
Admissibility of traveling waves for salar balane lawsJ�org H�arterih, Freie Universit�at BerlinArnimallee 2-6, D-14195 Berlin, GermanyWe study traveling wave solutions of salar hyperboli balane lawsut + f(u)x = g(u); x 2 IR; u 2 IR (1)and their visous ounterpartut + f(u)x = "uxx + g(u); x 2 IR; u 2 IR (2)where the visosity " is assumed to be small. We assume the following about f and g:(F) f is onvex: f 2 C3, f 00(u) > 0(G) g 2 C2 with simple zeroesand look for entropy traveling waves of (1).Def. 1 An entropy traveling wave is a solution of (1) of the form u(x; t) = u(�) where� := x� st for some wave speed s 2 IR with the following properties:(i) u is pieewise C1, i.e. u 2 C1(IR n J) with a set J that has only isolated aumulationpoints. At points where u is ontinuously di�erentiable it satis�es the ordinary di�erentialequation �f 0(u(�)) � s� u0(�) = g(u(�)): (3)(ii) At points of disontinuity the one-sided limits u(�+) and u(��) of u satisfy both theRankine-Hugoniot ondition and the entropy ondition u(�+) � u(��).A lassi�ation of all traveling waves has been given by Masia [?℄ and an also be found in[?℄. An interesting question is whether all traveling waves of the hyperboli balane law an beobtained as the limit of traveling waves of the visous balane law in the following sense.Def. 2 An entropy traveling wave u0 of (1) with wave speed s0 is alled admissible, if there is asequene (u"n) of traveling wave solutions of (2) s. t. "n & 0, sn ! s0 and ku"n �u0kL1(IR) ! 0.The results on admissibility an be summarized as:Thm. 3 Most types of entropy traveling waves are admissible. However, there exist lasses ofentropy traveling waves whih are not admissible.Proofs an befound in [?℄ for the ases where lassial singular perturbation theory, e.g. [?℄applies, and in [?℄ where blow-up tehniques as in [?, ?℄ are used. [?℄ ontains also two ases ofentropy traveling waves for whih no visous pro�le exists.Here we prove existene of a visous pro�le for one partiular lass of waves: Let u1, u2, u3be three onseutive zeroes of g with g0(u1) < 0, g0(u2) > 0 and g0(u3) < 0. Then thereis a unique di�erentiable entropy traveling wave u0(�) with monotone inreasing pro�le andwave speed s = f 0(u2). Note that both sides of (3) vanish simultanously when u(�) = u2, butlimu!u2 g(u)f 0(u)�s = g0(u2)f 00(u2) exists.
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Figure 1: The phase portrait for small " and wave speed s = s(")Thm. 4 This type of entropy traveling wave admits a visous pro�le.Writing the seond order equation one obtains from (2) with the traveling wave ansatz x�st =: �as a �rst order system gives "u0 = v + f(u)� suv0 = �g(u): ) (4)We ollet some properties of this system:Lemma 5 Given d, Æ > 0 small, there exists some k, "1 > 0, suh that for all 0 < " � "1 andall js� f 0(u2)j suÆiently small all trajetories of (4) leave the regionsU+ := �(u; v) ; u1 � u � u2 � d; ����v + f(u)� su+ " g(u)f 0(u)� s ���� � k"3=2jg(u)j� andV+ := �(u; v) ; u2 � d � u � u2 � Æp"; ����v + f(u)� su+ " g(u)f 0(u)� s ���� � kjg(u2 � d)j"3=2�on the right side. Moreover, a branh of the unstable manifold of u1 passes through U+ and V+.Similar regions U� and V� exist to the right of u2, see �gure 1.Proof: One needs to ompare the slope of the upper and lower boundary of U+, V+ with thevetor �eld on these boundaries and with the slope of the unstable manifold at u1. See [?℄ fordetails of the alulation. 2Lemma 6 There exists a unique wave speed s = s(") withs(") = f 0(u2) + f 000(u2)g0(u2)� g00(u2)f 00(u2)2f 00(u2)2 "+ h:o:t:suh that a heterolini onnetion u"(�) of (4) from u1 to u3 exists.



Proof: Existene and uniqueness an be shown by the method of rotated vetor �elds [?℄. Forthe asymptotis the blow-up method as in [?, ?℄ is used. Details of the alulation an be foundin [?℄. 2We parametrize the heterolini orbits suh that u0(0) = u"(0) = u2. Let �� = ��(") be suhthat u"(��) = u2 � Æp".Lemma 7 u0"(�) �  for � 2 [��; �+℄ with a onstant  > 0 independent of ".Proof: This follows from the fat that the heterolini orbit leaves the strip V+ at a heightv(��) � �f(u) + s(")u+ "g(u)(f 0(u)�s) � k"3=2 = � Æ2f 00(u2)"+ "g0(u2)f 00(u2) +O("3=2) whih is bigger than" if Æ is hosen suÆiently small. Similarly, v(�+) � ". Moreover, v(�) + f(u(�)) � su(�) �v(�) � minfv(��); v(�+)g for � 2 [��; �+℄. So, on this small part of the heterolini orbit wehave u0 = 1" (v + f(u)� s(")u) � : 2Proof of theorem 4: Let n 2 IN be given. We want to show that ku0 � u"kL1(IR) � 1n for" small. Sine the heterolini orbits of both the hyperboli and the visous traveling waveonverge to u1 resp. u3 exponentially fast as � ! �1, we an �nd �� suh thatZ ���1 ju"(�)� u0(�)j d� � 15n and Z +1�+ ju"(�)� u0(�)j d� � 15n:By hoosing " small, we have due to lemma 7Z �+�� ju"(�)� u0(�)j d� � Z �+�� ju"(�)j+ u0(�)j d� � 15n:Also, u0(��) and u"(��) are O(p")-lose. From the fat that the heterolini solution passesthrough the invariant region U+ and V+ we know that u00 and u0" are also O(p")-lose on [��; ��℄and on [�+; �+℄. The remaining estimatesZ ���� ju"(�)� u0(�)j d� � 15n and Z �+�+ ju"(�)� u0(�)j d� � 15nfollow then by a use of the Gronwall inequality. 2Referenes[Duf53℄ G. F. D. Du�. Limit yles and rotated vetor �elds. Ann. Math., 57:15{31, 1953.[DR96℄ F. Dumortier and R. Roussarie. Canard yles and enter manifolds, volume 121 of AMS Memoirs. 1996.[Fen79℄ N. Fenihel. Geometri singular perturbation theory for ordinary di�erential equations. J.Di�.Eq., 31:53{98, 1979.[H�ar99a℄ J. H�arterih. Visous pro�les for traveling waves of salar balane laws: The anard ase. Preprint,1999.[H�ar99b℄ J. H�arterih. Visous pro�les for traveling waves of salar balane laws: The uniformly hyperboli ase.Preprint, 1999.[Mas97℄ C. Masia. Travelling wave solutions for a balane law. Pro. Roy. So. Edinburgh, 127 A:567{593, 1997.[MS98℄ A. Milik and P. Szmolyan. Multiple time sales and anards in a hemial osillator. IMA Preprint 1558,1998.


