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Central Limit Theorem and the
Bootstrap for U-Statistics of Strongly
Mixing Data

Herold Dehling* Martin Wendler'
December 5, 2008

The asymptotic normality of U-statistics has so far been proved for iid data
and under various mixing conditions such as absolute regularity, but not for
strong mixing. We use a coupling technique introduced 1983 by Bradley
[5] to prove a new generalized covariance inequality similar to Yoshihara’s
[19]. It follows from the Hoeffding-decomposition and this inequality, that
U-statistics of strongly mixing observations converge to a normal limit if the
kernel of the U-statistic fulfills some moment and continuity conditions.

The validity of the bootstrap for U-statistics has until now only been es-
tablished in the case of iid data (see Bickel and Freedman [3]). For mixing
data, Politis and Romano [I5] proposed the circular block bootstrap, which
leads to a consistent estimation of the sample mean’s distribution. We extend
these results to U-statistics of weakly dependent data and prove a CLT for
the circular block bootstrap version of U-statistics under absolute regularity
and strong mixing. We also calculate a rate of convergence for the bootstrap
variance estimator of a U-statistic.

1 U-Statistic CLT

1.1 U-Statistics under Independence

U-statistics are a broad class of nonlinear functionals, including many well-known exam-
ples such as the variance estimator or the Cramer-von Mises-statistic. For simplicity of
notation, we concentrate on the case of bivariate U-statistics.
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1 U-Statistic CLT

Definition 1.1. A U-statistic with a symmetric and measurable kernel h : R? — R is
defined as

U, (h) = ﬁ S h(X, X)),

1<i<j<n

Uy, (h) is the uniformly minimum variance estimator of @ = E [h (X1, X2))], if X1,..., X,
are iid with an arbitrary absolutely continuous distribution. To prove asymptotic nor-
mality of U-statistics, Hoeffding [I1] decomposed U, (h) as follows:

2 — 2
U,(h) =0+ — hi (X;) + ——— ho (X;, X
() n; 1( ) n(n—l)lgggn 2( ])

with

hi(x) := Eh(z, X9) — 0
ho(x,y) := h(z,y) — hi(z) — hi(y) — 0.

%Z?:l hi (X;) is a sum of iid random variables with a normal limit distribution,
W > 1<icj<n M2 (Xi, X;) is called the degenerate part of the U-statistic and con-
verges to zero in probability, as its parts are uncorrelated, so the U-statistic is asymp-
totically normal.

1.2 U-Statistics under Absolute Regularity

Under dependence, the summands of the degenerate part can be correlated and this
can change the limit distribution. Under the strong assumption of x-mixing, Sen [16]
showed that U-statistics are asymptotically normal. Yoshihara assumed Xi,..., X, to
be stationary and absolutely regular and proved a CLT for U-Statistics under this weaker
condition (for a detailed description of the various mixing conditions see Doukhan [9] and
Bradley [6]).

Definition 1.2. A sequence (X,,) of random variables is called absolutely reqular, if

neN
B (m) = sup {5 <(X1, Xk, (Xj)jZHm) Ik € N} m=e, )

where (8 is the absolute reqularity coefficient defined as

BY,Z):=E| sup |P[A|Z] - P[A]l

Aco(Y)

Yoshihara has proved the asymptotic normality of the U-statistic U, (h) using the
Hoeftding-decomposition and generalized covariance inequalities. With increasing dis-
tance between the indices ij,19,13,44, the covariance of ho (X;,, X;,) and ho (Xi,, Xi,)
becomes smaller and therefore the degenerate part vanishes as in the independent case.
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Theorem 1.3 (Yoshihara [19]). Let (X,), oy be a stationary, absolutely reqular sequence
of random wvariables. If there are 6, M > 0, so that for all k € Ny

/ b (21, )0 dF (1) dF (22) < M (1)
/|h(:n1,mk)|2+5 AP (1, 25) < M @)

and for a &' <o

5 =0 (w7 3)
then with 0% = Var [hy (X1)] + 2> 32, Cov [h1 (X1) , b1 (X14k)]:
Vi (U (h) = 0) 2 N (0,402) (4)

Denker and Keller [§] have weakened the mixing assumption to functionals of abso-
lutely regular processes, Borovkova, Burton and Dehling [4] showed convergence of the
emperical U-process to a Gaussian process.

1.3 U-Statistics under Strong Mixing

We want to extend Yoshihara’s CLT to random variables, which fullfill the strong mixing
condition:

Definition 1.4. A sequence (X,), oy of random variables is called strongly mizing if

a(m) = sup {a (X1, Xe) (X)) 544 ) Ik € N} 2220
where a is the strong mizing coefficient defined as

a(Y,Z)= sup |[P(ANDB)—P(A)P(B).
Aco(Y)
Beo(2)

Strong mixing is weaker than absolute regularity, but absolute regularity and strong
mixing are equivalent for random variables, which take their values in a finite set. You
can approximate general random variables by such discrete ones. This discretization
works only for U-Statistics if the kernel is continuous in some sense:

Definition 1.5. Let (X,),cy be a stationary process. A kernel h is called P-Lipschitz-
continuous if there is a constant L > 0 with

B {[1(X,Y) = b (X,Y) [ 1gxxjzq] < Le o)

for every € > 0, every pair X and Y with the common distribution Px, x, for a k € N
or Px, x Px, and X" and Y also with one of these common distributions.
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‘P-Lipschitz-continuity is a special case of p-continuity established by Borovkova, Bur-
ton and Dehling [4]. It is clear that every Lipschitz-continuous kernel is P-Lipschitz-
continuous. But this definition holds also for many kernels that are not Lipschitz-
continuous in the ordinary sense:

Example 1.6 (Variance estimation). Consider stationary random variables with bounded
variance and the kernel h (z,y) = % (z — y)?. The related U-statistic is the well known
variance estimator

Un(h):nilz(Xi—X’f.

For random variables X, X’ and Y as above, we get:

1 1
2 Hg (X =Y) =5 (X' = Y)Q‘ 1{X—X'<e}}

1
<SE[X? = X2 1gx—x<g] + B [|X = X[ V1 x-x<a]
L, L,
<eE|X|+ 3¢ +eE|Y| =2eFE |X|+ 3¢
Furthermore, we have

E H (X-Y)? - (X' -Y)°

1 1
2 2

]l{X—X’|S€}:| S 4F [Xz] < 00.

These two bounds prove the P-Lipschitz-continuity.

Example 1.7 (Dimension estimation). Let ¢ > 0. The kernel h (z,y) = L,y <4 is
related to the Grassberger-Procaccia dimension estimator. It is P-Lipschitz-continuous
if there is an L > 0, such that for all € > 0 and every common distribution of X and Y
from definiton 3.1}

Plt—e<|X-Y|<t+¢€ <Le

The difference between 1y x_y|<y and Ty x/_y |« isnot 0, iff [X — V[ < tand [X' - Y] >
t or the other way round. As |X — Y'| <, it follows that t —e < |X — Y| < t+e€. There-
fore

El[lgx-vi<y — Lgx—vi<n| Lgx—xrj<g] S Pt —e <X —Y[<t+¢ < Le.

Using the Hoeffding decomposition and a new generalized covariance inequality for
ho under strong mixing, the asymptotic normality of a U-statistic follows. You need
more technical conditions than under absolute regularity: A faster decay of the mixing
coefficient, some finite moments of X; and the P-Lipschitz-continuity.

Theorem 1.8. Let h be a P-Lipschitz-continuous kernel, (X,,), oy a stationary sequence
of random variables. If there is v > 0 with E'|X;|” < 0o and M > 0, § > 0, so that for



2 Bootstrap

all k € No
/ B (21, 29) [ dF (21) dF (w3) < M

/\h(azl,xk)\2+5 AP (21, 24) < M

and furthermore for a p > W#
a(n)=0(n"") (6)
then
Vi (U, (h) — 6) 2 N (0,40%) (7)

with o2, = Var [hy (X1)] + 2372, Cov [hy (X1) k1 (X144)]-

2 Bootstrap

2.1 Bootstrapping the Sample Mean

Efron [10] proposed a method called bootstrap to estimate the unknown distribution of
an estimator 6 (X1,...,Xy): The original sample X7, ..., X, with unknown distribution
is replaced by X%,..., X}, which have the distribution function F}, (t) = %Z?:l Tx,<t
and are conditionally independent for given Xj,..., X,,. Singh [I8] mentioned, that this
method can fail under dependence.

Kuensch [13] proposed resampling blocks of consecutive observations instead of single
observations. We consider the circular block bootstrap introduced by Politis and Romano
[15]. Instead of the original sample of n observations with an unknown distribution,
construct new samples X7, ..., X} as follows: Extend the sample X1, ..., X, periodically
by Xi+n = X;, choose blocks of | consecutive observations of the sample randomly and
repeat that b = |7 | times independently: For j =1,...,n

1
P*[Xf:Xj""’Xf:Xj+l—l]:E (8)

For strongly mixing stationary processes, the bootstrap version of the sample mean X} =
%Zflzl X7 has asymptotically the same normal distribution as the sample mean X =

% Z?:l Xi:

Theorem 2.1 (Shao, Yu [17]). Let (X,),cy be a stationary sequence of random variables

n—oo

with E|X1)*"° < 0o and a (n) = O (n™"), where § > 0 and r > 2%5 andl =1, — oo,
=0 (nl_ﬁ) for some € > 0. Then:

sup P* VB (X = X) <] = P[va (X - B[X]) <a]| “* 0 (9)
‘Var* [\/HX;] — Var [vnX]| <250 (10)
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Furthermore, we can get a rate of convergence according to the block length [. With
increasing block length, the bias becomes smaller and the variance becomes bigger. The

optimal choice for [ to minimize the mean squared error (MSE) of Var* [\/HX;] is

"= Kn3 +0<n%) (11)
for a constant K > 0. For this block length, we get:

Theorem 2.2 (Lahiri [14]). If (X1),cy is a stationary, strongly mizing sequence with
)
E1X1 P < oo and Y% n"a¥3 (n) < oo for a § >0, then

mlin MSE <Var* [\/EX;]) =0 (n_g) . (12)

2.2 Bootstrapping U-Statistics

To bootstrap a U-statistic one can resample blocks of observations and plug them in:

Ur (h) = Z h(X}, X))
1<z<]<bl
bl

2
:6’+HZh1(Xi*) Z hs (X7, X3)
i=1 1<z<]<bl

We show that the bootstrap version of a U-statistic has the same asymptotic variance
and the same normal limit distribution as the U-statistic itself, using the Hoeftding
decomposition and the fact that the block bootstrap is consistent for the sample mean.

Theorem 2.3. Let (X,),cy be a stationary, miving process and h a kernel, such that
forad >0, M >0:

/ B (21, 29) 7 dF (21) dF (w3) < M

Vk € Ny : / \h (21, 2140) P70 dP (21, 2140) < M

Let | be the block length with | =—= o0 and | = O (nl_e) for some € > 0. If one of the
following two conditions holds

o forad' €(0,0): f(n)=0 <n_2§_;;f>

e h is P-Lipschitz, E|X1|7 < oo for a v > 0 and for p > W%M a(n) =

O (n=")
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then
‘Var* [\/HU;(h)]—Var [Vat, ]| 20 (13)

|
sup | P* [\/a(U,: (h) — E*[U7)) < x] — P [Vn(U, (h) - 0) < 2] (

z€eR

P
—
P
— 0. (14)
If we assume the existence of higher moments, we can achieve almost sure convergence:

Theorem 2.4. Let (X,), oy be a stationary and absolutely reqular process and h a kernel,
such that for a 0 >0, M > 0:

[ inGes a5 ar e ap e <

Vk € Ny : / \h (21, 2140) | T dP (21, 2140) < M

3(4+6")

and for a &' € (0,6) B(n) =0 <n_ Ry > and additionally | “—= 0o and | = O (n'~°)
for some € > 0, then

a.s

‘Var* [\/EU; (h)} — Var [VaU, (]| 20 (15)
sup | P* [\/E(U; (h) — E*[U2]) < x} —P[Va(U, () —0) <a]| “0.  (16)

zeR

The degenerate part of the bootstrapped U-statistic converges to zero with a rate,
which does not depend on the block length and is faster than the convergence of the
sample mean. Choosing the optimal block length for the linear part % Yo h (X5), we
can achieve the following rate of convergence:

Corollary 2.5. If the assumptions of Theorem hold and additionally for a 6 >

z 5
0: E|h (X)) < o and S0  nTastd (n) < oo, the optimal block length 1° for
%Z hi (X;) is asymptotically optimal for U, and the variance estimator converges with
the following rate:

MSE (Var* [x/HU; (h)D ~0 (n—i) (17)
3 Auxiliary Results

3.1 Generalized Covariance Inequalities

Yoshihara has proved the asymptotic normality of the U-statistic U, (h) with the help
of the Hoeffding-decomposition and the following generalized covariance inequality:

Lemma 3.1 (Yoshihara [19]). If there are 6, M > 0, so that for all k € Ny

/ b (21, )0 dF (1) dF (22) < M

/ (@1, 20) [ dP (21, 01) < M
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then there is a constant K, such that for m = max {i(g) — (1), b(4) — i(g)}, where i1y <
i(2) < i3) < i(q) the following inequality holds:
5
| E [he (Xiy, Xiy) ha (Xis, Xiy)]| < K75 (m) (18)

To prove Lemma [BI] under absolute regularity, you can use coupling techniques (see
Berbee [1] and Berkes, Philipp [2]): For dependent random variables X and Y, one can
find a random variable X', such that

e X’ has the same distribution as X,

e X’ and Y are independent,
o PIX #X'|=3(X,Y).

Such a coupling is impossible under strong mixing, as can be seen e.g. from the results
of Dehling [7]. Bradley [5], however, was able to establish a weaker type of coupling
for strongly mixing random variables, using the fact that absolute regularity and strong
mixing are equivalent for random variables taking their values in a finite set and approx-
imating general random variables by such discrete ones:

Lemma 3.2 (Bradley [5]). Let X, Y be random variables, X real-valued with E|X|" <
0o0. Let 0 < e < || X|[,. Then there exists (after replacing the underlying probability space
by a bigger one if necessary) a random variable X' such that

e X' has the same distribution as X,
e X' and Y are independent,

0
XI5 2
0l

PlIX -X'|>¢ <18 a7 (X,Y). (19)

€2+

As this coupling under strong mixing allows small differences between X and X’ (while
X and X’ are equal with high probability in the case of absolute regularity), we need
the P-Lipschitz-continuity of the kernel.

Lemma 3.3. Let h be a P-Lipschitz-continuous kernel with constant L, (Xy), oy @ sta-
tionary sequence of random variables. If there is a v > 0 with E | Xk|” < 0o and M > 0,
0 > 0, so that for all k € Ny

/ B (21, 29) [0 dF (21) dF (w3) < M

/\h(azl,xk)\2+5 AP (21, 24) < M

then there exists a constant K = K (’y, [ X1ll, .0, M, L) , such that the following inequality

holds with m = max {i(g) — (1), b(4) — Z'(3)}-'

B [hs (Xiy, Xip) ha (Xig, Xi,)]| < KaFo5555552 (1m) (20)
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3.2 Bounds for the Degenerate Part of a U-Statistic

With the covariance inequalities one can show that the covariance of the summands
h (X;, X;) is small if the gap between the indices is big enough. Therefore, the degenerate
part decreases fast enough, so that it does not disturb the asymptotic normality of

7 2 h (X).

Lemma 3.4 (Yoshihara [19]). If the assumptions of Lemma [31] hold and furthermore

forad <o
B(n)=0 <n—2§f >
then for Uy, (ha):
E2 ()] < —— S S (B[ (Xa, Xi) ha (X, Xi,)]|

2
n(n—1) 1<i1 <ia<n 1<iz<is<n

3% > B he (X, Xiy) ha (Xiy, Xi)l = O (n77) (21

11,12,03,14=1
with n = min {2%, 1}.

So /nU,, (h2) vanishes as n increases. For one of our later results, we also need another
one of Yoshihara’s lemmas (Our assumptions and result differ slightly from the lemma
in [19], as we believe there is a misprint):

Lemma 3.5 (Yoshihara [19]). If
/ b (21, )| dF (1) dF (22) < M
VEeNo: [ Ih(on o) dP (o) < M

3(4+4")

and for a &' € (0,8) B(n) =0 <n_ & >, then for n' = min{lQ%, 1}

E [n2U4 (h2)]

n
n

<= > |Eha(Xiy, Xiy) ha (Xig, Xiy) ha (Xig, Xig) ha (Xir, Xi)]|

i1,myig=1
~0 <n—1—"’> . (22)
Now we show a result analogous to the Lemma [B.4] under strong mixing:

Lemma 3.6. If the assumptions of Lemmal3.3 hold and for a p > 37“3%

a(n) =0 (n"")
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then for Uy, (ha):
4
E [TLUEL (hy)] € —— Z Z |E [he (Xi,, Xi,) he (X5, X3,)]]
" (n N 1) 1<i1<i2<n 1<ig<iga<n
4 n B
= ﬁ Z |E [h2 (XiuXiQ) ha (Xig, i4)]| =0 (n 77) (23)
11,12,13,14=1
1 : 2v0
with n = mln{Pm -1, 1} > 0.

We need a bound for U} (hy) = mZgiqgn ha <XZ*,X]*>. Using Yoshihara’s
inequality for the second moment respectively Lemma[3.6land the fact that the bootstrap
expectation of a U-statistic is similar to a von Mises-statistic, we get:

Lemma 3.7. Let (Xy,),cy be a stationary, mizing process and h a kernel, such that for
ad>0,M>0:

// b (21, )0 dF (1) dF (22) < M
Wk € Np / (21, 205 5) [P dP (21,21 18) < M

If one of the following two conditions holds

e forad €(0,0): B(n)=0 <n_2§’6 )
e h is P-Lipschitz, E|X1|7 < oo for a v > 0 and for p > W%M: a(n) =
O (n=")
then for n = min {2%, 1} respectively n = min {p?m;ﬁ;% -1, 1}:
B (5 [ ()] = O (n°7) 21

With the inequality for the fourth moment, we can calculate a faster rate of conver-
gence. Note that this rate does not depend on the block length.

Lemma 3.8. If

[l ey ar ) < o

Vi e No / (@1, 2100 AP (1, 210) < M

3(444") ’
and for a &' € (0,8) B(n) =0 <n_ s >, then for ' = min {12%, 1}
E [E [(51)2 U (hg)H =0 <n—1—"’> . (25)

10



4 Proofs

4 Proofs

We will first prove the auxiliary results and after that the CLT and the theorems about
the bootstrap.

4.1 Auxiliary Results

Proof of Lemma [3.3: For simplicity, we consider only the case iy < iy < i3 < i4 and
19 — i1 > 14 —i3. Let ¢ > 0, K > 0 and define:

ha (.Z',y) lf‘h2 (xvy)‘ S\/E
ho (x,y) =4 VK if ho (z,y) > VK
VK  ifhy(z,y) < —VK

ho is P-Lipschitz-continuous with constant 2L, as for all X, X', Y as in defintion
and Y’ with the same distribution as Y and independent of X and X:

E[|h2 (X,Y) = h2 (X" V)| Lgx—x1<q)]
<SE[[n(X,Y) = h (X" Y)[Lx-xj<q] + B [[h (X) — b1 (X7) [ 15— x1<0)]
<E[|h(X,Y) = h (X" Y)[1gx-x1<q]

+E[[h(X,Y') = (X', Y')| Lxx<q] < 2Le

Obviously, ho i is P-Lipschitz-continuous with the same constant 2L as hy. With
Lemma 3.2 choose a random variable X independent of X;,, X;;, X;, with

139

Iy 3

PlX; — X[ | >€] < 1l Xl 245 (m).

€ 2+’Y

As ho is a degenerate kernel, we have
E [hy (X, Xi,) h2 (Xiy, Xiy)] = 0.
Therefore, we get:

|E [h2 (Xi17Xi2) ha (Xis’ Xi4)]|
=|E [ha (X, iz)h2(Xi3in4)] E [hy (X}, Xiy) ha (Xi5, Xi,)]|
:‘E[(}W( i1 Xip) — h2( i1 iz))h2(X237X )”

E [‘ (ho,k (Xiy, Xiy) — hoi (X5, Xiy)) ho,x (Xiy, Xiy)| 1

)
bl

+E|:|(h2,K (le,X ) h27K (lel, iz))h2,K(Xls7XZ4 ‘ﬂ{

+ B |ho, i (Xiy, Xiy) b2, i (Xig, Xiy) — ha (Xiy, Xiy) ha (Xig, Xiy)|]
+ B Hh2,K (Xz{lyXig) h2,K (XlgyX ) h2 (XglaXig) h2 (XZ37X )H

X =X

11
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Because of the P-Lipschitz-continuity and |he x (X3, X4)| < VK, the first summand
is smaller than 2Lev/ K. In consequence of Lemma [3.2 the second term is bounded by

x| 2
IXIF" 2% o &

P[|Xi, — X{,| > €] 2K < 36

62+7

For the third summand, we get:

E Hh?,K (X217X22) h2,K (X137X ) ho (XiniQ) ho (X237X )”
< B | (Ihe (Xiy, Xio) | = VE ) [ha (Xig, X))

1o (X 00) 5 VR i (i 00 ) [V
+ B |Ihz (X, Xio)| (Ih2 (X, Xiy)| = VE)

s ey ) <V (i o) 5V
E H (\hz (Xiy, Xip)| — \/E) <’h2 (Xiy, Xiy)| — ﬁ)‘

s (e, ) V(i o) 5V
< B [(Jha (0, Xi)| = VE) VEL {1 x, )i

[ (e (i Xi)l = VE) VEL 1, ) o)
%E[("@ (Xir, Xip)| = @)QH{rm(xﬁ,X@)bm}
+ 5P [(‘h2 (i, Xio)| = W)Q“ﬂm(xigx@nw}}

1
5 h2 (X7,17X7a2)]]'{|h2( 217Xi2)|>\/?}:|

+

1
+ 5B [ (Ko, X L, (x5, o)
< LBy (X Xi) PP 1By (X Xu) PP M

i35

=2 K3 2 K3 T K3

After treating the fourth summand in the same way, we totally get:
|E [ho (X, Xiy) ho (X, Xi,)]|

IXB 2 k122 e pe k)

€2+v K2

<2LeVK + 36

0 gy 2l 2y 3 _
Setting €’ = || X1[|;""" L™ 3+ (m)3+1 K3+ we obtain:

"/+1 2 M
f (60 K) = 38 ||X ||3~/+1 L37+1K3'y+1 as—yL ( ) + 2—5
K2

12
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. 3 e R - 4y by +2
With KO = || X, 27T L7350 55557 72 o (m)~ 330ro+5792 M 330+6+5772 | we finally get
the bound:

|E [ha (Xiys Xiy) B (Xiy, Xiy)]|

< f ( KO) =40 HX ”m L376+6+5'y+2 M376iéi§'y+2a (m) 3w6+%f57+2 (26)

O

Proof of Lemma [3.8: The proof is exactly the same as of Yoshihara’s Lemma B.4] using
Lemma [3.3] instead of B.Il Therefore, we concentrate on the case i1 < i < i3 < 74 and
19 — 11 > 14 — 13. If 99 — 41 = m, there are at most n possibilities for ¢; and 73 and m
possibilities for i4:

20

n
S B he (Xiy, Xiy) by (X, Xi)Il <n? ) mKa (m)5srersie
11 <t2<13<14 m=1
1g—11>14—13
n 2~3
< Kon? Y m!PEeE = O (nP7)
m=1
With a similar argument for the other cases, we get
n
> B e (X, Xiy) ho (Xiy, Xyl = O (n*77).
11,12,i3,i4=1
O
Proof of Lemma[370: The bootstrapped expectation of ho (Xl*l,X* ) ho (XZ*S, X*) (con-
ditionally on (Xy),cy) depends on the way the indices i1,142,143,74 are allocated to the
different blocks. First consider indices i1,19,143,i4 lying in different blocks (therefore,
X7, ..., X} are independent for fixed (X;),cy)- Then the bootstrapped expectation of
h2 (Xz*l,X*) ho ( i Xi*4) is a von Mises-statistic and we get
| (B [ (X3, X3,) ha (X5, X))

1 n
=& H Z h2 (Xh’Xiz) h2 (Xz37 X )
11,12,13,94=1
1 n
SF Z |E[h2 (Xileiz)hQ (XZS,X )”

11,12,13,i4=1
There are at most n* possibilities for the four indices to be in four different blocks, so

> BB b (X3, X5) he (X5, X5)]]|

11 137
11,12,13,14
4 diff. blocks
n

< Z ’E [h2 (Xi17Xi2) h2 (Xz37X )” .

11,12,13,14=1

13
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As an example, let i1 and iy now lie in the same block (write i1 ~ i2) with is —i; = k,
while i3, i4 lie in two further blocks. The bootstrapped expectation is no longer a von
Mises-statistic, as X and X7 are dependent. To repair this, add up the expected
values for all iy in the same block as i; and take into acount that there are at most n?
possibilities for 41,13, %4:

| (B [ (X7 XE) he (X5, X))
1 n
< F Z |E[h2 (le,le—f—k) h2 (Xz3,X )”
11,13,54=1

= > B [E [ha (X3, X5,) ha (X5, X5)]]|

117 137
12

i1~vi9
1 n
< F Z |E[h2 (Xi17Xi2)h2 (ngaX )”
i1,12,i3,ia=1
= Y B[ [ha (X5, X3) ha (X7, X7)])]
217'7’277’377/4
i1~vi2

n

< Z ’E [h2 (XiuXiz) h2 (Xz37 X )”

11,82,13,54=1

When the indices are allocated to the blocks in another way, analogous arguments can

be used. Totally, we get by Lemma 3.4 or B.6], keeping in mind that 21
2
E |E* Z he (X}, X})
\/— 1< <j<bl
4 . * * * *
S D BB [he (X5, XE) he (X5, X))
bl (bl — 1) P
K 3 .
< PN Y Z ‘E [h2 (Xileiz) ha (X237X24)” =0 (n ) (27)
bL(bl—1)", =
]
Proof of Lemma[3.8: We use similar arguments as above. If i1,...,4g are in 8 different

blocks, then the bootstrapped expectation is bounded by

B [B” [he (X5, XE) b (XE, XF) he (X5, XE) he (XE, XE)]]]

i1 i3 7

1 n
< nd Z ‘E [h2 (Xiniz) ha (XZ37XZ4) ha (Xi57Xi6) ha (X277 X; )” :
i1,eizg=1

14



4 Proofs

Let now lie 47 and i in the same block and the other indices in different blocks. Then
add up the expectations for all 75 in the same block as 41:

217 137 157 177

N B [E* [hy (X7, X}) ha (X5, X7,) ho (X7, X2) ha (X7, X5)]]

1 n
< n Z ’E [h2 (XiuXiz) ha (XZ3=XZ4) ha (Xistis) ha (X277 X )”

01,0098 =1

Treating the other cases in the same way to obtain by Lemma

BB [0 U3t (o)
<« K
()% (bl —1)*

Z ‘E [h2 (Xileiz) ha (XZ37XZ4) ha (Xi57Xi6) ha (va X )”

i1,ig=1
=0 <n—1—"’) . (28)

O

4.2 U-Statistics under Strong Mixing
Proof of Theorem [1.8: Use the Hoeffding-decomposition:

\/E(Un( - \/—Zhl +\/7U( )

The first summand has a normal limit with variance 402, by Theorem 1.7 of Ibragimov
[12]. The second summand converges in probability to zero because of Lemma The
theorem follows with the Lemma of Slutzky. U

4.3 Bootstrapping U-Statistics
Proof of Theorem [2.3: Use the Hoeffding-decomposition

bl
Uy (h) =0 + thl (X7) + U (ha)

By Theorem 2.1}

Var* — Var

9 bl
——> (X))
\/H i=1

% Z hy (Xi)]
=1

15



References

By the Lemmas [3.4] or and B.7

Var [vnU, (h2)] =0 (29)
Var* [\/EU,: (hg)] 2.0 (30)

This together proves line ([I3). To prove line (I4]), note that for every subsequence
(Var [\/_ blU (hg)D . there exists another almost sure convergent subsequence
ne
(nk)keN, and by the Lemma of Slutzky

sup |P* [\/bnklnk (U (h) = E* U (h)]) < x]

z€eR

b Ly

o e
nk Nk

From Lemma B.4] or and the Lemma of Slutzky follows:

2 n

- 2 hy (X;) < x]
1=

With Theorem 2.1l and the triangle inequality, (I4) holds for the subsequence (n),cy
almost surely. Since the subsequence is arbitrary, (I4) holds in probability. O

—pP* —E*[h (XD <z|| X0 (31)

n—oo
sup

z€eR

P [va(Uy,(h) —6) <] — 0 (32)

Proof of Theorem [2.7: We get from Lemma .8 and the Chebyshev inequality
1 /
[Var [x/— b (hg)} > e] B [n*0; ()] = O <n—1—’7). (33)

As these probabilities are summable, the convergence in line (B0) holds almost surely
under this conditions. O

Proof of Corollary : By Theorem 2] the rate of convergence follows for the vari-
ance of —2- ZZ 1 h (X*) The faster convergence to zero of (bl)*> U** (hy) (Lemma B.X)

completes the proof.
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