = E*[z]
E*(CP* x CP*) = E*[x1, 23] .
A similar argument with the Atiyah-Hirzebruch spectral sequence shows

Lemma 1.1 (Adams). Any theory E whose coefficients are concentrated in even
degrees has a complex orientation. [

Thus there are plenty of examples, such as
e singular cohomology H R with coefficients in a commutative ring R,
e complex K-theory (but not real K-theory KO),
e complex cobordism MU with coefficients MU, = Z[xy, xo,...], |z;] = 24,

e the Brown Peterson spectrum B P which arises as summand of MU localised
at a prime p and has coefficients BP, = Z,)[v1, vs, ... ], [v;| =2(p" — 1),

e the Johnson-Wilson spectra E(n) with E(n). = Zg)[v1, ..., vp_1, Un, v, '],

among many others.
Complex oriented theories have a theory of Chern classes for complex vector
bundles, constructed as usual via the splitting principle: Let T = S' x --. x S!

7



8 I Morava K-theories

(m factors) be a maximal torus in U(m), iterating the above argument gives
E*(BT) = E*[z1,...,2m]. Define ¢; as the coefficient of X™* in [ (X — ;).
Then

E*(BU(m)) = E*[c1,...,cm] -

The Thom isomorphism theorem holds, too; in fact, one could use this as a
definition: F is complex oriented if and only if any n-dimensional complex vector
bundle £ — X has a Thom class ue € E?"(X¢).

The image of the complex orientation x under the homomorphism induced by
the map pu: CP*® x CP>* — CP®* classifying the tensor product of line bundles
(the H-space multiplication for CP>) is thus a formal power series in the two
variables x1, xs:

p(z) =t Fg(z1, 22)
When the theory F is understood from the context, we shall drop the subscript E.

This power series enjoys the formal properties of a commutative one-dimensional
formal group law, i.e.

F(z,0)=0= F(0,x) Identity
F(l‘l, F(I’Q, 1‘3)) = F(
F(ZL’l, 1’2) = F(

F(z1,29), x3) Associativity

To, X1) Commutativity

The remarkable fact is that the formal group law for MU is universal in the sense
that if F'is any formal group law over a ring R, there is a ring homomorphism
MU, — R mapping the coefficients of the universal formal group law to those of
F'. For more about formal group laws, see [Ha], [Se|. One also uses the suggestive
notation x; +g 3 instead of Fg(z1,x2), and [n|p(x) =z +px+g- - +pg .

n

2 Morava K-theories

For every prime p and every nonnegative integer n there is a 2(p™ — 1) periodic
generalised cohomology theory K (n)*, called the n-th Morava K-theory. The rep-
resenting spectra K (n), or more precisely their connective analogues k(n), can
be obtained from the Brown-Peterson spectrum B P using the Sullivan-Baas con-
struction. By this construction one can make a new cohomology theory by killing
aregular ideal I in BP, = Z,)[v1, vs, .. .] with deg(v;) = 2(p'—1). Using the ideal
(P, V1,V2, .., Up—1, Uni1, Unt2,--.), one obtains a copy of k(n) with coefficients
F,[v,]. If p is odd, then there is a unique product map m,, : k(n) A k(n) — k(n),
turning k(n) into a BP module spectrum with respect to the module structure
induced by the natural map BP — k(n) (also called the Thom map). For the
prime 2 the situation is a bit more involved, but one can show that there are,
up to homotopy, two compatible products, neither of which is commutative; see



2 Morava K-theories 9

below. One thus has a map
22" DE(n) — k(n) (2.1)
given as the composition
S0 A k(n) 28 k(n) A k(n) 22 k(n),

choosing either product map when p = 2. Here v,, denotes a map representing v,,
in homotopy. The homotopy colimit of iterates of this map then is a spectrum
which has v,, inverted in its coefficients, and represents periodic Morava K-theory.
It is a commutative ring spectrum for odd primes, by construction, whereas for
p = 2 one has two noncommutative products. Under certain circumstances,
though, e.g. if X is a space whose Morava K-theory is entirely concentrated
in even degrees, both products on K(n)*(X) agree and are commutative. In
general, the difference between the two products is measured by a higher order
Bockstein operation: For all non negative n there are BP-module spectra P(n)
with P(n), = BP,/I, where I, = (p,v1,v2,...0,_1) is the n-th invariant prime
ideal of BP,, see [JW] for details. The spectra P(n) are related by exact triangles
of BP-module maps

Un

P(n)

877. A N Mn
P(n+1)
One has the following result due to U. Wiirgler:

Theorem 2.1 ([Wiil]). Let n > 1 and p = 2. Then there are exactly two
products m,,, m, : P(n) A P(n) — P(n) which make P(n) a BP-algebra spectrum
compatible with the given BP-module structure. Both are associative and have a
two-sided unit. m,, and m, are related by the formula

mn = My O T = my, + Unmn(Qn—l A\ Qn—l) 5

where T denotes the twist map. Moreover, n,_1 : P(n — 1) — P(n) is a map
of ring spectra with respect to any admissible product chosen on P(n — 1) and

P(n). O

Here @),,_1 = n, 0 0, is a Bockstein operation of degree 2" — 1. There is a map
An @ P(n) — K(n) which turns K(n). into a P(n).-module. Using the exact
functor theorem mod I,, [Y1], one then gets a natural equivalence

P(n).(X) @pm), K(n), — K(n).(X).
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This is the mod I, version of the Conner-Floyd theorem [CF]. Combined with
Theorem 2.1 above one can see that an analogous statement holds for Morava K-
theory, with P(n) replaced by K (n). The failure of either one of the two products
to be commutative is thus measured by

My —my ol = Unmn(Qn—l A Qn—l) .

In particular, since the degree of ),,_1 is odd, if X is a space whose Morava
K-theory is concentrated in even dimensions, both products on K(n).(X) will
agree and be commutative.

The coefficients K (n), = Fplv,, v, '] are a graded field in the sense that all its
graded modules are free. Thus Morava K-theories enjoy Kiinneth isomorphisms,
and there is a linear duality between K (n)-homology and K (n)-cohomology:

K (n)*(X) = Homg ), (K (n)«(X), K(n).) .

Other variants of Morava K-theory frequently used include an integral version
K(n) with coefficients K (n)* = WFu[v,, v, '], where W, is the ring of Witt
vectors over Fy». One can obtain WF,. from the p-adics by adjoining a (p™ —1)-st
root of unity (.

Finally, there is the so-called Morava E-theory, whose coefficients

B & WFP”[[UD SR 7un]][u7u71] ) ’u" =0, |u‘ =1,

represent the universal deformation of a p-typical formal group of height n.
We shall say a bit more about K(n) in later sections.

3 The formal group law

Formal group laws over a commutative F,-algebra R are characterised (up to
isomorphism over the separable closure) by a single invariant called the height: a
formal group law F' over such R is of height n if the p-series [p](z) has leading
term az?” with a # 0.

As an illustration, we give the following well-known formula for the formal group
law for K(n) (with the complex orientation inherited from BP):

Proposition 3.1. Modulo the ideal generated by xfn and xg’", the formal sum
T1 +i(n) T2 for K(n) is

p—1
]_ p Gpn—1 —§)pn—1
T +K(n) $2:$1+I2—Un E ];(,)Jflp Jfép » .
i=1
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PRrooFr. First we recall the formal sum for BP*, Brown-Peterson cohomology
[Wi]. Let [ be the power series

l(x) = Z ma?,

>0

where my = 1, but the remaining m;’s are viewed as indeterminates, and let
e(z) be the compositional inverse to [, i.e., a power series such that e(l(z)) =
l(e(x)) = x. The BP* formal sum is the power series e(l(x1)+1(z2)). The K(n)*
formal sum may be obtained as follows: Take the BP* formal sum, replace the
indeterminates m; by indeterminates v; using the relation

7j—1
P
Uj = pmj — E mi'z)j_i,
i=1

set v; = 0 for ¢ # n, by which point all the coefficients lie in Z,), and take the
reduction modulo p. To calculate the K (n)* formal sum, it is helpful to set v; = 0
for ¢ # n as early as possible, and one may as well set v,, = 1, since every term
in 71 +xn) T2 has degree 2. Solving for the m;’s in terms of the v;’s gives

m; =0 if n does not divide 1,

Thus to compute z1 +x(n) 2, let €/ (x) be the compositional inverse to

)= " /p,

>0

and then x1 +x(,) @2 is the mod-p reduction of e'(I'(x1) + I'(x2)).
It is easy to see that

¢(z) =z — 2" /p modulo 2%",
and so
Ty + K@) T2 =21+ 22 — (21 +29)” /p modulo (", 22" p).
The claimed result follows. O

A somewhat more subtle calculation carried out in [BV] gives a few more terms;
we shall come back to that where we need to.
For the integral version K(n), there exists a complex orientation z satisfying

[Pl (@) = —pz + Va2
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Recall that WF,» = Z,[(,n»_1] for a primitive (p™ — 1)-th root of unity. For any
a € Fyn» and any power series a(z) with a(z) = az mod 2 which commutes with
[—p]F, one has a(z) = [a]p(z), cf. [Se, §3]. If in addition a?"~! = 1, it follows
that [a]p(7) = az and that all coefficients a;; of the formal group law

F(z,y) = Z ai; 'y’

are zero unless i + j =1 mod (p" — 1).
Furthermore, if p > 2, then

[FUrK)(x) = =z, [plig(@) = pr —vaz?" .

(This is false for p = 2.)

4 The Atiyah-Hirzebruch spectral sequence

Let A denote the mod p Steenrod algebra, and (), the n-th Milnor primitive,
defined recursively by Qg = (6 and Q,, = [Ppnfl,Qn_l] (respectivley Qo = Sq!
and Q,, = [S¢®", Qn_1] = Sq?+* for p = 2). Then in the cofibre sequence
20D (n) U k(n) T HE, 9 52 k() o -
the Thom map m,: k(n) — HF, (killing v,) induces an isomorphism
H*(k(n); Fp) = A/ AQn
and one has @, = 7,Q,,.
One tool for computations is the Atiyah-Hirzebruch spectral sequence
By = H'(X; K(n)*) = E*(X).

This is a first and fourth quadrant spectral sequence, and in the case of K(n)
with non-zero rows only in vertical degrees divisible by 2(p™ — 1), the degree of
vy,. Thus the first potentially non-zero differential is dayn_;.

Lemma 4.1 ([Y2]). dopn_1 = v, @ Q.

PROOF. Since dyyn_1 @ v, * is both a derivation and a stable cohomology opera-
tion, it has to be a scalar multiple of @),,, and checking on lens spaces gives the
result, see [Y2]. O

For our purposes though the Atiyah-Hirzebruch spectral sequence is of limited
use. Since we want to calculate Morava K-theories of classifying spaces of groups,
we would need the mod p cohomology of the group as input — but the problem
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of calculating the mod p cohomology of p-groups is notoriously hard. In a few
simple cases where not only the cohomology is known but also the action of @),
easy to describe, one can actually do the calculation. We shall illustrate this with
examples at p = 2 in Chapter III.

Another example where this approach works is A. Yamaguchi’s calculation for
braid groups [Ym].
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Chapter 11

Methods of calculation

There are several methods one may employ for calculation: representation theory,
transfer methods, generalised character theory, and various spectral sequences.
Roughly speaking, one first tries to compute K (n)*(BG) additively, say by a
spectral sequence and/or character theory. To get at the multiplicative structure
one then can use character theory again, or transfer methods, or representation
theory — usually a combination of all of the above.

1 Complex oriented cohomology of finite abelian groups

Let E be a complex oriented cohomology theory with formal group law +z and

C,n a cyclic group of order m. Then the Gysin sequence for the fibration S* —
BC,,BS' = CP> gives

Lemma 1.1. E*(BC,,) = E*[z]/(Im|g(x)) where x is the Euler class of the
standard generator of the complex character ring of C,,. [

In particular,

K(n)*(BC,) = K (n)*[z]/(px — vaa®"), and
K(n)"(BCy) = K(n)"[a]/(a"").

P
Thus E*(BC,,) is concentrated in even degrees. Now when E* is a (graded) field,
or a complete local ring, then E*(BC,,) is a free E*-module: this follows from

the formal Weierstrafl preparation theorem, whose proof may be found in [La,
Chapter V, §2].

Theorem 1.2. Let R be a commutative ring and I an ideal of R, such that R
is complete in the I-adic topology. Let f(x) be a power series over R such that
f(z) =¢e-2¢ mod (I,z%) where € is a unit in R. Then R[x]/(f(z)) is a free
R-module with basis {z' | 0 < ¢ < d — 1}. Furthermore, f factors uniquely
as f(z) = u(x) - w(x) where u(zx) is a unit and w(zxr) a monic polynomial of

degree d. Il

15



16 II Methods of calculation

Thus under the above hypotheses, one has Kiinneth isomorphisms
E*(BC,, x X) = E*(BC,,) ®p+ E*(X)

for arbitrary spaces X. This determines the FE-cohomology of finite abelian
groups. More precisely, suppose A = C,, X -+ x C,,,, then

E*(BA) = E*[xy, ..., x]/([ma](z1), . .., [mg](zx)) -

2 Chern approximations

A good source of cohomology classes for classifying spaces BG are complex rep-
resentations of the group G. Recall from Chapter I that complex oriented coho-
mology theories come with a theory of Chern classes.

Strickland proposes in [St4] to study Morava K-theory of finite groups by com-
paring it to an algebra obtained as follows: take all irreducible complex represen-
tations p of GG, assign an indeterminate to every Chern class of such p, and divide
out by the relations obtained from the product structure of the representation
ring and all A-operations. He describes the resulting object in geometric terms,
i.e., the resulting formal scheme over the formal group.

Since we have consistently shunned the geometric language, we shall give a much
simplified account of the theory.

2.1 Chern classes of products and exterior powers

Let p and p be complex representations of dimension m and r, respectively.
Let 0;(s) and o;(t) denote the elementary symmetric functions in sy,. .., s, and
t1,...,t,. Then the coefficient of X* in

| | (1+ X (s +xm) t)))
1<i<m
1<5<r

is a polynomial in the o;(s) and 0;(t), say Py(01(s),...,0m(s);01(t),...,0.(1)).
Similarly, the coefficient of X* in

H (1 + X(Sil +K(n) Siy TKM) " TE® Siq))

1< <ig

is a polynomial Ly in the o;(s).
These power series determine Chern classes of products and exterior powers:

Proposition 2.1.  (a) ¢;(p® p) = Pe(cr(p), -, cm(p)ici(p), .., (p)).
(b) cr(ANp) = Li(ca(p), - -, cm(p))-
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Proor. This follows at once from the splitting principle resp. the very construc-
tion of the Chern class ¢ of an n-dimensional bundle as the coefficient of X%
in [T, (X —t). O

Next, recall the Adams operations on the represenation ring. Let p be a repre-
sentation of dimension m; set Ay (1) = 35,50 A'(u)t* (where A%y = 1), and define

t d
Ae(p) E/\_t (1)

Then 'y is the coefficient of ¢ in (). There are the well-known formulae
linking Adams operations and exterior powers via the Newton polynomials; in
particular, ¢¥*(u) = p* for any line bundle (one-dimensional representation).
Hence for a direct sum of line bundles one has

(' (1 & @ ) = ey &+ & i) = 0w ([(21), -, [((wm))
where x; = ¢1(p;). Thus
Proposition 2.2. For the K(n) Chern classes one has cx(¢YP p) = cp(pn)?"". O

bi(p) =m —

Definition 2.3. Let py, ..., px be the distinct non-trivial irreducible complex rep-
resentations of G. For each p;, choose indeterminates ¢;;, 1 <1 < dim(p;). De-
fine C(G; K(n)) as the quotient of the K(n)*-algebra on the c;; by the relations
imposed by Proposition 2.1.

As a consequence of Proposition 2.2, one gets the following special case of Corol-
lary 10.3 of [St4]. The proof is a paraphrase of the argument given there.

Corollary 2.4. For any finite group G, the rank of C(G; K(n)) over K(n)* is
finite.

PRrOOF. It suffices to show that all generators of C(G; K(n)) are nilpotent. Let
e be the exponent of G and p" its p-part, i.e., e = p"f with f coprime to p.
Then ¢°(n) = dim(u) for any representation p of G. Thus for £ > 1, one has
0 = ce(Vpu) = (WP Y ) = (¥ )P . Now let ¢, denote the total Chern class;
since we are working modulo p, we find that

1= co( )" = calp™ ! 1) = ca(! (p" 1))

(using additivity) and thus cgx (¢ (p™u)) = 0 for all kK > 1. But when f is coprime
to p, the series [f](z) is an automorphism of the formal group law; thus ¢,/ = 0
for all k > 0 iff ¢, = 0 for all k > 0. This implies 1 = c,(p"™p) = co(u)?"", whence
the claim. O

There is an obvious map
chg: C(G; K(n)) — K(n)"(BG)

assigning to ¢ ; the Chern class cx(p;). In general, this map is neither injective not
surjective. We call the Chern approximation of GG ezact if chg is an isomorphism.
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2.2 The example X3

This is somewhat trivial, but illustrates the method; more examples are to follow
at a later stage. The representation ring of 33 is generated by 1, ¢, d of dimensions
1,1, 2, respectively, with relations e = 1, 6 = §, and %2 = 1+e+6. Furthermore,
P26 =1—e+0,¢%5 = 14+¢,and \25 = €. Let x = ¢1(¢), y = c1(9), and z = c3(9).
First look at p = 2: from € = 1 one immediately concludes 0 = [2](x) = 2.
The quickest way to arrive at the remaining relations is using Adams operations:
from 2 = 13?6 = Y3(1—e+6) we see 1 = co(1—e+46), where ¢, denotes the total
Chern class; consequently 14+ 2 =14y + 2z and thus y = x and z = 0 for degree
reasons. Thus we recover the obvious isomorphism K (n)*(BY3) = K(n)*(BCs)
for p = 2.

At the prime 3, €2 = 1 gives [2](z) = 0, hence x = 0. This implies ¢ (1)2§) = c(9)
for all k. From 930 = 1 + & we then learn y*" = 23" = 0. Now use the splitting
principle, i.e., write 6 = A\; + Ap and set ¢; = ¢1()\;). Then

a(¥?) = a1 (A + A3) = [2)(t1) + [2)(t2) = (—t1 +7 [3](t1)) + (—t2 +F [3](t2)) -

Since we may calculate modulo y3" and 23", we conclude y = c¢; (%) = —vy,
hence y = 0. A similar calculation gives

62()\% + )\g) = Cg()\1 + )\2) - 02(>\1 + )\2)(3n+1)/2 mod (Cl, an) 5
hence z®"*1/2 = (. In summary:

Proposition 2.5. Let p = 3 and z denote the Fuler class of the two-dimensional
irreducible representation of X3. Then K(n)*(BYs) = K(n)*[z]/zB"+1)/2, O

3 Transfer

When H is a finite index subgroup of G, the restriction map BH — BG is a
finite covering, and for such maps one has a stable transfer map BG, — BH
inducing the transfer homomorphism

% : E*(BH) — E*(BG)

for any cohomology theory E. Being induced by a geometric map, the transfer
homomorphism is natural.

Naturality is at the base of all formal properties enjoyed by the transfer, of which
we mention but the two of most interest to us: Frobenius reciprocity and the
double coset formula.

Both are consequences of a simple observation: let H and K be subgroups of
the group GG, which we assume to be finite (finite index would suffice). The set
G/H x G/K is a G-set with diagonal G-action, and as such decomposes as

G/H x G/K = [ G/(Kn HY)

KgH
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where g runs over a set of double coset representatives of K\G/H. Since the
functor EG X — preserves pullbacks up to homotopy, this decomposition yields
a pullback diagram

cgoRes
—_—

IIBKﬂHy BH
KgH
Res Res
BK o BG

Here ¢, denotes the map induced by conjugation with g.
Applying a cohomology functor E to the diagram yields, using naturality of the
transfer, the double coset formula

amda K HY
Resy Tr = E Trnme Resgams ¢q -
KgH
Frobenius reciprocity is the special case

BH BG

s

B(G x H) — BG x BG

giving
ey (Res (w) - y) = = - Ty (y),
i.e., the transfer is a map of E*(BG)-modules.

Another special case occurs for H, K < G, when H x K and AG (the diagonal
subgroup) are considered as subgroups of G x G. Then the double coset decom-
position of G x G as left H x K-set and right AG-set gives rise to the pullback

diagram
[] B¢ BG
gl

T

BH x K — BG x BG

with G; of the form AG N (H x K)% where again g; runs over a set of double
coset representatives of AG\(G x G)/(H x K).

An influential but now disproved conjecture of Hopkins, Kuhn, and Ravenel
claimed that the Morava K-theory of classifying spaces was concentrated in even
degrees. This statement is equivalent to Morava E-theory being concentrated in
even degrees and torsion-free. A slightly sharper conjecture by the above authors
claimed that finite groups are ‘good’ in the sense of the following definition (taken

from [HKR]):



20 II Methods of calculation

Definition 3.1. Let G be a finite group.

(a) An element x € K(n)*(BG) is called good if there ezists a subgroup H < G
and a complex representation p of H such that x = Tr%(e(p)).

(b) G is called good if K(n)*(BG) has a basis consisting of good elements.

It is observed in [HKR, Proposition 7.2] that additive generation by transferred
Euler classes is equivalent to multiplicative generation by such classes. This
follows from diagram (3.1) above.

Later on, Bakuradze and Priddy [BP1, BP2| studied the multiplicative structure
of K(n)*(BG) using the transfer: Suppose one knew that K (n)*(BG) was ‘good’
in the above sense. One might then ask which of the relations between the
generating transfered Euler classes are consequences of formal properties of the
transfer.

In particular, they came up with a formula expressing transfers of Chern classes of
a representation of an index p subgroup in terms of Chern classes of the induced
representation on the Euler class of the generator of the representation ring of
the quotient C),.

Their result can be summarised as follows (for details we refer to the original
sources):

Theorem 3.2 (Bakuradze-Priddy [BP2]). Let G be a finite group and H a nor-
mal subgroup of index p. Let € be a generator of the complex representation ring
of Cp, and z its FEuler class. Finally, let n be a complex representation of H, and
p =Ind%(n). Then there is an identity

cr(p) — TeGi(wi(n)) = AL (), ¢0(p), ., Cup(p))

where ASC") is an explicitly given polynomial, and wy(n) is a certain polynomial in
the Chern classes of n (defined by way of universal example).

4 The Serre spectral sequence

The Serre spectral sequence associated to a group extension is probably the first
tool coming to mind when attempting calculations. Suppose given a group ex-
tension

1> N—G—Q—1,

then one has the Serre spectral sequence
Ey = H*(BQ; K(n)*(BN)) = K(n)"(BG).

Here H*(BQ; K(n)*(BN)) is the ordinary cohomology of () with coefficients in
the F,[@Q]-module K(n)*(BN), the action of () being induced by conjugation in
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G as usual. This module structure can be quite messy, even in the simplest cases:
suppose N is an elementary abelian group V' of rank r with a linear action of Q.
Then K (n)*(BV) = K(n)*[z1,...,2,]/(z”"), where the z; are the Euler classes of
a set of generators for the complex representation ring of V. Thus the action can
be calculated in terms of tensor products of line bundles, and this involves the
formal group law. Such actions were considered in [LS], in particular with regard
to the question whether such modules are permutation modules (the relevance
of which shall be explained later). In Chapter VI we reproduce some of this
material.

Two “extreme” cases thus come to mind:
(1) extensions with trivial action, such as central extensions, and
(2) extensions with quotient C,.

Case (1) has the drawback that the quotient is usually a large (p-)group, whose
mod p cohomology poses a real problem, whereas in (2) we have to determine the
Cp-module K(n)*(BN), which typically means intricate calculations involving
the formal group law. Nevertheless both strategies are useful in special cases. A
non-trivial example for (1) is the extraspecial group of order 32 (see Chapter V),
the wreath product theorem III.2.1 is an easy calculation using (2). The Serre
spectral sequence for extensions of type (2) was also used by Ravenel to give an
inductive proof of finite generation [R]. We shall give a slightly different argument
below.

In [K], Igor Kriz proved a beautiful theorem about the Serre spectral sequence
associated to fibrations over BC),. This theorem is one of the few practical tools
for calculation; Kriz used it to great effect to supply the first counterexample to
the even degree conjecture. His result gives a useful criterion to decide whether a
group G has even Morava K-theory. For odd primes p, it may be simply stated as
follows: suppose H is a normal subgroup of index p in G. The quotient G/H = C,
acts on H and thus on K(n)*(BH). Suppose K (n)°(BH) = 0, then the same
is true for G if and only if K(n)*(BH) is a permutation module for G/H. For
p = 2 this is trivially false (all Fo[Cs]-modules are permutation modules), but
the statement is true if one replaces mod p Morava K-theory with the integral
variant K (n).

The Serre spectral sequence for bundles over BC,. We begin by recalling
the mod p cohomology of the cyclic group C, = (t | t*). In the group ring Z[C,)]
there are two special elements, namely D :=t—1and N := 1+t +t>+-.-+tP~ L
Then

= Z[C)) = Z[C,) - Z[C,)

ZICy) — 7 —— 0
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is a Z[C)]-free resolution of Z. Let M be a Z[C)]-module, then one has

‘ M =%ker(D) i=0;
H'(CpyM)=< kerD/ImN  i=0(2), i>0;
ker N/ImD  i=1(2).

Theorem 4.1. Let F "~ E L BC, be a fibration with K(n)*(F) finitely
generated over K(n)*.

(a) The Serre spectral sequence
By = H*(BCy; K (n)' (F)) — K(n)"(E) (4.1
has only finitely many differentials.
(b) K(n)*(E) is a finitely generated K (n)*-module.

PROOF. Let y € H*(BC);Z) be a generator for the integral cohomology of C,,.
Then A := K(n)* ® Zly] is the By = E, page of the Atiyah-Hirzebruch spec-
tral sequence for BC,. The fibration ' — E — BC, maps to the fibration
* — BC, — BC,, turning E"* into an A-module. The class y is a permanent
cycle since it is represented by f*(x), the image under f* of the generator of

K(n)*(BCy) = K(n)*[z]/(px — v,a®"). By assumption, K (n)*(F) is finitely gen-
erated. Now y: Ey* — E3">* is an isomorphism for i > 0, whence E** is a finitely
generated A-module, since A is noetherian. Thus the chain of the A-submodules

of boundaries
0=By"CBy"C---CB»C..BYCEY

becomes stationary. This shows (a). Furthermore, since E;" is finitely generated
over A, sois E%*. Standard commutative algebra implies that K (n)*(E) is finitely
generated over K (n)*(BC,) and thus over K(n)*. O

As immediate consequence we obtain Ravenel’s finite generation theorem for
classifying spaces of finite groups [R]:

Corollary 4.2 (Ravenel). Let G be a finite group. Then K(n)*(BG) is a finitely
generated K (n)*-module.

PRrROOF. Let P be a Sylow p-subgroup of G. Since p-locally, BG is a stable
summand of BP, it is enough to prove this for p-groups. Since any p-group has a
normal subgroup of index p, the corollary follows from the theorem by induction.

]
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Ravenel’s original formulation was that K (n)*(BG) has finite rank over K (n)*.
Part (b) of the theorem above easily generalises to fibrations over classifying
spaces of finite p-groups, and even further. Let P be a finite p-group and F —
E — BP a fibration. Let () be a normal index p subgroup of P; consider the
diagram of fibrations

ja E BP
F E BQ

Then K (n)*(E) is finitely generated if K (n)*(E") is, by the theorem, and we can
work by induction on the order of P. Thus

Corollary 4.3. Let P be a finite p-group and F — E — BP a fibration. If
K(n)*(F) is finitely generated over K(n)*, the so is K(n)*(E). O

Returning to fibrations over BC), let E and F be as in Theorem 4.1. Then
m: F' — FE is a p-fold covering, with t, say, generating the group of deck trans-
formations. The transfer map for this covering induces a homomorphism

Tr: K(n)*(F) — K(n)*(E)

of K (n)*(E)-modules, since Tr(7*(z) - y) = = - Tr(y) by Frobenius reciprocity. In
particular, one has Tr(7*(x)) = x - Tr(1). As the transfer commutes with deck
transformations, so does Tr. Quillen [Q2] gives a formula for Tr(1):

Lemma 4.4 (Quillen). Tr(1) = p — vua?"~! € K(n)*(E).
PRrROOF. By Frobenius reciprocity, it suffices to consider £ = BC), and F' = *.
Then since 7*(z) = 0, one computes
0="Tr(n"(z)-1) =z -Tr(1).
On the other hand, Tr(1) = p modulo higher skeletal filtration, whence

I - )
x
More precisely, x Tr(1) = 0 implies that there is a power series f(z) with

Tr(1) = f(z) pl(z) _ £(0) [p](x)

x x
where the last equality holds since multiplication by x annihilates the expression.
Now the two conditions Tr(1) = p mod z and [p](z) = px mod z? imply f(0) = 1.
m
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Since in ordinary cohomology, the transfer is given on chain level as the action
by the sum of all deck transformations,, one has a commutative diagram

K(n)*(F) = K(n)*(E) — E% ——— E*

K(n)"(F) > HY(BCy; K (n)*(F))

i.e., in the spectral sequence (4.1) the transfer represents the norm map. In
particular, the elements in the image of the norm are permanent cycles.

Lemma 4.5. Suppose K(n)*(E) = 0. Let x € K(n)*(F) be an element with
N(z) =0. Then Tr(z) = 0.

PrOOF. If N(x) = 0, then z represents an element [z] € Hl(BC’p;l?(n)*(F)).
By assumption on F, this class is p-torsion, hence px = (1 — t)y for a suitable y.
Since the transfer commutes with deck transformations, one obtains

0=Tr(y — ty) = Tr(px) = pTr(z),
but K (n)*(E) is p-torsion free. O

Since Im(N) injects into E%* for any r, the Serre spectral sequence has a quotient
spectral sequence
_ EP4/ITm(N) for p=0,
pra_ P /Im(N) p (4.2)
EP4 for p > 0,

This spectral sequence is multiplicative since Im(Tr) and Im(NN) are ideals by
Frobenius reciprocity. If furthermore K (n)°d(E) = 0, Lemma 4.5 implies that
it converges to K (n)*(F)/Im(Tr).

Remark. The Ex-page of this quotient spectral sequence is just the cohomology
of C,, made periodic, i.e., Tate cohomology H*(C,; K(n)*(F)).

Kriz’s theorem. In the rest of this section we shall discuss

Theorem 4.6 (Kriz [K]). Let F — E — BC, be a fibration with K(n)*(F')
finitely generated and K (n)°*(E) = 0. Then H'(BC,; K(n)**(F)) = 0.

We break down the proof into a series of lemmas; the arguments closely follow
the original in [K].

Below y € H*(BC,) denotes a generator of integral cohomology (as in the proof
of Theorem 4.1), [z] shall always denote an E.-representative of a class x €
K(n)"(E).
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Lemma 4.7. Letx € K(n)*(E) be of filtration s but not s+ 1 (such that [x] # 0
in E3¥). Let z = pr — Tr(n*(z)).

(a) If y*"~'[z] is non-zero in Ey, then [z] = y?"~![x].
(b) If y?"~tz] = 0, then z has filtration at least s + |v,]|.
PROOF. This follows from Tr(7*(z)) = x - Tr(1) = z(p — y?" 7). ]

Y

Lemma 4.8. The map E* E*2* given by multiplication by y is

(i) onto, and
(i1) injective for i > r.

PROOF. Induction on r. For r = 2 multiplication by y is an isomorphism (peri-
odicity). Suppose the claim holds for r. Let a € E, be a cycle for d, and & its
image in E,;;. Then a = y3 for some 3 with yd,(3) = 0. Since 8 must have
higher filtration, part (ii) of the inductive hypothesis implies d,.(3) = 0, whence
a = yf3; this shows (i). For (ii), suppose i > r + 1 and @ € E}, is an element
annihilated by y. Then ya = d,.(3) for some 8 € B2 Since i +2 —r > 1,
there is a v with § = yv, hence ya = d,(8) = yd,(y). Now « has filtration larger
than r, and multiplication by y is injective in this range by (ii). Thus o = d,.(7).
O

In other words, E, is generated as K (n)*[yl-module in degrees 0 and 1, with
relations in filtrations at most r.

Lemma 4.9. Let 2 < s <r, and a € E2** with dy(a) # 0. Then there exists
k,1<k<r—1, and a non-zero class 3 € E**2* with y3 =0 in E,.

PrROOF. Induction on r. The statement is trivial for r = 2, so assume the lemma
for r, and let 2 < s < r + 1. Suppose first that s < r. By induction hypothesis,
there exists a non-zero element ' € EF*+% with y3’ = 0, hence yd,. (') = 0, and
d.(#) = 0 by Lemma 4.8. Then 3 = ' # 0 since ' cannot be a boundary for
degree reasons, and y/3 = 0.

If s = r then dividing by y as often as possible (cf. Lemma 4.7) we may assume
a € EM** with d.(a) # 0. Then d,(a) = yf for some 3 € E7~1%* with yd,.(8) =
d,d.(a) = 0. Since d,.(f) is in filtration 2r — 1 > r, Lamma 4.8 (ii) implies
d.(3) = 0. Thus 3 € E,; is defined, non=zero since it is in filtration » — 1, and
yB = 0. O

The lemma says that a nontrivial differential on a class of odd filtration produces
y-torsion. The idea of proof for the theorem consists in the observation that
y-torsion ultimately produces p-torsion.
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PROOF OF THE THEOREM. Suppose u € H'(C); K(n)*(F,))is a non-zero class.
Then there is an s with u € EY? and d,u # 0. Let r > s with E* = E%*
By Lemma 4.9 there is a non-zero a € E¥**2* with ya = 0. Let a represent
z € K(n)*(E), then by Lemma 4.8 (ii) the class zy = pz — Tr(r*(x)) has filtration
ky > k+2(p" — 1). Let [29] = y?" "'y1 € ENfl* where ;€ EFP0* 0 Since

E, = E, 71 is represented by a class ¢; € K(n)*(E). Now let
21 = pcy — Tr(m*(e1))
By Lemma 4.8, z; also represents by y?" ~!v;; thus
20— 21 =pla—c;) —Tr(xt(a— 1))

has filtration ky strictly larger than k;. Iterating this procedure, one inductively
finds classes ¢; € K(n)*(E) of increasing filtration such that

pr(x—=>¢)—Tr(r* (x—> ¢)) =0.

(The infinite sum of the ¢;’s converges since K (n)*(E) is complete with respect
to the skeletal filtration.) Now z := z — Y ¢; has positive filtration whereas the
image of the transfer sits in filtration zero, implying that pz has to be zero. On the
other hand, z is not zero since Y ¢; has higher filtration than x, by construction.
Thus we have produced a p-torsion class in K (n)*(E), contradicting the even-
dimensionality of K (n)*(E). O

The following result is stated in [K]| without a reference; it follows easily from the
classification of indecomposables.

Proposition 4.10. Let R = Z,) or R = Z, and M be a finitely generated R-free
R[C,]-module. Then the following are equivalent:

(a) M is a permutation module;
(b) HY(C,; M) =0.

PROOF. There are three isomorphism classes of indecomposable R[C)]-lattices,
namely the trivial module 7', the regular module F', and the reduced regular
module, F, say; see [CR, p. 690 and §34B]. For the first two, H' clearly vanishes.
Furthermore, H?(C,;T) = Z/p, and H'(C,; F) = 0 for i > 0. The long exact
sequence in cohomology associated to the short exact sequence 0 — 17" — F —
F — 0 gives H'(C,; F) = Z/p. O

Remark. For p odd, it furthermore transpires that a torsion free Z,[C,] module is
a permutation module if and only if its mod p reduction is a permutation module.
(This is clearly false for p = 2.)
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5 Central products and the Rothenberg-Steenrod spec-
tral sequence

Let p be a prime and denote by k the field of p elements. Suppose G is a p-group
which is expressible as the central product of two subgroups P and @), ,i.e., there
is a central subgroup Z of G contained in P N () and a central extension

1—>ZA>P><Q—>G—>1

where A is the diagonal inclusion of Z. We shall also write P X z @ or just Po @

to denote this central product.
K(n)*(BZ) is a K(n)*-coalgebra by virtue of the group product, and K (n)*(BP)
and K (n)*(BQ) become comodules over K (n)*(BZ) via the multiplication maps

: PxZ —P and pu: ZxQ — Q.

By definition,

p1x1 m
PxZxQ_—PxQ G
Ixp2
is a coequalizer in the category of groups. Applying K (n)* to this coequalizer
yields a diagram

K(n)"(BG)

:

K(n)"(BP) ® K(n)"(BQ)

1®M§J \MI@H
K(n)"(BP)® K(n)"(BZ) ® K(n)"(BQ).

This certainly will fail to be an equalizer, since the inflation map is generally
not injective. Note though that by definition, the equalizer of the above parallel
arrows is the cotensor product K(n)*(BP)Ogm)-(s2) K (n)*(BQ). Recall that if
[ is a coalgebra, (M, 1) a right I'-comodule, and (Ms, 1) a left T-comodule,
their cotensor product MU M, is by definition the kernel of the map

P1®1-1Q12
- 5

M1®M1 M1®F®M2

By construction, the image of inflation is contained in the cotensor product, and
it is tempting to ask when it is all of it.

We may regard BZ as a topological group acting on B(P x Q) with orbit space
BG. The Rothenberg-Steenrod spectral sequence of this principal fibration is
then a spectral sequence of algebras

By = Cotor g5z (K(n)*(BP), K(n)*(BQ)) = K(n)"(BG).
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This spectral sequence is concentrated in the right half plane; the zero column is
just the cotensor product

K(n)"(BP)Okmy-(2)K(n)" (BQ)) .

For details see [P], or [V, McC].

Write I' for K(n)*(BZ) and ¢r for the comultiplication of I'. Since we are
working over a field, all modules are flat (I, in particular) and we may calculate
Cotorr using resolutions by extended comodules, i.e., comodules of the form
(I'® V,¢Yr ® 1) for some K(n)*-module V. (Unadorned tensor products shall
always be over K(n)*.) Now let M be a left I'-~comodule and

M-—-TeV, 2TrTey, 2TV, — -
be a resolution of M by extended comodules. Then for any right I'-comodule M’,

Cotork(M', M) = H'(M'Or(T ® V4)).

Using the isomorphism MOp(P®@V) = M@V given by m®@r@uv — (r)m®wv
(the reverse isomorphism being given by m®uwv +— y;(m)®wv), the above complex
for calculating Cotor simplifies to M’ ®@ V.

Sometimes it is easier to dualise everything and work with K(n) homology, al-
though that might only be due to being more used to modules rather than comod-
ules. In order to do that, one needs to know the Morava K-homology of abelian
groups as an algebra. Obviously, it is enough to know K (n).(BC') for C a cyclic
group of prime power order. For example, it is easy to caclulate K(n).(BC,):
Recall K (n)*(BC,) = K(n)*[x]/(z"") where z is the Euler class of a generator of
the (oridinary) character ring. The coproduct being given by the formal group
law, one obtains from Lemma I.3.1:

Theorem 5.1 ([RW], Theorem 5.7). Let &4y = &, be dual to a?'. Then

K(n).(BCyn) = K(n)u[§w), 0<i<nm]/ (&, ) — W'En)
where ;) = 0 for i < 0. 0

For example, if n > 1 one has

K(n).(BCy) 2 K(n).[6, &2, ..., En-1]/ (€0, s E00).

Unfortunately, we have not been able to use this spectral sequence for effective
calculation (yet). Later we shall present an example showing that the spectral
sequence is highly non-collapsing even in simple cases. At this point we only offer
the following essentially trivial example:
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Central products with abelian groups. Let H be a p-group and (h) a
central element of order p. Let G be the central product of H with Cpm = (t),
m > 2, obtained by identifying "' with h. To apply the Rothenberg-Steenrod
spectral sequence, we need to know K(n)*(BC,m) as a K(n)*(BC,)-comodule,
but this is very simple: again from Lemma [.3.1 one obtains

Lemma 5.2. K(n)*(BCyn) = K(n)*[2]/(2*"") is an extended K (n)*(BC,)-co-
module. More precisely,

as comodules, where a; = 2"

PROOF. It is immediate from Lemma 1.3.1 that the a; are comodule primitives.
m

Remark. By contrast, the analogous statment for ordinary cohomology is false.

Corollary 5.3. The Rothenberg-Steenrod spectral sequence
Cotorkmy=(Bc,) (K (n) (BH), K(n)"(BCym)) = K(n)*(BG)

collapses. Il

Thus K (n)*(BG) is a module of rank p™~Y" over K (n)*(BH). In particular, if
H has even Morava K-theory, so does G.

Remark. This last corollary also follows easily from Theorem 4.6, working by
induction on m: one can build up G by successive extensions of the form H' —
G’ — C, where the quotient C,, acts trivially on H'.

6 A brief introduction to generalised characters

Generalised character theory was invented by Hopkins, Kuhn, and Ravenel in
their seminal paper [HKR]. For suitable complex oriented theories E (in a sense
to be made precise below) it relates the E-cohomology of the classifying space
BG of a finite group G to the ring of “generalised class functions” with values in
a suitably chosen E*-algebra L, i.e., functions on the set C), ,(G) of commuting n-
tuples of elements of p-power order in G which are constant on conjugacy classes
of n-tuples.

The account we shall give below is rather terse: we do not think we can improve
on the exposition in the original source, which we highly recommend to the reader.
In Chapter VII we shall present a generalisation to certain classes of discrete
groups. This is not really new, all the necessary ingredients are in [HKR].
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6.1 Detection by abelian subgroups

Let G be a finite group. Before describing the characters, we recall another
remarkable theorem from [HKR] which says that under favourable circumstances,
the E-cohomology of BG is detected on abelian subgroups. This will e.g. be the
case when we can prove that K(n)*(BG) is torsion free; thus our emphasis on
trying to prove K(n)°d(BG) = 0 in as many cases as possible.

Denote by A(G) the category with objects the abelian subgroups of G and mor-
phism sets A(G)(A, B) = Map®(G/B,G/A). If Y is a G-space, then a mor-
phism G/B — G/A induces maps G xy Y — G x4 Y and Y4 — YB. Ap-
plying a complex oriented cohomology functor E* yields a compatible family of
maps E*(EG x¢Y) — E*(EG x4 Y), thus a homomorphism to the inverse
limit over the category A(G), and furthermore a map from the limit to the end

Jaca E*(BA X Y4). Then the following theorem is proved in [HKR]:

Theorem 6.1 ([HKR], Theorem A). Let E be a complex oriented cohomology
theory. Then for any finite group G and any finite G-C'W-complex Y, the natural
maps

E*(EG xgY) — lim E*(EG x,Y) — E*(BAx Y%
AcA(G) A€ A(G)

become isomorphisms upon inverting the order of GG. [
Taking Y to be a point immediately gives

Corollary 6.2 ([HKR]). If E*(BG) is torsion free, the natural map

E*(BG) — [] E*(BA)
AcA(G)

18 1njective. Il

In particular, integral Morava K-theory of BG is detected on (maximal) abelian
subgroups if it is torsion free. We shall make repeated use of this fact.

6.2 Characters

Suppose F is a complex oriented ring spectrum satisfying

(i) the coefficients E* are a complete local ring with maximal ideal m and
residue characteristic p;

(ii) p is not a zero divisor in E*;

(iii) the formal group law over the mod m reduction has height n.
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Furthermore, let O be the ring of integers in a complete algebraically closed local
field L, and suppose we have a local homomorphism E* — (. Consider the
set Cp,,(G) of n-tuples of commuting elements of p-power order in G. Such an
n-tuple corresponds to a group homomorphism g: Z; — G. Since G is finite,
there is a minimal ¢ € N such that g factors through the quotient homomorphism
Ly — (Z/p")™; the resulting map (Z/p')" — G shall again be called g. For E
satisfying the above conditions we have Kiinneth isomorphisms

E*(B(Z/p")") = E*[ay, - wal /([P')(2)) -
The generalised character associated to g is the map
X(g9): E*(BG) — L
given as the composition
E*(BG) & E*(B(Z/p')") = E*[ay,..., ] /([p')(x;)) == L,

where the maps ¢; form a compatible family of E*-algebra morphisms sending
the generators z; to generators of the p’-torsion subgroup of the maximal ideal
of the ring of intergers in L. This torsion subgroup is known to be (abstractly)
isomorphic as abelian group to (Z/p")", by Lubin-Tate theory. The above maps
assemble to the character homomorphism

Xgl E*(BG) — MapG(Hom(Zga G)7 L) = Cln,p(G)

associating to a class ¥ € E*(BG) the map X,: Hom(Zy,G) = C,,(G) — L
defined by X.(g9) = X(g)(x); this is clearly invariant under the action of G by
conjugation.

More generally, if Y is a finite G-CW-complex, consider the set

Fix,, ,(G,Y) := H y'm(@) .

a€Hom(22,G)
this is a G-space via the action of G by conjugation. Now set
Cl,,(G,Y; L) := L ®p- E*(Fix,,(G,Y), L))" .

This object comes equipped with an action of Aut(Z?). Since E*(B(Z/p")") is a
free E*-module, one has Kiinneth isomorphisms

E*(B(Z/p')" x Z) = E*(B(Z/p")") @p- E*(Z)

for all spaces Z. Thus the inclusion of fixed point sets together with the maps
¢, above combine to give the character map

E*(EG xgY) — Cl,,(G,Y; L)"Z)
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Theorem 6.3 ([HKR], Theorem C). The generalised character map X5, induces
1somorphisms

X§ : L@p E*(EG x¢Y) — Cl,,(G,Y; L)

and
Xfip: p—lE*(EG X Y) — Cln,p(G,Y; L)Aut(Z;)‘

O

Remark. The account given here seems to depend on certain choices made for
the maps ;. This can be avoided by properly saying what L should be; we have
not done so in order to keep the exposition short and simple.

In many of our examples, G will have exponent p, whence it suffices to consider
1 = 1. In that case we may work over an appropriate extension of the p-adic
rationals, where the equation p—2P"~! = 0 has a solution: the p-torsion subgroup
of the height n Lubin-Tate formal group law consists of 0 and the solutions to
this equation. If 7 is a uniformising element, then all other solutions are of the
form (7 for a (p™ — 1)-st root of unity ¢, and calculations become very tractable.

6.3 The Euler characteristic formula

Finally, we record the formula for the Morava K-theory Euler characteristic. Here
FEuler characteristic means the difference between the ranks of the even and odd
degree parts of K(n)*(BG):

X p(G) = rankg(m)« K () (BG) — rankg (- K (n)**(BG) ;

by a theorem due to D. Ravenel, the rank of K(n)*(BG) over K(n)* is always
finite if G is a finite group, and sometimes too when G is discrete; see Section 4.

Theorem 6.4 ([HKR], Theorem D).

Yopl@) = 3 %MG) (A (A) (6.1)
A<G

where the sum is over all abelian subgroups A < G and p ) is a Mobius function
defined recursively by

D ae(A) =1 (6.2)

A<AY
where the sum is over all abelian subgroups A’ < G containing A.

In particular, p14(q)(A) = 1 when A is maximal. It is easy to see that one only
has to consider subgroups arising as intersections of maximal ones. Furthermore,
one clearly has X, ,(A) = |Ay)|" where Ay, denotes the p-part of the abelian
group A.
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Chapter 111

Calculations at any prime

There are not that many groups whose Morava K-theory is known. The purpose
of this chapter is to give an overview of existing results, many of which are
documented in the literature. We shall however in some cases indicate different
proofs, and add a few more groups.

Apart from natural curiosity, one of the driving factors for such calculations was
to either prove or disprove the so-called ‘even-dimensionality conjecture’, i.e.,
the claim that for any finite group G, K(n)°d(BGQ) is always zero. With Kriz’s
construction of a counterexample [K]| this search has come to an end; we shall
give a brief description of his example in Section 6. Nevertheless, there are some
families of groups for which the conjecture holds, and only in these cases complete
calculations do exist.

Generally speaking, many successful calculations follow the same pattern: first try
to calculate K (n)*(BG) additively, by means of a spectral sequence for a suitable
extension. If it should turn out that K (n)*(BG) is ‘good’, meaning generated
by (tranfers of) Chern classes, one can try to find the multiplicative structure
using restriction to subgroups, Chern approximations, and formal properties of
the transfer.

The computations are generally presented in increasing order of complication.
We start in Section 1 with some calculations using only the Atiyah-Hirzebruch
spectral sequence. This is really very inefficient, and one normally would not
contemplate such an approach, but it does work in some simple cases. Next
comes the wreath product theorem, due to Hunton and Hopkins-Kuhn-Ravenel.
We present it here as an easy application of Theorem I1.4.6. We also include a
certain generalisation, due to Hunton, Leary and the author (unpublished).

We continue with a survey of results already in the literature: Yagita’s theorem
on groups of p-rank 2 (Section 3), Tanabe’s theorem on linear groups away from
the defining characteristic, the calculation of elementary-abelian by cyclic groups,
due independently to Kriz and Yagita (Section 5).

We chose to redo some of the calculations, although they are mostly well-docu-
mented. Other known computations include 2-groups with a cyclic maximal
subgroup [Sc|]. We defer those to the next chapter, which deals exclusively with
2-primary cases.

In the last section we give an account of Kriz’s counterexample.

35
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1 Warm up: Calculations with the AHSS

The Atiyah-Hirzebruch spectral sequence is not really suitable for doing calcula-
tions, inasmuch it requires knowledge of the mod p cohomology of the group in
question. The purpose of this section is to demonstrate that such computations
can succeed for simple enough groups.

1.1 Abelian groups

If G is an abelian group, the calculation is essentially trivial: we can deduce the
behaviour of the spectral sequence from the answer, obtained from the Gysin
sequence. Using the Kiinneth theorem, we may immediately reduce to the case
of a cyclic group Cr of order p". For odd primes or r > 1, its mod p cohomology
is known to be H*(BCyr;F,) = A(x) ® F,[y| where |z| = 1, and y = §,(z) is the
r-th Bockstein of ; for p = 2 and r = 1 identify y with 22. Then y is the Euler
class of a generator of the complex character ring of C,r.

Lemma 1.1. The Atiyah-Hirzebruch spectral sequence for BC, has only one
differential, namely

nr

doprr 1T = ’UZ"”yp
with k., = (p" —1)/(p"™ — 1).

Proor. This is dictated by the relation [p"](y) = vﬁ””ypm = 0 which arises from

the Gysin sequence. O

For r = 1, this differential is none but v,,Q,,.

1.2 Dihedral groups at p =2
We start with the dihedral group Dg of order 8. This group has a presentation

<gla92 | 93 = [91792]2 = 1)7

we sometimes write ¢ for the central element [gy, g2].

We recall the representation theory of Dg: the representation ring R(Dg) is gen-
erated by two one-dimensional representations 7,7, and the standard real two-
dimensional representation A defined as follows:

o) = (0. Aw)= (1 ) s = (3 ])-

By abuse of notation, we shall use the same symbols to denote the complexified
representations.
The mod 2 cohomology of Dg is given by

H*<D87F2) :Fg[iﬂl,.’ﬂg,wg]/(ﬂflwg) (11)
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where z; = w;(7;) are the Euler classes of 7; and wy is the Euler class of A. Thus
the Es-page of the AHSS is

Ey = H*(Dg; K(n)*) 2 Falxy, 29, wa|/(x129) @ K(n)*. (1.2)

The first differential is don+1_1 = v, ® Q,; so in the first step we have to calculate
the Q,-homology of H*(Dg;Fs).

By instability (as a module over the Steenrod algebra), we have Q,z; = 22",
whereas @,w; may be computed using the Wu formula. Note that wq(A) =
71 + T2, we shall often write just w; to denote this class. Then Sq!(wy) = wiwy
and Sq¢*w, = w3 are the only non-trival Steenrod squares on wy. Let p be the

polynomial

p(u,v) = Z WAL
j=0

By induction, one readily verifies Q,ws = p(wy, ws).
Next, since H*(Dg;Fs) is detected on elementary abelian subgroups, no odd
degree class in degree less than deg(@,) + 1 = 2""! can be a cycle for @,: this
follows immediately from the AHSS for C3. We proceed to calculate all cycles
and boundaries.
Obviously, Q,w, is a cycle, and so is the class ¢ = p(z1, ws): since z1w; = x3, we
have

n
Qu(Q) = 23 Py + 0T Q) + YT
=1

ontl_g ontl_g ontl_j
= 7 wo + T3 wy Wa

+ Z($%n+171w%n+172i+1+1 + x%n+272i+1)w§i
i=1

=0.
The cohomology of Dg has an additive basis

{@fw) | 4,5 > 0} U{afwh [ k>0, 1> 0}.
Suppose y is an element of degree 2d + 1 > 2"+ Then y may be written as
Y1 + y2 where y; = Zfzo)\xz‘”l_hw% and y, = Z?:o i ). We claim
that if y; is in the kernel of @, then there is a polynomial ¢ in ? and w3 such
that y; = ¢ - ¢. We have

2d— 21,+2"+1 i 2d+1—2i427+1 27149 27441
Qny1 = E py ( ws, —|—z x] w;

(g [d1

2d—A4k+2n+1 2k 2d—A4k—42n+1 27+l - 9749k
= E A2k T] )\ng x] w;

k=0
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This is equal to zero if and only if the relations A\g = 0 and Ay, = Z]VQ 12 (2k) Aok—2i 11

(for 0 < k < d) hold. This leads to
(%3]

E :)\ l’2d+1 4k 2k+ E >\2k+ x2d 4k— 1w2k+1
k=0

[g v (2k) (452
_ 2d+1—4k 2k 2d—4k—-1, 2k+1
= E < E Aok 2J+1) + E A2k4127 Wy

[dl

2: 2d—4k—2nt1 ok
—( /\2k+1$ Wy .

Similarly, if Q,y2 = 0 then y, is a product of p(za,wy) = ¢ + Q,we with a
polynomial in 23 and w3.
Next, the even degree cycles have to be squares: suppose

d

y= St 4
1=0

2d—4i+427+t1 -3 2z+1 (

Then Ag;41 is the coefficient of 7 respectively 0,11 the coeffi-

2d—4i+2n+1 -3 2z+1
) in Qny:

[dl

Qn(Z/\xzd 2 z) Z /\2J+1Jf2d 452 gj(x%n+1_1w2+f(x1’w;))7

where f is a poynomial in z; and w?; similarly for z. Thus the cycles for Q,, are
given by (note that x3¢ = z3Q,ws and 3¢ = 0)

Z = Folat, x5, w3]/(x723){1, Qnuwa} © Fa[w3]{C} . (1.3)
Now to the boundaries: Clearly the image of (), in odd degrees is given by

¥ [l‘%, x%? wg]/(xllé){@nu@}

2k+2"+1 =Q ( 2k+1, )
n

cient of x3

In even degrees, the classes z; 2m) are obvious boundaries
(1 = 1,2). Furthermore, one easily sees that for k + m > 2", all classes of the
form $2k+2w%m+2 (1 = 1,2) are boundaries, too. For the homology, one arrives
at

Folaf, 23, wi)/(wiad, 2" 23" wi’) @ Folwi]{w", ¢} . (1.4)
This is not yet finite, whence there has to be another differential. Restriction to
the cyclic supgroup of order 4 says that ¢ will eventually support a differential

do.4n_1; the only possibility is
d2.4n_1C = U3n+1w§n+2n . (15)

Summing up:
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Lemma 1.2. (a) The Esn+i-page of the Atiyah-Hirzebruch spectral sequence
for K(n)*(BDs) is isomorphic to
2n+1 2n+1

K(n)' (o, 23]/ (aiog, 21 25 ) @ K(n)"[w3]/(w3") & K(n) [wil{w}", ¢}

where z is the class in degree 271 +1 obtained by replacing wy by x1 in the
expression for Qp(ws).

(b) There is one more differential, namely da.gn_1(¢) = v2" 1wy 2" o

Let 41, y2, co denote the Euler classes of 79,7, A, regarded as complex represen-
tations. Then y; is a representative for x? € E., and ¢, represents w3. The
E.-page is thus additively isomorphic to

K(n)* [y, 2, el (19291 57,3 ) @ K(n)'[ea] /(™))

There are extension problems to check:
(1) y%n’ y%n7 C;Qn—l+2n—1;
(ii) y1ye and yi03n717 i=1,2.

We have 2" = [2](e(v:)) = e(7?) = e(1) = 0. Also, & = 0 since the
spectral sequence is concentrated in horizontal degrees less than the degree of
this class.

The classes in (ii) are in degree 4, and fortunately, K (n)*(BDg) is detected on
subgroups, as we shall now see (the other degrees however are not).

The maximal subgroups of Dg are all abelian, namely

Wi = <a1,c> s Wy = <a2,C> ) C = <a1a2>

with W; isomorphic to Cy x Cy and C' = (4. Denote by 7 the character of W;
given by 7(c) = —1 and n(a;) = 1, and define p: C' — C by p(ajas) = i. Then
the the character ring of W; (resp. C) is generated by n and 7; (resp. p).

1 Resw, (A) =7+
V2 Resw, (A) =1+ 07,
p° Reso(A)=p+p°

Resw, (M) =7 Resw,(12)

Rest ('71) =1 R’eSWQ (72)

Resc (1) = p° Resc(72)

Define u = c¢1(n) and z = c¢1(p) as elements of the Morava K-theory of the
appropriate subgroups. Then

K(n)" (BW)) = K(n)"[y;,ul/(y;" v*") (7 =1,2),
K(n)"(BC) = K(n)"[2]/(="").

We shall also use the following Lemma about the formal group law for K(n),
which is slightly more precise than Proposition 1.3.1. For a proof, see [BP1].
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Lemma 1.3. 2 +xmy =2 +y+ (2y)? mod (22270 22, O
Thus, if n > 1,
2(z) = 2% and [3](z) =z + 2% + 22 "D
in K(n)*(BC). For example, [3](z) = z + 2* + 2% for n = 2.
A basis for K(n)*(BDg) consists of the union of the following three sets:
Aj={ Uy G 1<k <27 =1} (j=1,2), and
B={a"*"V0<r<oy
Clearly Resw, (A2) = 0 = Resy, (A1). Now, since for W) we may compute modulo
u?" and y?",
Res, (y —2k+1 k) yf —2k+1 (u2 oy, + u(uyl)znfl)k

= 2" T (0 4wy k(u? 4 ) u(uy)? )
k k—1

Z( ) 2k—i 2" 2k+1+z+kz (k j 1)“2"1+(2k—j—1)y?"+2"1—(2k—j—1)

=0

The second sum vanishes, since the sum of exponents is 2 - 2. Thus

—2k+1 k) 2k, 2™ —2k+1

Resyw, (y2" =u""y; -+ monomials with lower exponents for w.

—2k+1 k)

Similarly for Resyy, (v5 Finally,

( 1+4(27— 1)) _ 22+2€( "

Resc 2"=1) 1 terms of higher order.

Thus if € = D c 4, M@+ e, Har@ + g b is an element restricting to zero
on W; and C, then )\, = 0 follows from looking at Resy,, and so on.
This means we can solve the extension problems by restriction. From

Resw, (1132) = Resw, (1192) =0,  Resc(y1y2) = L2 resp.

Resy, (c2") = Resy,(c2') =0, Resc (") = 22"

we obtain vy, = c2". Secondly, we claim

gn—1 2:2—2J+12J1 C
YiCoy - CQ (2 - 1a 2) :

This can again be checked by restriction. In a later section we shall see how this
relation arises, so we omit the proof here.
We arrive at the relations

yzn _ Cg2n71+2n71 _ 07 y1y2 _ an ylc2 _ 62 —I— Z 2 —23+1 2] 1 ' (16)
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Remark. (a) To justify our earlier assertion that K(n)*(BDs) is not detected in
other degrees, it suffices to look at the classes cg for 2271 < | < 22n—1 4 on—1.
they restrict to zero on any subgroup.

(b) Later we shall describe how to obtain the relations from the representation
theory of Dsg.

Next, consider dihedral groups Dam+2 of order 2m*2. Their mod 2 cohomologies
H*(Dom+2;Fy) = Falx1, 29, W3]/ (2172)

are isomorphic to H*(Dg;Fy) as algebras over the Steenrod algebra; thus the
action of the first differential is as described in Lemma 1.2. w3 is a permanent
cycle, whence the next differential — which has to exist to arrive at a finite rank
object — will do away with (, hitting an appropriate power of w3. This will result
in an even degree page and collapsing of the spectral sequence at this stage. The
power of w3 hit is then easily calculated from the Euler characteristic formula, or
alternatively we can detect the differential by restriction to the maximal cyclic
subgroup Com+1:

Ay gniminy_1C = vFmwZ " ith Ky, = (270D — 1) /(20 — 1)

We shall be less explicit about the relations, however. Denoting by v, ¥, c2 the
Euler classes of the analogous representations i, 72, A, we first note that in the
degree of the relations one again has detection on subgroups. This enables us in
principle to determine them: one needs to compute enough terms of the formal
group law to calculate z - [—1](z) € K (n)*[2]/(z2"""™).

We did not try to produce a closed formula for general m and n, but just looking
at the first few terms one gets

on o 2n(m+1)71+2n71 .
Yi =& =0,

n—1
on—1 . 2n_2j+1 27—1 AL
YiCy = E Y; 5 mod ¢, .
7=1

2nm
Y1Ya = Gy

)

As examples, we offer the following relations of the last kind for Dy and n = 2, 3:

vty =" +a' + g’ + gt g (n=2)
weh i +ofes = P+ + 7 B+ B0 (0=
The lengthy computations in this section should convince the reader that for

effective calculation, one had better turn to other methods. Nevertheless, we
shall find them useful later on.
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2 Wreath products

2.1 Wreath products with the cyclic group of order p

Let H be a finite group whose integral Morava K-theory is torsion free. Then a
simple application of Kriz’s theorem shows that the wreath product of H with
a cyclic group of order p enjoys the same property. Such a result was first ob-
tained by Hunton [Hul], who used ‘unitary-like embeddings’ to show that if
K(n)*(BH) is concentrated in even degrees, then so is K(n)*(BH ! C,). An
independent proof was given in [HKR]; the authors there actually showed some-
thing stronger: if K (n)*(BH) has a basis consisting of transferred Euler classes
of complex representations of subgroups of H, then the same holds for H C,,.

Theorem 2.1 ([Hul, HKR]). Let H be a finite group with torsion free integral
Morava K-theory. Then the integral Morava K-theory of the wreath product H1C,
is also torsion free.

PROOF. Since K (n)*(BH) has no torsion, the Kiinneth theorem implies that
K (n)*(BHP?) is a permutation module for C},. The claim thus follows from The-
orem [1.4.6. [

2.2 A generalisation

Under suitable hypotheses on the cohomology theory E., the wreath product
theorem generalises to other extended power spaces. Let GG be a subgroup of the
symmetric group >, on m letters, and X a pointed space. Then the space

Da(X) = EG, Ag X

is called the extended power space of X and G. In particular, if X = BL, is
itself a classifying space, then Dg(X) is a model for B(L ! G),, the classifying
space of the wreath product.
One has a fibration

XN —— Dg(X) — BG

and an associated Serre spectral sequence (we shall use the homological version
below)

E? = H.(BG; E.(X"™)) = E.Dg(X). (2.1)

Assume that E,X is a free E,-module. Then the E?-page decomposes alge-
braically into a direct sum of terms isomorphic to the E2-pages of the Atiyah-
Hirzebruch spectral sequences associated to the subgroups of G:

E* = @ H.(BH; E,) ® My
H<G
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where My is the image of the function z — ) geG /i 9+ defined on the coinvari-
ants of E,(X"™). Now if E is an H, ring spectrum, the algebraic decomposition
actually has a basis in geometry. This observation is essentially due to McClure
(see [B], Chapter IX in particular):

Proposition 2.2. Suppose E is an H,, ring spectrum and E,(X) is free over E,.
Then the spectral sequence (2.1) splits up as the direct sum of Atiyah-Hirzebruch
spectral sequences for E.(BH).

ProoF. That E.(X) = m.(E A X) is E, free means that there is a stable map
f: W — EAX such that W is a wedge of spheres and f induces an equivalence
EANW — E A X (using the ring structure of E). The H,, structure provides a
map Dg(F) — E and thus f induces a map Dg(W) — E A Dg(X) which in
turn induces an equivalence E A Dg(W) — E A Dg(X), as in [B, IX §2 or §4].
However, Dg(W) is just a wedge of Thom spectra and this decomposition gives
rise to the algebraic decomposition of the spectral sequence. Il

As MU and E, are H,,, one has such splittings for these theories. By exactness,
the same holds for E(n): since

any space X with F(n).-free F(n)-homology has E,.-free E,.-homology, too.
The natural map E, — FE(n) induces a map of spectral sequences. Since the
Atiyah=Hirzebruch spectral sequence for E,.(BH) is the tensored down version
of the E(n) spectral sequence, this determines the latter. The same conlusion is

—

valid for the Baker-Wiirgler completion E(n) of E(n) (since we are assuming X
is a space).

Arguing with connective covers (in particular, connective covers of H, ring spec-
tra are H,,), one sees that the same holds for £ = BP(n).

Summing up:

Theorem 2.3. Suppose X is a space and E = MU or one of the Johnson-

Wilson theories E(n), its connective cover BP(n) or its I,,-adic completion E(n),
and that E.(X) is free as an E.-module. Then the spectral sequence (2.1) is
isomorphic to the direct sum of Atiyah-Hirzebruch spectral sequences

E.= P {E:;.(H)®p Fy}

1<H<G
where E7 (H) is the Atiyah-Hirzebruch spectral sequence for E,(BH). O

Corollary 2.4. Suppose K(n)eaa(BH) = 0 for all subgroups H < G and that
X is a space for which K(n),qa(X) = 0. Then the spectral sequence (2.1) with
E = K(n) s isomorphic to the corresponding direct sum of Atiyah-Hirzebruch
spectral sequences for K(n).(BH); in particular, K(n)eq(Da(X)) = 0.
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PROOF. If K(n)oaa(X) =0 then the Bockstein spectral sequence Kn).(Y) =
E(n)*(Y) of [BW] collapses and E( ). (X) is concentrated in even dimensions

and is free over E( ),- The spectral sequence for E ( ),(De(X)) is now de-
scribed by Theorem 2.3. If for each subgroup H < G we have K(n)oqqa(BH) =0

then the Atiyah-Hirzebruch spectral sequence for K(n).(BH) is just that for

%*(BH ) tensored down by the coefficients, and hence the same applies for the
sequence (2.1) for K(n).(Dg(X)). O

3 Groups of p-rank 2

For primes greater than 3, these groups were shown to have even Morava K-
theory by Tezuka-Yagita [TY2, TY3] and Yagita [Y4]. Furthermore, Yagita also
proved that these groups are generated by transfered Euler classes and are thus
‘good’ in the sense of Hopkins-Kuhn-Ravenel.

These results were obtained case by case using Blackburn’s classification of groups

of p-rank 2: for p > 3, any such group belongs to one of the following classes (see
[Hp, III, 12.4]):

=1, 0" =a”, b'ab = d")

(1) G={(a,b|a”"
t>0, k” El( "), and p'(k —1)=0 (p");

with
(2) G=(a,bc|a? =t" =" =[a,c] = [b,d =1, a”'ba = b );

(3) G={a,bc|a? =W =c” =[b,c] =1, a~tba = bc**", a 'ca = bc)
where r > 2 and s is either 1 or a quadratic non-residue modulo p.

For p = 2,3 there are other groups; in fact, for p = 2 no such classification is
known. Nevertheless, Tezuka-Yagita’s and Yagita’s results are valid for groups
with such presentations regardless of the prime.

The groups in (1) are metacyclic; they fit into an extension

1 Cyr G Cpo — 1. (3.1)

Tezuka-Yagita calculate the B P-theory Serre spectral sequence associated to this
extension. It turns out that the Esy-page is concentrated in even degrees, and that
BP*(BG@) is torsion-free. They further identify the BP*-algebra generators as
Chern classes, thus proving

Theorem 3.1 (Tezuka-Yagita [TY3]). Let G be a metacyclic p-group. Then
BP*(BG) is multiplicatively generated by Chern classes of representations. [

Consequently, such groups have even Morava K-theory.
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Remark. In [B3], Brunetti attempts to calculate the multiplicative structure of
the Morava K-theory of the so-called modular groups, i.e., extensions of Cpm by
C,, drawing on results of Tezuka-Yagita. He does succeed in writing down an
algebra structure, but the generators are not geometric, since they are derived
from the F..-page of the spectral sequence.

The groups (2) can either be described as a central extension

1—— ) x Cps G C, 1 (3.2)

or as the central product of a cyclic group with the nonabelian groups of order
p? and exponent p (resp. Dy for p = 2).

Tezuka-Yagita’s argument is again by calculating the Serre spectral sequence for
BP-theory. As for metacyclic groups, they can show

Theorem 3.2 (Tezuka-Yagita [TY3]). If G is of type (2), then BP*(BG) is
generated by Chern classes. Il

Alternatively, we can use the other description as a central product, and appeal to
Corollary I1.5.3. This reduces the problem to calculating the Morava K-theory of
the nonabelian group H := p}™ of order p> and exponent p, which is an instance
of applying Theorem 5.1 (compare Example 5.2).

One can also do this differently: consider the central extension

1 C, H C,x Cp—>1 (3.3)

and the associated Serre spectral sequence

n

By = H*(C, x Gy K(n)"(BCy)) = A1, 1) © Fyfyr, 1] © K (n)'[2]/ (")
Then

Lemma 3.3. The Serre spectral sequence for the extension (3.3) has the following
differentials:

(1) dsz = Tay1 — 21Ya;

(i) dap-1((w2y1 — 2192) 2" ~") = Yhys — y1v5;
(iil) dop—1(z1222P7 ) = 2oyl — 2195;

(iv) dopr_12: = vy (i =1,2).

PROOF. This is an exercise in exhaustion. (i) follows by comparing to the mod
p cohomology spectral sequence via connective Morava K-theory (recall that the
extension class is z125), and (ii) from Kudo’s transgression theorem and again
comparison. For (iii), observe that z? is the restriction of the Euler class of a



46 IIT Calculations at any prime

certain representation of G, namely z# = i*c,(Ind§ \) where A is a maximal
abelian subgroup of G and A a character of A restricting to the generator of the
character group of the center. By comparison to mod p cohomology again, one
sees that 2P should transgress (via dapi1) to z1y5 — oy}, Thus this element has
to be killed by an earlier differential. The only way this can happen is if we have
a differential as stated in (iii). Finally, (iv) is the differential inherited from the
Atiyah-Hirzebruch spectral sequence for the base. To see that these are the only
differentials, one only has to observe that they turn the next page of the spectral
sequence into an even degree object. O]

Remark. Anyone comparing this calculation to the original in [TY3] will be con-
vinced that their method of using B P is more effective. Working with BP instead
of K(n) has its advantages, since BP is both connective and ‘integral’, making
the spectral sequences sparser.

One can generalise the above lemma to show that the Morava K-theory of any
minimal non-abelian p-group (a p-group all of whose maximal subgroups are
abelian) is concentrated in even degrees. This was first observed by Yagita [Y3],
who again worked with BP (the result for Morava K-theory follows).

We include a proof for future reference. Recall that minimal non-abelian p-
groups G were classified by Rédei [Re]; we quote from [Hp, p. 309]. G is one of
the following groups:

(i) quaternion of order 8;
(i) G = (a,b|a” =W =1, b~'ab=a” '), ie. split metacyclic;
(iii) G = {a,b,c|a? =" =c =[a,c] =[b,c] =1, [a,b] = ¢).

We only consider (iii), the other cases being covered elsewhere. Such G has centre
Z = (aP, P, c) = Cpr—1 x Cps—1 x Cp, with quotient C), x C,,. The Serre spectral
sequence for the central extension 1 — Z — G — C, x C}, — 1 now behaves just
as described in the lemma: one has

By = K(n)*[z,y,2]/(a? """, 2"") @ H*(BC, x C,;F,)

where x,y, z are the Euler classes of the representations «, 3,7~ of Z defined in
the obvious way: a(af) = exp(2mip'™"), a(b’) = a(c) = 1, and so on. Then «
and 3 are restrictions of representations & and 8 of G, implying that z and y
are permanent cycles. z is not a cycle, but 2 is: consider the maximal subgroup
A = (a,b?,c) of G, and define € € RA by e(a) = ¢(b*) = 1, e(c) = exp(27mi/p).
Set o = Ind§(¢), then by the double coset formula,

Resg(a) = Resé((l +bh+b 4+ bp_l)*(a)) =p- Resé(s) =p-,

whence the claim. Together with the result for metacyclic groups, this implies
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Theorem 3.4 (Yagita [Y3]). Let G be a p-group all of whose mazimal subgroups
are abelian. Then K(n)*(BG) = 0. O

Finally, in [Y4] Yagita calculates B P-cohomology of the groups of type (3). He
uses an extension of the form

1 H G c, 1 (3.4)
where H = (a, b, c”) is a group of type (2). His result is

Theorem 3.5 (Yagita [Y4]). If G is a group of type (3) and p > 2, then
BP*(BGQG) is generated by transfered Euler classes of complex representations of
G. O

4 Tanabe’s work on Chevalley groups

In [T], Tanabe proves a beautiful theorem about the Morava K-theory of Cheval-
ley groups:

Theorem 4.1 (Tanabe [T]). Let G be a connected reductive Z-group scheme
such that H*(G(C);Z) has no p-torsion. Let K(n) denote p-complete Morava
K-theory, £ a prime distinct from p, and ¢ = €™, m > 0. Then f((n)*(BG(IFq))
1s torsion free and concentrated in even dimensions. [

This theorem applies for example to GL(F,) or SL;(F,).

The method of proof involves the homotopy pullback diagram

BG(F,)" —“— BG(F)"

BG(F)" +—+ (BG(F) x BG(F))"

from [FM], where ( )" denotes completion in the sense of Bousfield-Kan, A is the
diagonal map, and ¢? is induced by the Frobenius. He then constructs a strongly
convergent Eilenberg-Moore spectral sequence

TorX ()" (3G (K (n)* (BG(F)). K (n)* (BG(F))) = K (n)* (BG(E,))

from which he derives his result.
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5 Elementary abelian by cyclic groups

Kriz in [K] and Yagita in [Y5] show that an extension of an elementary abelian
p group by a cyclic p-group satisfies the even-dimensionality conjecture.

Theorem 5.1 (Kriz [K]|, Yagita [Y5]). Suppose G fits into an extension V —
G — C where V is an elementary-abelian p-group and C' a cyclic p-group. Then
K(n)°*(BG) = 0. O

Kriz’s proof is based on an explicit calculation of the structure of K (n)*(BV) as
a module first over C,, and then induction on the order of the cyclic quotient.
It turns out that the action is a permutation action, and he then appeals to
Theorem 11.4.6. (He only states the above theorem for semidirect products, but
for the action on the Morava K-theory of BV it is irrelevant whether the extension
is split or not.) Yagita calculates with Brown-Peterson cohomology BP using a
clever filtration on BP*(BV).

Example 5.2. Since it is needed for Kriz’s counterexample, we shall examine
the extraspecial group of order p® and exponent p in some detail. This calculation
is entirely due to Kriz, and we follow his reasoning very closely.

H fits into a split extension

1 —— (a,b) H (c) 1; (5.1)

with V' := (a,b) = C, x C, and (c) = C,. The element b is central, and a and ¢
commute according to the rule ¢ lac = ab.
Define representations u, v, p of H as follows:

pr H—{a) —C*, p(a)

v: H— (¢) — C*, v(c)

Cp )
G

and p = Ind{} 8 where 3(a) = 1, 8(b) = (,, and ¢, denotes a p-th root of unity:
Set

s=alw) , w=al) . u=clp).

Then a permutation basis for K (n)*(BV) consists of free C,-orbits and the in-
variant elements v/'y/, 0 < i < p" ! —1,0 < j < p—1, where ¢ is the restriction
of u to V. Furthermore, Theorem 5.1 (or rather its proof, which we have not
reproduced here) implies that K (n)*(BH)/Im(Tr) is generated as an algebra by
u, w, and z. Here and below be write just Tr for Tr{f . It remains to determine
the relations between the generators; this can be done by restricting to maximal
abelian subgroups and character theory.

There are (p + 1) such subgroups of H, all elementary abelian of rank two. A
complete list consists of

En:=V, E\:={ach), 0<A<p—1.
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Let E = (d/,b) be any group from this list. If a and  denote the representations
of E with a(b) = 5(da’) =1, a(d’) = B(b) = (,, and z1 = ¢1(«), x2 = ¢1(0), then
we get the following restrictions.

JT7 p z w u

Exw| a 1 P lp®ak e 0 120 (g +r [i]21)

Ex| o a YP Bed Naz 22 T105) (22 +r [i]a1)

We claim the following identities:
(i) wz? = wP (in K(n)*(BH));
(i) w”" = pw;

(iil) u?" = pPu.

We check these equality on the maximal abelian subgroups E of H, beginning
with (i). For £ = E, the equation is trivial. Otherwise the restriction of
wzP — wPz equals

(AJz1)Py — af([(Aly) -

By Theorem I1.6.3 we can verify the resulting equation using generalised charac-
ters.

Remark. When the groups in question have exponent p, calculating with gen-
eralised characters becomes particularly easy: In such cases the characters take
values in an extension of WTF,. where the equation p — zF"~! = 0 has a solu-
tion. The p-torsion subgroup consists of 0 and the solutions to the equation
p—2P"~1 = 0. If 7 is a uniformising element, then all other solutions are of the
form (7 for a (p™ — 1)-st root of unity (.

So let x be a character of E. If x(x1) = 0 there is nothing to show. Thus we can
assume without loss of generality that y is a character taking the value 7 on z;.
Then [\ = ¢,_17 for a (p — 1)-st root of unity ¢,_jand (i) follows.

(ii) is clear; for (iii) note that the restriction of w is a product of p Euler classes
of one dimensional representations of E, see the table above. Each such Euler
class satisfies [ple = 0, i.e. e”" = pe; the claim follows. ]
The next claim is

pw nz_EFw(%)pi =0 (5.2)
i=0
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in K (n)*(BH). We first should check that the left hand side makes sense: by (ii)
and (iii) above,

u NP
() =
The formal group law for K (n)* is of the form

rtry=z+y+ Y Ciln,y),

k>1

where the C} are homogeneous polynomials of degree k(p™ — 1) + 1. Hence
Cr(wz,wy) is divisible by w*®"~D+1 Furthermore, (ii) implies that the expo-
nents of w in the denominators of the higher order terms of the formal sum do
not exceed p" — 1. Since pw = w?", it follows that the expression in the claim is
integral. Moreover, the higher order terms are divisible by increasing powers of
p, thus the power series converges in the p-adic topology and thus constitutes an
element of K (n)*(BH). More precisely,

n—1 . n—1 )
F u \P' U \P*
pwz w<ﬁ> = pw w<w> mod p
i=0 i=0

where the right hand side is not divisible by p, and, since pw = w?", equals

n—1i

n—1 n—2 n—i+1
U/p

o n__
+U)p p Up +—|—'LUp p

n—1

(x)  wlu +o " )

PROOF OF (5.2). Restriction to E is again 0. Let E = E) be one of the other
subgroups in the list. Then

p—1
Rest u = 2, H(ZL‘Q +p i), Reshw=ux,.
i=1

Let x be a generalized character of E. If x(x;) = 0 or x(z2) = 0 there is nothing
to prove. Without loss of generality we may thus assume x(z;) = m. Then
X(x2) = ym = [y]m for some (p™ — 1)-st root of unity, and

p—1 p—1

X(Respu) = ~r [[(yr+r lilr) = y7 [ [ (v +5 cim)

=1 =1

p—1
= ][Iy +eilr.
=1

where the ¢; range over the (p — 1)-st roots of unity. Setting £ = 0 we conclude
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n—1 ) n—1_ 51
I F u \p _ F
X(ResE pw ; w<w> ) = pm Zz: [g(v + 6@} T
n—1p—1
> 6+ )]
i=0 k=0
Inside the square brackets we may compute modulo p, since [p|m = 0. Now
p—1
[IO +en) =" =
k=0
since
n—1
(VW=7)=9" —v=0
i=0
modulo p, the claim follows. n

Now let z be a class in K(n)*(BH). If z = Tr(y), then wz = wTr(y) =
Tr(ResE (w) - y) = 0 by Frobenius reciprocity and since Resi; w = 0. Conversely,
suppose that wz = 0. Then

TrResi (z) = 2 - Tr(1) = z(p — w” ) = px

implies pz € Im(Tr). Since K (n)*(BH)/Im(Tr) is torsion free (this follows from
Theorem 11.4.6), = is in the image of Tr. Thus we have established:

wr =0 <=z € Im(Tr) . (5.3)
Remark. A similar argument works for any cyclic covering Y — X — BC).

Corollary 5.3. K(n)*(BH)/Im(Tr) ® k)~ Fp is isomorphic to

n—1 n—2

F, [z, w,u]/(2F —wP 2, w7, T T w?” Pu) .
PRrROOF. It is easy to check that the relations proved above give a module of the
correct rank. ]
6 Kriz’s counterexample

Kriz’s counterexample is the 3-Sylow subgroup of G'L4(F3), which we shall denote
by P. He shows that the second Morava K-theory of BP at the prime 3 contains
elements of odd degree. He considers an extension

1 G—>P—-C, 1
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and shows that there is an element 0 # ¢ € H'(Cs; IA((Q)*BG); that suffices by
Theorem 11.4.6. To that end one has to determine K (n)*(B@), and furthermore
the action of the quotient Cy on K (n)*(BG), or at least part of it (this will be
made more precise below). To do that one uses the calculations of the previous
section and generalised characters again. We shall give a rather a detailed account
of his work in this section.

From now on let p denote an odd prime. Let P be the goup of unipotent upper
triangular (4 x 4)-matrices, i.e. the p-Sylow subgroup of GL4(F)):

1 ¢ b2 bl
o 0 1 o A1 ey
P = 00 1 d a;, b;,c,d € IF,
00 0 1

By abuse of notation, a; shall also denote the matrix whose entry in position a;
is 1 and ay = b; = ¢ = d = 0; similarly for as etc.. Then we have an extension

1 cH; P c,
|
<a’i7 bi7 C> <d>

The group G has an elementary abelian subgroup A = (a;, b;) of rank four, i.e.,
there is an extension

1 A G (c) 1.

Thus G is a group to which the results of Section 5 apply.
Let H be the group of Example 5.2, i.e., the nonabelian group of order p* and
exponent p. There are two homomorphisms 71,7 : G — H, with

7T1(CL )

1 a, 7T1(b1) = b, 7T1(a2) =1, 7T1(b2) =
7T2(CL1) ]_, = a

We shall study K (n)*(BG) via m; and K (n)*(BH).
A is isomorphic as C,-module to a sum of two copies of V', which implies

K(n)"(BV) 2 K(n)"(BV) ®g,. K(n)"(BV)
as C), = (c)-module; consequently

H*(Cy; K (n)"(BA)) = H*(C,; K (n)"(BV))™

where H* stands for Tate cohomology; cf. the remark after Lemma 11.4.5.
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Denote by u, z (abusing notation) and v, ¢ the images of u,z under 7} and 7j,
respectively. From now on Tr will stand for the transfer from A to G. Let

~

M = K(n)*(BG)/Im(Tr),
M = K(n)"(BG)/Im(Tr) @ m) Fp.

Then naturality of the transfer and Corollary 5.3 imply

Corollary 6.1. M = K(n)*(BG)/Im(Tr) ® k) Fp, = Fplt,u,v,w, 2]/ R where
R is generated by

i—1 i—1

-1 —1 n__1 n—i n__ n—i n__
2= wP Tz, P —wP P T Y uP wP TP ) Y P P TP O

This sums up what we need to know about K (n)*(BG).

Next we need to compute the action of the element d of P on the Morava K-
theory of BG. More precisely, we shall determine its action on u, wa, z, t, and
w, considered as elements of K (n)*(BG)/Im(Tr) @+ Fp. Conjugation by d
changes only entries in the last column of a matrix in P, so v, t, and w are
obviously invariant. Also clear is the effect on z:

dz=z+4pt.
It remains to compute du.

Lemma 6.2. In K(n)*(BG) ® Q, d acts on u via

du:pr( “ +r ! >

wp~1 wp~1

Remark. Since (:%)P" = % (see Example 5.2), and similarly (%) = %, the
right hand side becomes integral after multiplication by p?~!, see also the remarks

following (5.2).

PROOF. Once more we restrict to maximal abelian subgroups. Restricting to A
results in a trivial equation, since Resgw = (0. The remaining maximal abelian
subgroups are of the form

Ars = <b17b27ca7£a§>7 OST?SSp_l'

Let 1, (2, a be one dimensional representations of A,; with (; dual to b; and «
dual to caja3. u and v are the Euler classes of the representations p; = pom; and
p2 = poma, and du is the Euler class of the conjugate p¢ of p;. The groups A,
are elementary abelian of rank three; their Morava K-theory is isomorphic to

K(”)*[xb L2, x3]/([p]xlv [p]'CE?’ [p]$5) )
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with z1 = ¢1(61), 2 = c2(B2) und x3 = ¢;(a). We have the following restrictions
of representations and generators.

Res§ (p1) =Y oo, ResG _(u) = [T (21 +r [i]zs)
Res§ (p2) =00 @ al, ResG (v) = [T7 (w2 +r [i]s)
ResA (ph) = > L8 @ By @ al, Resgrs(du) =TI 0(:1:1 +r xo +p [i]x3)

Let x be a generalised character, which (without loss of generality) takes the
value ™ on x3. Then

X(z1) =eaim,  x(22) = e,
where the ¢; are either (p"—1)-st roots of unity or 0. The lemma is then equivalent
to

H [81 + &9 + Z] o Hf:_ol[éj + i]7T tp H [82 + Z]

=l =l =l
Now [p]m = 0 implies that the left hand side equals [(g1 4+ €2)P — (g1 + €2)]7, and
the right hand side

€} —elmr+rleh —em =[] —e1+ b —ealm
The expressions in |...] agree modulo p. O

The formulae obtained so far lend themselves to concrete calculations for p = 3
and n = 2. From Proposition [.3.1 and Lemma 6.2 one obtains

dz = z+1t+ w2t + 2t?),

du = u+v—w(u’v+uw?);
these equations hold in M. Consequently
(1 —d)(tu — 2v) = tw?(v*v + w?) mod w?
in M, hence
(1 —d)w(tu — zv) = tw?(v*v + ww?) mod (w?, 3w)

in M. Filter M by powers of w; then 3w = w? implies

(1 —d)w(tu — z2v) = tw?(v?v + w?) + s,
where s is in a higher filtration. Thus

(1 — d)w(tu — 2v) — tw?(u*v + ww?) — s

is an element of Im(Tr). On the other hand, it lies in a positive filtration, since
1 — d preserves filtration. The following variant of (5.3) guarantees that such an
element has to be zero.
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Lemma 6.3. Im(Tr) is in w-filtration zero.

PROOF. Let y € K(n)*(BA) and z € K(n)*(BG) with Tr(y) = wz. (5.3) holds
analogously when H is replaced by G and V by A, whence 0 = w Tr(y) = w’x
and therefore 0 = w?"x = pwx = pTr(y). The claim follows from the fact that

K (n)*(BG) has no p-torsion. O

Now let Z € K (n)*(BG) be an element with w2Z = tw?(u?v + uv?) + s. Such an
element exists, since s is divisible by at least w*, and Z itself will still be divisible
by w. We conclude

3N(Z) = 3(1+d+d)Z =w*(1+d+d*)Z
= w1 +d+ d*)(tw?(u*v + w?) + s5) = 0.
The last equality holds since tw®(u*v +uv?) + s lies in the image of (1—d). Then

N(Z) = 0 because K(n)*(BG) has no 3-torsion, and it remains to show that Z
is non-zero.

Lemma 6.4. 0 # Z € H(C,; K(n)*(BG)).

PROOF. It is enough to prove 0 # Z € H*(Cs; M). Consider the w-filtration on
M:; this is a finite filtration since w® = 0. From the spectral sequence associated
to this filtration one sees that it suffices to check that Z does not vanish in
H'(C3;gr(M)), where gr(M) denotes the associated graded of M. Setting D =
1 — d, the structure of gr(M) as D-module is as follows.

gr(M) = Fylw] ® (Fy[D]/(D){1,u*v*} & F,[D])/(D*){u, u*v} & F,[D]/(D*){u’})
® (F,[D]/(D){1, 2°t°} & F,[D]/(D*){z, 2°t} @ F, [D]/(D*){"})

One sees that u?v and uv? are in different summands: wv? = D(u?v) mod w,
and v?v ¢ Im(D). O
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Chapter IV

Examples of Chern approximations

1 The examples Dg and (g

These groups are among the few examples where one can completely calculate
the Chern approximation. It turns out to agree with the Morava K-theory of
the group in question, giving an explicit desripction of the algebra structure in
terms of natural generators. Another way to obtain such a description would be
by Bakuradze-Priddy’s method, but relations obtained from the transfer alone
do not suffice: one has to throw in exterior power relations.

We use the presentation of Dg given in Section III.1, and

Qs = (91,92 | g1, 9105, 9195 " 9102) ;

this allows us to treat both groups at the same time. We recall the representation
theory: There are 4 one-dimensional irreducible complex representations and
one two-dimensional. Let ~; be defined by v;(gx) = (—1)%* (j,k = 1,2) , and
A = Indg192>(ﬁ) where (3(g1g2) = i. Then one has 77 = 1, ;A = A, A? =

L+ + v + 7172, and

A2A — my2 for Dy,
1 for Qg.

We shall also use a further refinement of the formal group law, due to Bakuradze
and Vershinin [BV]:
n—1

Lemma 1.1. z +K(n) y=x+y+ (:Ey—f— (I _i_y)(xy)Q"*l) mod (xy)22n72(x i
y)22n—2. D

Here we have suppressed the appropriate powers of v,, from the notation, as we
shall keep doing below.

Now let y; = c1(v;) (¢ = 1,2) and ¢; = ¢;(A) (7 = 1,2). Then we know that
K(n)*(BG) is multiplicatively generated by yi, y2, and ¢y, see [TY2, SY] or
Section 1 for Dsg.

The first relations are easy: from 72 = 1 we immediately obtain

yi =0, y5 =0. (1.1)
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Now to v;A = A: by (1.1), the formula for ¢;(+;A) from Proposition 2.1 simplifies
to
on— 1 on— 1

a(pd)=a+y, <

whence
(i) =0. (1.2)

Similarly, the formula for cy(7;A) simplifies to

n—1

02<71A> — y? + yicl —+ Co + yi(yicl>2n 1 + yfn 1 ZC%H 172k+1cgk 1
k=1
n—1
2n—1 2k+1 2k—1

n—1 _
:y?—l-yicl%—cz—i—yf ch Cy
k=1

where we used (1.2). Now since this is to equal cp, we obtain, by repeated
application of the ensuing formula,

ok k—1
vier =y} + sz PG (1.3)

We intend to use A% = 1+ 7; + 72 + 7172 next: one has ¢;(A?) = ¢;(A)?", hence

n—1

c?n =Y+ Y2+ (y1 +K(n) y2) = (y1y2)2 (1-4)
By (1.2) and (1.3), this implies
on—1 om ook 41 2k—1y 9n_7
Y1 (Y192) =G = <y1 + Z?J G2 )01
=yicf 71—9161 3:"‘:3/%”01:0
and thus
n n—1 on— 1 n—1__ — _ 9k k—1
of = (yly2)2 ¢ =y y% ( Z a 2 ) =0 (1.5)
k=

Consequently, using (1.3) repeatedly,
k—
vici = i + Zy ‘(i)
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which implies Y3y, = y192¢2 = y1y5. This gives

n—1 n—1

n__ok k—1 n_ok_ 1
nyer =yl + > vl T T ed =yl Y pws G
k=1 k=1

= Yiy2 + n1yac1 + 195
hence
Yy = 11y - (1.6)
Furthermore, since we may calculate modulo ¢ ! by (1.5), we have

2 2 2n 22n-—1
a(A%) =c+¢c] &

On the other hand

n—1 n—1
ol+n+r+mnre)=ny+W+w) i +r+yl v )=y +ne+y

using (1.6), thus
n—1 22n—1

G =yt + () G . (1.7)

n n n
Also, modulo ¢ ™ one has c3(A?%) = 2" ¢2" and

n—1 n
es(L+m+ 72+ =yeln +y+ @) ) =y +uny; +d " =0,

leading to
n—1 n
(y1y2)2 cg =0 and c? = yf + 11y + y% . (1.8)

So far, everything worked for either Dg or (Js. Now that we shall use exterior
powers, things will start to differ. We have

2n71 2277.72

aNA) = +& + A (1.9)
since we may calculate modulo ¢2"c2" by (1.8), and

ca(mye) = +y + (ylyz)Qnil :

Together with (1.8) this gives

2" +yl+ys for Dg,
y% —+ Y1Y2 + y% = c% = { gn yl y2 8 (110)
G2 for Qs;
hence
n for Dsg,
g = , s (1.11)
y1 + Y1Y2 + y2 fOI' Q8-
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Equations (1.8) - (1.11) furthermore imply

n—1
Y1+ Yo + C3 for Ds,
Cl = ;nfl ? 2271271 ® (112>
c; T+ for Qs.
Finally, plugging all this into (1.3) results in
- n_ ok k—1 Y1Ya2 for Dg,
S oyl G =07 (1.13)
P Y; for Qs.

To complete the calculation of the Chern approximation, it is easy to check that
c4(A?%) = 0 follows from the relations already proved and thus does not give rise
to a new one.

Summing up, we get the following relations (which in the case Dg indeed coincide
with those obtained earlier):

(i) 7" =0;

.y on Y1Y2 for D,
(11) G = 2 2
yi t vy ty;  for Qs;

n - for Dsg,
(i) S g =
y; for Qs.

Furthermore, in (1.12) we have also identified ¢;, which can not be done by
restriction methods. Note that these relations imply all the others proved along
the way, as well as ¢ 2" = 0.

It remains to check that the Chern approximation has the correct rank, which
according to the Euler chracteristic formula from [HKR] should be 34" — 12",

From the relations one easily reads off the basis (which works for either group)

; 1 om | 1<i<2" ec{0,1}, 0<j <27,
{ylySCgv y%cév Co 0< k.l <onl {2n_1}< m < 2" }

which has indeed the right length. We thus have:
Theorem 1.2. Let G be either Dg or QJs.
(a) K(n) (BG) = C(G; K(n)).

(b) K(n)*(BG) is multiplicatively generated by the classes y1,ys, ca subject to
the relations (i)-(iii) above. O

Remark. Note that our relations coincide with those obtained in [BV]. The au-
thors use slightly different generators there, their x corresponds to our y; and ¢

to y1 +rn) Y2
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2 Groups with dihedral and quaternion Sylow subgroups

As corollaries of the calculations of the previous section one can determine the
Morava K-theory of groups having Qs or Dg as Sylow subgroup. We shall do this
for SLy(FF3) for all n and 3, for n = 2.

Let G = SLy(F3) = Qs x C5. This group has three one-dimensional represen-
tations 1,¢,e? factoring through the quotient Cj, three two-dimensional repre-
sentations A, e/, e2A, where A restricts to the representation of the same name
of Qs (which extends to G), and one three-dimensional representation, which
is obtained by inducing a nontrivial linear character of () up to G. One has
the following product relations, Adams operations, and exterior powers, easily
calculated from the character table:

F=1, A’=1+40, o>=1+8+F+20, fo=0, Ac=(1+3+F)A

(

2 k=0,1(12)

A k=1,5711(12)
YPA =S (=14 6+ F)A k=210 (12)

B+ 52 k=48 (12)

(18— +0 k=6(12)

3 k=0 (6)
v )o k=1,5(6)
LA EE k=24 (6)

2—-08—-03*+0 k=3(6)

NA=1, NMo=o0o, No=1.

Since the Morava K-theory of the 2-Sylow subgroup (s is concentrated in even
degrees, the same is true for SLy(F3). The rank of K(n)*(BG) is readily com-
puted using the Euler characteristic formula,

Xooa(SLo(F3)) = 2an 4 Lo
2 2
We proceed to calculate C'(SLy(F3); K(n)), although in less detail than above.
Clearly, cx(8) = 0 for k > 0. Let ¢; = ¢;(A) and d; = ¢;(0). From ¢¥*A = 3 + 3
one obtains ¢! = 0. (This implies in particular that in calculating Chern classes
of operations on A, the terms of the formal group law given by the Bakuradze-
Vershinin formula (1.1) suffice.) Secondly, ¥?A + 1 = o gives

n n
dlzc? , ,d2=c§ and d3 =0,
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whence the Chern classes of A generate — which is what one would expect, see
below. Next, A2A = 1 gives ¢; = 2" + & . Finally, consider *A + A =
(B+ B*)A. Since ¢;(BA) = ¢;, one concludes ¢; (¢Y2A) = ¢; and co(V3A+A) = 0,
hence

Co = (VP A) =y + &

Thus C(SLy(F3); K(n)) is generated by ¢y and has rank 227! 4 27~1_ Since this
coincides with the Euler characteristic (which equals the rank by virtue of there
being no elements of odd dimension), we have proved:

Theorem 2.1. Let p =2 and ¢y = co(A). Then

K (n)"(BSLs(Fy)) = C(SLa(Fy); K(n)) 2 K (n)*[ea] /(3 ") 0

Remark. The calculation of the Morava K-theory of this group (at p = 2) is of
course much simpler than this: It follows immediately from the Serre spectral
sequence that K (n)*(BG) = K(n)*(BQg)®*. The representation A is invariant
under the Cs-action whence the same is true for its Chern classes. Now the
submodule of K(n)*(BQs) generated by Res(c2(A)) (= ¢ in the notation of
Theorem 1.2) has the correct rank, as one immediately reads off the relations for

Qs-

Remark. Of course, this result can also (and arguably more easily) be obtained
from Tanabe’s theorem.

Next, consider the group >4. The following calculation is a variant of Strickland’s
calculation in [St4], Section 14. The symmetric group ¥4 has 5 irreducible repre-
sentations 1, ¢, 6, p, ep of dimensions 1,1, 2, 3, 3, respectivley, subject to relations

2=1, =0 6=1+e+0,

pPP=1+0+p+ep, dp=p+ep.

The Adams operations are easily calculated from the character table:

2 k=0 mod 6
WS = ) k=+1 mod 6

l—e+6 k=42 mod 6
1+¢ k=3 mod 6

\

(3 k=0 mod 12

P k=+1.45 mod 12

Wy = 14+d0+p—ecp k=22 mod 12
p l+e—6+p k=43 mod 12
2—e+94 k=44 mod 12

( 2+0+p—ep k=6 mod 12
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and ¢*(gp) = ¢’ (p). Thus the non-trivial exterior power operations are
Mo=¢e, Mp=XN(ep)=cp, Np=¢c, N(ep) =1.

Conceivably one can calculate the Morava K-theory of >4 from these relations and
operations, but we shall not do so. Instead, we use the embedding K (n)*(BX,) —
K(n)*(BDs). Furthermore, we only consider the case n = 2.

Let dy := ca(ep), ds := c3(ep), and y; := c1(e). We claim that K(2)*(BY,) is
generated by these three classes. Denote their images in K (2)*(BDs) by the same
names; since Res?)‘; () =71 and Res%;(ép) = 7172 + A (using the same notation
for representations of Dg as before), y; coincides with the class also called y;
earlier, whereas

dy = co+yi + 5 + (Y3 + y3)ea
ds = (y1 + y2)c2 + €5

Using the relations in K (2)*(BDs), we first see d = ¢b for i > 2, and
dody =0, d3=0, wdy+yids=dy yids=yids+ynd;. (2.1)
This gives a basis of 17 elements, namely
{yidh |0 <i,j <3} U{ds}.
Since 17 is the rank of K(2)*(BX4), we conclude

Theorem 2.2 (Strickland). K (2)*(BX,) is generated by y1,ds, ds, subject to the
relations (2.1). All the relations can be obtained formally from the representation
ring. Thus K(2)*(BX,) = C(X4; K(2)). [

The second sentence in the theorem follows from the result for Dg. This is not to
say that C'(G; K (n)) is isomorphic to K (n)*(BG) whenever this holds for a Sylow
p subgroup P. Indeed, such a statement is plainly false: when K(n)*(BP) =
C(P; K(n)), one cannot even conclude that K(n)*(BG) is generated by Chern
classes of (irreducible) representations of G. For an example here, consider the
alternating group A,: asimple consideration of invariants shows that K (n)*(BA4)
is not generated by Chern classes, one needs transfer classes.

3 Dihedral and quaternion groups of larger order

In order to prove a statement like part (a) of Theorem 1.2, it is not always
necessary to determine all multiplicative relations.

Suppose one already knew that K(n)*(BG) was generated by Chern classes of
representations. It then suffices to produce, using only formal consequences of
the ring structure of RG plus Adams operations, enough relations among the
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Chern classes of all irreducible representations so that the rank of the result is
equal to the Euler characteristic of G. This is the course we shall follow for
dihedral and generalised quaternion groups of larger order; for the assumption
on generation by Chern classes we refer to the main result of [Sc|, reproduced
here as Corollary V.1.3.

Let

2m+1

G={a,bl|a =1, b*=a, babt =a')

with G = Dym+2 for e = 1 and G = Qgm+2 for e = 2™,

The next few lemmas, recording the structure of the representation ring RG and
the Adams operations, are routine. Note that RDym+2 and R(Q)ym+2 are isomorphic
as rings.

Define representations ; (j = 1,2) and oy, (0 < k < 2™*1) of G by

Y(a) =y(a) = =1, 7)) =1, 1) =-1

and
O = Ind& (p")

where p: (a) — C* is given by p(a) = exp(2~™ni). The choices made for the v,
are consistent with earlier notation, and will result in more symmetric looking
formulas later on.

Lemma 3.1. The irreducible representations of G are 1, 1, v2, Y172, and oy for
1<k<2m. 0

Note that oy = 1+ 1172 and o9m = 1 + Y2, as well as gom, = oom_,..
Lemma 3.2. The ring structure of RG is given by
(a) vjor = ogm_p (0 <k <2™);
(b) o0, = 0p4j + oy for j < k. N

Adams operations and exterior powers differ for the two types; they are deter-
mined by

Lemma 3.3. (a) Y*o, = oy for k odd;

(b) V20, = L =2 + oo for G dihedral,
’ (=11 —mv2) + oo for G quaternion;
22 {7172 for G dihedral, or G quaternion and k even;
O =

1 for G quaternion and k odd.
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The central extension Z — G — D' = Dam+1 (for either group) gives an ‘inflation’
map RD’ — RG with image generated by the 7’s and the o9;. This means we can
inductively assume the relations among the Chern classes of these representations.

Theorem 3.4. Let G be either Dym+2 or Qom+2. Then K (n)*(BG) = C(G; K(n)).

Proor. We shall give fewer details than before; the arguments closely resemble
those of Section 1. Also, we only give the proof for dihedral groups, the other
case being similar.

Let ¢, = cx(01) and y; = ¢1(7;). We shall prove:

(i) all other Chern classes can be expressed in terms of 41, yo, and cs;

i=y =0

(i

(i y1y2 = ?lezu

(V) a=mn+y+c " mod ¢3";

(m+1)n—1 n—1
2 +2 — 07

(vi)

i)y
)
(iv) mya =3
)
)
(vii) y;c2" = f(y;,c2) +g(c2) (j = 1,2) for certain polynomials f and g, where
the co-degree of f is less than 271

This suffices, since K(n)*(BG) is generated by Chern classes, and modulo the
relations (i) - (vii) one has the basis

{yicy|j=12 1<r<2", 0<s<2"'}U{ch|0<t<2mtn=l o1y

of cardinality

1 1
52(m+1>” +4" = 52" = Xna(@).

Assertion (i) follows directly from Lemma 3.3, except for the claim about ¢y, to
which we shall return later. (ii) is obvious. Most of the others are proved by
induction on m, based on the calculations for Dg. Let dy = cx(02). Then we can
inductively assume (i) - (vii) for the dj (where (i) refers to all og) with m replaced
by m—1. Then (iii) is immediate, and (iv) follows from " oy +7172 = 14+ +7o,
which gives ™" = (y142)?" and then

gmmn

mn n—1 n—1
A =G (Y km v2) T ye = W) (1 + v+ (192)” ) + e = iy
where we have used (ii) and (iii).
Next, consider 1201 + 7172 = 1 + 09. Applying first and second Chern classes to
this identity yields

2271,

=@ modd and dy ="+ (51 +y2)d mod &
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where the second equality should then be plugged into the first. Moreover, if we
write z for y1 +x(n) Y2, then vy1y201 = o1 implies

n—1
n_ ok k—1
ze; = 2% + E 22 and 22 =2°

k=1

since we can copy the proof of (1.3). Thus

n—1
(i +we)er =+ 1) + ) a+ Y+ 2Hd T (31
k=1

(note that by virtue of (iii), 2" = (y; + y2)" for r > 1).
From A2 = 7172 one obtains

—1 on 22n—2 2277.—2

a1 = (n+y2) + an_l + C%n c5  mod ¢ Cy (3.2)

which by repeated application proves (i) for ¢; and (v). Together with (3.1) this
implies
n—1

n—1 n_ ok k—1
W +u)s =) (n+p)* > (3.3)
k=1

which in turn gives (using (iii) and (iv))

2(m+1)n—1+2n—1 . on—1 on-—1 _o9nq on—1
Gy = (yly2) Gy =Y Y25
n—1
_ ., 2n—1 on—1 on—2k_1 ok—1y
=7 a1+ 1) G )=0,
k=1

i.e., (vi). Finally, (vii) follows from

2'm71_1 27n71
01+ 01 = Ogm-1_109m-1 = o o1,

a general formula for ¢;(yo) as in Section 1, the formula for ¢, and the fact that
by all of the equalities proved already, ca(¢2" 1oy - 2" 'o1) can be expressed
as a polynomial in y; and c. Il

Remark. (a) With more effort, the actual relations can be derived using this
method, but we were more interested in the fact that the Morava K-theory of these
groups is completely determined by K(1). Also, there are more efficient ways to
find the relations; one was hinted at in III.1, another consists of a combination
of the above with transfer methods, see [BV].

(b) An analogous theorem can be proved for semidihedral groups.



Chapter V

Calculations at the prime 2

This chapter is concerned with the prime 2, as the title says. There are some ways
in which this prime is different. For example, there is no complex orientation x
such that [—1](x) = —z, which makes some arguments harder.

The first section is an outgrowth (and slight generalisation) of [Sc]; it deals with
groups having a maximal cyclic subgroup and other related groups.

Section 2 covers groups of order 16. These calculations are implicit in Yagita’s
papers, but we chose to include them for illustration and reference.

Section 3 gives calulations of the Morava K-theory of the groups of order 32.
Many of those are new, and make use of the tools developed in the first two
sections of this chapter.

In this chapter we assume always p = 2.

1 Central extensions with dihedral quotients

In [Sc], we calculated K (n)*(BG@) for groups G possessing a maximal cyclic sub-
group; these are the dihedral, semidihedral, generalised quaternion, and quasidi-
hedral groups of 2-power order. The method of calculation was in all instances
the same: in each case there is a central extension

7

1 N G—+D 1 (1.1)

with D a dihedral group (it makes sense to identify Cy x Cy with Dy). Then N is
cyclic of order 2 for dihedral, semidihedral or generalised quaternion groups, and
cyclic of index 4 in the quasidihedral case. It turned out that the Serre spectral

T By = H*(D;Fy) @ K(n)*(BN) = K (n)"(BG) (1.2)

associated to (1.1) had only three differentials, namely ds: ES® — E>° then
don+1_1 given by @), and one more, which is determined by the maximal cyclic
subgroup.

After a slight generalisation of the method, we shall give a shortened account of
this calculation.

The reason it is so easy is that one has perfect control over the @),,-homology of
quotients of H*(D) by non-zero divisors; thus this part of the argument can be

67
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made a little bit more general. An ‘integral’ variant for the special case D = Dy,
was originally considered in [SY].

Suppose that in the extension (1.1), D ‘acts trivially’ on N, by which we just mean
that every element of D has a preimage in GG that centralises N. This certainly
happens when the extension is central, or when G is the central product of N
with D. In general, when N is not abelian, D does not act on /N, but only up to
inner automorphisms of N, i.e., one has a homomorphism ¢ : D — Out(N); this
homomorphism should be trivial. A set theoretic splitting s of 7 gives rise to a
set theoretic lift ¢: D — Aut(NV) of ¥, and we further require the existence of a
trivial lift.

Under these circumstances, we have

Theorem 1.1. Let G be as above. Suppose that K(n)*(BN) is concentrated in
even degrees, and that in the Serre spectral sequence (1.2), all elements in Eg’*
are permanent cycles. Then K(n)*(BG) is concentrated in even degrees.

PROOF. We first prove the statement when D has order 4 (this is the case treated
in [SY]). Consider the inverse images H of any Cy C D4. Such H is either
abelian or a central product; in any case, the associated Serre spectral sequence
has only one differential dont1_7; = v,Q,. This implies that the first potentially
nontrivial differential has to be of the form dsz = 23wy + 125 mod v,, where
H*(Dy;Fy) = Fy[xq, x5). Thus we obtain an isomorphism

E4 =2 K & FQ[xl, J]Q}/(Ilflfg(l'l + ZL'Q)) D H X Fg[l’l, IQ]{J]lfL'Q(Jfl + IL‘Q)}

where K = Ker(ds|g(m)«sn)) and H = H(K(n)*(BN),ds @ (z122(x1 + 22)) 7).
By assumption on FE,, the next differential is don+1_; = v,Q,. It is now easy
to verify that the @Q,-homology of M’ = Fylxy, zo]xi2e(21 + 22) and M” =
Folzy, xo]/(x129(z1 + 22)) is finite and concentrated in even degrees: look at
the short exact sequence 0 — M' — M — M" — 0 with M = H*(BV) and
the induced long exact sequence(s) in @),-homology (one for each degree mod-
ulo |v,]). The @,-homology of M"” is even and concentrated in degrees at most
21 and the map H(M;Q,) — H(M";Q,) is onto, rendering the connecting
homomorphisms trivial, whence the claim. This finishes the proof for this case.

For the case D = Dym+1 with m > 1, first recall the cohomology of D (e.g. from
II1.1):

H*(D;Fy) = Foly, xa, wo] / (2122)

As before, we sometimes write w; for x1 + x5. There are two conjugacy classes
of maximal elementary abelian subgroups, represented (say) by K and T', both
of rank two. Restricting to these and applying the special case just proved, one
sees that dj is either trivial, or has image (wjwy) mod v,. If ds is trivial, we are
done by the assumption on E,; and (the calculation of) the Atiyah-Hirzebruch
spectral sequence for the dihedral quotient. Otherwise, we have

E,2 KoM & H®M
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where K and H are defined as before as the kernel and homology of d3 and
ds @ (wywy)™ on K(n)*(BN), respectively. Here M’ = M{wjws} and M" =
M /(wywsy), where M = H*(D;F3) (note that wjws is not a zero divisor in M).
The next differential being don+1_; = v, ® @,, we need to calculate the @,-
homology of M’ and M”. For M" this is easy: modulo wjws, one has

n

Qu() =27, Qulwn) =Y wf 27w =0, Qu(ziws) =0,

r=0
giving
2n+1 2n+1

H(M";Q,) = Faws){1, myws} @ Foa?}, 23]/ (x723, 25 23" ).

For M’, one could either do this directly, or, since we already calculated the
@n-homology of M in III.1, by means of the short exact sequence of ),,-modules
0— M — M — M" — 0 and the associated long exact sequence(s)

C—— H(M';Q,) — H*(M;Q,) —— H*(M";Qy)
0 R HSHQnI(M/; Qn) ,
Recall from Lemma I11.1.2
H(M;Q,) = Folod, 23] /(af23, 23", 23"") ® Fafwd] /(w?") @ Fa[wi]{wd", ¢}

with (=3 z QHH 2 412" We need to determine § and . The formulas for

the action of Qn give

0(a*) = d(wy') =0,
S(w2F ) = w2*Q,w, (note that Q,ws is not a boundary in M"),

2% on+l ok 2k+1 E: antl_ortly2 w2
S(rwsy™) = a7 wy",  d(rwy ) = Qu(Ti1ws w2 =

Reduction modulo wyws gives
Ker(k) = Fo{z? w2, 22w |1 <i,j <2, 0< k1 <2" '},
Splitting the long exact homology sequences into short exact sequences 0 —

Im(§) — H(M'; Q) — Ker(k) — 0 thus yields an additive isomorphism

H(M';Qp) 2 Fluwg){a}"", @nmwg) Quwz}
@ Fol{a?w?*, aPw? |1<i,j<2", 0<k,l <27},
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Thus the Eyn+1-page
FEorni1 2 K® H(M”; Qn) b H® H(M/§ Qn)

is still infinite, and there must be further differentials. The only way to arrive
at a finite F-page is when ¢ and ), ws support differentials, and we obtain an
FE.-page concentrated in even degrees. O]

Corollary 1.2. Suppose in addition that all elements in Eg’* are restrictions of

good elements of K(n)*(BG). Then K(n)*(BG) is good.

PROOF. This is a consequence of the following facts: (i) the x? are clearly repre-
sented by Euler classes of one-dimensional representations of G (ii) there is an
extension problem identifying ws as a polynomial in elements of Eg’*: this can
be seen either by restriction to subgroups, or by appealing to the extension class
in (ordinary) cohomology. O

As a first application, we immediately recover the aforementioned results of [Sc:

Corollary 1.3. Let G be either dihedral, semidihedral, generalised quaternion,
or quasidihedral. Then

(a) K(n)*(BG) =0;

(b) K(n)*(BG) is generated by Euler classes of complex representations.

PRrROOF. For each of the four types, one has a central extension

1 C G D 1

as in the lemma, with C' = C5 for the first three types, and C' an index four cyclic
subgroup for quadidihedral G.

It remains to check the condition on the Fj-page of the Serre spectral sequence.
It is easily verified that each of these groups has a two-dimensional complex repre-
sentation restricting to a sum of two copies of a generator u of the representation
ring of the (cyclic) centre; thus if z = ¢1(u) denotes the generator of K (n)*(BC),
then 22 is the restriction of an Euler class of G. O

Remark. The multiplicative relations given in [Sc| contain errors, since we missed
another extension problem there. For Dg and (Jg, the correct relations were
derived from the Chern approximation in IV.1. The same method should work
for the bigger groups; compare the remark at the end of IV.3.

Remark. Since these groups are metacyclic, one could equally well derive the
corollary from the results of Tezuka-Yagita [TY3].

There are other instances when the lemma is useful, as shall be seen in the next
sections.
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2 Groups of order 16
There are 11 nonabelian groups of order 16,
(a) Dg x Cy, Qg x Ca,
(b) Dig, @16, the semidihedral group SDsg, the quasidihedral group @ D;g,
(c) the central product Cy o Dg, also known as almost extraspecial group,
(d) Gy = {a,b,c|a*=b*=c*=1,cac = ab,|a,b] = [b,c] = 1) = (CyxCs)xCy,
(e) Go={a,b|a*=b"=1,b"tab=0a"') = Cy x C.

The groups in (a) and (b) have been dealt with in previous sections. The central
product is described additively by Corollary 11.5.3, so just (d) and (e) remain:
both are minimal non-abelian 2-groups, i.e., all of their maximal subgroups are
abelian. Thus they also have even Morava K-theory by Theorem II1.3.4.

3 Groups of order 32

In this section we calculate K (n)*(BG) additively for G of order 32. The original
motivation for doing so was the faint hope of finding a 2-primary counterexample
to the Hopkins-Kuhn-Ravenel conjecture, i.e., a 2-group GG with odd Morava K-
theory. In this we failed — the groups considered are probably way too small.
The problem thus remains open.

The theory as described in Chapter III covers 33 groups, leaving 18 to be calcu-
lated. For some groups we only consider the second Morava K-theory K (2); the
reason for this restriction is that in these cases we rely on computer calculations
(with MAPLE), being unable to cope without. This concerns the groups #38-41
and #44-48, which shall be dealt with at the very end of the section.

We shall use the Hall-Senior list for the 51 groups of order 32, and denote the
group number ¢ by G;. The groups are ordered by their central quotients.

3.1 Groups 1-15

The first 7 groups are abelian, and Gg - G5 have an abelian factor, so they are
all good by the results of Section 2.

3.2 Groups 16-22

These all have central quotient Cy x C5, so Theorem 1.1 applies, once one has
checked the hypothesis on the E4-page of the Serre spectral sequence. In fact,
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we only need to do this for G16 and G17, since the others are metacyclic and/or
minimal non-abelian:

Gis={abcla' =b' = =[a,d = b, =1, a7 ba=ac) = (Ci x C2) % Ci
and
Gao = (a,b,c|a® =" =¢* =[a,d] = [b,c] = 1, bab = ac) = (Cs x Cz) x C;
are minimal non-abelian and hence good by Theorem III.3.4;
Gio=(a,b|a®=b"=1, b lab=a") = Cs x C4
Gor = (a,b|a* =0 =1, b'ab=a®) = Cy x Cy
Gaa = QD3

are split metacyclic.
G is a semidirect product (Cy x Cy) x Cs; a presentation is

G =G = (a,b,c|a*=b"=c*=a,b] =[bc| =1, cac = ab®).

a® and b generate the centre Z = C; x (s, and we consider the Serre spectral
sequence for the central extension 1 — Z — G — Cy x Cy — 1 with

By = K(n)'y, 21/ (7", #") @ H*(Cy x Cyi F)

where y and z are the Euler classes of the representations n and A of Z defined by
n(a?) = =1, n(b) =1, and A\(a?) = 1, \(b) = i, respectively. Then 1 extends to a
representation 7 of Gy by setting 77(a) = ¢ and 7(¢) = 1; thus y is a permanent
cycle. z however is not, but we need to check that 22 is. Define a representation
o of G by

o= Indg,w(u) where u(a) =1, u(b) = 1.

Then Res$ (o) = 2, and we are done.

(17 has a presentation
G =Gy ={(a,bc|a®=c"=la,d =[a,b =1, b’ =a* cbc=a'b);

the centre Z = (a) is cyclic of order 8 with quotient Cy x Cy. The Es-term of the
Serre spectral sequence of the corresponding central extension is then

Ey = K(n)*[2]/(z*") @ H*(Cy x Cy;Fy)

with z = e(p), p(a) = exp(wi/4). Now p extends to a representation p of (a,c)
by setting p(c) = 1. Since a is central, one has p°(a) = p(a), whence

G1.9G (=
ReSZ Ind(a,c) (p) = 2/07
implying that z? is a permanent cycle. Summing up:

Theorem 3.1. The groups #16-22 are good. [
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3.3 Groups 23-33

These groups all have central quotient Dg, so this will be another instance of
Theorem 1.1 and henceforth an easy exercise in representation theory.
They also share the same Morava K-theory Euler characteristic

1 1

The first three (groups 23-25 or I'a;, i = 1,2, 3) have a direct factor Cy: they are
isomorphic to Cy x Dy, Cy X SD1g, and Cy X (16, respectively.

Gag = (a,b | ad=vt=1, blab= a”') and
Gso = {a,b|a®=b"=1, b~ 'ab = a*)

are split metacyclic, whereas G3; = Cy 1 Cy and G33 = (Cy x C3) 1 Cy. Thus we
are left with numbers 26-28 and 32.

Groups 26-28 and 32. Presentations are e.g. as follows:

Gos = {a,b,c|a® =b0*=c* =[a,b] =1, cac = a™", cbc = a*b)

Gy = (a,b,c|a® =b* = c* =[a,b] = [b,c] = 1, cac = a'b)

Gog = {a,b,c | a® =b* = [a,b] = [b,c] = 1, ¢ = a*, ¢ 'ac = a®b)
Gp=(a,bela®=1,b=¢ ' =a', [a,0] = [, = 1, ¢"'ac = d’)

We chose these presentations in order to facilitate unified treatment: for example,
a and b generate a maximal abelian subgroup A = Cg x (s in all four of these
groups.

We start with Gog: this group is a central product of a cyclic group of order
four (generated by a?b) with a dihedral group of order 16, and we are done by
Corollary I1.5.3.

Next, G2 is (nonsplit) metacyclic, thus already covered.
Finally, let G be either Gy or Gag. Both groups have centre Z = (a*, b) = Cy x Cy

(with quotient Dg, as remarked earlier). Mandated by Theorem 1.1, we consider
the Serre spectral sequence of the central extension

1 —— (a*,b) G (a,c) 1
with

Ey = H*(Dg; K(n)*(BZ)) & Faz1, wy, wa] /(2] + m1w1) @ K (n)*[21, 2] /(27,23 ) .

Here 2, and 2z, are the Euler classes of \j, Ay corresponding to a* and b, respec-
tively, while we keep the notation for H*(Dg;Fy) from previous sections.
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Since [G, G| = (a®b) = C,, we have a one-dimensional representation 3 of G with
B(b) = —1 (and f(a) = f(c) = 1); this restricts to Ay on the centre. Thus z; is a
permanent cycle. Now let A = (a,b) = Cg x Cy as above, and define p € RA by
p(a) = exp(mi/4) and p(b) = 1. Then p¢ is either p=! (for Ga7) or p* (for Gag);
in any case,

Res$ IndS (p) = Resy(p + p°) = 2\,

SO z12 is a permanent cycle, too.

Theorem 3.2. The groups #23-33 are good. O

3.4 Groups 34-37

Presentations of G34-G37 are as follows:

Gay = {a,b,c|la*=b"*=c*=[a,b] =1, cac=a", cbc=b"")

Gss = (a,b,c|a* =b*=[a,b] =1, ¢ =a’* cac=a", chce=0b"")

Gag = (a,b,c|la* =b" = =[b,c]=1, atba=b"", cac=a")

Gyr = {a,bc|la* = =d*=[b,d] =1, d=[a,c], b* =a®, bab™' =a™ ')

All four groups have centre Z = Cy x Cy with quotient C3, and Euler characteristic

1. ., S R
Xop = 516" 48" — 4"
G34 and G3; have the maximal abelian subgroup A = (a,b) = Cy x Cy, on which
the quotient acts (diagonally) by inverting a and b. From the result for Dg we
know that M := K(n)*(BC,) is a permutation module for the automorphism
inverting the generator of the group, thus K(n)*(BA) = M ® M is again a
permutation module. It follows that G34 and G35 are both good.
('3 contains the maximal abelian aubgroup A = (b, a?, ¢) = Cy x Cy x Cy. From
the relations one reads off that K (n)*(BA) = M ® N, where N = K (n)*(BCj x
Cy) with the switch action, so this is again a permutation module; the situation
is similar for G'3; and the maximal abelian subgroup A = (b, ¢, d).

Theorem 3.3. The groups #34-37 are good. [

3.5 Extraspecial groups

There are two of those, namely the central products Dg o Dg and Dg o (Jg, and
they carry the numbers 42 and 43. Both groups were treated originally in [SY]
using integral Morava K-theory. Here we present a mod 2 calculation; this has
its advantages, as we shall see.

In both cases, GG is generated by elements a4, ..., a4 of order 2, and we have an
extension

1 G G Vv 1



3 Groups of order 32 75

with G = Dg and trivial V-action on G’. Thus the strategy will be to use
Theorem 1.1.

Set G;; = (@i, aj) C G, numbering the generators a; such that G' = G5, and A; =
(a;). Then G34 = Dg or Qg, and G34/C =V for C' = centre of G. This allows us
to keep the notation for K(n)*(BDg) from the earlier section. Furthermore, let
H*(BV;Fy) = Fy[zy, x5, and set for convenience o = 3wy + x12%2. We consider
the spectral sequence

Ey* = H*(BV;K(n)"(BDg)) = K(n)"(BG). (3.1)
Lemma 3.4. In the above spectral sequence, we have
dscy =c; ®@a mod (y1,10)>.

Before beginning with the proof, recall that ¢; = y; + y2 + vncgnfl; we use ¢;
here for notational simplicity. Also, all K(n)* generators of cyclic groups will
indiscriminately be called u.

PROOF. For dimensional reasons, dzca = (A1y1 + Aaya + Azc1) @ @ mod (y1,y2)?
with \; € F5. Consider the map of spectral sequences induced by

1 A1XC—>A1XG34—>V:G34/C

1 G’ G %4 0
Since Resa, xc(c2) = u? + uy; mod (y3) and dsu = 1 @ «, we get

0

i*(dgco) = d3(u® +uyy) =1 ® a mod (y7)

and hence A\ + A3 = 1. Similarly, replacing A; with A, we get Ao + A3 = 1.
Finally, consider the inclusion of A = (ajas) = Cy into Gio:

1 A Ao Gy V 0
R
1 G2 G Vv 0

Now modulo u2"""| we have Res4(cp) = u® +v,u?" ™ and thus j*(dsc;) = v,u?" ®
a. Since Resa(cy) = vp(Resa(c2))? ' = vu?", we get A\ + Ay 4+ As = 1, too. [
Therefore

d3(yic2) = yicr @ a = y; @ mod (y1,0)° .
Using this formula, it is easy to see that K := Ker(dglK(n)*(BDs)) is generated as
K (n)*-algebra by

2 n_q n_q n_1 22’”71_’_1
Yis Y2, G, bi=y1 "o, ba =15 Tea, Yobi = yiba = yiys T =65 .

The last three terms are in K since v,5?" = 0 in K(n)*(BDg). More precisely,
we have
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Lemma 3.5. In the spectral sequence (3.1), the kernel K and the homology H
with respect to d3 @ o™t are given additively by

K = K(n)*[c2]/(c3" ) {br, ba, b, yh. ya(1 < i,j < 2)}
® K(n)[c]/(c3" ),
H= K(n)*{l,yl,yg, b1, b27y1b2}[cg]/(cgn_l)

PRrOOF. This is a simple calculation using the relations in K (n)*(BDs). O

We want to show that all elements in K are permanent cycles. This is clear for g
and ys, since they are Euler classes of linear characters of G itself. Furthermore,
c2 is the restriction of the Euler class of the spin representation of G: it restricts
to 2A on Dg. Finally, using the relation

n

2n72k+1 2k71 o
DouTE T = n
k=1

we see that by, by, and b, are polynomials in y; and ¢3 (so we might as well
have said that K is generated by y; and c3, but the b; show up as generators for
homology). Note how much easier this argument is compared to the laboured
character considerations in [SY]. We even get a slightly better result: all genera-
tors are restrictions of Euler classes of representations of G proper — no need for
transfers.

Thus the assumptions of Theorem 1.1 hold, yielding (for Dg o Qs the reasoning
is completely analogous)

Theorem 3.6. Let G be an extraspecial group of order 32. Then K(n)*(BG) is
concentrated in even degrees, and generated by Euler classes. [

Remark. One might try other extensions as well, e.g., the one with a single C,
on top. Morally, the associated spectral sequence should have no differentials at
all, if one works integrally, or only the one inherited from the Atiyah-Hirzebruch
spectral sequence for BC5 in the mod 2 case. One would however need a calcu-
lation of invariants, which (at least in the case of Morava K-theory) seems fairly
complicated. At the other extreme, one could attempt to use Quillen’s original
approach for mod 2 Morava K-theory. One gets a similar picture with powers
of the multiplicative generator of K (n)*(BC>) transgressing and killing a regular
sequence in the cohomology of BV, but is left with the problem of computing the
@n-homology of the quotient. Computer calculations for n = 2,3 suggest that
this is indeed finite, concentrated in even degrees, and gives rise to the correct
rank, but we have been unable to prove it in general. Conceptually it would be
the most satisfying approach.
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Remark. Yet another possible approach is using the Rothenberg-Steenrod spec-
tral sequence of 11.5 for the description of the group as a central product Dgo Dsg.
To that end, one first has to calculate the structure of K (n)*(BDg) as a comodule
over the Morava K-theory of the centre Z: let K(n)*(BZ) = K(n)*[u]/(u?") with
u the Euler class of 1, say. Keeping the notation established previously for Dsg,
the composite of the multiplication map p: Z x Dg — Dg with the representations
A and ; of Dg gives

Yiou=1®v, Aopu=n®A.
From now on let n = 2; then one obtains

py) =1y (i=1,2)
pe) =10c +u*®c
pre) =10 +u®c +u?® (1+cc) +u’®cf

Using this coaction, we used a MAPLE program to calculate first the cotensor
product of two copies of K (2)*(BDsg) over K(2)*(BZ). This turns out to have
rank 148 (‘equidistributed’ over the degrees 0, 2, 4, i.e., one extra in degree 0).
To calculate

COtOrK(Q)*(BZ) (K(Q)*(BDgg), K(Q)*(BDS)) )

we would have to construct a resolution e.g. by extended comodules. We found
it easier to dualise everything and build a free resolution of K(2).(BDsg) as a
K(2).(BZ)-module. The K(2)-homology of BZ is again a truncated polynomial
algebra, generated by ¢ dual to u? (in the basis {1, ,u, u? u3}), cf. Theorem IL.5.1.
Feeding this into MAPLE, one sees that the 22 dimensional module K(2),.(BDs)
splits as a sum of four free and six trivial modules (this can be done by computing
the Jordan normal form for the action of £.) Thus Tor; (Cotor®) has rank 148 for
k = 0 and rank 6 in every positive degree. This means that the spectral sequence
cannot collapse on FEs, there must be differentials. Having another argument for
this group, we have not pursued this line further.

3.6 Groups 49-51

These are the dihedral, semidihedral, and generalised quaternion groups of or-
der 32 and thus covered by Corollary 1.3.

3.7 Groups 38-41

The results in this and the next subsection are for n = 2 only and were obtained
with the aid of computer calculations. The method is simple: choose an index
2 subgroup H whose Morava K-theory you know everything about, calculate
invariants, and try to represent them as restrictions to H of transfers of Chern
classes of subgroups of G.



78 V' Calculations at the prime 2

The easy bit is to calculate invariants. The image of Resfl Trg clearly gives the
invariants corresponding to the free summands (recall that K (n)*(BH) is a direct
sum of free and trivial Cy-modules), so we need to find representatives for the
trivial summands. Often these are restrictions of Chern classes of G itself, but
not always, and one has to caclulate the transfer from other subgroups of G.
We did this with MAPLE, which limited us to n = 2: calculating the image of
C(G;K(n)) tends to get large; without human intervention one would have to
handle square matrices of roughly 100MB in size even for n = 2 — small fry for
a serious computational effort, which we however shied.

For each group, we supply the following information: a presentation, the K(n)
Euler characteristic, the index 2 subgroup H used in the calculation, the irre-
ducible representations of GG and their restrictions to H, the action of G/H on
the representation ring RH of H and the resulting action on K(n)*(BH), and
finally the result of our MAPLE manipulations.

Presentations.
Gss = {a,b,c|a* =b* =c* =[a,b] = 1, cac™' = ac?, cbc™' = a’b)
Gsg = (a,b,c| a* =b* = =[a,b] = 1, cac = a®, cbc = a*b?)
G = {a,b,c|a* =b"=1, & =1V [a,b] =1, ¢ lac=d®, ¢ 'bc = a?b®)
G41 = <a’ b7c | a4 = b4 = 02 = [CI,, b] = 1, cac = &3b2, cbe = Clzb>

Each of these groups has an index 2 abelian subgroup A: for G3sg, this is the
subgroup (a,b,c?) = Cy x Cy x Cy, whereas all the others contain a copy of
Cy x Cy generated by a and b. Note that G3g = A x (5 is a semidirect product,
and Gy is a non-split version of GG3g. Thus if we can establish G39 to be good,
the same holds for Gyo: the action of the quotient Cy on the (integral) Morava
K-theory is the same for both groups.

Euler characteristics. All these groups have a unique index 2 abelian sub-
group, centre of order 4, and 14 conjugacy classes of elements. This suffices to
conclude that they all have the same Euler characteristic

Xnpo = 116”—1—8” 14”
n,2—2 9 .

The subgroup H. One can always take the index 2 abelian subgroup A. In the
case of Gg, one might alternatively use the subgroup H := {(ac, b, c?) = Dg x Co;
given the smaller size of its Morava K-theory, the MAPLE programme is faster
by a factor of about 10. To make presenting the calculation easier, we stick with
A, though.
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Irreducible representations. For all of these groups, there are 8 irreducible
representations of dimension 1 and 6 of dimension 2. In detail:

e (33: the commutator subgroup equals the centre Z = (a® ¢?) = Cy x Cy

with quotient (@, b,¢). Thus the 1-dimensional representations are a37~*,
i,7,k € {0,1}, with a(a) = =1, a(b) = a(c) = 1; 5(b) = —1, B(a) = B(c) =
L y(a) =7(b) =1, v(c) = —1.
The 2-dimensional irreducibles are induced representations from certain
subgroups of G. Let A = (a,b,c?) as above with RA generated by (,n, &
corresponding to the generators (in this order). Secondly, let K; = (a,c¢) =
(¢) x {a) (with a”'ca = ¢7'), and define A € RK; by A(c) =i, A(a) = 1.
Thirdly, let Ky = (ab, abc,c?) (this subgroup is isomorphic to group (d)
from the previous section), and set u(ab) = i, u(abc) = 1, u(c*) = —1.
Then

o1 =Ind§(€), oy = IndIGﬁ(}\) , O03= IHd?@(N) )

/ !/ !/
o, = Poy, 0y = Qo9 , 03 = QO3
are distinct irreducible representations of dimension 2.

e (39 and G4 can be treated simultaneously. The 1-dimensional irreducibles
are given by a'3’+* defined as above. The 2-dimensional representations
can be obtained by induction from the subgroup A = (a,b) = Cy x Cy: let
A; € RA be defined by A\i(a) =4, \(b) = 1, and Xa(a) = 1, A(b) = —1.
Set

o1 =IndS(\), op=Ind§(\), o5 =Ind5(\\).

For GG39, the 2-dimensional irreducibles are o1, aoy, 09, @09, 03, Bos, for G4
they are o1, aoy, 09, Bog, 03, A03.

The action of G/A on RA and restriction to A. In all cases, G/A = (¢).
For Ggsg, the action on (,n, ¢ is given by

¢C=<(n, n°=n, €=

Define z,y,z € K(n)*(BA) by z = ¢1(¢), y = ¢1(n), and = = ¢1(£). Then ¢ acts
on the Morava K-theory of A by

c(z)=y+rz, Wy =y, c(x)=2+r2(2);

this was fed into a MAPLE routine to caclulate invariants. The generators of the
representation ring of Gsg restrict to A as follows:

Res(a) = (2, Res(8) = n, Res(y) =1
Res(o1) = (1+¢*)§, Res(oz) = (1 +n)¢, Res(oy) = (1+ (*n)CE,

)
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from which one readily reads off the restrictions of the Euler classes of these
representations. Note that the simplest form of the formal group law suffices,
since only [2](z) appears in all expressions.

For G39 and Gy, let z,y € K(n)*(BA) be defined as the Euler classes of A\; and
Mg, respectively. The following table gives the action of ¢ on RA and K (n)*(BA):

AT A3 c*(x) c*(y)
Gso | AN AL | [B](2) +r [2)(y) B1(v)
Gu | AN M | Bl) +r 2y)  [2l(x) +r (y)

Finally, the restrictions of the generators of RG are as follows:

& B Y 01 02 03
Glag )\% )\g 1 A (1 + )\%)\%) Ay + )\3 A (1 + )\%)
G )\% )\% 1 A (1 + )\%/\%) A2 + )\g’ Ao (1 + )\g)

MAPLE results. A short description of the MAPLE programmes might be in
order. We first created a basis of monomials for K (2)*(BH), and calculated the
matrix of (¢ — 1) with respect to this basis. The dimension of the nullspace of
the matrix gives the rank of the invariants

rr = rankK(g)* K(?)*(BH)C2 .

We also produced an explicit basis for the image of the matrix, which represents
the image of Res$ Tr% (i.e., the free summands); this meant no extra cost and
turned out to be useful.

Next, we calculated the restriction of the Chern approximation of G to H. To
keep the size manageable, we did this one representation at a time, checking for
each representation individually how many powers of its Chern classes would be
needed. This resulted in a second submodule of rank

ro = rankg ) (Im(Res§; C(G; K (2))) .
Finally, we added the image of Res% Tr$, to obtain a third submodule of rank
rac = rankg (o)« (Im(Res; C(G; K (2)) + Im(Res$; Trf K (2)*(BH))) .
For the groups in this subsection, this turned out to be sufficient, but in the next

one we shall see that in some cases, more effort is needed to see that G is good.
The results of these steps are given in the next table.
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1 rc THC
Gisg 136 136 136
G3g 136 132 136
Gy 136 132 136

This effectively computes the Serre spectral sequence for the extension 1 — A —
G — G/A — 1: there is only one differential in

Ey = H*(G/A; K(2)*(BA) 2 F? ¢ T ® H*(Cy;Fy),

where K(2)*(BA) = F & T is the decomposition into free and trivial modules,
namely doni1_y(t) = v,t¥"" for t the generator of H*(Cy;F,). Since  is repre-
sented by e(y), we arrive at

Theorem 3.7. The groups Giss-G41 are K(2)-good in the sense of Hopkins-Kuhn-
Ravenel. More precisely,

(a) K(2)*(BGsg) is multiplicatively generated by Euler classes of irreducible
representations;

(b) if G is one of Gisg — Gy1, then K(2)*(BGQ) is generated by transfers of Euler
classes.

The statement (a) holds since we only used Euler classes in the calculation.

3.8 Groups 4448

These groups are the most complicated of all groups of order 32, insofar as they
have a single central involution, and ‘small’ Euler characteristic, indicating more
differential action in the Serre spectral sequence for the central extension. On the
other hand, they all have a subgroup H isomorphic to either Dg x C5 or Qg x Cs.
Armed with explicit bases and multiplicative relations for the Morava K-theories
of those groups, we can let MAPLE calculate the invariants under the quotient
C5 and the image of C(G; K(2)) in K(n)*(BH).

Presentations.

Gu={a,byc|a®=b*=c=[b,c]=1, bab=a"", cac = a°)
Gus = {a,b,c|a®=c =1, ¥ =a* b =1, blab=a"", cac = a°)
Gi = {a,b,c|a* =b* =2 =[a,d* =1, [a,]a,c]] = [b,c] = 1, bab = ac)
Gy = (a,b,c| a®=b*=c® =[b,c] =1, bab = ac, cac = a°)

{

Gus = {a,b,c|a®=c* =1, b¥*=a* [bd =1, b 'ab= ac, cac = a’)
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Euler characteristics. All of the above groups have Euler characteristic

7 3
X, 9 = —8" — 24"
27y 4

The subgroup H. Wetake H = (a?,b)x(c); for Gy, G46, G47 this is isomorphic
to Dg x (5, and in the remaining cases to Qg x (.

Irreducible Representations. In all cases, there are eight irreducible repre-
sentations of dimension 1, two of dimension two, and one of dimension four. The
groups fall into two classes:

e G4 and Gy5: The commutator subgroup is (a?) = C, with quotient C53;
thus the 1-dimensional representations are a'3~%, i,j,k € {0,1}, with
ala) = —1, a(b) = a(c) =1, etc. (the notation is meant to be suggestive).
For the 2- and 4-dimensional representations, recall the representations ;
and A of Dg and Qg from previous sections (or see below). Let

o0 =Ind%(v;) and 7=Ind%(A).

Then o1 = 0 and 05 = o are two distinct two-dimensional irreducibles,
and 7 is an irredicible of dimension 4.

o G5 - Gug: Here [G,G] is isomorphic to Cy x Cy with quotient Cy x Cs,
generated by @ and b; let o and 3 be the obvious characters corresponding
to a@,b. Then o/, 0 < i << 3, 0 < i < 1 are the one-dimensional
representations of G. Furthermore, let € be the representation of H given
by e(a?) = (b) = 1, e(c) = —1. This time set

o =Ind%(e) and (as before) 7 =1Ind$(A).

Then o1 = 0 and 09 = ao are the irreducibles of dimension two, and 7 is
the four-dimensional irreducible.

The abusive notation, giving different representations the same name, is of course
deliberate; as before, this allows us to treat several groups at the same time.

The action of G/H on RH and restriction to H. First recall the represen-
tation theory of Dg and (Jg: there are two one-dimensional generators 7y, vz, and
one two-dimensional, A. We chose ~; so that they both have the value —1 on
the elements of order four of Dg. Furthermore, let € be the representation that
is trivial on (a?,b) and —1 on ¢, as before. We list the actions and restrictions in
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three tables, starting with the action.

"N 7 A 2
G 2 ! eA €
Gss | 7172 Y2 eA €
Gas g 72 eA €72
Gz gs! 72 eA €172
Gis| m V2 eA €72

Restrictions for G44 and Gus:

a B v 01 02 T

Gu |l My ¢ m+rn chn+tr) A+eA
G45 1 Y2 £ ’)/1<1+’72) 6’)/1(14—’}/2) A—f—&TA

Restrictions for Gyg - Gug:

a [ o1 09 T

G |1 72 e(l4+v) en(l+92) A+eA
Gir|m M2 e(l+m72) e(n+r) A+eA
Gis |71 72 e(l4+7v) en(l+v) A+eA

From the action table one immediately reads off the action on Morava K-theory:
recall y; = ¢1(7:), ¢ = ¢;i(A); set z := ¢1(¢). Then we have

K(2)"(BH) = K(2)"[y1, Y2, 2, 2]/ R
with

R—yt 2% and YiCs + yico + Y1y, €3+ Yiyo for Dg x Cy;
v i3+ Ty, Ty Fyye +ys  for Qs x Ca.

and, e.g. for Gg:
a*(2) =y +r 2 =1yo+ 2+ Y32’

(we again suppress all mention of vs).
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MAPLE results. Again we use a table to record our results, which are for
n = 2 only.

1 rc rHC

G 52 44 20
G5 52 44 20
Ga6-as 92 46 52

For G44 and (45, one can obtain the invariants not yet seen to be in the image of
restriction from G as restrictions of transfers from other subgroups. We exemplify
this for G4, where we are missing the span of the invariants ¢§+cj and (c§+c)z.
G = G4 has a maximal subgroup K = (a? ab, c¢) = Dg o Cy, with a®c central of
order four. K has 10 irreducible complex representations, 8 of dimension 1 and
2 of dimension 2. The one-dimensional representations are &* ® Bl ® ™ with
0 < k,l,m <1, where a(a®) = —1, B(ab) = —1, y(a*c) = —1, and trivial on the
remaining generators. (They are the restrictions of the one-dimensional represen-
tations of G.) The two-dimensionals can be described as induced representations
from the subgroup (ab, a’c) = Cy x Cj: let

6= Indgbﬂz@ (p) with p(ab) = 1, p(a’c) = i.
Then ¢ and ¢ are two distinct irreducibles. Now set

¢ =e(1)? + e(7)%e(y) + Tr$ (e(0)e(@)) + Trs (e(8)e(H))
where e( ) stands for Euler class.

Lemma 3.8. Res$(¢) = ¢§ + .

PROOF. Classes in K(2)°(BH) are almost detected on maximal abelian sub-
groups; the kernel of the detection map is spanned by ¢, )23, and ¢32?%; this was
proved in III.1. Thus we may verify the claim via the double coset formula, while
keeping in mind that all restrictions to H have to be invariants — this is how
we may conclude that Tr% (e(d)e(@)) must contain a summand ¢j. We leave the

details to the reader. O

It follows that (c§ + ¢3)z is also in the image of restriction from G, and we may
conclude that Gy4 is good. A similar analysis can be performed for Gys.

Theorem 3.9. The groups Gy - Gug are K(2)-good, i.e., K(2)*(BG) is (addi-
tively) generated by transfers of Euler classes.



Chapter VI

Permutation modules

Kriz’s theorem 11.4.6 leads one to consider the structure of the Morava K-theory
of a group G as a module over a subgroup of Aut(G) of order p. It appears
natural to ask the question in more generality: given a group extension of () by
H, what can be said about the structure of K (n)*(BH) as a K(n)*[Q]-module?
In particular, when is it a permutation module? A positive answer has certain
computational implications as it makes the Fy-term of the Serre spectral sequence
associated to this extension easily computable.

In this chapter we study the problem for linear actions on [F,-vector spaces.
The results were originally obtained by I. Leary and the author in [LS]; some
preliminary observations may be found in [B1].

1 Preliminaries

For a ring R and a finite group G we call an R-free R|G]|-module M a permutation
module if there is an R-basis for M which is permuted by the action of GG; such
a basis is called a permutation basis for M. For a G-set S, we write R[S] for the
permutation module with permutation basis S. If M is a graded module over the
graded ring R|G], call M a graded permutation module if it has a permutation
basis consisting of homogeneous elements.

Lemma 1.1. Let M be a graded K(n)*|G]|-module. Then each of the following
conditions implies the next:

(i) M is a graded permutation module;
(1) M is a permutation module;
(i1i) M is a direct summand of a permutation module.

Furthermore, if G is a p-group then (iii) implies (i).

PROOF. The implications (i) = (ii) = (iii) are clear, and hold for any graded
R[G]-module. The proof of the last sentence is deferred until Section 4. O

85
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Our question is really a problem in modular representation theory. As we shall
need them later, we very briefly recall modular (or Brauer) characters. As a
general reference on modular characters, see [CR], in particular § 17.

Fix a prime p. Let G be a finite group and W an F,[G]-module. Choose an
embedding of the multiplicative group of the algebraic closure of F,, in the group
of roots of 1 in C. Let g be a p-regular element of G, i.e., an element whose order
is coprime to p, and let A1, Ao, ..., \,, denote the images in C of the eigenvalues
of its action on W. Then the Brauer character of g is

Xw(g) = M+A+-+ N\

Two F,[G]-modules have the same Brauer character if and only if they have
the same composition factors ([CR, Corollary 17.10]). In our context, Brauer
characters are useful in proving that a given module is not a permutation module,
see Section 3. They do not help in establishing positive answers, and say nothing
about p-groups.

Now let V' be an elementary abelian p-group, or equivalently an [F)-vector space,
and GL(V') the group of automorphisms of V.

It would be too much to ask that the K (n)*[GL(V]-module K(n)*(BV) sat-
isfied condition (i) of the lemma above: if V has dimension at least 3, there
are infinitely many indecomposable graded K (n)*[GL(V')]-modules, only finitely
many of which occur as summands of modules satisfying condition (iv). Thus
it is unlikely that a ‘random module’” will satisfy any of the conditions. On the
other hand, from [HKR] we know that for complex oriented theories F with
torsion free coefficients containing an inverse for p, E*(BV) is a permutation
module for E*[GL(V)]. N. Kuhn [Kul] has shown that K (n)*(BV) has the same
Brauer character as the permutation module K (n)*[Hom(V,F})] for GL(V'), but
as we shall see below, as graded permutation modules the Brauer characters dif-
fer. However, Brauer characters give no information for the Sylow p-subgroup of
GL(V). In Section 4.1 we present an algorithm to determine whether an F,[G]-
module is a permutation module; this algorithm was put on the computer and
we record some of the results.

For a graded K (n)*-module M, let M be the F,-vector space M /(1—wv,)M. Then
M is an F,[G]-module, naturally graded by the cyclic group Z/2(p" — 1), and
determines M up to isomorphism.

When only interested in composition factors, we may further simplify the problem
by neglecting all higher order terms in the formal group law.

Let d = dim V and write Ky or K,, 4 for K(n)*(BV)®k @) Fp, i.e. the Z/2(p" —1)-
graded F,[GL4(FF,)]-module given as an [F,-algebra as

(o) (e

Knag= Ky =Fy[zy,... x4 /(2 ... 2h)
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with each z; of degree 1. A matrix (a;;) € GL4(F,) acts via

2 3 lali (@) = (3 Uw)as).

where €’ and I’ are as in the proof of Proposition 1.3.1. (Recall that for any V'
we take GL(V') to act on the right of V', and hence obtain a left K (n)*[GL(V)]-
module structure on K (n)*(BV).)

Secondly, let Ly denote the algebra of polynomial functions on V' (with V* is
degree 2) modulo the ideal of p"th powers of elements of positive degree. Grade
Ly by Z/2(p™—1), and let GL4(F,) act on Ly by its natural action on polynomial
functions. Thus as a graded algebra, Ly is isomorphic to Ky, but the action is
the standard action.

Lemma 1.2. Ky has a filtration by graded submodules such that the associated
graded module is isomorphic to Ly. In particular, Ky and Ly have the same
composition factors.

ProOOF. For each degree 2k, take the basis consisting of monomials of degree
congruent to 2k modulo 2(p™ — 1), and arrange them in blocks with respect to
length. For any g, the matrix of its action on L2F with respect to this basis
consists of square blocks along the diagonal, whereas the corresponding matrix
for the action on K has some extra entries below the blocks. Thus both modules
have the same Brauer character. O

We conclude this section with a few introductory remarks concerning the permu-
tation module K (n)*[Hom(V,F})]. If ¢ is a homomorphism from V' to F}, then
g € GL(V) acts by composition, i.e.,

9o(v) = ¢(vg) .
Since we view G'L(V') as acting on the right of V, this makes Hom(V,F}) into a

left GL(V')-set. The GL(V)-orbits in Hom(V,F}) may be described as follows.
For W a subspace of V', let H(W) < GL(V') be

HW)={9g€GL(V)|vg—veW forallveV}.

For example, H({0}) = {1}, and H(V) = GL(V). For 0 <i < dim(V), let H; be
H(W,) for some W; of dimension i. Thus H; is defined only up to conjugacy, but
this suffices to determine the isomorphism type of the GL(V')-set GL(V')/H;. Now
let ¢ be an element of Hom(V,Fy). The stabilizer of ¢ in GL(V') is the subgroup
H(ker(¢)), and the orbit of ¢ consists of all ¢ such that Im(¢') = Im(¢). It
follows that as GL(V')-sets,

Hom(V,Fp) =~ [[  m(ni)-G/H;,
0<i<dim(V)

where m(n, i) is the number of subspaces of I}, of dimension i. Thus to decompose
the module IF,[Hom(V,F})], it suffices to decompose each F,[GL(V')/H,].
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2 On K(1)

The case n = 1 is a simple application of Kuhn’s description of the mod-p K-
theory of finite groups [Ku2].

Theorem 2.1. The K(1)*[GL(V)]-modules K(1)*(BV) and K(1)*[Hom(V,F,)]

are (ungraded) isomorphic.

Remark. For p = 2, v; has degree —2, so that the ‘cyclically graded’” modules
K(1)*(BV) are in fact concentrated in a single degree.

PROOF. Recall [Wi] that the spectrum representing mod p K-theory splits as
a wedge of one copy of each of the Oth, 2nd, ..., (2p — 4)th suspensions of the
spectrum representing K (1)*. Since K (1)*(BV') is concentrated in even degrees it
follows that Ky is naturally isomorphic to K°(BV;F,). In [Ku2] it is shown that
for any p-group G, K°(BG;F,) is naturally isomorphic to F,® R(G), where R(G)
is the (complex) representation ring of G. The case G = V gives the theorem,
because as a GL(V)-module, F, ® R(V) is isomorphic to F,[Hom(V,F,)]. O

For p = 2, there is an ‘elementary’ proof working directly with the description
of Ky. In this case, Ky is isomorphic to an exterior algebra A(z1,...,z4). The
monomial 1 generates a trivial GL(V)-summand. Let H be the subgroup of
GL(V) fixing x;. Then H is the subgroup of GL(V') stabilising some hyperplane
W and inducing the identity map on the quotient V/W. There is a GL(V)-set
isomorphism

Hom(V,F,) =~ GL(V)/GL(V) I GL(V)/H,

so it suffices to show that the submodule M generated by x; contains each mono-
mial in A(zq,...,x4) of strictly positive length. The permutation matrices per-
mute the monomials of any given length transitively. Assume that M contains
all monomials of length 7 (this holds for ¢ = 1), and let g € GL(V') be such that

gr1 = T1, .., 9Ti—1 = Ti—1, 9T = Ti+FpTip1 = T + Tip1 + TiTigq -

Then
g(ﬂj‘l...l’l’)—|—3§'1....§Ci+$1...$i,1$€i+1 =XT1...T;Tj41 € M,

so M contains all monomials of length 7 + 1.

3 Negative results

In this section we shall prove those of our negative results that do not rely on
computer calculations, and analyse the cases dimV =2, p = 2, 3.
We start with an easy observation.
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Theorem 3.1. If p is odd then K(n)*(BV) is not a graded permutation module
for GL(V).

PROOF. Let D be the subgroup of diagonal matrices in GL4(F,), so that D is
isomorphic to a direct product of d cyclic groups of order p — 1. In Ky, each
monomial in xq,...,x4 is an eigenvector for D, and the monomials fixed by D
are those in which the exponent of each x; is divisible by p — 1. Hence if p — 1
does not divide k, then K§ cannot be a permutation module for D because it
contains no D-fixed point. Il

For p = 2 this argument clearly does not work, we shall use Brauer characters
instead. Recall from Lemma 1.2 that the characters of Ky and Ly coincide, so
we begin by describing how to compute the latter.

Fix an embedding of the multiplicative group of the algebraic closure of F, in
the group of roots of unity in C. Let g be a p-regular element of GL(V'), and
let A1, Aa, ..., Ay denote the images in C of the eigenvalues of its action on V*,
where d = dim V. Then the Brauer character of g afforded by V* is

Xys(g) =AM+ Ao+ + Aa.

To compute the character of LY we proceed as follows. The proof of Molien’s
theorem (see e.g. [CR], p. 329) can be adapted to show that the character of a
p"-truncated polynomial algebra has generating function

no =TT

Then the character of Ly evaluated at g is simply f,(1), whereas for each degree
k (recall that we are grading cyclically) one has

N p— AT (3.1)

where the sum ranges over all (p” — 1)-st roots of unity—to see this, recall that
the sum of \¥ over all mth roots of unity \ is equal to zero if m does not divide
k, and equal to m if m does divide k.

Theorem 3.2. Let p=2 and d =dimV.

(a) Let n > 1. Assume d > 4 and d is greater or equal to the smallest prime
divisor of n. Then K(n)*(BV) is not a graded permutation module for
GL(V).

(b) Assume d = 3 and 3 divides n. Then K(n)*(BV') is not a graded permuta-
tion module for GL(V').
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(¢c) For d =2, K(n)*(BV) is a graded permutation module for GL(V') if and
only if n is odd.

PROOF. Suppose first that d equals a prime divisor ¢ of the fixed number n. By
considering the action of the multiplicative group of Fos on the additive group
of Fos, we can always construct an element g, € GL,(Fy) that permutes the
29 — 1 nontrivial elements of F§ cyclically. The set of eigenvalues of ¢, contains a
primitive (27—1)st root of unity, and is closed under the action of the Galois group
Gal(Faq /F,). Hence the Brauer lifts of the eigenvalues of g, are A, A%, ..., A"
for some primitive (29 — 1)-st root of unity A\ € C. Consequently, the generating
function for the character afforded by Ly is given by

R0 =T1( 52,

1=

If 7is a (2" — 1)-st root of unity, one obtains

1 otherwise.

o ifref{\?, i=0,1,...q—1
fgqm:{ { }

Thus evaluating the formula (3.1) for the character afforded by L¥ yields

g+1 for k=0

1 no .
Xk (gq) =~ on E " + - E AE = K 2k
v 2n — 1 ot 2n =14 E A for k #£ 0.
i=0

Specializing to the case k = 1, this sum is never zero, since the powers A for i
coprime to 2¢ — 1 form a Q-basis for Q[A]. For ¢ > 2 the sum is not a rational,
because it is not fixed by the whole Galois group Gal(Q[\]/Q). In the case
g = 2, one obtains —1 (the sum of the two primitive third roots of unity).
Since permutation modules have non-negative integer character values, this shows
that K(n)*(BV) is not a graded GL,(IF2)-permutation module. To proceed with
vector spaces of dimension bigger than ¢ we consider the cases ¢ > 2 and ¢ =
2 separately. In the first case we use the following lemma to conclude that
the character still takes non-integer values on certain elements of GL(V'). Let
V =U®W with U and W of dimensions d and r, respectively; then clearly
Ly 2 Ly ® Ly. Let g be an arbitrary 2-regular element of GL(U) and denote
by g x 1 the element of GL(V') which acts like g on Ly and trivially on Lyy.
Lemma 3.3. XLz‘cj(g x1)= XL;;](g) + 227::—:11 X, (9).

PrOOF. The generating function for g x 1 is obtained from the one for g as the
product with r factors (1 +¢+ %+ ... +¢2"71), thus
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o )= T 0

T

1 _ 1—72"\r A
TEoiT “H(T=7) + 5ok
=Xy )+ () D).

]

Thus g, x 1 will provide the contradiction when V' has rank ¢ + r. This fails for
q = 2, whence we choose the element ¢’ which consists of d/2 copies of go = ((1)})
arranged along the diagonal if d is even, and add an extra diagonal entry 1 if d

is odd. Then a similar computation shows that for k£ Z 0 mod 3,

2nd/2 -1
- if d is even,
Ly, 9)= 2n(d71)/2 -1
—T 1 ifdisodd,

For d > 3 these numbers are negative.

The other parts of the theorem are proved in a similar fashion. In the case when V'
has rank 3, evaluation of the Brauer character of an element of GL(V') of order 7
shows that Li, is not a GL(V)-permutation module if 3 divides n. Similarly,
when V' has rank 2, the Brauer character of an element of GL(V') of order 3 on
L3, is negative if n is even. When V has rank 2 and n is odd, it may be shown
that for each k, any GL(V)-module having the same Brauer character as LY, is a
permutation module. This shows that for n odd, K% is a permutation module,
but does not specify which one. In (3.1) we shall describe its isomorphism type,
giving an alternative argument. 0

3.1 dimV =2 for p=2

We shall determine the structure of Ly as a GLy(F2)-module and deduce that
Ky and Ly are isomorphic.

There are three isomorphism types of indecomposable Fy[G L(V')]-modules: the
trivial module T, its projective cover N (which is expressible as a non-split ex-
tension of T" by T'), and the tautological module V', which is both simple and
projective. All these modules are self-dual. The transitive permutation modules
for GL(V') decompose as T', N, TV and N @2V. Let S*[V*| denote the algebra
of polynomial functions on V" as a graded G'L(V')-module.
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Proposition 3.4. The generating functions Pr, Py and Py for the multiplicities
of each of the indecomposable GL(V)-summands of S*[V*]| are

1 t3 t
1o D)= 1—2)(1—) Pr(t) = 1—t)(1—t)

Pr(t)

PROOF. The ring of invariants S*[V*]“*(V) is a free polynomial ring on two gen-
erators of degrees two and three (see [Wk]). The Poincaré series for S*[V*] and
the invariants, together with the Brauer character of an element of order three
give the equalites

Pr+ 2Py + 2Py =

(1—1)
1
Prt by =0 —mya
Pr42Py—Py— 1
1—13
Solving for Pr etc. gives the result. ]

Proposition 3.5. Let k € Z/(2" — 1). Then

(T 22N 2 Y forn odd, k=0,

T@Qnﬁ_2N@2";1V forn odd, k # 0,

QT@WTJFQNGBW;lV forn even, k=0,

T@Q’%?N@%V forn even, k #0, k =0 mod 3,

~
<=
1%

\T@Qng‘lN@Q";QV forn even, k # 0 mod 3.

PROOF. Let L be the truncated symmetric algebra Ly, but graded over the
integers instead of cyclically. Then L¥ = 0 for k > 2(2" — 1), and L22"~1) ~ T
generated by 22" ~'zZ"~'. The product structure on L gives a duality pairing
LF x [2@"=D=k _ T and since all modules are self-dual, it follows that L*F =
S22 D=k[Y*] for 27 < k < 2(2" — 1). Since L = LF @ L¥" 1 for k #£ 0
(viewing k as either an integer or an integer modulo 2" — 1 as appropriate), and
LY, =~ L0 L' L22"D ~ 27 @ [2" ! the claim follows from Proposition 3.4.
m

Corollary 3.6. Let dimV =2 and p = 2. Then Ky and Ly are isomorphic as
graded Fo[GL(V)]-modules.
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PROOF. K% has odd dimension for k¥ # 0 and thus contains at least one trivial
summand. K. contains the trivial summand generated by 1 and then at least
another trivial summand, by the same dimension argument. Since N and V' are
projective, Lemma 1.2 implies that K% has at least as many summands N and
V as L¥. This accounts for all the summands of K¥. O

The proof of Theorem 3.2 (c) follows easily from this description of Ky . Further-
more, the remarks at the end of Section 1 now easily imply:

Corollary 3.7. Let p = 2 and dimV = 2. Then as K(n)*[GL(V)]-modules,
K(n)*(BV) and K(n)*[Hom(V,F%)] are isomorphic. N

3.2 dimV =2 for p=3

The argument used in the proof of Corollary 3.6 shows that for dimV = 2 and
any p, n, and k such that L¥ contains at most one non-projective summand,
K% =~ LY. For odd primes this does not always occur however. If 0 < k <
p" — 1 then LY splits as a direct sum of submodules of dimensions k + 1 and
p" — k — 2 coming from the standard Z-grading on the truncated polynomial
algebra. If k is not congruent to either —1 or —2 modulo p, the dimensions
of these summands are not divisible by p, and hence LY contains at least two
non-projective indecomposable summands. The calculations described next show
that for p = 3, n = 2,3 and 0 < k < 3" — 1, the module K¥ has exactly one
non-projective indecomposable summand. Tt follows that for p = 3, K% and L}
are not isomorphic in general. The results in this subsection were obtained by
computer.

For the remainder of this section let dim V' = 2 and p = 3. There are fourteen
indecomposable GL(V')-modules in four blocks, two of which contain a single sim-
ple projective module. The six indecomposables in the block containig V' are not
so easy to distinguish, whence we consider only SL(V'). Standard representation
theory techniques (see e.g. [Al, CR]) give the following facts. There are three
simple F3[SL(V')]-modules: the trivial module 7', the natural module V', and a
simple projective module P = S?(V) of dimension three. There are three blocks.
The blocks containing 7" and V' each contain three indecomposable modules, each
of which is uniserial. This data may be summarised as follows:

blOCkOszlli THIQ_»T, T>—>I3—»]27
block of V =1, : VeI -V, Vo— Ig — I,

block of P = I : contains no other indecomposables.

Letting 7 stand for the element of order two in SL(V) and o for the sum of the
six elements of SL(V') of order four, the block idempotents are

br =2+ 27 4 20, by =2+, bp = 0.
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The modules in any single block are distinguishable by their restrictions to a cyclic
subgroup of SL(V) of order three. Thus if « is an element of SL(V') of order
three, and M is an SL(V)-module, the direct summands of M are determined
by the ranks of the elements of End(M) representing the actions of the following
seven elements of F3[SL(V)]:

bT, (1 — Oé)bT, (]_ - O[)QbT7 bv, (]_ - Oj)bv, (1 - O{)2bv, bp.

More precisely, if the seven ranks are rq, ..., 77, and n; stands for the number of
factors of M isomorphic to I;, then

ny =1 —2ro+1r3, nNg =71y —2r3, Nz =713, Ng=75— 27,

n5:r4—27‘5—|—7“6, n6:(2r5—7’4)/2, n7:r7/3.

The numbers r; (and thus n;) can be calculated on a computer. (We used MAPLE
to generate matrices representing the action of a certain pair of generators and
fed these into GAP.)

Recall from Section 1 that there is an isomorphism of (right) GL(V')-sets

Hom(V,Fy) = GL(V)/GL(V) T 2L . GL(V)/H, 1T &3 qrv) {1}

where H; is the subgroup stabilising a line L in V and acting trivially on V/L.
As SL(V)-modules, it may be checked that

F3[GL(V)/GL(V)] = I,
F3[GL(V)/H\| =21, & Is & I,
Fs[GL(V)/{1}] = 215 ® 41 @ 617

This information together with the results given in Table 1 in Appendix B easily
imply:

Proposition 3.8. For dimV =2, p = 3, and n = 1,2,3, the K(n)*[SL(V)]-
modules K (n)*(BV) and K(n)*[Hom(V,F})] are isomorphic. O

4 Permutation modules for p-groups

In the previous section our methods made use of the fact that there were only
finitely many indecomposable modules. If G is a group whose Sylow p-subgroup
is not cyclic, then F,,[G] has infinitely many indecomposable modules, so the same
sort of arguments cannot work.

In this section we shall describe an algorithm for determining, for any p-group
G, whether an F,[G]-module is a permuation module, and if so to decompose
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it. The algorithm relies on the following fact [CR, 19.25]: For G a p-group, any
transitive permutation module for F,[G] has a unique minimal submodule, which
is the trivial module generated by the sum of the elements in a permutation
basis. This implies that any transitive permutation module is indecomposable.
The Krull-Schmidt theorem and the indecomposabilty of transitive permutation
modules together imply that if a graded F,[G]-module is a permutation module,
then it is also a graded permutation module. This argument finishes the proof of
Lemma 1.1.

Let G1,...,G, be subgroups of a p-group GG, where the order of G, is at least
the order of G;, and let M be a (finitely generated) F,[G]-module. Construct a
sequence of submodules M; of M as follows. Let M, be the zero submodule of
M. If M;_q has been defined, let

M, = M;_4 —I-Im(( Z g): MG — M) ,
geG/G;

where the sum ranges over a transversal to G; in G, MY denotes the G;-fixed
points of M, and the sum is an element of I, [G] viewed as an element of End(M).
Now define

Proposition 4.1.  (a) M contains a submodule M' = m\F,[G/Gi] & --- &
mnFp[G/G,], and M’ has mazimal dimension among all submodules of M
isomorphic to a direct sum of copies of the F,|G/G;].

(b) If Gq,...,G, contains a representative of each conjugacy class of subgroups
of G, then dim M' = dim M if and only if M is a permutation module.

PROOF. First, recall that the socle, Soc(N), of a module N is the smallest sub-
module of N containing every minimal submodule. The following statement is
easy to prove, and will be useful below. If L is a submodule of M, and f: N — M
is a module homomorphism, then f is injective if and only if its restriction to
Soc(N) is injective. If f is injective, then Soc(f(N)) = f(Soc(N)), and the sum
L+ f(N) in M is direct if and only if the sum Soc(L) + f(Soc(N)) is direct.
Module homomorphisms from F,[G/G;] to M are naturally bijective with ele-
ments of M where the element x corresponds to the homomorphism 6, send-
ing 1-G; to . The socle of F,[G/G;] is a trivial submodule generated by
ZQGG/G'L g - G;, so its image under 6, is generated by ZQGG/G'L g-x. It follows
that any submodule of M isomorphic to a direct sum of copies of the modules
F,[G/Gi],...,Fy|G/G;] has socle contained in M;, and in particular consists of
at most dim M; summands. This shows that any submodule of M isomorphic to
a direct sum of F,[G/G;]’s has dimension less than or equal to ). m;|G : G|,
but it remains to exhibit a submodule M’ having this dimension.
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Define M| to be the zero submodule of M, and assume that for some j with
1 < j < n we have constructed a submodule M;_, of M with

M]/'—l = mle[G/Gl] DD mj,le[G/Gj,l] .

Let xy,...,2m; € M% be such that the images deg/ng - x; form a basis
for a complement to M;_, in M;. Taking L = M;_y, N = m;F,|G/G;], and
f: N — M the map sending the elements (0,...,1-Gj,...,0) to the z;’s, the
statements in the first paragraph of the proof show that f is injective, and that
M J’ defined as the submodule of M spanned by M;_; and the z;’s is isomorphic

to M;_, © m;F,[G/G;]. Now M’ may be taken to be M, O

In Appendix B we record the results of computer calculations obtained by im-
plementing the algorithm described above. The information contained in Tables
2-6 suffices to show:

Proposition 4.2. LetdimV = 3. Then K(n)*(BV') is not a permutation module
for K(n)*[U(V)] in the following cases:

(a)p:‘?’fn:27
(b) p=5,n=2.

In the following cases, as well as those implied by Theorems 3.2, 2.1, Corol-
lary 8.7, and Proposition 3.8, K(n)*(BV) is a graded permutation module for
K(n)" UV)]:

(c) p=2,n=2,3 or4. ]

For each n and p considered, K}, is a U(V)-permutation module, although it
is easy to show that usually K cannot be a GL(V)-permutation module by
comparing the information in the tables with the information given by Brauer
characters. This technique may also be used to prove:

Proposition 4.3. For p = 2 and dimV = 3, K(n)*(BV) is not a graded per-
mutation module if n is a multiple of three, or if n is 2, 4, or 5. [

We have seen in Chapter III that for any V', K(n)*(BV) is a (graded) permu-
tation module for any subgroup of GL(V') of order p. In the cases covered by
Proposition 4.4, the group U(V') has order p?, and for p > 2 it contains no ele-
ment of order p?. The gap between Proposition 4.2 and a special case of Kriz’s
result is filled by:

Theorem 4.4. Let d =3, let p =3 or 5, and let H be any subgroup of GL(V)
of order p*. Then K(2)*(BV) is not a permutation module for H.
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PrROOF. Tables 5 and 6 we give just enough information to prove this. For
each subgroup H of U(V) of order p?, we give the dimension of a maximal H-
permutation submodule M” of K{,. The dimension of K}, is 91 for p = 3 and 651
for p = 5. Only one of the subgroups (AB,C),..., (ABP~! () is listed in these
tables, because these subgroups are all conjugate in GL(V') and so give rise to
M"’s of the same dimension. O
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Chapter VII

Some remarks on Morava K-theory of
discrete groups

Finiteness conditions for discrete groups of different kinds are well documented
in the literature, mostly in terms of ordinary group cohomology, or equivalently
of projective and free resolutions over group rings. Other formulations use finite-
ness properties of the classifying space of a group; in fact, many homological
concepts can be thought of as algebraists’ attempts to capture finite complexes.
It is however not clear to what extent these two approaches are equivalent. For
example, a group I' which admits a finite model for its classifying space is always
of type F'L, but the converse is an open problem.

Here we propose yet another type of finiteness condition, based on Morava K-
theory. Since every finitely generated K (n)*-module is free, the following condi-
tion, which we intend to study below, makes sense:

Definition 0.1. A discrete group T is said to be K(n)-finite if K(n)*(BT') has
finite rank as a K(n)*-module.

Remark. Whether this is a useful concept or not remains to be seen (and is not
yet clear to the author). This chapter should be considered a preliminary report
on work in progress.

It is immediately clear that groups having finite mod p cohomology are K (n)-
finite (such as finitely presented groups of type F'L). According to Ravenel’s
theorem (Corollary 11.4.2) all finite groups fall into this class, too. This is the
marked difference to cohomological finiteness conditions studied in the past.

Section 2 contains simple-minded applications of results due to Hopkins-Kuhn-
Ravenel to a class of discrete groups containing (.S-)arithmetic groups. In Sec-
tion 1, we shall begin the investigation of the class of K (n)-finite groups by
making a few (more or less obvious) observations about what kind of groups
might belong to it. Section 3 is devoted to Euler characteristics. From the very
definition, it is clear that a K (n)-finite group I" has an Euler characteristic, de-
fined as the difference in ranks between the even and the odd degree part of its
Morava K-theory (this becomes a “classical” Euler characteristic if one uses a
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7,/ 2-graded version of Morava K-theory). We shall see that in certain cases this
coincides with a so-called equivariant Euler characteristic; as in the classical case,
this follows easily from the Leray spectral sequence.

1 The class of K(n)-finite groups: Preliminary observa-
tions

We begin with the (obvious) observation that there are finitely presented groups
whose Morava K-theory has infinite rank, by the Kan-Thurston theorem.

On the other hand, we have Corollary 11.4.3, which says that whenever P is a
finite p-group and F' — E — BP a fibration, then finite generation of K (n)*(F)
implies the same for F.

This argument may be applied to the following situation. Let I' be a discrete
group, N a normal finite index subgroup, and G = I'/N. Let P be a Sylow p
subgroup of G. Then I' has a subgroup I'? normalizing N with I'/T? = P which
plays the role of ”Sylow p subgroup” for I', see [Ad]. In particular, the usual
transfer argument shows that BI' is a stable summand of BI? in the p-local
category. Assuming further N to be K(n)-finite, the above proof shows that I'
has finite K (n)*-rank, too. In summary:

Corollary 1.1. Let I" be a discrete group and I'' a normal finite index subgroup.
If 7 has finite K(n)*-rank, then so does T. O

The reverse implication is trivially false:

Example 1.2. Consider Morava K-theory at the prime p. Let C be a cyclic group
of p’ order, T' a (countably) infinite free product of copies of C, and 7: T' — C' the
homomorphism which is the identity on each factor. Then both C' and I' have
rank 1 over K(n)*, but the kernel of 7 is an infinitely generated free group.

Another class of K (n)-finite groups may be obtained using the so-called classify-
ing spaces for families of subgroups:

Definition 1.3. A set .% of subgroups of a group I' is called a family of subgroups
if for H € Z all subgroups of H and all conjugates of H are in F.

Definition 1.4. A classifying space for a family of subgroups F of I' is a I' CW
complex E 7T such that (EzT) is contractible for H € .F and empty otherwise.
If F is the family of finite subgroups, also write EI" for EzI.

Existence and uniqueness of EzI" are proved in [tD1] or [tD2, 1.6]; a combinatorial
construction can be found in [DL]. Uniqueness is implied by the fact that any
[-complex with isotropy in .# admits a map to EzI" which is unique up to
[~homotopy.
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Now let .# be a family of subgroups of I' all of whose members are K (n)-finite.
If there is a finite model for EzI", then I' is also K (n)-finite. This follows from
the Leray spectral sequence of the bundle

BT ~ ET xp EgI' — EzT'/T

with Fj-page

Ey = 5 K(n)"(BT,);

here summation is over the equivariant cells ¢ of EzI". In particular, if there is
a finite model for ET', the I' is K(n)-finite. As above one proves

Theorem 1.5. Let 1 — IV —T' = I” — 1 be a group extension satisfying the
following conditions:

(i) K(n)*(BI") has finite rank over K(n)*;
(ii) there is a finite model for ET".

Then K (n)*(BT') has finite rank over K(n)*.

PRrROOF. The isotropy groups I', are extensions of finite groups by I'". Hence the
claim follows from Corollary 1.1 [

Again the converse is false, which should not be too surprising. The property of

having a finite model for EG does not pass from a finite index subgroup to the

supergroup: l. Leary and B. Nucinkis have constructed counterexamples [LN],

such as the the one below.

Example 1.6. ([LN]) There is a group G = H x A with the following properties:
e there is a finite model for BH;

o Ais U3y x C3g or As (or any group not of the form p-group X cyclic group x
g-group ist, for p, ¢ not necessarily distinct primes);

e (& has infinitely many conjugacy classes of subgroups isomorphic to A.

The third property implies that such G cannot have a model for EG of finite
type. On the other hand, G is K (n)-finite by Corollary 1.1.
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2 Character theory for discrete groups

Inspired by Quillen’s method of extending his result to groups of finite ved [Q4,
IT, §15], we shall now describe how some of the results of [HKR] can be used to
describe Morava K-Theory of a certain class of discrete groups.

Suppose given a contractible complex X with an action of the discrete group I'
such that a finite index normal subgroup I acts freely. Assume further that a
subgroup of I' has non-empty fixed point set if and only if it is finite, and that
in that case the fixed point set is contractible. Then X is a classifying space for
[, Let us finally assume that Y = X/I" is a finite complex.

Remark. There are several important examples where these conditions are met:
(a) (S-)arithmetic groups by a result of Borel and Serre [BS],
(b) mapping class groups,
(¢) word hyperbolic groups.

The finite group G = I'/T" acts on Y, and I" acts on EG via the projection
m: ' — G. The map r: X — Y is a finite covering with G as its group of deck
transformations. Since the diagonal action of I' on EG x X is free, we see that

EGxr X ~EG xgY

is a model for BI'. Thus Theorem I1.6.3 applies to the G-complex Y. In order to
interpret the answer, a few lemmas due to Quillen may help. Let X, Y, I",T” be
as above.

Lemma 2.1 ([Q4], Lemma 15.1). Let x € X and y = r(x). Then r induces an
isomorphism of isotropy groups I'y = G,. [

Lemma 2.2 ([Q4], Lemma 15.3). Let K be a subgroup of G. Then r~*(YX) is
the disjoint union of the fized point sets X, where H runs over the subgroups of
I' mapped isomorphically onto K by . O

In other words,
T_1<YK) — H XH
He?é

where € is the set of finite subgroups of I' whose image in G is K.

Corollary 2.3. Let € denote a set of representatives for the I''-conjugacy classes
of finite subgroups of I' whose image in G is K. Then

v =J[ x"/T"nNH.
He%
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3 Euler characteristics

We start with the naive generalization of Morava K-theory Euler characteristics:

Definition 3.1. For a K(n)-finite group T" let
Xnp(T) := rankg ()« K (n)®(BL) — rank(,« K (n)°*(BT)
denote the naive K(n) Euler characteristic of T

Example 3.2. Let p = 2 and I' the split extension of C5 by the integers 7Z,
where Cy acts by sign change. Then we have a fibration S — BI' — BC,. The
associated Serre spectral sequence is easily seen to yield an additive isomorphism

K(n)"(BT) = K(n)"(BCs) ® Aa) = K(n)*[x]/(2*") ® Aa)
with = in degree 2 and « in degree 1. Thus x;, 2 = 0 here — not very thrilling.

As in the classical case one can try to compute Euler characteristics via actions
on CW complexes. To that end we consider the so-called equivariant Euler char-
acteristic defined as follows.

Definition 3.3. Let X be a I'-complex satisfying
(i) X has are only finitely many equivaraint cells, and
(i) every isotropy group Ty is K(n)-finite.

Under these hypotheses set

X p(X) = Y (= 1), (L)

oES
where & runs over a set of representatives of the cells mod T'.

An important example is the situation described in the last section, i.e., where

one has an extension
1TV —>T—>G—1 (3.1)

with G finite; and where one is given a I'-complex X with finitely many cells mod
I, all finite subroups as isotropy groups, and contractible fixed point sets. Then

BT ~ EG xp X ~ EG x¢ X/I", (3.2)

and the (naive) Euler characteristic coincides with the equivariant Euler charac-
teristic of X:

Proposition 3.4. For such I', I", and X one has x»p(I') = x;,,(X).
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PROOF. Clearly I' is K (n)-finite, see section 1. The claimed equality follows from
the Cartan-Leray spectral sequence of the bundle 7: EG xr X — X/I', with

B = @ K(n) (n (o)) = K(n)"(X xr ET) = K(n)"(B),

cEE

where & denotes as above the set of equivariant cells of X. Then
7 Y(T'yo) = ET xp I')T, = ET xp, x = BI,,
whence the claim. O

Example 3.5. Using Soulé’s computation of the 2-local cohomology [So], Tezuka
and Yagita calculated BP-cohomology and (Morava) K-theory of SL3(Z) at the
primes 2 and 3 [TY4].

We recall the 2-primary calculation: I' = SL3(Z) acts on a contractible 3-
dimensional complex X (symmetric space respectively upper half plane) with
finite isotropy. Consider as above the Leray spectral sequence for the bundle
m: X xp ET — X/T,

Ey* = @k (n ! (0) = k*(X xp ET) = k*(BT)

cEE

where k is either 2-local cohomology, or BP mod 2, or any other 2-local theory.
According to Soulé, locally at 2 one can replace X/I" by the interval Y = [0, 2] con-
sidered as a 1-complex with 0-cells 0, 1,2 and two 1-cells o, 7. The cell stabilisers
are Y4 for the O-cells, whereas I'y, = Cy and I', =& Dg. Since Y is 1-dimensional,
the spectral sequence degenerates to a Mayer-Vietoris sequence, from which one
can read off the result. In particular, one gets

Xn2 =3 Xn2(54) = Xn2(Ds) = Xn2(C2) =2+ (4" = 2") + 1.
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A Euler characteristics of some groups

In this appendix we give the Euler characteristic of some groups which were omit-
ted for ease of exposition, including those whose Morava K-theory was computed
earlier.

We shall compute the Morava K-theory Euler characterstic X, ,(G), i.e., the
difference between the ranks of the even and odd degree parts of K(n)*(BG),
using Theorem 11.6.4 from [HKR]:

= ¥ (G (Al (A1)

A<G

where the sum is over all abelian subgroups A < G and p4(¢) is a Mébius function
defined recursively by

D e (A) =1 (A2)

A<A’

where the sum is over all abelian subgroups of G containing A (including A). In
particular, p4c)(A) = 1 when A is maximal. It is easy to see that one only has
to consider subgroups arising as intersections of maximal ones. Furthermore, one
clearly has X, ,(A) = |A(,|™ where A, denotes the p-part of the abelian group
A.

1. We begin with extraspecial p-groups of exponent p. The formula below was
obtained by Brunetti [B2]; we give a simplified version of his proof.

The abelian subgroups of D(m) = p:**™ are in one-to-one correspondence with
the subspaces W of the central quotient V' = ]Ff,m which are isotropic with respect

to the bilinear form

b(x,y) = x1Y2 + Toy1 + -+ - + Tom—1Y2m + TomYom—1 -

Let o, denote the number of such subspaces of dimension i. Note that the
maximal dimension of a b-isotropic subspace is m.
The following lemma is an easy exercise in counting:
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t2(m—j+1) _q
Lemma A.1. «,,; = Hp .

Proor. We first count the b-isotropic flags W; € Wy, C --- C W, of length [,
where Wy has rank k, in V' of dimension 2m: For [ = 1 this number equals the
number of one-dimensional subspaces, hence we get (p*™—1)/(p—1). Now fix W
and count the complete flags staring with Wj: this is the same as the number of
complete flags of length [ —1 in V' = W /W, of dimension 2m —2. By induction,
the number of flags thus becomes

l

II

J=1

p2(mfj+1) -1

p—1
Secondly, the number of complete flags inside a given subspace W, of dimension
dis
2=
plelt
This is trivial for d = 1; for every Wy C Wy, each flag in W,;/W; gives rise to

one in Wy, and the formula follows again by induction. Finally, the number of
b-isotropic subspaces is clearly the quotient of the above numbers. Il

The Mo6bius function on abelian subgroups can be computed via a Mobius func-
tion on b-isotropic subspaces defined as in (A.2). Let v, denote its value on a
subspace of dimension k: by symmetry, it is constant on subspaces of the same
rank. Furthermore, it only depends on the codimension of a b-isotropic subspace
in a maximal one, independent of m; this follows as above by considering Wi /W
In particular, v, x = Ym—k.0-

Lemma A.2. 7, = (—p)™ " O

PRrOOF. By the remarks above, it is enough to show

2

Tm,0 = <_1)mpm ’
where we may assume by induction

Ymd = (_1)m—dp(m—d)2 '

By definition of v, this means we have to verify the formula

m

Smi= Y (1) = 1. (A.3)

J=0
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This will be done in several steps. First, we note the obvious identities

20 1

Om—1,m—1 pmfl 1 *Op—1,m—I-1 ;
_ p2m -1

am,m—k — pm_k 1 COp—1,m—k—1 -

Next, we claim the following auxiliary formula
l

2m m—k
p - D m
by = E (_1)kpk2T_lamfl,mfkfl = (=" g, a . (A4

k=0 p
This is an easy induction on [. Clearly ¢ty = :nn_plmam ILm—1 = P01 m—1.
Assuming (A.4) for [ — 1, we compute
2m m—I
b =P
=t + () —
! -1+ (=1)'p el — 1 1Lm—1-1
2m m—I
1 mal(l— b =D
21 m-l
1 omi—ny P =1 241D -1
— [ (1) tpmH 1)pm—71_1 + (=1D)pt lpﬂH__1 Q-1 m—1-1
m-+l 1) — 20 1
- <_1)lpm+l(l_1) (p pmzl _(f )am—l,m—l—l

(=)™, gy

In particular, t,,_, = (—1)m_1pm2. To finish the proof, subtract s,,_; from s,,:
m m—1
- 2 2
Sm — Sm—-1 = Z(_l)ka Omom—k — (_ kpk Am—1,m—k—1
k=0 k=0

2m -1
= mp™ + Z k i <T_1 - 1) Om—1,m—k—1

Since clearly sy = 1, the claim follows. O

Since a b-isotropic subspace W of dimension ¢ gives rise to an abelian subgroup
of index 2m — i (the corresponding abelian is either W x C or W x ¢ Z/4, where
C' is the centre), we arrive at

Proposition A.3. The Morava K-theory Euler characteristic of G = p™™ is
given by
& Qm,iYmyi (i n & m—i, (m—i—1)24(n—1)(
Xnp(G) = Z #])( +)n Z(_l) PTG
i=0 i=0

with o« and 7y as above.
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For example, for Dg and D(2) = 21" we obtain

3 1
Xn’Q(Dg) = §4n_§2n7 and

15 n n n
Xaa(D(2) = (8" —4") +2".

This agrees with the Euler characteristics we can compute from Theorems IV.1.2
and V.3.6, as we shall now see. For Dg and (g this was done in the text, so
consider D(2). From Lemma V.3.5 we have that K (the kernel of d3) has rank
k=221 49202 4 9n=1 and H (the homology with respect to ds) has rank h :=
6-2""2. The Es-page of the spectral sequence is isomorphic to K ® M; & H @ M,
where My = Folzy, xo]/ (231 + z123) and My = Folzy, mo]{x?x9 + 2173}, The
Q,-hmologies of M; and M, have ranks m; = 3 - (2" — 1) and my = 2** —ml
(compare V.2), thus the rank of the E.,-page is

k-my+h-mg=(15-2""—15.2" +4).2"2 = X,,5(D(2)) .

2. Let G be dihedral, or semidihedral, or generalized quaternion of order 2V+2.
In the dihedral case, the maximal abelian subgroups are the cyclic subgroup (s)
of order 2¥*1 and 2V subgroups Cy x O3, coming in two conjugacy classes; their
common intersection is the centre (32N> = (', with Mébius function value —2%.
The same pattern holds for semidihedral groups, so we obtain

1 1
Xpo(Doni2) = Xy 0(SDyniz2) = 52<N+1>" AT o2
For generalized quaternion groups, there are 2 subgroups C; (two conjugacy
classes) and one copy of Cyn+1, intersecting in the centre Cy, so again we have

1 1
XnQ(Q2N+2) — _2(N+1)n 4 4n o _2TL )
' 2 2
Finally, for quasidihedral groups the maximal subgroups are Z x (t) = Cyn x Cy,
(st) = Con+1 and (s) = Cyn+1, the latter two non-conjugate, all intersecting in
the centre Z = (s?) = Con. Thus

3

1
Xn,Q(QD2N+2) = 52(N+1)n .

_2Nn
5 .

3. Let G = PSLy(F,) with ¢ = p/ for an odd prime p. According to [Hp,
I1, 8.5], every non-identity element g of G lies in precisely one conjugate of one
of the subgroups P,U,S where P is an elementary abelian p-group of rank f
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(a Sylow p subgroup), U is cyclic of order m = (¢ — 1) (U is the subgroup of
Mébius transformations leaving 0 and oo fixed), and S is cyclic of order k =
%(q + 1). Furthermore P has ¢ + 1 conjugates, and U and S have index two in
their normalisers (which are dihedral groups). Thus

Xn Q(PSLQ(IFq) = (2”'”2((‘1+1)/2) + 2n~u2((q—1)/2)) ‘

N | —

4. Let P be the 3-group giving rise to Kriz’s counterexample, i.e., the 3-Sylow
subgroup of GL4(FF3). The maximal abelian subgroups of P are

e one elementary abelian subgroup of rank 4, corresponding to matrices of
10 % %
the form < Ly E‘;);
1

e 12 subgroups isomorphic to Cy x C3, coming in four conjugacy classes;

e 51 elementary abelian subgroups of rank 3.

Furthermore, P has 57 conjugacy classes of elements; since this gives X; 3(P),
and Xo,(G) =1 for any G, the above data suffice to compute

1 7 16 1
Xn3(P) = =81" 4+ =27" — —9" 4 -3".
alP) = g8+ 3 9° 73
Just for fun, here is the corresponding result for the prime 2, i.e. the group
Uy(Fs) of 4 x 4 upper triangular matrices over Fy: The number of conjugacy
classes is 16, and the maximal abelian subgroups are: one elementary abelian of
rank 4 (as above), 15 of type Cy x Cy, and 5 of type Cy x Cy x Cy. Thus

1 5 9 1
Xn2(Us(F2)) = 716" + 08" — 4" + 227
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B Tables

For each p, n, and V, let ]N(V be the direct summand of Ky corresponding to
the reduced n-th Morava K-theory of BV. Thus K§ = K{ for k # 0, and
K9 = K9 & T, where T is the trivial F,[GL(V)]-submodule of dimension one
spanned by the monomial 1. The F,-dimension of K is (p™¢ —1)/(p" — 1), where
d = dimV as before. N

Table 1 describes the S Ly(F3)-module structure of K (for p = 3) in terms of the
indecomposable modules I, ..., I; as described in VI.3.2.

Tables 2-4 give the maximal rank permutation submodules M’ of K kfor dimV =
3and p=2,3,5.

Specifically, let [ be a line in V| and let # be a plane in V' containing [. The
group GL(V) acts on the set of all such pairs, and the stabiliser of the pair (I, )
contains a unique Sylow p-subgroup U (V') of GL(V) (and is in fact equal to the
normaliser of U(V)). Let C be a generator for the centre of U(V'), which is cyclic
of order p. Let A be a non-central element of U(V') stabilising every line in ,
and let B be a non-central element of U (V') stabilising every plane containing .
Then A and B generate U(V'), and after replacing C' by a power if necessary, the
commutator of A and B is equal to C. If we identify V' with ]Ff,, and take U(V)
to be the upper triangular matrices, then we may take

110 1 00
A=10 1 0 B=|0 11
0 01 0 01

For p = 2 the group U(V') has 8 conjugacy classes of subgroups, which we list in
the following order:

{1}, (A4), (B), {C),{AB), (A, C),(B,C),U(V).

Let P,..., Py be the corresponding transitive permutation modules, so that P;
is the free module and Py is the trivial module. Similarly, for p > 2, U(V') has
2p + 5 conjugacy classes of subgroups, which we list as:

{1},(4),(AB),.... (AB""),(B), (C),
(A,C),(AB,C),...,(ABP"Y,C),(B,C),U(V).

Again we let Py, ..., P15 be the corresponding transitive permutation modules.
Note that for p = 2, the computations show this submodule always to coincide
with the entire module: we have dim P, = 8, dim P, = dim P; = dim P, = 4,
dim P; = dim Py = dim P; = 2, and dim Py = 1, and the dimension of each row
adds up to 23" — 1/(2" — 1). (This is the reason dim M’ is omitted from this
table.)

Tables 5 and 6 finally give, for dimV = 2, the dimension of a maximal H-
permutation submodule M” of K}, for each conjugacy class (in GL(V')) of sub-
groups H of U(V'). The dimension of K} is 91 for p = 3 and 651 for p = 5.
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Table 1: The SLy(F3)-summands of KF.

I7

Ig

I5

Iy

I3

I

I

0

1

0,4
1,3,5,7

2,6
even
odd

2

1ok
V.

Table 2: The Dg-summands of

Py

Fs

16

P

16

Py

24
28
25
27
25
27
26
26
112

1,2

1,6
2.5
3.4

1,14
2.13
3,12
411
5,10
6,9
78
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Table 3: A maximal Syl;(G L3(F3))-permutation submodule of [?"3

=N

dim. M’
13
91
65
71
73
57
65
67
73

~
o
v

=
—_

RO = = = o) o o] w| ol D
o|lo|olo|lo|o|o|l—|o|m
ol o] = | —| o] of ~| 3
=] = o] wo| = o] ro| —| [,

NN DN DN DN DN DN DN —| S
EN IR 1 NS I TN NGUI I NG T e

I R Rl Rl el el el B =)
O | RO | R Do =] Qo =
NN —| N |~ w| oo

Table 4: A maximal Syl; (G Ls(F5))-permutation submodule of K% .

k dim. M’
0-3 31
651
527
447
467
587
591

=~
o3

w| | po| po| w| w| o| T
N N N e
INFNFNFNFNFSIE=1le
olo|o|lo|o| ol
=] =] o] wo| o] o] of B
l\D»—lHHOO»—t,_w
=] o] o] o] 0| =] =] T

OO NN NN =3
QY =W N = O

Table 5: A maximal H-permutation submodule of K, (p = 3, dimV = 2).

Subgroup H dim. M"”
(4,0) 69
(AB.C) 81
(B,C) 87




B Tables

113

Table 6: A maximal H-permutation submodule of K{, (p =5, dimV = 2).

Subgroup H dim. M"”
(A,0) 535
(AB.C) 628
(B,C) 643
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Epilogue

There is much work left to be done. As already mentioned, no example of a
2-group with odd Morava K-theory exists. We did some calculations for the mod
2 analogon of Kriz’s example, and our evidence points to this group having even
Morava K-theory: this is suggested by the decomposition of the Morava K-theory
of a rank 3 elementary abelian group V' as Dg-module carried out in Chapter VI,
where it is shown that K(n)*(BV) has a permutation basis. Of course, this is
very far from a proof.

Even more pressing would be a complete calculation of K(n)*(BG) for the group
giving rise to the counterexample at odd primes.

Other experimental calculations suggest that any automorphism of order p of a
finite abelian p-group A turns K(n)*(BA) into a permutation module for C,.
This would imply that any p-group having an index p abelian subgroup would
have even Morava K-theory, and render some of the calculations in Chapter V
obsolete. We have however not succeeded in proving such a statement, and are
not even prepared to make a formal conjecture. Furthermore, there seem to exist
only very few possible module structures for such actions. We hope to be able to
classify them in the future using suitable filtrations.

We are more confident about a phenomenon sometimes called ‘equidistribution’.
Any p-group G whose Morava K-theory has been determined (this only concerns
G with K (n)°d4(BG) = 0) enjoys the property that the rank of K (n)*(BG) does
not depend on 7, except for ¢ = 0, where the unit gives one extra dimension:

Conjecture. Let G be a p-group with K (n)°(BG) = 0. Then for0 < i < p"—1,
rank g n)+ (K (n)*(BG)) = rankg,)-(K(n)’(BG)) — 1.
A positive resolution to the conjecture would imply that the additive structure

of the Morava K-theory of a p-group is determined by a single invariant, its rank.

The treatment of discrete groups given here also leaves much to be desired. Many
natural questions were not addressed, leave alone answered. For example, we
could show that the property of having finite K (n)-rank passes from a finite index
subgroup to the supergroup, and had an example showing that the converse can
not hold. But this example was highly artificial and depended on mixing different
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primes. When the index of the subgroup is a power of the defining prime, we do
not know what happens.

Finally, the problem in our opinion overriding all others is the quest for a theory
explaining generalised characters in a functorial way, i.e., a theory that may be
dubbed ‘higher representation theory’. We have no idea what this could be.



Bibliography

[Ad]

[A]

[(BW]

[BP1]

[BP2]

[B2]

(B3]

CF]

A. Adem. Euler characteristics and cohomology of p-local discrete groups.
J. Algebra 149 (1992), no. 1, 183-196.

J. L. Alperin. Local representation theory. Cambridge University Press,
1986.

A. J. Baker and U. Wiirgler. Bockstein operations in Morava K-theories.
Forum Math. 3 (1991), 543-560.

M. Bakuradze, S. B. Priddy. Transfer and complex oriented cohomology
rings. Algebr. Geom. Topol. 3 (2003), 473-509.

M. Bakuradze, S. B. Priddy. Transferred Chern classes in Morava K-
theory. Proc. Amer. Math. Soc. 132 (2004), no. 6, 1855-1860 .

M. Bakuradze, V. Vershinin. Morava K-theory rings for the dihedral,
semidihedral and generalized quaternion groups. Preprint, 2004.

A. Borel and J.-P. Serre. Corners and arithmetic groups. Comm. Math.
Helv. 48 (1973), 436-491.

R. R. Bruner, J. P. May, J. E. McClure and M. Steinberger. H,, ring
spectra and their applications. Springer Lecture Notes in Math. 1176,
1986.

M. Brunetti. On the canonical GLy(Fy)-module structure of
K(n)*(BZ/2 x BZ/2). Algebraic topology: new trends in localization
and periodicity (Sant Feliv de Guizols, 1994), 51-59, Progr. Math., 136,
Birkhser, Basel, 1996.

M. Brunetti. The K(n)-Euler characteristic of extraspecial p-groups.
J. Pure Appl. Algebra 155 (2001), no. 2-3, 105-113.

M. Brunetti. Morava K-theories of p-groups with cyclic maximal sub-
groups and other related p-groups. K-Theory 24 (2001), 385-395.

P. E. Conner and F. E. Floyd. The relation of cobordism to K-theories.
Springer Lecture Notes in Math. 28 (1966).

117



118

[CR]

[DL]

[tD1]

[tD2]

[FP]

Bibliography

C. W. Curtis and I. Reiner. Methods of Representation theory I. Wiley,
1981.

J. Davis und W. Liick. Spaces over a category and assembly maps in
isomorphism conjectures in K- and L-theory. K-Theory 15 (1998), no. 3,
201-252.

T. tom Dieck. Orbittypen und dquivariante Homologie 1. Arch. Math. 23
(1972), 307-317.

T. tom Dieck. Transformation Groups. de Gruyter Studies in Mathemat-
ics 8, Walter de Gruyter & Co., Berlin-New York, 1987.

Z. Fiedorowicz and S. Priddy. Homology of Classical Groups over Finite
Fields and Their Associated Infinite Loop Spaces. Springer Lecture Notes
in Math. 674 (1978).

E. M. Friedlander and G. Mislin. Galois descent and cohomology for
algebraic groups. Math. Z. 205 (1990), 177-190.

J. P. C. Greenlees and N. P. Strickland. Varieties and local cohomology for
chromatic group cohomology rings. Topology 38 (1999), no. 5, 1093-1139.

M. Hall and J. K. Senior. The groups of order 2" (n < 6). The Macmillan
Co., New York; Collier-Macmillan, Ltd., London 1964.

M. Harada and A. Kono. On the integral cohomology of extraspecial
2-groups. Proceedings of the Northwestern conference on cohomology of
groups (Evanston, Ill., 1985). J.Pure Appl. Algebra 44 (1987), 215-219.

M. Hazewinkel. Formal Groups and Applications. Academic Press, New
York, 1978.

M. J. Hopkins, N. J. Kuhn und D. C. Ravenel. Generalized group charac-
ters and complex oriented cohomology theories. J. Amer. Math. Soc. 13
(2000), 553-594.

J. R. Hunton. The Morava K-thoeries of wreath products. Math. Proc.
Camb. Phil. Soc. 107 (1990), 309-318.

J. R. Hunton. The complex oriented cohomology of extended powers.
Ann. Inst. Fourier (Grenoble) 48 (1998), no. 2, 517-534.

B. Huppert. Endliche Gruppen I. Die Grundlehren der Mathematischen
Wissenschaften 134, Springer-Verlag, Berlin-New York, 1967.

D. C. Johnson and W. S. Wilson. B P-operations and Morava’s extraor-
dinary K-theories. Math. Z. 144 (1975), 55-75.



Bibliography 119

K]

[KL]

[Kul]

[Ku2]

I. Kriz. Morava K-theory of classifying spaces: some calculations. Topol-
ogy 36 (1997), 1247-1273.

I. Kriz and K. Lee. Odd degree elements in the Morava K (n) cohomology
of finite groups. Topology Appl. 103 (2000), 229-241.

N. J. Kuhn. The Morava K-theories of some classifying spaces. Trans.
Amer. Math. Soc. 304 (1987), 193-205.

N. J. Kuhn. The mod p K-theory of classifying spaces of finite groups. J.
Pure Appl. Algebra 44 (1987), 269-271.

S. Lang. Cyclotomic Fields. Graduate Texts in Mathematics 121,
Springer, 1978.

I. J. Leary and B. Nucinkis. Some groups of type V F'. Invent. Math. 151
(2003), no. 1, 135-165.

[. J. Leary and B. Schuster. On the GL(V)-module structure of
K(n)*(BV). Math. Proc. Camb. Phil. Soc. 122 (1997), 73-89.

W. Liick. The type of the classifying space for a family of subgroups.
J. Pure Appl. Algebra 149 (2000), no. 2, 177-203.

J. McCleary. A user’s guide to spectral sequences. Cambridge University
Press, 2nd edition, Cambridge, 2001.

S. Mitchell and S. B. Priddy. Symmetric product spectra and splittings
of classifying spaces. Amer. J. Math. 106 (1984), 219-232.

C. Prieto. Rothenberg-Steenrod spectral sequences for general theories.
Algebraic and differential topology — global differential geometry, 206—
220, Teubner-Texte Math., 70, Teubner, Leipzig, 1984.

D. G. Quillen. On the Formal Group Laws of Unoriented and Complex
Cobordism theory. Bull. Amer. Math. Soc. 75 (1969), 1293-1298.

D. G. Quillen. Elementray proofs of some results in cobordism theory
using Steenrod operations. Advances in Math. 7 (1971), 29-56.

D. G. Quillen. The mod 2 cohomology rings of extra-special 2-groups and
the spinor groups. Math. Ann. 194 (1971), 197-212.

D. G. Quillen. The spectrum of an equvariant cohomology ring I,II. Ann.
of Math. 94 (1971), 549-572, 573-602.

D. C. Ravenel. Morava K-theories and finite groups, Contemp. Math. 12
(1982), 289-292.



120

[RW]

St3]

[Std]

TY1]

TY?2]

Bibliography

D. C. Ravenel and S. W. Wilson. The Morava K-theories of Eilenberg-
MacLane spaces and the Conner-Floyd conjecture. Amer. J. Math. 102
(1980), 691-748.

L. Rédei. Das schiefe Produkt in der Gruppentheorie. Comment. MAth.
Helvet. 20 (1947), 225-267.

D. Rusin. The mod 2 cohomology of metacyclic 2-groups. J. Pure Appl.
Algebra 44 (1987), 315-327.

M. Schonert et al. GAP (Groups, Algorithms and Programming) Version
3 Release 2. RWTH Aachen, 1993.

B. Schuster. On Morava K-theory of some finite 2-groups. Math. Proc.
Camb. Phil. Soc. 121 (1997), 7-13.

B. Schuster and N. Yagita. Morava K-theory of extraspecial 2-groups.
Proc. Amer. Math. Soc. 132 (2004), no. 4, 1229-1239.

J. P. Serre. Local Class Field Theory. In: Algebraic Number Theory,
edited by J. W. S. Cassels and A. Frohlich, 129-162, Academic Press,
London, New York 1967.

C. Soulé. The cohomology of SL3(Z). Topology 17 (1978), 1-22.

N. P. Strickland. Morava E-theory of symmetric groups. Topology 37
(1998), no. 4, 757-779.

N. P. Strickland. Formal schemes and formal groups. Homotopy invariant
algebraic structures (Baltimore, MD, 1998), 263-352, Contemp. Math.,
239, Amer. Math. Soc., Providence, RI, 1999.

N. P. Strickland. K (N)-local duality for finite groups and groupoids.
Topology 39 (2000), no. 4, 733-772.

N. P. Strickland. Chern approximations for generalised group cohomology.
Topology 40 (2001), no. 6, 1167-1216.

M. Tanabe. On Morava K-theories of Chevalley groups. Amer. J.
Math. 117 (1995), 263-278.

M. Tezuka and N. Yagita. The varieties of the mod p cohomology rings of
extra-special p-groups for an odd prime p. Math. Proc. Cambridge Philos.
Soc. 94 (1983), 449-459.

M. Tezuka and N. Yagita. Cohomology of finite groups and Brown-
Peterson cohomology. Algebraic Topology (Arcata, CA, 1986), 396-408,
Lecture Notes in Math. 1370, Springer, Berlin, 1989.



Bibliography 121

[TY3]

ITY4]

[V]

[WK|

M. Tezuka and N. Yagita. Cohomology of finite groups and Brown-
Peterson cohomology 1. Homotopy theory and related topics (Kinosaki,
1988), 57-69. Lecture Notes in Math. 1418, Springer, Berlin, 1990.

M. Tezuka and N. Yagita. Complex K-Theory of BSL3(Z). K-Theory 6
(1992), 87-95.

J. W. Vick. Some applications of the Rothenberg-Steenrod spectral se-
quence. Osaka J. Math. 11 (1974), 87-103.

C. Wilkerson. A primer on Dickson Invariants. Proceedings of the North-
western Homotopy conference, AMS Contemp. Math. Series 19 (1983),
421-434.

W. S. Wilson. Brown-Peterson Homology, an Introduction and Sampler.
Regional Conference Series in Mathematics, No. 48, AMS, 1980.

U. Wiirgler. Commutative ring-spectra of characteristic 2. Comment.
Math. Helv. 61 (1986), 33-45.

U. Wiirgler. Morava K-theories: A survey. Algebraic Topology Poznan
1989. Springer Lecture Notes in Math. 1474 (1991), 111-138.

N. Yagita. The exact functor theorem for BP,/I,-theory. Proc. Japan
Acad. 54 (1976), 1-3.

N. Yagita. On the Steenrod algebra of Morava K-theory. J. London Math.
Soc. 22 (1980), 423-438.

N. Yagita. Equivariant BP-cohomology for finite groups. Trans. Amer.
Math. Soc. 317 (1990), no. 2, 485-499.

N. Yagita. Cohomology for groups of rank,(G) = 2 and Brown-Peterson
cohomology. J. Math. Soc. Japan 45 (1993), no. 4, 627-644.

N. Yagita. Note on BP-theory for extensions of cyclic groups by elemen-
tary abelian p-groups. Kodai Math. J. 20 (1997), no. 2, 79-84.

A. Yamaguchi. Morava K-theory of Double Loop Spaces of Spheres.
Math. Z. 199 (1988), 511-523.



122 Bibliography



