K(n) CHERN APPROXIMATIONS OF SOME FINITE GROUPS

BJORN SCHUSTER

ABSTRACT. A few examples of 2-groups are presented whose Morava K-theory is determined by
representation theory. By contrast, a 3-primary example shows that in general relations arising
from representation theory do not suffice to calculate the Chern subring of K (n)*(BGQ).

1. INTRODUCTION

Let E denote a complex oriented cohomology theory and G a finite group. As any complex oriented
theory comes with a theory of Chern classes of complex vector bundles, complex representations
offer a convenient source of E-cohomology classes of BG, the classifying space of the group G. In
many examples, one knows that Chern classes suffice to generate E*(BG@), and it is natural to ask
to what extend the relations among them follow from representation theory, too.

This question is closely related to the problem of determining the so-called Chern approximation
of E*(BG), a concept introduced by Strickland [9]: take all non-trivial irreducible complex rep-
resentations p of G, assign indeterminates to the Chern classes of such p, and divide out by the
relations obtained from the product structure of the representation ring and all A-operations (for
a precise definition see below). Strickland then studies the resulting object in geometric terms,
i.e., the associated formal scheme over the formal group E°CP>.

We shall work with £ = K(n), the n-th mod p Morava K-theory with coefficients K(n)* =
Fp[vn, v, '], where v, has degree —2(p™ — 1). Our calculations show that for some 2-groups G,
the K(n) Chern approximation coincides with K (n)*(BG). To prove such results one has to
perform two steps: first, establish that K(n)*(BG) is generated by Chern classes of complex
representations; in the cases we shall study this is already in the literature. Secondly, one has to
show that the relations implied by the structure of the representation ring RG suffice. To that
end it is enough to produce an upper bound for the rank of the resulting module (which spares
us the necessity to use Grobner basis methods), and compare it to the rank of K (n)*(BG), which
by step 1 is given by the Euler characteristic formula of Hopkins, Kuhn, and Ravenel [4].
Although to some extent motivated by the problem of finding the ring structure of K(n)*(BG),
this is not the primary purpose of the present paper. For most of the groups considered here, the
multiplicative structure of K (n)*(BG) has already been determined using more efficient transfer
methods, see [1, 3]. What interests us here is the question whether K (n)*(BG) is already de-
termined, as K (n)*-algebra, by the representation theory of G. For our 2-group examples this is
true; however, for the nonabelian group of order 27 and exponent 3, the answer is negative. This
latter result has been known to N. Strickland for some time.

The paper is organised as follows. We start with a brief review of Chern approximations for
K (n)-theory. The account given here is a ‘poor man’s version’ of the original, inasmuch we forego
all mention of the finer geometric structure. Next we record a few useful formulas, and the later
sections contain the calculations for the individual groups: dihedral, quaternion, semidihedral,
and quasidihedral groups, and one 3—primary example.

2. CHERN APPROXIMATIONS FOR K (n)

Let G be a finite group. Suppose p and p are complex representations of dimension m and 7,
respectively. Let o;(s) and o,(t) denote the elementary symmetric functions in si,...,s,, and
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t1,...,t,. Recall that the k-th Chern class of p, say, can be identified with the coefficient of X" ¥
in [T/, (X —t;). Furthermore, the coefficient of X* in

[T 0+ X(si+rt))
1<i<m
1<j<r

is a polynomial in the o;(s) and o;(t), say Px(o1(s),...,0m(s);01(t),...,0.(t)). Here and below
we write x + y to denote the formal sum of x and y.
Similarly, the coefficient of X* in

II (+X(si, +rsi,+5- +rsi,))
i1 < <ig
is a polynomial Ly in the o;(s).
The splitting principle implies that these power series determine then Chern classes of products
and exterior powers:

Proposition 2.1. (a) ck(p®p) = Pr(ci(w),...,cm(w);cr(p), ... cr(p)).

(b) ex(Ap) = Lr(cr(p), - -, em(p))- O
Next, recall the Adams operations on the represenation ring. Let u be a representation of dimen-
sion m; set (i) = D00 A (1)t" (where \°u = 1), and define

t d
() =m — ) ﬁ)\,t(u) .

Then 'y is the coefficient of ¢ in 9;(1). There are the well-known formulae linking Adams
operations and exterior powers via the Newton polynomials; in particular, ¥*(u) = pu* for any line
bundle (one-dimensional representation). Hence for a direct sum of line bundles one has

(@ (i ® - ® pm)) = r(py @ - @ ) = ok ([(21), - -, [(2m))
where x; = ¢1(u;). Thus
Proposition 2.2. For the K(n) Chern classes one has cx(¢YP ) = cp(p)?" . O

Definition 2.3 (Strickland [9]). Let G be a finite group. Let p1,. .., pr be the distinct non-trivial
irreducible complex representations of G. For each p;, choose indeterminates ¢;;, 1 <1 < dim(p;).
Define C(G; K(n)) to be the quotient of the K (n)*-algebra on the ¢;; by the relations imposed
by Proposition 2.1.

As a consequence of Proposition 2.2, one gets the following special case of Corollary 10.3 of [9].
Our proof is but a paraphrase of the argument given there.

Corollary 2.4. For any finite group G, the rank of C(G; K(n)) over K(n)* is finite.

Proof. Tt suffices to show that all generators of C(G; K(n)) are nilpotent. Let e be the exponent of
G and p" its p-part, i.e., e = p" f with f coprime to p. Then 1¢(u) = dim(u) for any representation
p of G. Thus for k > 1, one has 0 = ¢ () = ¢ (VP 7 ) = e (v )P . Now let ¢, denote the
total Chern class; since we are working modulo p, we find that

L=co@/ )" = ca(p™ ' 1) = co(w! (0" 1))
(using additivity) and thus ¢ (¢f (p™u)) = 0 for all £ > 1. But when f is coprime to p, the series
[f](z) is an automorphism of the formal group law; thus cx1f = 0 for all k > 0 iff ¢;, = 0 for all
k > 0. This implies 1 = cq(p"™ 1) = co ()P, whence the claim. O

There is an obvious map

chg: C(G; K(n)) — K(n)*(BG)
assigning to ¢ ; the Chern class cx(p;). In general, this map is neither injective not surjective:
an example of non-injectivity is given in Section 7, whereas it certainly fails to be onto whenever
K (n)*(BG) is not generated by Chern classes, as happens for G = A4 at p = 2 (there are p-group
examples, t00).

Definition 2.5. We call the Chern approximation of G ezact if chg is an isomorphism.
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3. SOME FORMULAS

From now on we shall work with K (n)*(=) ® )« Fp, i.e., we set v, = 1.
We start by giving two approximations to the formal group law of Morava K-theory.

Lemma 3.1. (i) For any p,

-1

1 b n—1,_ n—1 i n—

21 +p 2o =1 + X9 5 g <f)z’f 113:12) *= mod ((xlxg)pz 2).
i=1

2n—2
If p is odd, this equality holds modulo ((xl + mg)xlxg)
(ii) Let p=2. Then
271,71

n—1 2n—2
T +F Tog = X1 + T2 + (mlxg + (@1 + 29) (z122)? ) mod (((xl + z9)z122)? )

Proof. Part (i) is stated in [2] as Lemma 5.3, and (ii) is claimed in [3] as Lemma 2.2 (ii), but, as
the referee pointed out, the explanation provided there falls short of a full proof. We therefore
give an argument which surely must be the one the authors of [3] had in mind. Since we need the
notation anyway, we also show (i), the proof being essentially the one from [2].

Specialising Theorem 4.3.9 of Ravenel’s green book [6] to the case where v, = 1 and v; = 0 for
n # i and simplifying it using Lemma 4.3.8. (b) gives

F F (n—1)k
E T; = E wg(x1, 22,...)P ,

k>0

for any number of variables, where the Witt polynomials wg(z1, z2,...) € Z[x1, 2, ...] are char-
acterised by wg = o1(21,2a,...) and

k k k—j
p" g, D77
E T, = g pw; .
i j=0

By construction, the Witt polynomials are symmetric, and in the case of two variables z1, z2 one

has

122 P

wy = —fz ( ,)lexgj .

P \J
In particular, w; is divisible by 2124, and by induction, all wg (21, x2) are in (z122). More precisely,
for p odd one even has wy € (xl xa(xq +.’132)), whence the same holds for all w. For p = 2, however,
wy (x1,22) = w122, but still wy, € (1‘1.%'2(31‘1 + mg)) for k > 2. To see this, denote by g, the power
sum z7* + 25'. Since we are dealing with only two indeterminates, Newton’s identities reduce
t0 Gm+1 = (1 + 22)¢m — T122Gm—1. By induction, this gives gon = (21 + x2)2k + 2(x1x2)2k71
mod (a:lxg(:cl + J:g)), hence

k—1
. k—i
P (1, 29) = gor — Z 20w?
=0
= (z1+ x2)2k + 2(x1x2)2k71 - wgk - Qw%lﬁl mod (z1z2(z1 + z2))

=0 mod (£U1(E2(£Z'1 + z9)) .

Thus

n—1

1
1% AN
21 +p a2 =(r1+z2) +p | —— Z p ol mod ((z122)P" 7).
P\t
Writing now y; = wo (21, 22) and y2 = wq (2, ch)”WI, repeating the same argument leads to

n—1

2n—2
r1 +F 22 = wo(y1,y2) +rF wi(y1,y2)? mod ((y1y2)”" ),
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so certainly modulo (xlch)p%_Q. But modulo p, one has

151

wl(yl’yz)pnﬂ - (_7 Z (f) (1 + x2)p7iw1(x1,x2)””71i)p

p =1

n—1

and this is zero modulo (xlxg)p%_g; the claim follows. For p odd, the second claim of (i) follows
from the same calculation, since wy (z1,22) is in (:Elxg (x1 + :Ug))

Let now p = 2. Then, as wa(x1,x2) = 2122, we can no longer argue as before. On the other hand,
by part (i),

gn—1 2n—2

n—1 n—1
=wo(y1, y2) +wi(y1,y2)>  +wolyr,y2)>  wi(y1,y2)
3n—3
)2

wo(y1,y2) +r wi(y1,v2)

)22"72101 (y1, 92 ), so in particular modulo ((z1z2(z1 + 1'2))227172). But the

third summand is also in ((z122(z1 + xg))22”72), so we finally arrive at

modulo (wo(yl, Yo

n—1 2n—2
z1 +p 22 = wo(y1, y2) + wi(y1, y2)° mod ((zyz2(z1 + 22))* )
2n71

n—1 n—1 2n—2
=21+ a0+ (2122)% + ((xl + ) (2129)* ) mod (J:lxg(xl + 15)? )

as claimed. 0

Lemma 3.2. Letp =2 and e, 7 € RG be of dimension 1 and 2, respectively. Assume further that
e2=1. Sety=ci(e) and ¢; = ¢;(7) (i =1,2). Then

(i) v*" =0;

(i) c1(e7) = 1 + (yer)?"

n—1
n— n— n— n—1_ ok k—1
(i) co(er) =92 +yer +ea+y2 PG 4y E i SRR A
k=1
If in addition eT = T, then

(iv) (ye)?" " =0;

(v) yei =y
n—1

(vi) yer =92 + Y yF TG
k=1

Proof. (i) is immediate from [2](y) = y?". For (i), write 7 = £; + & as a sum of line bundles and
x; = ¢1(&). By the splitting principle, we may calculate in Fo[y]/(y*") @ Fa[z1, £2]>, identifying
¢1 with z9 + 29 and ¢y with z129. Then by (i),
n—1 n—1 n—1
caler)=(+rz)+ Y +ra) =@ +22)+y>  (z1+22)> =0+ (ya)’
using Lemma 3.1 (i). Similarly,

c2(e7) = (y +r 22)(y +F 22)

n—1 n—1 n—1 n—1
=y +y(r1 + ) + 2122 +y* T +22)? +yT (2wt a2l )

which gives (iii). Part (iv) is clear. Furthermore, if eT = 7, (iii) reads as

n—1
cL=y+ anil_1 Z c%n_lfzkﬂcgkfl mod ann(y)
k=1
whence
n—1
A=y +y¥ 23 Z cln_QkHc%k =y* mod ann(y)
k=1
which implies (v). Finally, (vi) is a consequence of (iii) and (v). O

We also record the following formulas, which can be verified in similar style using Lemma 3.1 (ii).

Lemma 3.3. Let p=2 and 7 € RG of dimension 2. Set ¢; = ¢;(7). Then
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(i) ei(r?) =i
2n—1

(i) () =G+ mod (c1e2)*"

e n n n n+1 2n—1 2n—1 n 2n—1
(iit) e3(m?) = 2+ + 3 mod ¢Z " ¢3
n n n
=c?"c3" mod &t

. n n+1 n 2n—1 n 2n—1
(iv) ea(t?) = A3 + 37 et T mod &
277,—1 2271,—2

(V) eci(A27) =1 + 2"+ 22 mod (c1cp)?" "

4. Dg AND Qg

We start with dihedral and quaternion groups of order 8. Not only is this the simplest case, it shall
also furnish us with certain identities useful later on. The quaternion case was already treated in
detail in section 15 of Strickland’s paper [9] and is only included here since it does not mean any
extra effort.

Both groups have isomorphic complex representation rings, but they differ in the A-structure. To
fix notation, we use the following presentations of Dg and @g: both are two generator groups, on
g1, g2, say, with relators

g%a g%a [91792]2 for D87
4 2 2 —1 f
91> 9192, 9193 9192 for Qs.

There are 4 one-dimensional representations and one irreducible of dimension two. Let «; be
defined by 7v;(gx) = (—1)%* (j,k =1,2), and A = Ind<Gg192>(ﬁ) where 5(g192) = 4. Then one has
=1, %A=AA%=1+7 +% +m7, and

\2A = 172 for Dg,
1 for Qs.

Let y; = c1(y;) (¢ = 1,2) and ¢; = ¢j(A) (j = 1,2). Then it is known that K(n)*(BG) is
multiplicatively generated by y1, y2, and cz, see [10, 8]. The first relations are easy: from 72 = 1
we immediately obtain

(4.1) y'=0, yi =0.

Now to ;A = A: by Lemma 3.2, one obtains

n—1

(4.2) (yi01)2 =0.
and
nl k k—1
4.3 iC1 = 2+ 2?»_2 +102 - .
( y Y; Y; 2
k=1

We intend to use A? = 1+4; +72 +7172 next: one has ¢;(A?) = ¢;(A)?" by Lemma 3.3(i), hence
n n—1

(4.4) G =yt + (v +r ) = (k) .

Now (4.3) can be restated as

n—1
(4.3") c1+yi + Z yfn_chgk_l € ann(y;)
k=1

Using (4.1), raising this to the power 2" yields ¢ € ann(y;), which in turn implies

(4.5) yi(y1y2)? =i =0

and thus, using (4.3) again,
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n—1
oyl gn=1  gn=1_y gn-1/ o on ok 1 gk-1
& = (y1y2) 1 =Yi Yo Y]+ E Y1 (&}
k=1

_ 2n—1+1 2'”71 _ 2n _
=y y5  =wyicg =0

(4.6)

By Lemma 3.2 (v),
(4.7) yict =y}
which implies y$ys = y1y2¢3 = y195. This gives

n—1 n—1
) on—2kF41  ok-l 9 o2k _1 k-1
Y1y201 = Y1Y2 + g Y1 Y2Cy =YiY2 + g Y195 5
k=1 k=1

= yiys + y1y2c1 + 193,

hence

(4~8> y%yz = ylyg .

Furthermore, since we may calculate modulo c%”‘l by (4.6), Lemma 3.3 implies

02(A2) _ C§ + c%n032n71

On the other hand
1 2n—

n— 1
c(l+m+r+772) =iy + Wi +v) Y+ +v5 vs )=y +yive + Y3
using (4.8), thus

2n71 227171

(4.9) A =vi e+ v+ () S

+1 2

n n n
Also, modulo ¢ ™ one has c3(A?) = 2" 3" and

n—1 n
cs(L+v1 +72 +7172) = vive(yi + yo + (1v2)> ) = yiye + v1vs + yiyect =0,
leading to

n—1 n
(4.10) (1y2)? 2 =0 and & =y? +yiyo +y3.
So far, everything worked for either Dg or QQs. Now that we shall use exterior powers, things will
start to differ. We have oy
2"’17 2 n—

ct(V2A) = ¢ + cgnil +c
since we may calculate modulo ¢} ¢3" by (4.10), and

n—1
a(mye) =y +y+ )
hence
271—1 271,71 2’n71 2271,72
Y1+ y2 + (Y1y2) +c;  +cf for Dg,
(4.11) c|p = gn—1 gn—1 92n—2
5+ o for Qs.

Together with (4.10) this gives

3" +y}+vys for Dg,
(4.12) i SRR J 2 { : HUity 5
& for Qg;
or
n for D
(4.13) 2 = y;yz . or Dg,
yi +viy2 +y;  for Qs.

For the dihedral group, equations (4.8), (4.10), and (4.13) furthermore imply

271.—1 22n72

n—22
g =Wt +y3)? (i)

on—2 1 n—1
= (W +¥)ny)”  + ) =)’

2n—2
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whence (4.11) reads as

n—1
+ s +c2 for D
(4.14) c1 = y;n—lyQ 22371 &
s+ for Qs.
Finally, plugging all this into (4.3) results in
n
n_ok k—1 1y for Dg,
(4.15) Y2 TS =
kZ:l ‘ 2 y? for Qs.
Summing up, we get the following relations:
(i) v
n for D
(11) C2 — y;ﬁU? 5 or 85
yi +yye +yz  for Q;
n — for DS
i noo2 ’Qk“ch v J Yl )
( ) Zk—l Yi 2 y,? for Q8~

Furthermore, in (4.14) we have also identified ¢;. Note that these relations imply all the others
n—1 n—1

proved along the way, as well as cgz R

It remains to check that these relations produce a module of the correct rank, which according to

the Euler characteristic formula of Hopkins et al. [4, Theorem B (Part 2)],

(€)= 3 s )

A<G

where summation is over the abelian subgroups of G and p is a Mobius function on the poset
of abelian subgroups, should be %4" - %2”. From the relations one easily reads off that the set
(which works for either group)

Bi={yick, yhch, i |1<i,j<2", 0<k,l<2""' 0<m< i4m+ 127}
generates C(G; K (n)): by relation (ii), we can eliminate any monomial divisible by y;y2, and (iii)
says that yf+1c§n71+k is in the span of B, for any j,k > 0.
The cardinality of this set, which gives an upper bound for the rank of the Chern approximation,
is indeed equal to the rank of K (n)*(BG). Since this is all that is required, we have:

Theorem 4.1. Let G be either Dg or Qg. Then
(a) K(n)"(BG)=C(G;K(n));
(b) K(n)*(BG) is multiplicatively generated by the classes y1,ya,co subject to the relations
(i)-(iii) above. O

Remark. Note that our relations coincide with those obtained by Bakuradze and Vershinin in [3].
They use slightly different generators though, their x corresponds to our y; and ¢ to y1 +F yo.

5. DIHEDRAL, QUATERNION, AND SEMIDIHEDRAL GROUPS

In order to prove a statement like part (a) of Theorem 4.1, it is certainly not necessary to determine
the complete multiplicative structure.
Suppose one already knew that K (n)*(BG) was generated by Chern classes of representations. It
then suffices to produce, using only formal consequences of the ring structure of RG plus Adams
and/or exterior power operations, enough relations among the Chern classes of all irreducible
representations so that the rank of the result is equal to the Euler characteristic of G. This is the
course we shall follow from now on; for the assumption on generation by Chern classes we refer to
7, 11],
Let

G = (s, | s = 1, t2 =5 tst™ 1 =s")
where e € {0,2™} and r € {—1,2™ — 1}. Then G = Dym+2, the dihedral group of order 2" +2,
for e = 0 and r = —1, whereas e = 2™, r = —1 corresponds to the generalised quaternion group
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Qom+2 and e = 0, r = 2™ — 1 to the semidihedral group SDsm+2. Except for this last case, m =1
is allowed.
All three types have the same K(n) Euler characteristic

1 1
" Q) = 72(m+1)n 4" — —9on.
X ,2( ) 9 + 2 3

this again follows with the Euler characteristic formula of [4], keeping in mind the following easily
verified facts: (i) G has an index two cyclic subgroup, (ii) every other maximal abelian subgroup
has order four, (iii) there are 2™ + 3 conjugacy classes of elements, and (iv) x0,(G) = 1 and
X1,p(G) is the number of conjugacy classes of p-elements of G, for any group G and prime p.
Indeed, from (i) and (ii) one has

1
Xn,Q(G) — 5Q(m-‘rl)n + ad™ + B2"

for some ¢, 8, and solving the equations x02(G) = 1 and x1,2(G) = 2™ + 3 gives the claimed
formula.
Furthermore, it is shown e.g. in [7] that K (n)*(BGQ) is concentrated in even degrees.

Let A = (s) = Com+1 and p: A — C* denote a generator of RA with p(s) = exp(wi/2™). Define
linear characters 7; and 7y by

m(s) =—1L m@) =1 m(s)= -1, na(t) = —1;
the seemingly asymmetric definition will allow us to use the results of the previous section to start
inductive arguments. Then 1, 11, 172, and 111y are the linear characters of G. Furthermore, set

or =Ind§(p*) (keZ).

Note that o9 = 1 + mn2 and ogm = 11 + 12 for any of the three types, and oomy, = gom_,
for G dihedral or quaternion, or G' semidihedral and r even, whereas oax11 = 0om_(2x41) for G
semidihedral and 0 < k < 2™2.

The irreducible two-dimensional complex representations of G are

g; (1 <i < 2m) for G = Dom+2 or Qom+2,
and

o2; (1< <2™ 1), oppiny (0 k<2™7?) for G = SDgmsa.
The next two lemmas give the product structure and Adams and exterior power operations;

verification is a routine exercise using complex characters.

Lemma 5.1. (a) Let G be either dihedral or quaternion. Then niop = ogm_j (0 < k < 2™,
i=1,2), and 0o = 01 + ok—; for j < k.
(b) Let G be semidihedral, i = 1,2, and 0 < j < k. Then
oom_y,  fork even, 0 < k < 2™,
N0k = m—1
o_k for k odd, |k| < 2m~1t.

ook = Oktj + Ok—j for j or k even,
ik = .
Ok+j + O2m _k4j fOT Js k odd. O

Lemma 5.2. ¢*0, = o, for k odd and all three types. Furthermore,

1 —mina + o2 for G = Dom+2, or G = SDom+2 and k even,
Yoy = (_1)k(1 —mn2) + oo for G = Qom+z,
M — N2 + Ok for G = SDgym+2 and k odd;

mnz  for G = Dam+2 or k even,
Mop={1n  for G= SDyms2 and k odd,
1 for G = Qam+2 and k odd. 0
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Now Adams operations can be recovered from exterior powers, thus setting o = o1, one has:

Corollary 5.3. (a) RDgm+2 and RSDym+2 are generated by my and o as A-rings.
(b) RQqm+2 is generated by n1,m2 and o as A-ring. O

Theorem 5.4. Let G be either Dom+2, Qom+z2, or SDgm+2, m > 2. Then C(G,K(n)) =
K(n)*(BG).

Proof. Let y; = c1(n;) and ¢ = ¢x(0), k = 1,2. It is known e.g. from our earlier paper [7] that
K(n)*(BG) is generated by y1, y2 and ca, so all we have to show is that C(G, K(n)) has the
correct rank.

Since G/(s*) = Dg, we may assume the following relations obtained in Section 4:

(5.1) yi =0, v =0, yly2=1103.
Lemma 5.2 implies 92" 0 = 1 —n112 411, +12; applying ¢; and ¢ to this identity yields, using (5.1),

mn n—1
(5.2.a) C? =y1t+tryY2+y1+y2 = (9192)2
and consequently
(5.2.b) 3" =" (1 +r ) 12 = n1ye

since 2" (y1 +p yo) = (y1y2)2" (y1 +y2 + (ylyg)Qn_l) =0 by Lemma 3.1 (i) and (5.1).
The identities for A2¢ in turn yield, according to Lemma 3.3 (v),

(5.3) =Y+ c%n_l + c%n_lcg%_Z mod (0102)22n_2
with
Y1 +r Y2 for G = D2m+27
Y=<0 for G = Qom+2,
Y2 for G = SDgm+2.

Next, apply ¢z to mneo = o. Writing z = y1 +F7 y2 = c¢1(m172), note that by (5.1) one has
27 = (y1 + y2)? for j > 1. Thus by Lemma 3.2 again,

n—1 n—1

n_ok k-1 n_ok k-1
zep =22+ S where S = E T S g (y1 +y2)* 2 Ted .
k=1 =1

Thus (y1 +ya)er = (1 +v2)% + (y1y2)2" e1 + S. But

y2)? e =y Ttyper =97 T Hyien + (1 +92)? + (niye)? e +8) =0,
hence
(5.4) 2 g
and
(5.5) zer = (y1 +y2)er = (y1 +y2)> + 5.

As in the previous section, z¢3 = 2% by Lemma 3.2 (v). With (5.5) this implies (y1 + y2)c} =
22" = 22"¢; = 0; in particular, ¢~ € ann(y; + y») since n > 2. Thus (5.3) gives

n—1 n—1 2n—2
rtyda=+p)(Y+d +d & )

Together with (5.5) one obtains

n—1 n—1 2n—2
(5.6) (1 +v2)3 =+’ +S+wm+w)Y+d & )
or )
n—1 n k k—1 n—1 2n—2
2 =yt Z<y1 +y2)? TP 4+ Y 4+l mod ann(y; + y2)

k=1

whence
2271, -2

n—1 n—1
G =ty +YY =(z+Y)

271,—1

mod ann(y; + y2) .
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and thus (g1 + y2)c2" 27 = 22" F(z 4+ V)2 = 0 for all three cases. This means we can

rewrite (5.6) as

0 for G = Dgm+2,
n—1
(5.7) g +y2)d =S +Y withY = {42 442 for G = Qomes,
v +1y1y2  for G = SDym+s.

Together with (5.2.b) one then obtains

(m4+1)n—1, on—1 n—1 n_ n—1
(5.8) s T2 = () =9 e +S+Y) =0
Finally, let p = (d)Qm_l*la) . (77/12m_1cr). Lemma, 5.2 says that p is equal to both p’ = o + 110 and
p’ = o+ ne0. Now ca(p) can be expressed as a polynomial in Y and cp: Arguing as before with
the splitting principle, we may assume that the two-dimensional representation p is a sum &; + &>
of line bundles, whence

) ) = (@ ) @ ),

The second Chern class of this expression is a power series in 1 = ¢1(£1) and xs = ¢1(&2), which
is symmetric in z; and xo and thus can be identified with a power series in ¢; and c;. Since all
classes are nilpotent, one is left with a polynomial in ¢; and ¢3. By virtue of (5.3) and nilpotence
again, ¢; can be written as a polynomial in Y and ca, so the same holds for ¢a(p).

On the other hand, by Lemma 3.2 yet again,

2 2 271.71 2n—1+1 271—1+1 2'!L71
ca(o +mjo) =yja+y; +c+y; A +Y; 1

(5.9) n-1
27171 27L71_2k+1 2k71
+ E c Cy
k=1

f(glz;s]eil:l,CQv": Qom+2. Then Y =0, so ca(p) is a polynomial pg(cz) in c2. By (5.3) and (5.9),
cap) =y} +ycd mod (7)),
ea(p”) =3 +yecd mod (),

thus one obtains

(5.10.a) ylcgk1 =yi +po(ca) mod (cg) ,

(5.10.b) ygchHl = y3 4+ po(ca) mod (cgn) .

Since all generators are nilpotent, this implies that y1c§n71 and ygcgkl are linear combinations of

monomials y/ ¢ with s < 2"~ whenever r > 0.
Thus we arrive at the following generating set for C(Q, K(n)):

{ylhli=1,2, 1<j<2", 0<k<2'}u{dy |0 << 20min=t pon1}

This set has xp,2(G) elements.

Case 2: For G dihedral or semidihedral, it turns out to be more convenient to replace one of
the generators y;,y2 with z = y1 +r y2; we shall only treat dihedral groups in detail. So let
G = Dgm+2, then one has Y = y; +p y2 = z and

(5.3") ca=y1+y2+ c%w1 mod (c%znfz) =z+ c§n71 mod (032%2) .

Consequently, co(p) is a polynomial pp(z,c2) in z and cg, and we replace the generator ys by z.
The relevant relations established above then take the form

(5.17) y%n =0, 22 = 0, y%z =y 22
mn n—1
(5.2.a”) A" = (y12)?

m

(5.2.b") A" =gz P
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and in particular
n—1
n—1 n__ok k—1
(5.7) 2c3 g 22T

This means that any polynomial in z and ¢y can be expressed in terms of monomials z’c% with
j < 2"~ whenever i > 0.
Now equation (5.9) implies, together with (5.1’) and (5.2.b")

n—1

n—1 n—1 n—1_ok ko1
()= +E vyier + (yie)? (i +c) + 2 ZC% 28412
k=1
n—1 n—1

n—1
=y(z+c )+22+yi+Wr+ndg Jp+y+a )

n—1
gn—1 gn—1_gk ok—1 on
+yi a E z c5 mod (02 )
k=1

n—1

gn—1 27:._2 1 2k 1 on _ok gk—1gn—1 on

=22 +ye3  + E + +y? Py T mod (c3 )
k=1

n—1
2 271.71 on_ 2k+1 2k: 1 on— 1+1
==z +y102 +Zy1 2 mod( )
k=1

Thus equating ca(p) and ca(p’) yields an equation

(5.11) yics Z =22 2 4 (2, 02) mod (2" 1“)
k=1

which as before allows us to express ylcgf1 in terms of monomials yic% and z¥c}, with j < 27!
for i >0 and [ < 2"! for k > 0, and the set

{yick, 27ch |1 <i,j<2", 0<kl<2" b udch|0<r<20mtn=l g gn=1y

with x, 2(G) elements generates. O

)

Remark. A complete set of relations would be y%n =0, y%n =0, y1y2 = c%m"

n—1 0 for G = Dom+2,
n—1 n_oi i—1
W +y)s =Y (+u)” MG + i+ for G = Quuie,
=1 y% 4+ 11y for G = SDom+2,
and
n-l 1 k—1
2n 2741 2J 1 (2™ +1)2" "= (2" —-1)2
T D DY G P
Jj=1 k=1
n Z czmn L(2n _gly1)42l-t L 0 for G = D2m+2,
y% +y1y2  for G = Qom+2, SDom+2.

Such relations were obtained in [3] (in slightly different form).

6. QUASIDIHEDRAL GROUPS

The quasidihedral group QDsym+2 of order 212 has a presentation
G = QDomis = (s,t | 2" =12 =1, tst = s2"T1).

Its centre Z = (s?) is cyclic of order 2™, the commutator subgroup (s*" ) has index 2. The maximal
abelian subgoups are C' = (s), C' = (st), both cyclic of order 2! and (s2,t) = Cam x Cy with
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common intersection Z. Thus the K (n) Euler characteristic is
3 1
" _ 72(m+1)n _ —gmn
Xn,2(G) D) 9
There are 2% linear characters ("%, 0 < r < 2™, s = 0,1, defined by
((s) =exp(mi/2™71), (() =1, and n(s)=1, n(t) = -1,
respectively. For reasons to be explained below, we also consider & := C2m71 Furthermore,
the group has 2™~! irreducible representations of dimension 2: let p € RC be a generator,
p(s) = exp(mi/2™), set
o; =IndS&(p¥*tY), 0<j<2m .

This accounts for all irreducible representations. The product structure of RG is given by
Coj =0j41, no;=0j,
05 = C(L+E+n+m8);
also note that £o; = 0;. Thus RG is generated by 7, ¢, and o := 0. Finally, one has Ao = n&(.
Now set
r=c(f), y=am, z=all), a=ald), c=cl).
(Then = = 22(7%1)".)
From now on let n > 2. Since n? = (2 = 1 and no = {0 = o, Lemma 3.2 implies

(6.1) =0, 2 =0;

n—1

n_ok k—1

(6.2.a) wep = x? + g xS
k=1

n—1

(62b) yer = y2 + Zyg"_2k+1cgk—1 .
k=1

With Lemma 3.3 (i), the identity 02 = (1 +n + & + n&) gives
(6:3) G =zt WAr )+ @Ar )+ @ty +r2) = (2y)

the same identity arises from %0 + &n¢ = ¢ + £¢ + n¢. As in the previous section, this implies
x(fy)yhl = y(xy)yhl = 0 and hence

(6.4) A=

and xc? = 2 as well as yc? = y3, and finally

(6.5) 2y = xy?.

Now apply ¢ and c3 to the relation for ¢2; since we may calculate modulo c?n“, Lemma 3.3
yields

(6.6) E=tay+P+ 2+ + 032"71)

n n n
and ¢ 3" = 2" 22

Next, we use A\20 = ¢n¢ and Lemma 3.3 (v). Applying ¢; to this identity shows one can dispense

with z. Furthermore, since cj 1 =0, one has
2717,71.71
m—1 e c for m > 2,
67)  w=al)=a((h20)? ) = 270 (\e) = { L s
1 02 or m = 2.

Thus the Chern approximation is generated by y,c1,c2 — just as K(n)*(BQDam+2), according
o [11]. Another generating set would be {y, z,c2}). More precisely, from

2n—1 2271,—1

n—1
atd +d G =alo)=alng)=c+rytrz



K(n) CHERN APPROXIMATIONS OF SOME FINITE GROUPS 13

one obtains first

271.—1 on 2'n.—1 271,—1 2271.—2
z=ca+z+y+ (z+y)2) +ef +¢5 o
271,—1 22n—2 271,—1 2271,—2

=catzty+(z +y)2n_1(01 +c ) +d + an_l +cp

and then, using the above expression (6.6) for c2,

(6.8) c=atrty+(@+y? &+ T AT
Plugging this back into (6.6) finally yields
(6.9) d=a?tay+iP+d G =2t ray+y’+ (@) G

The resulting module is thus generated by the set
{erch [0<i< 2™ u{d) |0 < j<20mln=ly
UfyPeh|1<k<2m, 0<l<2m 1)
U {ycg | gmn—1 <r< 2(m+1)n—1}

of cardinality 3 - 2(m+Hn=1 _omn—=1 — . »(QDym+2). (This set was already shown to be a basis
in [1].) We conclude

Theorem 6.1. The Chern approximation for quasidihedral groups is exact. O

Precise relations for K (n)*(BQDan+2) = C(QDgm+2; K(n)) are implicit in (6.1) - (6.9). They
were originally obtained in [1] using transfer methods and A-operations.

7. A 3-PRIMARY EXAMPLE

In this section we present a calculation of C(G; K(2)) for G the nonabelian group of order 27
and exponent 3, to a significant extent aided by MAPLE. We shall indicate for each individual
MAPLE computation which approximation to the formal group law was used and why it suffices.
A presentation of G is

G={abec|la*=b=c=]a,c]=[bc =1, bab~' = ac),

the centre Z of G is (¢) = C5 with elementary abelian quotient. There are four maximal abelian
subgroups, (a,c), (b,c), (ab,c), (a®b,c), all elementary abelian of rank two and intersecting in the

centre. Consequently,
4 n 1 n

XnalG) = 39" = 53"
There are several ways to calculate its Morava K-theory; either use the split extension {a,c) — C —
C5 (as done by Kriz [5]), or the central extension (¢) - G — C, x C), (as in Tezuka-Yagita [10] for
BP-cohomology). It turns out that K (n)*(BG) is generated by Chern classes (or by transferred
Euler classes). Thus this group has the chance of having an exact Chern approximation; we shall
however see that this is not so.
First recall the complex representation theory of G. Define linear characters 11,72 by

ma) =w, m@®) =m(c)=1,  n(b)=w, m(a)=mn(c) =1

where w is a primitive third root of unity. Furthermore, let V = {(a,c) < G, define v € RV by
v(a) = 1, v(¢) = w, and set o, = Ind$}(v*) for k = 1,2. The structure of RG as a A-ring is
recorded in the following lemma.

Lemma 7.1. (a) The irreducible complex representations of G are niné, 0<1,j5<2, and
01,02. _
(b) 77J3 =1, njor, = o% (j,k=1,2); 0% =303, 0% = 301, 0102 = D o0<ij<2 ning.

(C) 1/)20'1:)\20'1:(3'2, ¢202:>\20210'1, )\30'1:>\3(72:1. O
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Thus n1,72 and o := o7 generate RG as a A-ring. Set y1 = c1(m), y2 = c1(n2), and ¢ = cx(0),
then K (n)*(BG) is generated by these classes.
The first relations are easy: ¢3nj =1 =130 imply

y! =0, 43=0, =0 (k=1,2.3).

Writing (formally) o = & + & + & as a sum of line bundles, and setting z; = ¢;(&;), we may
calculate c1 (A30) as ¢1(£1€2€3). The Witt polynomials wy, being polynomials in Chern classes they
satisfy wj = 0, too. Since A®c = 1, Ravenel’s formula (see Section 3) gives

F k
0= Z wi (21, T2,23)° = wo(x1, T2, T2) +F W1 (T1, T2, T2)?
n>0
Now wg = ¢; and wy = —cyca + c3, thus
(7.1) €1 =—c5.

Next, we evaluate Chern classes of the identities njo =0, j = 1,2.
Modulo (¢1 + ¢3,¢3,¢3), one has

c(njo) = a—yic
ca(njo) = o+ yics +yi(Ges — 36363) +yjcs +yp(—ch + &5 — eadf — ¢3)
c3(njo) = c3+yjca — y?cg + yj’(l - 02c§ - cgcg + cg) + y?(c%c;; - cg’cg - cg)

53, .6 23, .5 35, .7

—yj¢y +y;(—cacs — ¢33 + cac3 — cyes + c3)
T2, 6 6 4

+yj(=c3 + 3 — cacy — c3)

These expressions were obtained with MAPLE. Since y? = (0, it suffices to work with the approx-
imation (i) of Lemma 3.1 for this computation.

We let MAPLE carry out the calculation in a polynomial ring, use a simple routine to express
symmetric polynomials in terms of elementary symmetric functions, i.e. Chern classes, and reduce
modulo relations already obtained. Subsequent computer calculations always follow the same
pattern. In particular, when calculating Chern classes of exterior powers or Adams operations, we
can express the representations in question as sums of line bundles and caclulate in a polynomial
algebra.

The equation for ¢; immediately implies

(7.2) yics = yac3 = 0.
Using this identity, the equation cz(n;0) = co simplifies to

0 = yjc3 +yj(ches — c§) — 5 (c3 + cac + ¢5),
e ¢ = yi(c — Bes) + yi(c3 + cac§ + ¢3) mod ann(y;). Squaring this latter identity yields
§ = y?(c%c% +c3c§) = y}lcgcg = y?c%cg = 0 mod ann(y;) or y;c§ = 0. Continuing to calculate

modulo ann(y;) one obtains

o5 =y (c§ — 363) +yj (35 + §) = —yjc3c5 +yjc3e; mod ann(y;)
= —yic3[y5 (e — cBes) + w3 + 3)] +yfches mod ann(y;)
= —y;-lcgcg - y;c%cg + y?c%c?: mod ann(y;)
= —yjc3[~yjc3c — yjcics +yjcscd]

—yjcses[yi(c3 — ches) + i (3 + e3)] +yieses mod ann(y;)
= y?c%cg mod ann(y;)
Thus y;c = y?c%c% and by a similar calculation, y?cé = —y?c%c%, hence
(7.3) yjcg = *y?C%C;g + y?c%.

These relations furthermore imply y7c§ = yjc§ = 0 and y;c3¢3 = 0.



K(n) CHERN APPROXIMATIONS OF SOME FINITE GROUPS 15

The identity for the third Chern class now simplifies to
0=yjez —yic3 +yi (1 — cacd) +yjc3es — yjeacs +yjc

= yjca +ycaes —yjcs + Y5 (1 — cacd) + yjcies — yfcacs +yich

=yiC2 + yj)’ - y?cw% + Z/;-chcza - y?0203
Applying the resulting equation for y;cs repeatedly then gives
(7.4) yic2 =~y —yic3
which together with (7.3) implies
(7.5) y;ics = —y]7-63.
Rewriting now (7.4) as ¢y = fy?fy;lcg mod ann(y; ), taking the square and using (7.5) furthermore
yields y;c3 = y]5 — yjc% = y}r’ + y;ci, whence

Yrye — 9193 = (1165 +y163)y2 — h1(Y2c3 +y2c5) =0

and then
(7.6)  yive —wys = (~yic2 — yic3)ye — yi(—yac2 — y3¢3) = —(y7y2 — y1y3)c3 = 0.

Next, we use 02 = 30 - A\%0 in the form 9?0 = A%0. Another MAPLE computation shows that
modulo (¢ + ¢3,¢,¢3),

c2(V\%0) = ca, c2(?0) = ca + &5 + c3cs + ey — 5,
c3(\20) = —c3, c3(1p?0) = —c3 + cach — ches + ey + Sey — ey

For this and the next MAPLE computation it suffices to use an approximation to the formal group
law which is accurate up to degree 40 (where the coordinate of the formal group is given degree 1,
so that ¢; has degree 4); this is good enough since the the highest degree nonzero monomial is
c5c8. Such an approximation can be obtained by using Witt polynomials.

The representation ring identity thus gives

7.7.a 05 = C6 — 8304 — 0466
2 3 2%3 2%3
77b) CQC% = C%Cg

(for the second equality, observe that caci = cics — c5c3 — c5c3 + cSez yields c3c3 = cSes and

cSc3 = 0). Combining (7.7.a) and (7.7.b) furthermore yields
(7.8) =0 and ¢ =c§.

It remains to analyse o - A20 = ZOSM‘Q n{ng =: 3. With the aid of MAPLE once again one
obtains cx (0 - A%0) =0 for k =1,3,5,7,8,9 and

(7.9.a) co(o - N20) = 5+ c3ch + e + ¢§

N2y _ 56 _ 6 8 8 4
(7.9.b) ca(o - A0) = 3¢5 — (1 + ¢5) + ¢3¢
(7.9.c) c(0-N20) = =S+ c3(1+ ) — c5ch + ch

modulo (¢} + ¢3, ¢, ¢3), which in light of (7.8) become

—c§  for k=2,

(7.10) cx(o-N%0) =< ¢ for k = 6,

0 otherwise.
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On the other hand, another MAPLE computation (here clearly the approximation of Lemma 3.1 (i)
to the formal group law suffices) gives ¢, (3) = 0 for k odd and
(X)) = yiys + uiys = —viys
ca(E) = —yfys =0
(%) = =8 — 8 —uivs — vivs — uiys — uSus = —uf —us +uivs
es(%) = yiys + yiys + yiys +yiys =0
where we also used (7.6). Consequently, c§ = y5y2 and ¢3 = —y$ — y§ + yiy3. This exhausts what
we can obtain from RG. Now define a set G := {f1, fa,..., fi0} by
fi=vl, =9, fi=ny -y, fi=wnd+yics, fs=y2c3+yics,
fo=wica+yi +yic3, fr=1eca+ys +yic3,  fs=ch— i,

fo=cach — (U + 95 —yiy3)es,  fio=c3+ o5 +us —viys

Then G generates the relations ideal. With respect to lexicographic ordering and ¢ > ¢3 > y2 > 1,
the set G ist indeed a Grobner basis; it is not hard to check by hand that all syzygies between
the f; reduce to zero modulo G (or one may trouble MAPLE once more). As a sample calculation
we consider the syzygy sg,10 between fo and fig: the leading terms are g9 = cacs and g1 = 3,
respectively, thus

s9.10 = c3(cacd — yics — y5es + yyses) — ci(c3 + 8 + S — yiy3)

_ 8 2 8 2 6,2 2 6 3 6.3 4.2 3
= —Y1C3C3 — YaC3C3 T Y1YaCC3 — Y1C3 — YaC3 + Y1Y2C3

whose summands are divisible by the leading monomials gg = y1c2, g7 = Ya2C2, g4 = ylcg and
gs = y2c3, whence

_ .10 12, 3 10 12, 3 8 2

89,10 = Y1 C2€3 + Y1 C2C3 + Yy C2C3 + Y3 C2C3 — Y Yo C2C3
10,2 3 12 12 10, 2
— Y1 Y2C2C3 Y173 + Yo C3 — Y1 YaC3
_ .82 _ 7.2 3 52\ —q.
= —y1Yacecs = —y1yacs(—yi —yic3) =0;

the other cases are similar (and shorter).
Thus one has an additive isomorphism

C(G; K (2)) @k (2)+ Fs = Falyr,y2]/ (v], 3, v15 — yiy2) ® Fales]/(c3)

3 4 5 2 2 2 22
@ Fs{cy, c3, 3, ¢a, Cacs, Cacs, €5, C5C3, C5C5 | -

Proposition 7.2. Let G be the nonabelian group of order 27 and exponent 3. Then C(G; K(2))
has rank 108. O

Remark. A similar result was communicated to the author by N. P. Strickland. In the same article
where Chern approximations are introduced, he also develops an associated ‘generalised character
theory’. In the case at hand, the vector space of ‘generalised characters’ also has rank 108.

To determine the ring structure of K(2)*(BG) for this G, one may proceed by the following
observations: firstly, K (2)*(BG) is clearly a quotient of its Chern approximation. Secondly, the
spectral sequence calculations alluded to above also give the distribution of additive generators:
K (n)*(BG) is ‘equidistributed’ in the sense that rank g (,)- K (n)?(BG) = rankg ()« K(n)?(BG)—
1foralli # 0 mod 2(p™—1). Finally, one may calulate the restrictions to the maximal subgroups.
Taken together with the equalities y;c3 = yj5 — y?c% deduced from fg and f; one obtains

Fro =3 = (yi +v3 — yivs) + (7 + 95 — yiva)e; = 0.
Proposition 7.3. K(2)*(BG) = K(2)*[y1,ya, 2, ¢s]/(f1,- - ., fo, fi0)- O
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