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Abstract

We study a scalar, bi-stable reaction-diffusion-convection equation in RY . With a hyper-
bolic scaling, we reduce it to a singularly perturbed equation. In the singular limit, solutions
converge to functions which take on only two different values in bulk regions. We also de-
rive an equation describing the motion of the interface between the two bulk regions. To the
lowest order, the normal speed s(v) of the interface depends only on the unit normal vector
v, where the wave speed s(v) is determined by nonlinear reaction and convection terms.

When the convection term is even and the reaction term is odd in their argument, the
wave speed s(v) vanishes identically for all directions v. In this situation, a parabolic scaling
reduces the equation to another singularly perturbed equation for which we also establish
convergence of solutions in the singular limit. The singular limit dynamics is governed by
an anisotropic mean curvature flow, in which the anisotropy comes from the convection
term.

Our method of proof for convergence consists of constructing approximate solutions of
any order and the comparison principle.

LAMS Subject Classifications: 35B25, 35B40, 35K15



1 Introduction

1.1 Statement of the Problem
We consider the reaction-diffusion-convection equation
ug + div f(u) = Au+ g(u), (z,t) € RN x (0,T) (RDC)

in the N-dimensional space, where u = u(z,t) € R, f : R — RV isa flux, and g : R —
R a nonlinear reaction term of bistable type. By a hyperbolic scaling (z,t) — (z/e,t/e), the

equation becomes
ug + div f(u) = eAu + e Lg(u), (z,t) € RN % (0,7T), (1)

where € > 0 is a positive parameter. When € > 0 is small, this is a conservation law with small
viscousity and stiff source term.

Our objective is to describe the dynamics in the singular limit for the scalar multi-dimensional
equation (1). In terms of the original scale in (RDC), the singular limit ¢ — 0 gives a represen-
tation of the large—time behavior of the spatial variation over large domains in the solutions of
(RDQ).

Let u® be the unique solution of the Cauchy problem for (1) with initial condition
u(z,0) = ¢(z). 2
It is our goal to determine the existence and structure of the limiting function

0 — 1; €
u'(z,t) = 61_1)151+u (z,t)
for (z,t) € R x [0, T]. Throughout the paper, we assume that the source term g and the convec-

tive term f satisfy the following conditions.

(H1) (i) The function g belongs to C*°(R) and possesses exactly three zeros u_ < 0 < u4
with
gd(u_)<0, ¢'(0)>0, g'(uy)<0 (bi-stability of reaction).

(ii) The vector f belongs to C®(R,RY).

1.2 Existence and uniqueness

Under assumption [(H1), local existence and uniqueness of solutions to either (RDC) or (1) with

fixed e can be shown as follows (see [1] for details). The Cauchy problem

up = Au—I—F(u,Vu)}

3
u(z,0) = wug(z) )
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is considered as an abstract ordinary differential equation

U = ABcu—I—NF(u)}

u(0) = wo, @)

where u(t) € X = BCyut(RY), Agc is a realization of A on BCypir(RY), the space of bounded,
uniformly continuous functions, and N is the Nemitskii operator associated with F.
One first shows that A is the infinitesimal generator of an analytic semigroup. By stan-

dard arguments, one can then show that (4), and hence (3), has a unique local solution
u € CO([Oa T]a BCunif(RN )) n Cl ((07 T]a BCunif(]RN ))

provided that F € C%(R x R") has partial derivatives F/du and 8F/8p; which are bounded
on bounded subsets of R x R and the initial condition ug is contained in some interpolation
space. For our purposes it will suffice to assume ug € BC2_;(RY) which is contained in the
domain D(Apc) and therefore also in the interpolation space.

In our situation F(u,Vu) = g(u) — f'(u) - Vu is continuous and the partial derivatives
OF/0u = g'(u) — f"(u) - Vu and 0F/9p; = — f;(u) are uniformly continuous on bounded sets
if f € C2(R,RY) and g € C1(R).

If F grows at most linearly with respect to |Vu|, then any solution which remains bounded
in the L*®-norm is a global classical solution. In our situation, however, the L>-bound is an

easy consequence of the dissipativity condition (H1)-(i) and the parabolic comparison princi-

2

ple. In particular, this shows that for initial data ug € BC2_;;(R") we get classical solutions on

the infinite time interval [0, c0).

1.3 Planar Waves

w-l/—st)

Planar wave solutions to (1) of the form u(z,t) = U( satisfy a one-dimensional ordinary

differential equation

U'(2)+ (s = f(U(2) v) U'(2) +9(U(2)) =0, z€R ('=d/dz) ®)
which can be written as a first order system
U, =V , ©)
Vi = —(s=f'U)-v)V —g().

This system possesses exactly three stationary points with U € {u_,0,u;} and V = 0. The
linearization at (u*,0) (u* = u_,0,uy)is

v =v

V' = —¢g'(uU - (s — f'(u*)-v)V.



with eigenvalues

—(s = f'(u) - V) £ /(s — f'(u*) - v)? — 4g'(w")
2

p(s) = 7)

Hence the two stable zeros u_ and u, always correspond to saddle equilibria of (6).

Using the fact that (6) defines a “rotated vector field” (see [3]), it can be shown that the
unstable manifold of (u_,0) and the stable manifold of (u.,0) intersect for precisely one wave
speed s(v). In [5] existence and uniqueness of traveling waves have been established for a class

of equations which contains (1). We state the corresponding result in our situation:

Proposition 1.1 ([5], Theorem 2.4).

(i) There exists a unique wave speed s(v) such that for s = s(v) there is a unique heteroclinic orbit
of (6) connecting (u—,0) (at z = —o0) to (u4,0) (at z = +o0).

(ii) The wave speed s(v) depends on v as smooth as f'(u) and g(u) do on u.

(iii) The corresponding travelling wave profile Q(z;v), with Q(0;v) = 0, is smooth in (z,v) and

monotone increasing in z.

Once the existence of planar waves is established, it is rather elementary to characterize the

wave speeds.
Lemma 1.2. Traveling wave solutions of (6) have the following properties.

(1) The wave speed s(v) of the planar traveling wave satisfies the following two identities:

+o0o

Q) s@)(uy —u_) = (f(us) = f(u)) v+ [ 9(Qzv)) dz

Glu-) = Gluy) + [73 Q2= 0) f(Qzv)) - v dz

J28 Q¥(zv) dz
where G is an anti-derivative of g.

(ii) s(v) =

(2) If f is even and g is odd, then Q(z) is odd, Q(—z) = —Q(z), and s(v) = 0 for v € RN (although
we will always consider unit vectors |v| = 1 in the sequel).

Proof: (1) (i) Since Q(z) decays exponentially fast to u_ (resp. uy) as z — —oo (resp. +00),

we may integrate the traveling wave equation (5) over R. This yields exactly the given identity.

4



(1)(ii) Since the derivatives of the heteroclinic solution ) decay exponentially at z = Foo,

we may multiply equation (5) by @, and integrate from z = —oo to z = 400 to get

+0o0 +oo +00
sw) / Q¥(z;v) dz = / 9(Q(z 1)) Qs () dz + / F(Qzv)) - vQu(zv)? d.

—00
(2) It is easy to verify that the function Q(z) := —Q(—z) satisfies (6) with s = s(v) begin
replaced by s = —s(v) and the same boundary conditions as Q(z) does. Therefore, the unique-

ness of the solution pair (Q(z), s(v)) for (6) implies s(v) = —s(v) and Q(z) = Q(z), and hence
s(v) =0and Q(z) = —Q(—2).
[ |

Remark 1.3. Characterization (1)(i) is analogous to the well-known Rankine—Hugoniot condition for
viscous shocks of conservation laws. The presence of a stiff source results in an additional term which
does depend not only on the asymptotic states but also on the whole “viscous profile” Q.

We believe that the converse to the statemtent Lemma 1.2 (2) is valid. Namely, if the wave speed
s(v) vanishes identically in all directions v, then f is even and g is odd. However, we have been unable

to prove this statement.

Definition 1.4. A hypersurface M of class C? is a subset of RN which is locally a graph of a C?-
function:
M ={(z1,22,...,2n5) €RY; ay = F(z1,22,...,28-1)}-

By the principal curvatures of M at a point zq in the direction v (v 1z, Ty M), we mean N — 1

eigenvalues ki, Ka,...,kn—1 of the symmetric matrix D?F(zy), where xx stands for the coordinate
function in v-dirction, while x1, ..., xN_1 are coordinate functions on Ty, M, the tangent plane to M
at Zg.

The mean curvature of M at a point xq is the sum of principal curvatures

H(.’L‘()):Iil—klﬁz#—...—kl{,]\r,l.

1.4 Main results

We describe dynamics of (1) in singular limits as ¢ — 0. Depending on whether or not the wave
speed s(v) identically vanishes, we have to distinguish two cases.

Theorem 1.1. Assume that s(v) # 0. Under the condition (H1), we consider the Cauchy problem

ui = eAuf — f'(uf) - Vuf + e 1g(uf) ®)
u(z,0) = ¢°(z).



Then, there exist a pair of functions u§(x) < u§(x) on RN and a time T > 0 such that if ¢°(z) €
BC2 (RN with
uj(z) < ¢°(x) <ug(z),

then the solution u®(z,t) converges to a limit function u®(x,t) = lim,_,o u® (2, t) for almost all (z,t) €

N x [0, T). The limit u®(x,t) is a piecewise constant function taking on only two values u_ and u.,.
The bulk regions Q= (t) := {x € RN; u(z,t) = uy} are separated by a hypersurface T(t) which
evolves according to the equation

V =s(v),

where V stands for the normal speed of the interface I'(t) and v is the unit normal vector on T'(t) pointing
into the bulk region QT (t).
Moreover, if the e-dependent interface T'*(t) is defined by

Té(t) = {z € RN | w*(z,t) = 0},

then its motion is described by

Ve =s(v°) +e Ho(y,t Z TS, KP(y + O(?). 9)
pg=1
Here, v* is the unit normal vector to I'*(t), s(v°) the speed of a planar travelling wave propagating
in direction v¢, H*(y,t) stands for the mean curvature of T*(t) at y € T°(t), (Tj,) is a symmetric,
positive semi-definite matrix depending on (f, g, v®), and K is a symmetric tensor related to the second
fundamental form of T (t).

When f is even and g is odd, Lemma 1.2 implies that s(v) = 0. In this case, a result analo-

gous to Theorem 1.1 holds for a parabolically scaled version of (8), which is stated as follows.

Theorem 1.2. Assume that f is even and g is odd. Under the condition (H1), we consider the Cauchy
problem
ui = Auf—e 1f'(uf) - Vu + ¢ 2g(uf)
u(z,0) = ¢°(a).
There exist a class of initial functions ¢* and a T > 0, as in Theorem 1.1, such that the solution u® of
(10) has a limit, i.e., u’(z,t) := lim u®(z, t) exists for a.e. (z,t) € RN x [0,T].

} (10)

The limit u®(z, t) is a piecewise constant function taking on only two values u_ and u.. The regions
QF(t) := {z € RN; u%(x,t) = uy} are separated by a hypersurface T'(t) which evolves according to

the equation

N N
V=H+ Z Ty KPI = Z (8pq + Tpq) KP4, (11)
pg=1 pg=1



where V' stands for the normal speed of the interface I'(t) and H, T and K are the same as in Theorem
1.1.

If we consider (1) with suitable initial functions ¢(z), solutions develop internal layers after
time of O(¢|log €|) near the zero level set Ty of ¢. Generically, Ty is of class C2, and the solution
profile would satisfy

ug(z) < u(z, O(e|loge|) < wg(x)-

Therefore, from this moment on, our theorems 1.1 and 1.2 apply to this general situation.
Recently, Fan and Jin [4] have studied (1) in the case of a symmetric flux function f and
an odd source term g. Since s(v) = 0, in this situation, we are in the setting of Theorem 1.2.
The front motion is then driven by some kind of generalized mean curvature, or, anisotropic
curvature.
For f = 0 and symmetric g, our equation (RDC) is the so called Allen-Cahn equation. The

formation and motion of internal layers for
ug = e2Au + g(u)

for 0 < ¢ < 1 have been studied for a long time. For example, in [2] it is shown that inter-
faces which have formed move according to mean curvature flow. Their analysis uses different
temporal and spatial scales without separating them completely. Our approach is therefore
closer to the one in [7] for the spatially inhomogeneous Allen-Cahn equation, where the outer
solution and the approximate internal layer are constructed separately up to any order in «.
This allows us to show how the convection term in (RDC) introduces a new type of geometric
evolution in the interface equation. The additional term ) Tp,K?? in (11) has two parts where
T is determined by the convective and reaction terms f and g from the equation and the unit
normal vector v of the interface, while K?? depends on the geometry of the interface.

The paper is organized in the following way: Section 2 deals with the formal construction
of the approximate interface equation. In Section 3, we prove our main theorems on the con-
vergence. The last section is devoted to explicit computations in the case that f and g have

some special form.

2 The approximate interface equation

In this section, we present an asymptotic expansion method to construct approximate solutions
to (1). The procedure below may look rather formal. However, in §3.1, we will make it mathe-
matically rigorous. A similar asymptotic expansion is valid for (10), and modifications needed

are explained in §3.2.



2.1 The outer expansion

We rewrite (1) as

eug + ef'(u) - Vu — 2 Au = g(u)

and expand its solutions as follows.
Uout (T,1) = ud (2, 1) + cuby (2, ) + ...
Inserting this expansion, (1) leads at zeroth order to the equation

g(u’gut (.’IJ, t)) =0.

As we are looking for a solution which takes values close to u— in one subdomain of RN and
values close to u; on the complement of that set, we choose the following as our lowest order
outer expansion:

u_ in Q (t),

uy in QF(t),

ugut ("E: t) = {

in which Q% (t) are to be determined. In fact, we will later derive a motion law for the common
boundary T'(¢) of QF(t).

Since g does neither depend on z nor on ¢, we get at order ¢ the equation

gl(ugut(x’ t))utl)ut (:L', t) =0

which implies ul,.(z,t) = 0 from our assumption g’(u+) < 0. For the same reason, all higher

orders vanish as well:

ugut(xat) = ugut(xvt) =...=0.

Therefore, we arrive at the simple outer “expansion”

u_ forz e Q (¢),
Uout (T, ) =
uy forz e QF(t).
We will assume that Q7 (¢) and Q7 (¢) are separated by a smooth hypersurface I'(t). Close
to this interface we expect to have a sharp layer of width O(g). To resolve this layer we will use

a “stretched” variable near I'(%).



2.2 Interface coordinates

To derive the inner expansion, we will use coordinates adapted to the moving interface. We

want to describe I'(t) as the image set of some mapping . To this end, we set
L(t) = {z € RY | z = 70(y, 1),y € To}
where I’y is an (N —1)-dimensional smooth reference manifold. We assume that the parametriza-

tion 7 is smooth and chosen in such a way that

Ll L 90
ot Byi

We can now parameterize a neighborhood of the surface I'(t) by coordinates (r, y) such that

fori=1,...,N — 1. (12)

z=y(yt) +rv(y,t) = v(y,t,r)

where v(y, t) is a unit normal vector to I'(¢) at y, or more precisely, at yo(y, t). For definiteness,

we assume throughout that v points into Q1 (t). We also define an r-shifted interface I'(¢,r) by

L(t,r) :=={z =~(y,t,r) | y € To}.
Consequences of this definition are the identities
0 0
v ¥ —0 fori=1,....N-1, v- 2 =0,
Oy
stands for the Euclidean inner product.

v-v=1,

“”

where
We now introduce a space-time coordinate transformation:
T :f)/(y’t_”")’ t :E'

It is straightforward, but tedious, to write equation (1) in the new coordinates. The Jacobi

matrix for the coordinate transformation is

J = ( v(y,t) %—Zf(y,t)ntr‘g—‘;(y,t) )

This implies that
2
or v(y,t)* B
= T R
) (Ge+rgy) )om
9y
-1
v(y, )T 9
= T v(y,t) (% + ra—”) v(y,t) (% + rf’_V) il
(%iyo + rg—Z) %y 0y 9y 9y Ox




where the components of the symmetric metric tensor g are given by
ok 67 al o(v)k ok [O(y)k  avk
iy b7 Z 3y 37 —kz::l o a0 ) (Cog oy

which is the symmetric metric tensor on the r-shifted interface I'(¢, 7). Consequently, we have

Pl

0 (a0} ! X )
5= | v:t) ( +Tay) (0 g_l(yﬂ‘at))

D
<

or, equivalently,

+Zay ]ka

(9:01 ByJ

where the g/¥ are the entries of ¢!, the inverse matrix of (g ;)- The gradient operator, therefore,

transforms as follows:

V) =v3 +Zay]1

The Laplace operator then becomes

0?2 0
A= ﬁ—H(y,t,T)E

where H (y, t,r) is the mean curvature of the r-shifted interface I'(¢, r) and Ar(¢, r) is the Laplace-

+ Ar(t,’l‘),

Beltrami operator on I'(¢, ) acting on functions of y.

Similarly, one can verify that the time derivative transforms as follows:

o 9 8 ] s .0
5% ot - (v)z- )5—(7‘%'(70);/"‘7‘ vp-vy)8 B_y

Dropping the “bar” from ¢, equation (1) in the new coordinates becomes

ou ou _10u
€91 ¢ {((’YO)t : V)E + (Wt “(0)y + r’u - v )g lay}
&%u ou .
+e {W—H(y,t,T)E—FAr(r,t)u} (19)

—e{urw g+ rwgle gt ot

10



2.3 The inner expansion

Setting r = ez, equation (1°) becomes

9? 0
0 = S5+ [0 v—Fw-v] 5=+
0 2 '
+e{—a—z —H(O)a—: —f (U)'Vr(t)u} (13)

15}
2 {Ar(t)u _ ZH(l)a_Z + 2y - VI“(t)u -z (fl(u) : v{“l()t)u)}

+Zej73j(y,t,z)u

jz3

Here, with ¢/* = ¢7¥(y, ¢,0), tangential gradients are defined by

Ov _ = o
Vi) = Ay 5.8 1 Z 8— Byk’ (14)
k:
1 0 [0y = ’70 r 0
v o |5 (y,tr>g—1(y,t,r>]r_ _ 2;_ hag o, (15)

where (hy) is the second fundamental form of I'(¢) with respect to v. Moreover, the curvature
terms are defined by H©) = H(y,t,0) and
N-1

HY = —|r oH(y,t,r) k)%, (sum of squared principal curvatures),
:1

<.

while AT®) = Ap(t,0) is the Laplace-Beltrami operator on I'(t) and P; are differential operators
acting on functions of (y, ¢, z) which we need not use explicitly.

We seek a solution of the form
uin(2,9,t) = udy (2, 9,t) + eufy (2,9,8) + ...

Substituting this expression into (13), we will determine u (4 > 0) with appropriate condi-
tions.

At order zero we have to satisfy the equation

?ud, oud,
822 + ((’YO)t V= fl(u?n) . V) W + g(u?n) =0 (16)

with boundary condition
0 _ 0 —
ujp(—00) = u_, Uy (+00) = uy.

11



(From Proposition 1.1 we know that for any direction v there is a unique wave speed s = s(v)
such that (16) possesses a monotone heteroclinic orbit from u_ to u, if and only if (yp): - v =

s(v). Therefore, the lowest order interface equation is given by
V=9 -v=s). (17)

We denote this heteroclinic orbit by Q(z;v) and assume for definiteness that the phase shift in
z is adjusted such that Q(0; v) = 0.
We will assume that the first term of the inner solution is just the heteroclinic wave profile

in the corresponding normal direction with a “phase shift” ao(y, t):

up (2,9,t) = Q(z + ao(y, ); v(y, 1))

The term ay(y, t) accounts for the fact that we expect the interface I'(¢) to be determined only up
to order O(e) corresponding to the width of the transition layer. At this stage, the shift ag(y, t)
is not known. We will derive the equation that governs ag in the next stage of approximation.

At order O(e) we have to satisfy the equation

o) 8%ul oul o
a;n = 82;1 + CV(Z) a;n + /B(z)ulln - H(yata O) a;n - f,(u?n) : vF(t)u?n (18)

together with the boundary condition
Uiln(—OO) = ulln(—l—oo) = Oa
where

a(z) = sv)—f'(uy) v,
ou?

Bz) = ¢@Wd)—f"wd)- ua—;n_

Note that this equation has to be considered as an equation for the unknown u}, as a func-
tion of z with y and ¢ playing the role of parameters.
We will now state a condition which guarantees the solvability of this inhomogeneous lin-

ear second order equation. From this condition we will get an equation for the evolution of

ag.
Rewrite (18) as an inhomogeneous linear second order equation
¢z + (2)$: + B(2)¢ = h(2) (19)
where o o0
h(z) = Bilﬁn + H(O)a—; + f(ufy) - v]"(t)u?n'

The solvability for (19) is summarized as follows.

12



Proposition 2.1. For a given bounded function h(z), the problem (19) has a bounded solution if and
only if the solvability condition

o0

/ Q.(z + ag)e @ h(z) dz = 0 (20)
is satisfied, where
A@) = [ atr)ar = [ (s() = QU+ aiv) -v) ar

Moreover, if h(z) decays to zero at an exponential rate, then the corresponding solution of (19) does have

the same property with the following explicit formula.

z+ap ~

A
6(2) = a(y, )Qs (= + ao) + Q(z + ao) / X / Q:(")eAC R — ag) d2"d7,

where a(y, t) is any function of the “parameters” (y, t) and the second term is normalized so that it takes

the value 0 for z = —ay.

The proof of this proposition is elementary, and hence omitted.
To translate the condition (20) stated in Proposition 2.1 into information about the motion

of the transition layer, we use the relations

oul 0

S = Qa(ta0v) Bl + Qulz +ag v
ou?

% = Q.(z+ag;v)

Vp(t)u?n = Q:(z + ao;¥)Vrwao + Qu(2z + ao; V) Vv

which follow immediately from u (2,y,t) = Q(z +ao(y,t); ¥(y,t)). They in turn imply that the

inhomogeneous term for (18) is given by

6(10

h(2) = Q. Bt +HO + £(Q) - Vrgao| + Qv v+ f1(Q) - QuVrgyv

where, here and below, @ is evaluated at z + ag(y, t) unless explicitly stated otherwise.

13



Inserting this into the first order solvability condition, we obtain the first order interface

equation
day 0s -
ot —gvr(t)ao + ho(y, t), (21)
where
= M / Q:e(£(Q): dz, My := / Qzet®) dz,
14
holy,t) = —H(y,t,0) ~ Mg / Q"D {Q, v+ (@) - QVrpyr} d

We remark that neither My nor the last integral depends on ag, since the integration variable z
is shifted by ag, such as

)
[ @it e

o

My = / QgeA(z) dz =

where Q = Q(z — ag), A(z) = A(z — ag) which are independent of ay.

CHECK!!!' Q = Q(z —ag) or Q = Q(2)?

Therefore, izo(y, t) does not depend on ay. Notice that (21) is an inhomogeneous version of
the linearization of the lowest order interface equation (17).

When the solvability condition is satisfied for (18), it has the family of bounded solutions

Uin (Y, 2) = a1(y, 1) Q: + i (3, 2), (22)

=1
where u;;

is a bounded solution of (18) with @, (y,t,0) = 0. Since h1(y, t,z) decays exponen-
tially to zero as z — %00, so does uiln. The coefficient function a; is to be determined so that the
next order equation be solvable.

Higher order approximations are obtained in a similar way. At order O(e?) the equation is

of the same form as (19):

0%u? ou? 9
1mn m 4 — . 23
922 + a(z) 9z + ﬂ(Z)Um hz(y,t,Z) ( )

Applying Proposition 2.1, we find that (23) has a bounded solution u2,, if and only if

+o0
/ QzeA(z)hg(y, t,z)dz=0 (24)

14



where

oul, 1 2 0ud 1 2
hZ(ya ta Z) = (f”(u?n> ' V)uilng + E(fm(u?n) ' V) (ulln) E - Eg”(u?n) (ulln)
1 1
+% + H(O) % + f,(u?n) ’ Vl"('t)uiln + u’ilnf”(u’?n) : V1"('t)u?n
ot 0z
oud

— &Vt vr(t)u?n + zfl(u?n) ’ v(l) uj

—Ar(t)U?n + ZH(I)B— F(t) in*

z
Since hy(y, t) decays to zero at an exponential rate as z — o0, so does the solution u2,. Using

(22) for ul in this expression of hy, we have, with v (y,t,2) = Q(z + ao(y, t)) being utilized,

Ma(1,2) = S BE) @) + Ba + Q5 + Q@) Ve + ), (29
where
L) = {Q (@ v}, -{d@}, (26)

L) = (@ ) {Q:uhn}, +{f"(Q v}, (Quh) - {¢@},u (=5L") @)
+{Qz}t + H(O)sz + fI(Q) : v1‘(t)Qz + Qz.f”(Q) : v1‘(t)Q (:: I2170)1

and Iy(z) represents terms independent of a;. Substituting (25) into (24), we find that the

solvability condition is reduced to

8(11 as 7 A(2) 70
W = —EVI‘(t)G;l + / Qze ( )I2 (Z) dz. (28)

In fact, integrating by parts and using the fact that P(z) := Q,e*(?) satisfies the adjoint equation

of the homogeneous version of (19);
P, — a(z)Pz + gI(Q)P =0,

one can verify [ I2(z)P(z) dz = 0. To this end we calculate

e}

| Berea-[" @@ m.pa- [ g@)n.era

(o¢]
—0o0 —0o0 —0o0

:/ _sz”(Q) -vP, + gI(Q)Qsz + QI(Q)szP dz

o0

:/_ /B(Z)szz +gl(Q)szP dz

:/ _szsz - a(z)szPz + gI(Q)szP dz

—00

:/ Q:2(P;, — aP, -I-g'(Q)P) dz =0.
—c0 ~
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Integrating by parts, using the equation for P and the equation (18) for u},, one can also
find that [ I (2)P(z) dz = 0. To prove this claim we evaluate

[ ntpas= [T (@ {@uk ) P+ {£1(@ v}, Q)P - (@), TP s

—00

B /oo _(f”(Q) ' V) Qzﬂilnpz + gI(Q)Eiln,zP + gI(Q)HilnPZ dZ

— 00
(o]
- / Bui P, + (aP, — Pzz)ﬂ}n,z dz

/ IBulnP + au’ll’l ZP + Uln ZZP dz

Ou;, 8um
:/ <3t —|—}1I()‘9 +f( 0 Vr(t)u?n)Pzdz

ou; oud.
- / (a;“ﬂf” 5 +f'<u?n)-vr(t>u9n) Pdz

A
- / I,°P a-.
—0o0

Therefore, (28) follows from (24).
At order O(e*) (k € N, k > 3), the equation is again of the same form as (19):

2,k
0*ug ouf

1 () IR+ B(z)ul = hi(). 29)
Here, hy, depends only on uQ ,ul , ... ,uik;1 and is given by

hi = Iy (2)ag 1 + Qz "+ Q:f(Q) - Va1 + I(2),

where a;_1(y, t) is the coefficient of @, in the (k — 1)-th approximation

w7yt 2) = ap-1Q, + T (30)

Ik: _( {QZ 1n} + {f” V}z (Qzulln) - {gI(Q) zuiln (:: Ili,l)
+ {Qz}t +HOQ.. + f(Q) - Vry@: + Q-"(Q) - VrnQ (= I°),

and I,‘c) depends only on ay, . . ., a;_2. We notice that no term depending on (a;_1)? is present,
so the analysis for k > 3is slightly simpler than it is for k = 2. Moreover, I;’l is the same
as I21 with @ being replaced by ul and I ;’0 = I21 ) Therefore, by the same computation as
above, [I}P dz = 0 follows. Applying the solvability condition to (29), we obtain the k-th

order interface equation

day_ Os -
akt - = ~ 5y, Vr@ak-1 1 hr-1(y, t). 31)
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where izk 1 represents the terms that depend only on ay, .. ., ax—2, but not on aj_;.

For an integer m > 1, we now define the m-th order inner approximation u™ by

em

uin yat Z Z& uln y7 (32)

where we set a,, (y,t) = 0 in the expression of the last term 4 = 6, Q, + T.

3 Proof of main theorems

3.1 Proof of Theorem 1.1

When the initial interface is smooth, the initial value problem for (17)

Wov=s), (0 =7(y)

has a smooth solution on ¢ € [0,T] for some T' = T(3°) > 0. We then solve the initial value
problem for (21) with ag(y,0) = 0 on the time interval [0, T]. Since this is a linear inhomoge-
neous first order equation with a non-characteristic initial surface, the problem has a unique
solution on [0, T'], which we denote by ag(y, t). Similarly, the initial value problems for (28) and
(31) with a1 (y,0) = 0 and ag—1(y, 0) have a unique solutions, denoted by a1 (y, t) ane ax—_1(y, t).
In this way, we can determine all functions in (32) up to any order m € N.

There also exists a > 0 so that the correspondence
I-\0 X (_26’ 25) 2 (ya T) =T = ’YO(CU; t) + T'l/(y,t)

smoothly parameterizes the 2§-neighborhood of I'(t) = {z = v(y,t) | y € To} C RV for
t € [0, T]. For z in the 2§-neighborhood of I'(¢), the inverse of the parametrization

= (y,7)

is expressed by
Y= g(.’l},t), r= 'F("L"t)'

We denote by Q7 () (resp. 27 (¢)) the component of RV \T'(¢) where r < 0 (resp. » > 0). For
d > 0, we define
int(t) = {z € QF(t) | dist(z,T(t)) > d}.

Let us denote by ©(r), ©%(r) and ©(r) smooth cut-off functions satisfying
0<07(r),0r),0%(r) < 1

17



and

O (r)=1 (r<-29), O (r)=0 (r>-9)
Q%r)=1 (|r| <4), Q%r)=0 (|r| > 26) (33)
et(r)=1 (r>29)), Of(r)=0 (r<é)

We now fix an integer m > 1 and define m-th order approximation «*™(z, t) by
us™(z,t) = uoys(x,t) for z € Qg%(t),
(34)
uS™(2,t) = Uout (2, )07 () + uous (z, 1) OT(7)
+0%(#)uy™(9,t, L) for € RN\(Qu;(t) U Q5()),

in €
fort € [0,T], where 7 = #(x,t),§ = §(z, t).
(From our construction of the outer and inner expansions in §2, we obtain the following.

Proposition 3.1. Let m > 1 be an integer. Then, u®™(x,t) defined in (34) satisfies
leuy™ +ef'(u™) - Vuo™ — 2 Aus™ — g(us™)|| oo @y x[o,77) = O™ )
ase — 0.

To prove Theorem 1.1, we use the comparison principle. We consider the auxiliary problems
ug + f'(u) - Vu = eAu+ e {g(u) £ ™} (35)

for a fixed integer m > 1. We apply to the problem (35) the same procedure as in §2.1 to obtain

sub- and super- outer solutions u = uf(z) and @}, (z) defined by

e () u_ +g'(u_)e™, for z € Q(t),
z) —
ut +g'(uy)e™, for xz € QF(t),

z (2) u_ —g'(u_)e™  for z € Q(t),
oy (T) =
out uy — g (uy)e™, for z € QF(t).

Note that uS,, (z) < w5, (z) for z € Q because of ¢’ (u) < 0.
Applying the procedure of §2.3 to (35), we obtain m-th order sub- and super- inner solutions

u(y, t,z) and T (y, t, z). These sub- and super- inner solutions satisfy

0%ufy Qufp m
922 + a(z) 3 + B(z)uly = hm(z) —1
and a2—m oum
Uin Uin =M
8Z2 +a(z) az +18(z)uln - hm(z) +1’

18



respectively. Since the difference between (1) and (35) appears only in the O(¢™)-term, inner
solutions u¥ with lower indices (0 < k < m) remain the same for both (1) and (35). By using

the variation of constants formula presented in Proposition 2.1, it is easy to verify that
uin (9,1, 2) <uin(y,t,2) < uR(y,t,2)-
Then m-th order sub and super inner approximations u;" and %, are defined by the same

formula as (32) with u{ being replaced by u{ and @. We also define u*™(z,t) and w*™(z, t)

by the same formula as (34), except that uey is replaced by uf,, and @, and u; ™ (y,t, z) is

replace by u;" (y, ¢, z) and u;"(y, t, z), respectively. The order relations for the outer and inner

solutions above now inherit to the approximations
ut™(z,t) < uS™(z,t) <T™(2,t) xRN, t€[0,T).
Moreover, by using Proposition 3.1, we have, for small € > 0,

eug e f! (uS™) - Vut™ — 2Aut™ — g(ut™)

="+ 0E™) <0, zeRY, te(o,T),
and

€ﬂi’m+€fl(ﬂs’m) .VEE™ — 62Aﬂe’m _ g(Ue,m)

= 4™+ 0™ >0, zeRY, telo,T)

Therefore, u®™ (resp. u*™) is a subsolution (resp. supersolution) of (1). The comparison prin-

ciple yields that (1) has a solution u*(z, t) satisfying
us™(z,t) < uf(z,t) <T™(x,t) xRN, te0,T)
Since ||[@®™ — u®™|| g = O(e™), we conclude that
|u(z,t) — u>™(z,t)| = O(™) zeRYN, tc[0,T). (36)

By our construction of 4™ in §2, we have

lim v*™(z,t) =
e—0

, tel0,T).

u_  for ¢ € Q7 (t)
uy for x € Q7(t)

This, together with (36), completes the proof of convergence part.
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We now prove the validity of (9) in Theorem 1.1. Notice that the wave profile at the lowest
0

order approximation uj, was shifted as Q(z+ao) by the amount —ay in the stretched coordinate.

Therefore, the O(g)-approximation to the interface v*(y, t) is given by
¥ (y5t) = 0(y,t) — cao(y, vy, t) + O(e?).
Then the unit normal vector v*(y, ) to the interface 7° is represented as
vi(y,t) = v(y,t) + eV ao + O(e?).

Therefore, by using (21) and s(v°) = s(v) + £8s/8vVrag + O(e?), we have

Vi Ve =(0)e v — €5 +0(e?) (37)
9 .
:3(1/) + € {a—zvr(t)ao — h()(y, t)} + (’)(82)

=s(v°) + eH*(y,1)

+ 81\4’0_1 / QzeA(z) {Qu c Vg + fI(Q) . Q,,Vp(t)u} dz + 0(62),

where H*(y,t) is the mean curvature of the interface represented by ~°. Let us now examine
the integrand in the last term.

First of all, when g evolves according to (17), the t-derivative of v is given by vy = =V, s(v).
For simplicity, we let s, and @Q, denote, respectively, ds/0v, and 0Q/0vP (p = 1,...,N). Ac-
cording to the definition of the tangential gradient Vr(y) in (14), we have!

:3_79 ik( ’t)as(’/) _ 90 ik

Vp
Vr(t)S(V) Byfg gk Spa—ng (y’t)a—yk = sva‘(t)Vp-

Therefore, the ¢g-th component of the tangential derivative is given by

0(0)? ;i OVP
[Vews@)]* = s [Vre]* = 50— 578" 5.5
which gives rise to
) 51 07
oyJ Oy*

Qv v = Qqu =—Qq [Vr(t)s(’/>]q = —QqSp

Here and in the sequel, 8k and ¢’% are all evaluated at (y,¢,r = 0). Similarly, we have

(9’}/0 ik 31/'1
QuVrv = Q¢Vrpv! = Qqa—ng] ok

n the sequel, summations over repeated indices are applied for p,¢ = 1,..., N and for j,k,l,s =1,...,N — 1.
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and hence oony vt
- P _ Yo 15%4

7@ QuVror = 1@ [QuVrwr)’ = Qufy =5 8" 5

where fz’J means the p-th component of the vector f’. The definition of the second fundamental

form (hks)k]\fs_zl1 of I'(t) yields

P 2 9(0)
which in turn shows the symmetry
A(70)? jk% _ 9(70)* jk%
oy’ yk dy? oyk’
Using this symmetry and (38), we get
Qi+ Q) QuVryr = —{Qq[Vrws)]" — Qufq [Vrwr?]"}
9(20)” 8%0)? ik, s
= Qq(sp—fp) oy B—ylg] hisg® (39)
On the other hand, Proposition 2.1 implies that Q4 has the following representation
Q,(2) =-Q /Z 1 ] PQ.(s, — f1)d" | d7.
‘ *J a0 PQ A
Therefore, (37) becomes
v v = s(VF) + e {H® + Tp KP?} + O(?), (40)

where T, is given by

Tp, = — My / PQ.(sp — lez){ 3 Ple (/ PQ(sq — fy) dz”) dz'} dz (41)

—0o0

and KP1 is defined by

which is symmetric. Note that we have evaluated T,, and K?? for I'(t). However, the differ-
ence between I'(t) and I'*(¢) is of order O(e). Therefore, the differences between T, K£? and
Tpq, KP? are contained in O(g%)-terms in (9). This proves the validity of the interface equation

(9) in Theorem 1.1. |

By shifting the integration variables 2", 2/, z to 2" + ag, 2’ + ag, z + ag, we see that Tp, do not

depend on ay.
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Lemma 3.2. The matrix T is independent of ag, symmetric and positive semi-definite.

Proof: We use the representation (41) and integrate by parts to obtain

where

It is obvious that Tpy = Tgp. Moreover, we can write

T=M,"! / P;zL(z) ® L(z) dz, (43)

where the vector-valued function L is defined by
L(z) = {L1(2), .- ., Ln(2)).

Evidently, (43) shows the positive semi-definiteness of T.

|
Lemma 3.3. The sum T,qKP9 is a weighted sum of principal curvatures;
N-1
Tp K™ = Z W'k,
i=1
where k; (i =1,...,N — 1) are principal curvatures of I'(t).
Proof: Let us first recall from (42) that the N x N-matrix K = (KP9) is expressed as
0% 1, 1[0\
K=—g"h - 44
58 e (5 ) (a4)

where ¢ = (g,;) and h = (h;;) are the first and second fundamental forms of I'(t). By definition,
the principal curvatures «; (¢ = 1,..., N — 1) are roots of the characteristic polyonmial det(h —
kg). In other words, the principal curvatures are eigenvalues of the symmetric (N — 1) x (N —
1)-matrix hg~!. Let us diagonalize hg~! at each 7y(y,t) € T(t) by choosing an appropriate
parametrization y — 7o(y, t). Then, from (42) and (44), we have

N-1
Tp KP! = E w'k;,
i=1
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where

. P a
w' = Z Z qu(?(m,) 6(70.) g (no summation over i is applied).

3.2 Proof of Theorem 1.2.

The proof consists of the same steps as the proof of theorem 1.1, so we just indicate the differ-
ences.

The outer solution is the same as before in §2.1. However, when we compute the inner
expansion, the first line of (1) is multiplied by €2, instead of ¢. Setting r = €z in this modified

version of equation (1), we obtain

&%u ou

0 = T2 (fw) W)t + o)
+e { (('YO)t —~ H(O)) % — f'(u)- Vr(t)“} (45)
+¢? {_?9_1: + ATty — zH(l)% -z (f'(u) . V%l()t)u)} + Z aj’f’j(y, t, z)u,

Jj=3
where 75]- are differential operators acting on functions of (y, ¢, z), which we need not use ex-

plicitly.

We seek a solution of the form
uin(2,y,t) = u?n(z,y,t) + 6ui1n(z,y,t) + ...

Substituting this expression into (45), we will determine ufn (4 > 0) successively, starting from
j=0toj=mforanym €N

At order zero, (45) gives rise to the equation

%) o)

gz () v+ g(uy) =0
with boundary condition

U?n(—OO) =U—, u?n(+oo) = Ut

By our assumption s(v) = 0 and Proposition 1.1 this problem always possesses a unique so-
lution u{ (2) = Q(z + ag;v). As before we leave some freedom by introducing a shift ag(y, t)

which will be determined later.
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At order O(¢), (45) implies

Wén + a(z) 8;1 + B(2)ul, = hy(2), (46)

where
hi = (=(n): - v+ H(y,1) Q: + f'(Q) - Vr@-

Here and in the sequel, @ and @, etc. always mean Q(z+ag; v) and Q,(z+ag; v), etc. Applying
to (46) the solvability theory (cf. Proposition 2.1), we obtain

(o)t - v =H(y, 1) + M " / PF(Q) - Vi@ dz
=H(y,t) + My" / Pf(Q) QuVrwyv dz + My / Q:Pf'(Q) dz - Vr(yao,

where Q = Q(z) and P = P(z — ag) = Q,(2)eA(*~%) which are independent of ag. Since Q(z)
and f'(Q(z)) are odd functions (cf. Lemma 1.2 (2) and f even), and hence P(z — ag) is even in

w ~ ~ ~
z, the last integral vanishes; [ Q,Pf'(Q) dz = 0. Therefore, arguing as above, we find

—00

(')’O)t V= H(y,t) + ququa

in which T, is the same as before, defined by

o0 4
1
Ty, = Myt / 50 Lp(2)Ly(2) dz with Ly(z) := — / PQ.f, d7,
—00 % —00
where s(v) = 0 is used and f; = f,(Q), the p-th component of f'(Q).
Notice that ay is still to be determined. In fact, an evolution equation for ag will be derived

from the solvability condition for uZ, below. Once the solvability condition for (46) is fulfilled,

it has a unique family of solutions

uiln = al(y> t)QZ + Eiln’

where a1 is to be determined and Hiln, normalized as Hiln(z = —ag) = 0, depends only on ag (and
on v(y,t)). More precisely, we have
Hiln(z) = ﬁtlaven(z) + H(l)dd(z) (47)
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z+ap 1
Upyen(2) =Q (2 + ao)/o W

0.(7) ( ﬁ(z")ﬁ‘f"en(z") dz”) dz/, (48)

8

N\

T (z) =Q.(z+a )/Z+a0 ; P(z”)iLOdd(z") d2" | a2’ (49)
odd z 0 o _ZS(ZI)QZ(ZI) 1 ’

where h¢"® and h99d stand for the even and odd part of h; with h$¥"(z) = h$¥"(z — ag) and

h9dd(z) = h94d(z — ag). For reference, we give them explicitly.

3

htleven(z) _ (_quK;DQ)Qz + pr’(Q) . VI‘(t) Vp, htl)dd(z) = sz,(Q) ’ vI‘(t)aO-

Recall again that Q(z) is an odd function. This yields that h$"*?(z) and h$dd(z) are even and
odd functions, respectively, and satisfy

/ PR dz =0 and / P94 dz = 0.
—0o0 —0o0

1

Therefore, we find that @}, (z — ao) and Gl 44(z — ao) defined in (48) and (49) are, respectively,

even and odd functions. Moreover, we emphasize the following

Uoaa(z) = Qu(z + a0) - Vryao = Qp[Vr(yaol-

These facts will play a role later.

Now, (45) yields the following equation for u2;

0%u? Ou?
o2 T a2) R+ Bl2)un = ha(2), (50)

where hy is given below. We will derive an evolution equation for a9 by applying Proposition
2.1 to (50). In fact, we show that the condition

/ Phydz =0 (51)
—00

leads to a linear parabolic equation for a9, where ks is given by

ha(y,t, z) (52)

1 — —
=513(2)(@) + B @a + 1 (2)ar + Q2 (@) - Vrar +T5(2)
duf), r,0 (1) duf), 1.0 (1) .0
+ {W —Aluy, +2H E"‘Z (f (uin)'vr(t)uin)}a
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which is similar to (25). Indeed, I3 and I21 'l have the same expression as in (26) and (27), while
1,0

7,° and T; are given by
0" = (=(v)e - v+ H) Quz + (£7(Q) - VryQ) Q= + £(Q) - Vr(n Qs (53)
1
Tg :f”(Q) : Vﬂiln agzm + %fﬂl(Q) : V(ﬂiln>2Qz - %g”(Q)(ﬂiln)2 (54')
1
+(—(Y0)¢ - v+ H) % + (£"(@) - Vo @) @n + £'(Q) - VryUin

Let us explicitly analyze the condition (51). By the same computation as in §2.3, one can

show that
o0 o0 o0
/ PI2dz=0 and / PI}'dz = — / P1,"° dz.
—0oQ0 —0oQ0 —0oQ

The anti-symmetry of the integrand implies [ P(f'(Q) - Vra1)Q. dz = 0, eliminating a;
completely from (51).

When we compute the integral [ PTg dz in (51), we encounter terms which are linear and
quadraticin V() ag. These terms come from U})dd =Q@Qp [Vp(t)ao]p (here, and below, summations
over repeated indices p,¢,p’ = 1,...,N are applied). By using anti-symmetry of integrands,
we find that integrals multiplying quadratic terms in V(;ao vanish, in which we use the facts

that f is even and g is odd, and hence f'(Q(z)), 9" (Q(z)), @p(2) are odd, and f"(Q(z)), Q.(z)

are even in z. More explicitly, we have

/ P ds = / PF, dz[Vygao + / PQ,f!(Q) A=l Vi {[Vraof} +...  (55)
:/Pﬁp dz[Vp(t)ao]p—MOqu[Vp(t){[Vp(t)ao]p}]q+

where “...” stand for terms which are all together independent of aq as well as Vr()ao, while
ﬁ’p is defined by
By =("(Q) - vQpligyen): — 9" (Q)QpTaven — (—(20): - v+ HO)(Qy). (56)
_ 1o}
+ (F(Qen)s + 5 S (@)QpHV (10

We now deal with the third line of (52).
For the first three terms in the third line of (52), we have

(9_0 da
Bt AF—O + ZQzH(l Qz—o - QzArao + zQzH( (QP) (VP P vT(t) )

- szlvr(t)a0|2 - QpQV]_" V]_" Q Arl/p + Q
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By using anti-symmetry of the integrand, one can show that f PQ,, dz = 0, and hence the

coefficient of |V ao |2 in (52) vanishes when substituted into (52). Moreover, we have

o0 o0
/ zPQ, dz = /(z — a0)PQ, dz = —Mjyay.
—o0 —00

For the last term in the third line of (52), we have

(o] o0 o0

/ ePfI(Q) - Vi)yuby dz = / 2PQ. f5(Q) d2[Viyaol” + / 2PQqyf3(Q) dz[V ) 1P
— PO. (O d v(l) p T V(l) q|p
2PQ, f,(Q) d2] F(t)a0] + aoTpq[ r(t)”] :

We finally conclude that the solvability condition (51) for the problem (50) is equivalent to
the following linear parabolic equation

Bao

Bt :Arao + H(l)ao + qu[Vp(t){[Vr(t) ao]p}]q — aoqu[Vr(t) Vq]p (57)
+ F(y7 t) : v1"(t)a0 + G(ya t) : Vg()t)ao + 712(?/7 t)a

where the principal part A'ag + Tpg[Vr){[VraolP}]? on the right hand side is uniformly
elliptic because of the positive semi-definiteness of T. In (57), F(y,t) and G(y,t) are vector
fields on I'(¢) defined by

F(y,t) ~2M;" / P(@)): d=(Trqr® ) - M5" [ PFa:

Gly,t) = - My /zPQz (0) az

which are independent of ag. We note that the homogeneous part of (57) is the linearization of
th interface equation (11), although we do not bother proving this fact.

Similarly, at order O(e*), the solvability condition gives rise to

day_
% =ATay_3 + HWay_s + Tpg[ V() {[Vr( k21" H? — ak—2Tpq[ Vv (58)
+F(y,1) - Vrgar-a + Gy, t) - Vi aks + hi(y,1),
where izk(y, t) depends only on ay, . . ., ag_3, but not on ag_s.

In this way, we can construct approximate solutions as high order as we wish. Then, the
remaining part of proof is the same as the proof of Theorem 1.1. This completes the proof of
Theorem 1.2. [
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4 Examples and Discussion

Following an approach described in [6] for f = 0, we can explicitly determine the wave speed

and the heteroclinic orbits when g is cubic and f is quadratic in u.

Lemma 4.1. Consider the nonlinear eigenvalue problem (5) with

g(u) = —Ru—u)u(u—uy), u_<0<wuy, R>0,

1
flu) = §u2a+ub, a, beRN.

The wave speed s(v) and travelling wave profile Q(z) are then explicitly given by

s(v) = %{a-y— (a-z/)2+8R}+b~z/

—U4U— FULU_€
—u_ + u+efD(u+fu_)z

\(@a-v) +8R—a-v
D= .

4

D(uy—u_)z

where

Proof: The statement is verified directly by following the method described in §11.5 of [6]

for scalar bi-stable reaction-diffusion equations. [ ]

4.1 Symmetric case

Let us first consider a completely symmetric nonlinearities

flu) = yuta, g(w) = —u(w? ~ 1)

with the vector a remaining as the only parameter.

The travelling wave profile is then Q(z) = tanh(Dz) which depends on the direction v only

through D = %(y/(a-v)2 + 8 —a-v). We have

BQ Daq z A — (22 42)
= _ _ P = Q.e” = D(cosh(D 59
Q0= 5 = T Jla0)? 18 cost(D2)’ Qe (cosh(Dz)) 2 9)

This allows us to compute

My = /eA(Z)Qz(z)dz:D2 / (cosh(Dz))_(%+4) dz. (60)

—o0
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Similarly, we get from (41) with s(») = 0 and (59)

MTy, = _/eA(z)Qqufgl)(Q)dz
D?aja, 7

= ————— | ztanh(Dz) (cosh(Dz))_(%+4) dz

Vs )

D?a,a 1 X e
B (a'Vlgzq—}—S (a~ U—|—4D) / (cosh(Dz)) (5 +4) g,

Comparing this expression with (60) gives

a,a

T, —_ "P°9
P (a.v)2 48

In particular, we can see directly that the matrix T is positive semi-definite. The definition (42)

of KP4 and elementary computations lead to

1

ququ = ma . Vp(t)D
Therefore, the interface equation (11) in our special situation is written as
Arctan(v/2D
V = H(y,t)+a- Vi (#) (61)

Note that D > 0 in the function Q(z) = tanh (Dz) signifies the “steepness” of the wave profile.

Therefore, (61) means that the tangential variation of the “steepness”

Arctan (\/ED)
V2
of the wave profile Q(z;v) is converted in the singular limit to the normal velocity of the in-
terface. Moreover, this effect does not operate when a is normal to the interface, where the
interface is driven by the mean curvature alone.
Another viewpoint is possible for (11) in the present situation. Applying Lemma 3.3, the

interface equation has the following expression

N-1
V=3 (1+w)k, (62)
i=1
where v
v - AN . Jt t .
v (a-v)2+8 ]z:; <6y1 a) (Bgﬁ a) g’ (nosummation over i)
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Therefore, (62) is considered as a motion driven by a weighted mean curvature. Note that w’
in (62) vanishes when a is parallel to v. This means that the curvature effects on the normal
velocity is enhanced when a is parallel to the interface.

It is of interest to note that the matrix T which stems from the first order differential opera-
tor f' - V contributes in the singular limit to the curvature which is a second order operator.

4.2 Slightly asymmetric case

Let us consider e-dependent flux and reaction terms
f(u) =eub, g(u) = —a?u(u—(1—¢))(u+ (1+¢)) (witha > 0).

In this situation, Theorem 1.2 applies. The second term in (61) vanishes because of D = /+/2.

However, e-term in the wave speed s(v) comes in and the interface equation is given by
V=H+V2a+b v (63)
This is similar to a curvature flow driven by a constant force (cf. [8])
V=H+k (64)

which comes as a singular limit of the Allen-Cahn equation with slightly asymmetric source
term. In (64) k represents a constant driving force. In our equation (63), the driving force

depends on the orientation of the interface. However, (63) is expressed as follows.
(’?O)t =H+ \/50‘7

where 4y = 9 — t(b - v)v. Therefore, the motion of interface driven by (63) is a motion by mean

curvature with a driving force plus constant translation with velocity b.
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