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1 The Results

In this paper, we are going to study equilibrium solutions of viscous balance
laws. These are parabolic partial differential equations of the form

uf+(f(u))x:€uxx+g(u)’ $€(0’1)’ f’gECB' (1)
We impose Neumann boundary conditions
uz(0) = uy (1) = 0.

These boundary conditions turn out to make the problem analytically rather
difficult but most of our methods apply to the study of other boundary con-
ditions, too. Our goal is a complete description of all equilibrium (i.e. time-
independent) solutions, including exact multiplicity results and statements
about the stability of the solutions.

Without providing any details, we just mention that the information we
collect during the proofs is sufficient to give a fairly good picture of the global
attractor of (1) using the work of Fiedler and Rocha [2, 3].

Throughout the paper we make the following assumptions on f and g:

(H1) g is a dissipative function, i.e.
u-glu) <0 Viul>R (2)
for some (large) constant R.

(H2) f is a strictly convex function, i.e. f”/(u) > 0 for all u.



(H3) the derivative of f does not vanish at zeroes of ¢.

(H4) the zeroes of g are simple. Then, by dissipativeness of ¢, there is a finite
number of zeroes u; < us < ... < u; where [ is an odd number.

(H5) f(u;) # f(ug) forall 1 <i<j <l

There are [ trivial equilibrium solutions u = w;. Our first result tells that
there are no other than those spatially homogenous solutions if f’ has a definite
sign on the compact interval that contains all zeroes of g¢.

Theorem 1.1 Consider (1) and assume that f'(u) # 0 for all u € [uy, ).
Then there are no spatially non-homogenous equilibrium solutions of (1).

In the other cases we can find equilibrium solutions with a boundary layer for
¢ sufficiently small.

Theorem 1.2 Let u; be one of the zeroes of g such that there exists u; with
fli;) = flu;) and
g(u)(u; — @;) < 0. (3)
Then there is a eq, such that for all 0 < & < g the parabolic equation (1) has
an equilibrium solution u® with the properties:
(i) If f'(w;) > 0 then «© — u; uniformly on every interval [0,1 — &] with
k>0 and v (1) — 4.
(i) If f'(u;) < 0 then v* — w; uniformly on every interval [, 1] with k > 0
and u*(0) — ;.
We are also interested in the stability of the equilibrium solutions with respect

to the parabolic equation (1). To this end, consider the eigenvalue problem
associated with the linearization of (1) at an equilibrium v:
Aw
@

wee = f(0(2))we — [ (0(2))vz ()0 + g'(v(2) )we
we(0) = we (1)

Definition 1.3 An equilibrium v is called hyperbolic if 0 is not an eigenvalue

of the linearization at v, i.e. if () has no nontrivial solution for A = 0.

Definition 1.4 The Morse index i(v) of a hyperbolic equilibrium v is the
number of positive eigenvalues of the linearization at v.

For the number of equilibria found and their Morse indices the following holds:

Theorem 1.5 Let m be the number of zeroes u; of g for which (3) holds. Then
for e sufficiently small there are exactly l 4+ m equilibria, all of them hyperbolic
and

) H'Tl equiltbria have Morse index 0,

H% equiltbria have Morse index 1 and

o = equilibria have Morse index 2.



2 Equilibrium solutions

Since, by definition, equilibrium solutions do not depend on time ¢, we will write
for these solutions simply u(x) instead of u(x,t). They solve the boundary value

problem
e — (F(0), +9(w) = 0
ux(O):ui(l) - o.} (5)

This singularly perturbed boundary value problem can be written as a first
order system of Liénard type

s’ = v+ f(u) }
6
v o= —g(u) (6)
with the boundary conditions

u'(0) = o'(1) = 0.

Here the prime stands for the derivative with respect to a new variable s
which corresponds to the space variable # in the original balance law. How-
ever, since we treat this variable like some “time”, we find it less confusing to
write (u(s), v(s)) for solutions of (6). The boundary condition becomes then

v(s)+ f(u(s)) =0 at s =0 and s=1.

Setting ¢ = 0 in equation (6) we get the “slow system” that describes partly
the behaviour of the system as ¢ tends to 0:

0 = v+ flu)
o= —g(u).

The first equation defines a curve in (u, v)-space to which the flow is confined.
This motivates the following

Definition 2.1 The curve C given by the equation v+ f(u) = 0 in the (u,v)-
plane is called the singular curve.

Multiplying the second equation in (6) by a factor £ and rescaling the variable
s according to s = £, we arrive at the fast system

« = v+ f(u)
v = —eg(u). (7)

with the dot denoting the derivative with respect to the fast variable o. This
system will be used in the proof of theorem 1.2 for a normal form analysis.

Since we are interested mainly in solutions of a Neumann BVP, the fol-
lowing notion is useful:



Definition 2.2 An admissible trajectory of system (6) is a trajectory that
corresponds to a solution of the boundary value problem, 1.e. it is a finite prece

of a trajectory (u(s),v(s)) that satisfies v(0) + f(uw(0)) = v(1) + f(u(1)) = 0.
In [5] the following lemma was proved:
Lemma 2.3
(i) For any admissible trajectory (u(s),v(s)) of (6)

up <u(s) <wu Vs e]0,1].

(i) If f'(w;) < f'(uip1) < O, then there is a positively invariant region be-
tween the curve C and the curve v + f(u) + (—1)'keg(u) = 0 for some
k chosen sufficiently large and all € small. In this case the two equilibria
(s, —f(us)) and (g1, —f(uiz1)) on the singular curve are connected by
a heteroclinic orbit.

(1ii) If 0 < f'(u;) < f'(wit1), there is a negatively invariant region between C
and a curve v+ f(u) + (=1)Tkeg(u) = 0 and the two equilibria are also
connected by a heteroclinic orbit.

Remark: The heteroclinic orbits are part of the slow manifold, an invariant
manifold that exists for small € > 0 near the singular curve C except in a
neighborhood of the extrema, cf. [1].

Proof of Theorem 1.1: Without restriction we assume that f/(u) < 0 for
all v € [uyg, ], the case f* > 0 can be treated similarly (by reversing time
and the use of negatively invariant regions instead of positively invariant ones).
We proceed indirectly and suppose that there is a spatially nonhomogenous
equilibrium solution of the viscous balance law. Then this solution corresponds
to a non-constant admissible trajectory of (6). From lemma 2.3(i) we know that
u(0) € (u1,u;) and because of the boundary condition (u(0),v(0)) € C. Again
by lemma 2.3 there are positively invariant regions Ry, R, ..., Rj—1 enclosed
between C and the heteroclinic orbit connecting the two equilibria (u;, —f(u;))
and (w41, —f(uiy1)). Hence, (u(0),v(0)) lies on the boundary of one of the
positive invariant regions R; and the trajectory enters R; immediately . Since
it has to stay inside that region, the right boundary condition (u(1),v(1)) € C
cannot be satisfied and the trajectory cannot be admissible. This contradiction
completes the proof.

O
Now we turn to the case that f’ changes its sign on [uy, u;]. Let therefore u be
the minimum of f, i.e. f'(u) = 0. By (H3) we can find J € {1,2,...,{} such
that

uy < U< Usjp1

We start with a lemma which tells us that admissible trajectories do not cross
the curve C.



Lemma 2.4 Let (u(s),v(s)) be an admissible solution. Then:
(1) v(s) + f(u(s)) <0 forall 0 < s < 1.
(it) f'(u(0)) >0 and f'(u(1)) < 0.

Proof:

(i)

Assume the contrary, hence v(sg)+f(u(sg)) > 0 for some 0 < sp < 1. Two
cases have to be distinguished depending on the sign of g on the interval
(ug,uy41). Consider first the case ¢ < 0. We show that the trajectory
cannot hit the singular curve C for s > sg. Let

s1 = inf{s > sg; (u(s), v(s)) € C}

Then it is clear that u(s1) > uj41, since u grows until the trajectory hits
C. Hence, there 1s some k > J such that

up < u(s1) < Upq1.

Consider now the curve v+ f(u) = ck|g(u)| between uj and ujp41. As was
shown in [5] by a simple calculation, for k large enough and all sufficiently
small e, the vectorfield of (6) along this curve points away from the curve
C. On the other hand, our trajectory has to cross this curve at some time
between sy and s1 in the opposite direction. By this contradiction we have
thus shown that it is impossible for an admissible trajectory to cross C at
time sy € (0, 1). The case of ¢ > 0 is completely analogous. One considers
backward trajectories and shows that it is impossible to find s; < sg such

that (u(s1),v(s1)) € C.

Essentially the same arguments as in the proof of theorem 1.1 apply. If
F(u(0)) is positive and moreover u(0) < uy, the trajectory immediately
enters one of the positively invariant regions and can therefore not be
admissible. Analogously u(1) > wj41 is impossible. The only cases we
have to rule out are uy < u(0) < @ and u < u(l) < uyyi. Again, we
can restrict ourselves to the first case and prove the second one by time
reversal. Assume hence that vy < «(0) < @. Two things may happen: If ¢
is positive on [uy, us41] then for € small the trajectories will approach the
equilibrium (uy, — f(uy)) without intersecting C. If however g is negative
on [uy,uss1] then the trajectory will escape to infinity. In both cases the
trajectory cannot be admissible.

O

Now it is rather clear how solutions of the BVP (6) look like: They have to start
on € with u(0) > @ and and end up with u(1) < u. Since the trajectory has to
stay below the curve C, the profile u(s) is monotonically decreasing. Moreover,



outside a d-neighborhood of C the velocity u’ is of order O(¢~1) such that it
takes only a time of order O(e) until the orbit reenters a neighborhood of C.
To find a solution of the BVP we have to find some way such that solutions
spend a time of order 1 either before they leave a neighborhood of C or between
reentering a neighborhood of C and hitting C at s = 1. Therefore, in a next
step, we investigate how long it takes a trajectory to leave a §-neighborhood
of C. It will turn out that the trajectory has to start exponentially close to an
equilibrium on C to take time of order 1 before the orbit leaves a é-neighborhood
of C. Analogously, it could also finish exponentially close to an equilibrium. To
prove this we have to go through a normal form analysis which is performed in
the next section.

3 The Takens normal form

For ¢ = 0 the singular curve C and the curve corresponding to the (left or
right) boundary condition coincide. To get some estimates on the time it takes
a trajectory to leave a neighborhood of the singular curve we have to find out
how these two curves separate for £ # 0. To that end we will put the fast vector

field
= v+ f(u)
o= —eg(u)

in a nicer form. There are two different cases to be considered:
Case A: The normal form is computed near a point of the singular curve C
where ¢ is nonzero.
Case B: The normal form is computed near a point on C where ¢ has a zero.

Without restriction we assume f(0) = 0 and compute the normal form
near u = v = 0.

Lemma 3.1 If f,g € C® with f'(0) # 0, then there is a local C*-change of
variables

(4,0,6) =T (u,v,¢)

such that € = ¢ and the transformed vector field is

A(v,¢) 1
= R(7,¢). } ®)

S -
|

Here A and R are smooth functions of their arguments with A(0,0) = f(0)
and R(¢,0) = 0. In case B also R(0,¢) = 0.

The proof is based on a normal form for vector fields near a nonhyperbolic
equilibrium given by Takens [7].



Proposition 3.2 (Takens 1971) Let 0 be a singular point of a C*-vector
field X. If the eigenvalues of dX at O satisfy a nonresonance condition ("Stern-
berg a(dX(0), k)-condition’), then there is a C*-change of coordinates such that
the vector field in the new coordinates is locally in the standard form

c P s 5 . )
X = ;Xi(l’h e l’c) O +Z]Z_:1 Aij(xla e xC)yja_yz—i—Z]Z_:l Bi]'(l‘l, ceny l’c)Z]a—ZZ
where
(1) all ¢ eigenvalues of g)x(; (in x1 = ... = x. = 0) have real part zero,

2) all s eigenvalues of A;;(0,...,0) have real part < 0 and
( j

(3) all u eigenvalues of B;;(0,...,0) have real part > 0.

So, in the standard form the center manifold W¢(0) is the linear space {y; =
= Ys=2z=...= 2, =0}

Proof of lemma 3.1: We will use the Takens standard form near singular
points of the augmented fast system

« = v+ f(u)
v o= —eg(u) (9)
¢ = 0.

This system was not assumed to be of class C'°, but a look at Takens proof
reveals that a C*-version holds, too. If no resonances occur between eigenvalues,
a C*tl_vector field can be brought to the normal form by a C*-change of
coordinates. This is the reason why we assumed f and g to be of class C3.
Then the normal form is of class C? which is sufficient for us as all arguments
below will not involve higher than second derivatives.

For the normal form analysis, we can assume that v = v = ¢ = 0 is an
equilibrium point of (9). The Jacobian of the fast system at this point is

S0y 10
J=1 0 0 —g(0)
0 0 0

If £/(0) # 0, J has a double zero eigenvalue and one nonzero eigenvalue f/(0).
So there is only one eigenvalue with nonzero real part and all nonresonance
conditions used in Takens proof will be automatically satisfied. By Takens’
theorem a C%-change of variables

(4,0,6) =T (u,v,¢)

transforms the equation to the form

i o= A®F,8)a
vo= R(0,8) (10)
£ S(#,8)



Now we want to exploit two special features of our system:
1) There is a curve of equilibria that exists for ¢ = 0 (namely on C) and
2) there is a smooth invariant foliation by planes {¢ = const.}.

Moreover, in case B there is a stationary point u = v = 0 that exists for
all . We perform a transformation involving only the coordinates v and € on
the center manifold such that the following two properties are satisfied:

(1) The curve of equilibria at ¢ = 0 is mapped onto the new @-axis. This

yields R(#,0) = 0.

(2) The leaves of the foliation {¢ = const.} are straightened each leaf is
asigned its original € such that we have S = 0.

In case B we can do more. In each fiber {¢ = const.} there is one equilib-
rium point. Together these stationary points form a smooth curve. By a fiber-
preserving diffeomorphism we can move this equilibrium to v = 0 such that
R(0,¢) = 0. All these transformations in @ and ¢ do not affect the structure
of the @-equation, only the term A(7,£) is changed but not the linearity in 4.
Moreover, and this explains the last claim, the transformations do not alter
eigenvalues such that 4(0,0) = f/(0).

O

3.1 Transition time analysis for case A

We want to compute the time a trajectory takes from the curve C until it leaves
a 8-neighborhood of the singular curve.

Lemma 3.3 The time oy a trajectory needs between a point (dg,vg) on the
singular curve C and a section A :={@ = |8|} is a function oo(0g, <) with

0'0(170, 6) = 0(| 1H€|)
as ¢ — 0. In the original time s this corresponds to a transition time
Sg = £0¢.

Proof: As a first step we find out how the boundary condition looks like in
the new normal form coordinates. The points corresponding to the boundary
condition v + f(u) = 0 form a two-dimensional manifold B in (&, ¢, £)-space
which contains the v-axis.

In the original coordinates, the tangent space T(o 0 0)B to this manifold
is spanned by the vectors (—1, f/(ug),0)” and (0,0,1)T. The first one is the
eigenvector of the Jacobian with eigenvalue 0 and therefore by the transfor-
mation d7 mapped to (0,1,0)7. The second vector (0,0,1)” however has a



component in the orthogonal complement of the center manifold 1W¢(0):

0 0
B __9(0)
P B W B (0 O

where II 1s the orthogonal projection onto the center manifold W*°. As a con-
sequence, the distance between the two manifolds B and C is to first order
proportional to € and B can be written as the graph

u=c¥(7,¢) (11)

of a function ¥ with

9(0) 40,
(f"(0))?
The geometric situation of this case is depicted in figure 1.

Using representation (11) of B, the normal form from lemma 3.1 will
yield an estimate for the time oy from a point (&g, ¥9) on B to the section A. Tt
depends on the sign of ¥(0,0) whether {& = §} or {&# = —6} is the right choice
but since both cases are treated in exactly the same way we restrict ourselves
to the first case that corresponds to ¢(0) < 0.

From lemma 3.1 we have R(#,0) = 0 and therefore

T(0,0) = —

R(v,e) = eR1(7,¢).
The #-equation from (8) then reads
v =eRi(0,¢)
and the solution with initial value v can be written as
(o) = g + 91(e0)

with

Integrating the u-equation
u=A(v,¢) a

from ¢ = 0 to the time oy when the trajectory hits the section A yields the
condition

e W(i, <) - exp (/0 A(#(0), ) da) —5

on oy, which is equivalent to

/000 A(9(0),¢e) do =1n (m) =: L(¥p, ¢, 6). (12)



In a next step we decompose A(9(0), ) as

A(3(0),e) = A(bo,0)+ A(9p + i1(c0), &) — A(#, 0)
= A(ﬁo,O)—FAl(ﬁo,E,EO')

where A is defined via the last equation and satisfies
Al(ﬁo, 0, 0) =0.

Using this decomposition in (12) and with the slow time s = o as integration
variable, one arrives at the equation

1 €09
UoA(ﬁo,O)—Fg/ Al(ﬁo,E,S) dSIL(ﬁo,E,(S)
0

(évo’e ;) + (vol,e, L)) /oaaD Ar(v0,2,5) ds = 1. (13)

With the new variable y that is defined as

<~ O0gp-

(UO’ )

= 7575

and compensates the asymptotic behaviour of oy as € tends to 0, it is possible
to define a function F(y, ¢y, £) in a neighborhood of x = ¢ = ¢ = 0 such that
(13) corresponds to F(x,¥,c) = 0. An application of the implicit function
theorem will then yield a solution x = x(¥9,¢) and from this solution y it will
be possible to calculate og(@g, €).

We define thus for ¢ > 0
(14+x)/A(70,0)
F(x,%0,€) = x —1—/ A1(%0,¢,eL(Tg, ¢, 6)3) ds (14)
0

with the integration variable § satisfying ¢L(%p,¢,4)§ = s. The function F is
obviously continuous for ¢ > 0. Since

Al(ﬁo,E,EL(ﬁo,E, 6)5) — Al(ﬁo, 0, 0) =0

as £ \, 0, we have
lir% F(x,¥p,e) = x.
£—

Hence we can continuously extend F as an odd function in € by setting
f(Xa 60a 0) =X
and

F(x,00,¢) := 2x — F(x, o, —¢) for £ < 0.

10



boundary
conditions—
v+f(u)=0

curve of equilibria

u

Figure 1: The geometry of the cases A and B

Note that in particular y = ¢ = 0 with any 9y 1s a solution of the equation
F(x,¥p,e) = 0. To apply the implicit function theorem near any such point,
differentiability of F with respect to x has to be proved. The derivative % 18
easily computed for y, e # 0:

oF , 1 N . 1+x
bl =1 A L )
0709 = 1 it (et 0565
Again, A;(¥,0,0) = 0 shows that % tends to %(X, ¥0,0)=1ase— 0, and
the 1mplicit function theorem applies near every point with y = ¢ = 0 and
yields a solution y = x(¥,¢) of F(x,¥g,e) = 0. Thus, the time ¢y from the
curve C to a section {& = 8} is

1+ x(v0,¢) . (
A(7y,0) ¥ (g, €)

0'0(170,6) =

) — O(In )

and the lemma is proved.

3.2 Transition time analysis for case B

Unless in case A, in case B the manifold B and the center manifold are tangent
to each other, so second order terms are needed to describe the separation of
the two manifolds as ¢ > 0. We have to add second order terms of the Taylor

11



expansion of the coordinate transformation 7! and compare the coefficients
of the vector field in old and new coordinates. To this end, the transformation
7~ is written in the form

= qj)(aaf})
v = Y(a,0)

and the Taylor expansion up to quadratic terms are performed. From lemma 3.1
we know that in case B both R(#,0) = 0 and R(0,¢) = 0 such that the Taylor
expansion of R starts with quadratic terms. Plugging everything into equation
(9) one gets after a lengthy but straightforward calculation by comparison of
coefficients:

W o= = g+ ka0 (4 (4171 + (7] + D)
v o= 00— f‘”((?))) tie + Yo200” + o110 + Yoo2e” + h. 0. t.

With this coefficients of 7 the boundary condition v + f(u) = 0 in the new
coordinates reads

Fre(t,0,6) =0
where

1 / /
o S0 g'(0) . 4'(0)
— av — eu —
2 f'(0) f1(0) f1(0)?
and since f'(0) # 0 we get by the implicit function theorem near ¢ = v =& =0
a solution of Fy.(u, ¥,2) = 0 which is of the form @ = @;.(9,£). We have

Foelt, 0,€) 1= f/(0)a + e +h. o t.

aabc _ aabc _
—2-(0,0) = =(0,0) = 0.

Important is the mixed derivative

82y _ [0Fs. 92 F. _ 40
5O (an) - ( 9 (0,0,0)) 5O (0,0,0) - _(f/(O))S

Hence, the boundary condition v 4+ f(u) = 0 is transformed into

i = bW (5, ¢)

with )
g
¥(0,0) = ————.
(f(0))?
Now we can estimate the time a trajectory takes to leave a é-neighborhood of

C:

12



Lemma 3.4 Fiz 6 small and some T > 0. Then for any ¢ small enough there
exists a point (U, Ug) on B such that the time for a trajectory starting in (dg, o)
to a section A = {|u| = 6} is exactly T/c.

Given o > 0, denote with o, the time this trajectory needs from (dg, vy)
to the section A, = {|t| = 8*}. Then |og — oo| = O(In J¢]).

Proof: Since we have R(#,0) = 0 as well as R(0,¢) = 0, the #-equation from
(8) can be written as .
v = Ef}Rl(f}, E)

with ,
_ 9'(0)

J1(0)
We will assume that the domain {|al, 9] < é,¢ < g9}, where the normal form
1s valid, is taken so small that

R(7,¢) +o([o] + [e])-

1

IO <A@, ) < 2170, (15)
11g'(0) . g'(0)
5| | < 1ol <2 [0 (16)
and
O | s o < o] 40
5| 2| <twean <2 20, (1)
From (16), we have the (crude) estimate
[5(o)| < [0l exp(2¢]g(0)/f(0)]o) (18)

as long as |o(o)| < 6.
We can now turn to the other equation

= A(0,e) i
We will use the equation

)
6170\11(170, 6)

/Oto A(i(s),2) ds = In

to estimate vy such that the time oy a trajectory takes from C to the section
A exactly T'/e. Using the above estimates (15), (16) and (17), we arrive at

8'(0)° 20/ OITY L\ o 280707 /()|
() sls S () o

provided that #(c) does not leave the domain of validity of our estimates. In
other words, if a trajectory starts with ¢y larger than the upper bound in (19)

13



then it will certainly leave a é- neighborhood of C after a time which 1s strictly
less than 7'/e and if @y is smaller than the lower bound of (19) then it will
certainly take longer than T'/e.

We have to check only, that for such an initial oy the condition (7'/e) < é
is satisfied up to the time T/c. With the estimates from (18) we have immedi-
ately that for the initial condition

5o = 285702 T
=) )
we obtain T 26/(0)? T 20¢'(0)|T
. q
R AR = T IO IR 20)

which clearly tends to 0 as ¢ — 0. Thus, for ¢ sufficiently small, ¥ remains in
the domain of the normal form long enough and we are finished. To prove the
last claim it is sufficient to note that

Jo
/ A(0(0),e) do = aln|e|.
Oa
With (15) the claim follows immediately

O
Proof of theorem 1.2: After the normal form calculations we return now to
our original (slow) time coordinate s. We will restrict ourselves to part (i) since
(ii) can be proved analogously. Fix é > 0 small. From lemma 3.4 we know that,
for any sufficiently small €, there exist u® and u?, both exponentially close to
u; such that the trajectory starting in (v, —f(u®)) needs time % to arrive at
A and the trajectory starting in (ug , —f(u% )) needs time 2/¢. Moreover, due
to (20) the v-coordinate differs from —f(u;) only by O(e). After leaving the
§-neighborhood C, the u-velocity u’ is of order O(¢71) and hence it takes only
a time of order O(¢) until the trajectory reenters a é-neighborhood of the other
branch of C. The v-coordinate is still only O(e) away from its initial value. This
implies that the trajectory reenters a é-neighborhood of C near «;, in particular,
at a point where ¢ has the same sign as in ;. Now two possibilities can occur.
Either ¢ is positive, then the stable manifold of the next equilibrium to the left
of u; prevents the trajectory from reaching C. It “blocks” the curve C and the
trajectory will follow the stable manifold and converge to the equilibrium to
the left of u;. Hence, the trajectory does not reach the curve C and is therefore
not admissible.

14



stable manifold unstable manifold

equilibrium

admissible
trajectory

singular curve

Figure 2: Trajectories for g(@;) > 0 (left picture) and g(;) < 0 (right picture)

The situation is different when g is negative. Note that this is the case
iff condition (3) is satisfied. There is no obstacle on the way to C and by
lemma 3.3, the trajectory will need a time of order O(|elng]|) from entering a
d-neighborhood of C until it hits the curve C. Altogether, the times 71 from
(ug, —f(u%) to the first intersection with C are

T_ = % + O(Jelne|) and T_ =24 O(|elne|).

By continuity we can find between these trajectories a solution of the bound-

ary value problem (5) and hence an equilibrium solution of our viscous balance

law. From the trajectory in the Liénard plane we can easily deduce that the

corresponding solution converges to u; uniformly on any interval [0, ] and
O

4 Stability of the equilibria

In this section we are going to determine the Morse index of the equilibrium
solutions found in theorem 1.2. For symmetry reasons we can again restrict
ourselves to solutions that start near (u;, —f(w;)) and make a fast excursion at
s~ 1.

Lemma 4.1 Consider a family u® of the equilibrium solutions we have found
in theorem 1.2 starting near the same stationary point (u;, —f(u;)). Then there
exists €9 > 0 such that for 0 < ¢ < gy these equilibria u® are all hyperbolic with
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Morse index
i(uw’) =1 if ¢'(u;) <0
i(w’) =2 if ¢'(u;)>0.
Proof of the lemma: We have to consider the eigenvalue problem

EWee — (W) wy — (W Ew+ ¢ (¥)w = Aw
) ( )wx(O)iEUx()n -0 } (21)

at the family of equilibria u® of (6). The eigenvalue equation can be written as
a first order system

cwy, = z+4+ f(u)w
ze = —(¢'(v)=Nw
wy(0) = wy(l)=0.

Performing a Prufer transformation
EW =gcosp , z=—gsing

leads to equations for g and . We will only need the ¢-equation

(') = A

! &
0, =sin’ ¢ + J cos? p — ;Z ) sin 2¢ (22)

to determine the Morse index of u°. The Neumann boundary conditions for the
original eigenvalue problem show up as initial resp. terminal condition

tangp(x):@atx:Oandx:l.

So, if @g(x; e, A) denotes the solution of (22) with initial value

f1(u(0)

@o(x = 0) = arctan

there is an easy criterium for A to be an eigenvalue: The right boundary con-
dition has to be satisfied and thus

11w (1)

A is an eigenvalue <= tango(l;¢, X)) =
€

We will use the following relation between the Morse index (u®) and

wo(l;e, A =0):
Lemma 4.2 Let @1 := arctan (f'(u(1))/¢). Then the following holds:
(i) If po(1;2,0) —p1 £ km, k=0,1,2,..., then the equilibrium u® is hyper-

bolic.
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(ii) If o(1l;,0) — 1 € (k= D, kn), then i(u®) = k.

Proof : Part (i) is just a simple consequence of the characterization of eigen-
values. If there was a nontrivial solution of the eigenvalue problem with A =0
then the corresponding ¢ would satisfy tan ¢ = tan ;.

To prove part (ii) consider A as a parameter and note that ¢g(1;¢, )
depends monotonically on A and tends to —% as A — —oo and to +oo as

A — —+00. For the eigenvalue A, (k =0,1,2,...) we find
woll;e, Ap) = 1 + (k — )7,

To determine the Morse index of u® is hence equivalent to counting how many
of the numbers @1 + k7 lie between —% and ¢o(1;¢,0).

O
Hale and Sakamoto [4] have used the Priifer transformation to compute Morse
indices and eigenvalues for equilibria of the equation u; = cugy + f(x, u). Al-
though the details are quite different, we will see that with similar methods we

can find the Morse index of u®.

The main idea is the following: Our goal is to compute ¢y(1;¢,0) — ¢1 accu-
rately enough to decide to which of the intervals ((k — 1)m, km) it belongs. This
will be achieved by finding invariant strips in the (z,)-plane. These strips
allow to trace solutions for a time of order 1. Qutside these invariant strips we
will use a comparison with the solutions of (22) to different initial values. Note
that S solves the linearized equation (21) with Dirichlet boundary conditions
and that Dirichlet boundary conditions translate into

p(z) = g (mod m) at x =0, 1.

Hence, we already know two solutions of (22): The solution ¢_ with initial value
©_(0;¢,0) = =7 satisfies ¢_(1;¢,0) = Z. Due to m-periodicity of equation (22)
t?)here is another solution ¢4 with initial value ¢4 (0;¢,0) = T and ¢4 (1;¢,0) =
3T

The solution ¢g with ¢g(0;¢,0) = arctan(f'(u(0))/¢) is confined between
¢_ and ¢4. As we will prove, ¢o will after some time follow one of these
solutions and end up very close to either 7 or 37”

The only property of u® that we need is, that it is almost constant over
most of the interval [0, 1] and about the sign of f’. The latter fact shows up in

the relation
f’(ua(l)) <0< f’(ua(O)).

By our estimates for the time the trajectory has to spend near the stationary
point, we can choose Z € [0, 1] (depending on ¢) with

1—2=0(elne|) (23)
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such that
ui < Ce? Vre|[0,2]. (24)

and

P>y Veelo,1]

for some constant v > 0 not depending on ¢ € (0, eg].

We will first establish the existence of invariant strips. To this end define
®_(2) and @4 (x) as the two angles in (-7, ) where ¢, = 0, or in other words,
esin? @y — f/(u)sin @y cos Dy + ¢’ (u®) cos® Dy = 0 (25)

leading to

F(uf(2) £V F/ (0 (2))? — ey’ (v (2))
2e ’

As both f/(u) and ¢'(u) are bounded for « € [Umin, Umaz] using (23) and the

asymptotic behavior of arctan near 7 we get for x € [0, z] where f'(u®(x)) > 0:

tan &y (z) =

@)
tan ®_(z) = P (@) + O(e),

D) | o)

tan &, (z) =
such that -
Oy (2) = 5 = [(w5(2)) 7' + O().
We show now the existence of a narrow negatively invariant strip around
D,

Lemma 4.3 Consider (22) for A = 0, a given equilibrium vu® and = € [0, 7].
Then:
There is a negatively invariant strip of width O(e3) around @ .

Proof: We have to compare % with ¢, at ¢ = ®4 + ke® for some k.
Let’s start with

dd, 2e 17— 29"
dv ey (f’-l— f’2—4eg’)2 ( V12— ey’

Here we have written f’ as an abbreviation for f/(u®(z)), ete.
Expanding the square root one finds easily that the first term is of order
O(e) while the second is of order O(1). Together with (24) we get

d®
‘ + 1< ce? for x € [0, Z].

dx
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On the other hand, applying elementary addition formulas for sines and cosines,

d / !
d-¢(<1>+ +ke®) = sin2(Py + ke®) + L cos?(By + ked) — g—sin(2<1>+ + 2ke®)
x £ 9

! !
= cos2ke? (sin2 D, + L cos? Py — I sin 2<I>+)
€ 2e
g/
+sin? ke® (1 + —)
€
1 ! !
—5 sin 2ke® (g_ sin 2¢, + I cos 2® 4 — sin 2<I>+) .
€ €

The first term vanishes due to (25) and since

¢ (u¥)sin 20, + f/(u¥) cos 20, = f'(u") — 2esin® @y tan by = —f/(u®) + O(¢)

(26)

the last term dominates and yields

dy 1

——(® ked) > —ky el

dx( +tke?) > Shv €

dy 1

L(Dy —ked) < ——ky-£?

dx( + e’) < ohY e

for ¢ small enough and 2 € [0, #]. Choosing k large enough gives negative in-
variance for the strip around & .
O

The next lemma provides us with some larger invariant strips with the
additional property that || is large outside these strips.

Lemma 4.4 Consider (22) for A =0, a family v® of equilibria and x € [0, z].
Then there exists some g > 0 and constants k,Cy,Cs,C3 > 0 such that for
0<e<eg

(i) the strip [y — K, 4 + K] is negatively invariant and for solutions @1, 2
mside this strip

Cl _
lp1(22) = @a(x2)| > e 2|y (21) — @o(x1)| for 0 < a1 < 22 < 2.

Analogously, the strip [o_ — k, ®_ + k] is posilively invariant and for
solutions 1, o inside this strip

cy _
lp1(22) — @a(x2)| < e T2 |y (21) — @o(x1)| for 0 < a1 < 22 < 2.

(ii) Outside these strips
Cs
lpz] > —.
€
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Proof: (i) The existence of the invariant strips is proved in a similar fashion
as in the preceding lemma, so we omit the proof here.
To prove the contraction and expansion properties we denote with H (g, ¢)

the right hand side of (22) with A = 0, i.e.

/ 3 ! 3
H(p,e) =sin® ¢ + @ cos? o — %z)sin 2¢.

By (26)
OH _ [ (@)
agp (q)+,l‘) - ¢ +0(1)
such that
8_H( l‘) > g
i) 4 €
for € small enough and ¢ € [®4 — &, D4 + K].
Similarly,
OH f'(w ()
—(P_ = - 1
oo = - o
and
OH C'
oy <2

for € small enough and ¢ € [&_ — k, P_ + &].
(ii) Define

1
Cs = 3 inf |g’(u (2)) cos® p — f'(u°(2)) sin g cos p| > 0

where the infimum is taken over the compact region that is obtained from the

rectangle [0, z] x [=F, ] by removing strips

{{r,0); 0< 2 <F, Py — Kk < < Py + &}
Then for ¢ < g¢ := (5, obviously
elH(p, )| > Cs

and the proof is complete.
O

The important observation is now that the initial value f/(u°(0))/¢ of
the solution ¢y we are mainly interested in lies above or below this negatively
invariant Q(g3)-strip around ®4 depending on the sign of ¢’(u*(0)) which is
the same as the sign of ¢’(ug). This follows simply from the expansion

tan @, (0) = f'(u(0)) - \/f’(u;O))2 — 4eg'(v*(0))

) s ) o




Using the Laurent series of arctan at 7/2 one gets

@ (0)= 5 ﬁglua(g;))

(

27 FE0) S

In particular, for ¢ small enough and ¢'(ug) < 0 the initial value of g lies
below the negatively invariant strip. Thus ¢y has to stay below ®_ at least
up to @ = &. Similarly, for ¢’(ug) < 0 the initial value of ¢g lies above the
negatively invariant strip and g stays above this strip.

Having established the existence of invariant strips, we want to take a
solution of (22) that stays inside the negatively invariant strip as a reference.
Let ¢ be a solution on [0, z] inside the negatively invariant strip. Clearly ¢n
can, for instance, be obtained by solving (22) backward starting with ¢ (Z) =
o, (7).

Using lemma 4.4, we are now able to describe the behavior of ¢q(+; ¢, 0).

1) ¢'(u;) < 0 : In this case we compare first pg and ¢y Since gy lies in
the O(e3)-strip around @4 and from (27) we have that

e? + O(%). (27)

en(0) — ¢0(0;¢,0) > Cye?.

Thus we can find some #; of order O(]eIn £]) such that ¢g leaves the negatively
invariant strip around ®4 at © = Z;. Outside the strip, ¢, is large, so there is
1‘2 with

i‘z — i‘l = 0(6)
such that ¢ enters the positively invariant strip around ®_ at z = z,. The
situation is depicted in figure 3.
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Figure 3: The case ¢'(ug) <0
Analogous arguments show that at @ = 5 also ¢_ must have entered the
positively invariant strip from below. Hence

lpo(E2;€,0) — o (F2;¢,0)| < 2k
and due to the contraction property inside the positively invariant strip
wo(#;2,0) — p_(7;¢,0) = O(exp(—Ca/e)).

Even though oo and ¢_ may separate at an exponential rate of order C'/¢ on
the interval [z, 1] the difference between the two solutions stays small since the
length of this interval is only of order O(leIne|):

po(156,0) = p(L;6,0) = O~ exp(=Ca/e)).
Thus, the difference tends to 0 very rapidly as £ \, 0 and since we know that

iy
(L;6,0)= —
v_(1;¢,0) 5
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we can conclude that for ¢ sufficiently small

- ¥6 + O(e)

T
po(l;€,0) <1+ 7= 9 £/(us (1))

since f'(u*(1)) < 0.
Hence,
po(1;6,0) — 1 € (0,7)

and by lemma 4.2 the solution u® is for all small ¢ a hyperbolic equilibrium
solution with Morse index i(u®) = 1.

2) ¢'(u;) > 0 : Again we compare first ¢g and . The difference consists
of the fact that g lies above the ((g3)-strip that is negatively invariant and
leaves the strip [®4 — k, @4 + «] at the top. Therefore, ¢q enters the positively
invariant strip [®_ —x+ 7, ®_ + Kk + 7] at some &5 which is of order O(|eInel).
The solution ¢4 enters this strip as well and as above one shows that

wo(l;2,0) — oy (152,0) = (’)(e_c exp(—Cy/¢)).

Since 5
T
p+(1;6,0) = 5
this yields
wo(l;,0) — 1 € (7, 27)

and by lemma 4.2 the equilibrium u® of the viscous balance law is hyperbolic
with Morse index i(u®) = 2.
O

Lemma 4.5 For any u; that satisfies (3) and € sufficiently small there is ex-
actly one equilibrium solution u® of the type found in theorem 1.2.

Proof: Suppose there were two equilibrium solutions u* and @ both starting
near the same stationary point. Consider now the interval [«°(0),a°(0)]. Tt
contains only finitely many points that correspond to solutions of the boundary
value problem. Otherwise there would be a non-hyperbolic equilibrium solution
in contrast to the preceding lemma. So, without restriction, we may suppose
that there is no other solution @° with 4*(0) € [4°(0), @*(0)]. Consider now the
curve

S = {((u(1),v(1)) | (u,v) solves(6)with u(0) € [u*(0), &*(0)] and v(0) = 0}
which is a part of the shooting curve used by Fiedler and Rocha [2]. Tts end-

points lie on the u-axis {v = 0} and there are no other intersections with the
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u-axis as they would correspond to other equilibrium solutions. We concen-
trate on the angle between § and the u-axis at the two endpoints. Rocha [6]
has shown that this angle is exactly the value ¢g(1;¢,0) we have calculated in
the proof of lemma 4.1. So denote with ¢q this angle calculated for the equi-
librium «® and with @q the corresponding angle for u°. Since § lies on one side
of the u-axis not both of the angles ¢y and ¢y can lie in the same interval
(k— 1)m, kx) and hence not both equilibria are of the same Morse index. This
contradiction shows that there can be only one equilibrium u°.

O

5 Proof of theorem 1.3

We have to show that there are no other equilibrium solutions as the spatially
homogenous ones and those found in theorem 1.2. By the previous lemma 4.5
each of those is unique for ¢ sufficiently small. The first part is rather easy.
From lemma 2.4 we know that any admissible solution must be a monotone
trajectory from the arc of C where f’ > 0 to the left arc of C where f' < 0. Since
this has to take time 1 the trajectory either has to stay near an equilibrium
at the beginning or at the end. In lemma 3.4 we have seen that this means
starting or ending up exponentially close to an equilibrium point. Note that
not both can happen sine no two equilibrium points have the same v-coordinate
by (H5). Hence the possible solutions are exactly the ones we have found in
theorem 1.2.

In lemma 3.2 of [5] it was shown that the spatially homogenous equilibria
u = u; are hyperbolic provided that (H4) holds and that the Morse index is 0
for ¢’(u;) < 0 and the Morse index is 1 for ¢/(u;) > 0. Hence we have (I+1)/2
spatially homogenous equilibria with Morse index 0 and ({ — 1)/2 with Morse
index 1.

We also know the number of non-homogenous equilibria. By the results of
the previous section this is simply the number m of g-zeroes for which (3) holds.
It remains only to determine how many of those m equilibria have Morse index
2. We will prove that the number of non-homogenous equilibria with Morse
index 2 is equal to the number of non-homogenous equilibria with Morse index
1 by grouping them into pairs where one has index 1 while the other has
index 2. To this end, consider a permutation {vy, va, ..., v;} of the homogenous
equilibria {uy, us, ..., u;} such that

flor) < flva) < ...< f(w).

It is a simple observation that g'(ve;—1) and ¢'(ve;) have different sign. To see
this, note that it is obviously true for ¢ = 1. Then induction applies: Either
F(va;—1) and f'(vy;) are of the same sign and the claim is true or they are of
different sign and the claim follows by an induction step. Moreover, condition
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(3) either holds for both vg;_1 and va; or for neither of them. Again, if f/(vq;-1)
and f’(ve;) are of the same sign this claim is trivial, and in the other case it is a
simple matter of checking several possibilities for the sign of g on the intervals
[v24, Tai—1] and [va;—1, 2], If (3) holds for both vgy;_1 and wva; then theorem
1.2 gives us two non-homogenous equilibria corresponding to ve;—1 and vs;. By
lemma 4.1 one of them has Morse index 1 while the other has Morse index 2.
This argument is valid for vy, vs,...,v;—1. To finish the proof we note
that it is a consequence of the dissipativeness condition (H1) that for the last

homogenous equilibrium v; condition (3) never holds.
O
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