
Equilibrium solutions of viscous scalar balancelaws with a convex 
uxJ�org H�arterichFreie Universit�at BerlinArnimallee 2-6D-14195 BerlinGermanyJuly 28, 19971 The ResultsIn this paper, we are going to study equilibrium solutions of viscous balancelaws. These are parabolic partial di�erential equations of the formut + (f(u))x = "uxx + g(u); x 2 (0; 1); f; g 2 C3: (1)We impose Neumann boundary conditionsux(0) = ux(1) = 0:These boundary conditions turn out to make the problem analytically ratherdi�cult but most of our methods apply to the study of other boundary con-ditions, too. Our goal is a complete description of all equilibrium (i.e. time-independent) solutions, including exact multiplicity results and statementsabout the stability of the solutions.Without providing any details, we just mention that the information wecollect during the proofs is su�cient to give a fairly good picture of the globalattractor of (1) using the work of Fiedler and Rocha [2, 3].Throughout the paper we make the following assumptions on f and g:(H1) g is a dissipative function, i.e.u � g(u) < 0 8 juj > R (2)for some (large) constant R.(H2) f is a strictly convex function, i.e. f 00(u) > 0 for all u.1



(H3) the derivative of f does not vanish at zeroes of g.(H4) the zeroes of g are simple. Then, by dissipativeness of g, there is a �nitenumber of zeroes u1 < u2 < : : : < ul where l is an odd number.(H5) f(ui) 6= f(uJ ) for all 1 � i < j � l.There are l trivial equilibrium solutions u � ui. Our �rst result tells thatthere are no other than those spatially homogenous solutions if f 0 has a de�nitesign on the compact interval that contains all zeroes of g.Theorem 1.1 Consider (1) and assume that f 0(u) 6= 0 for all u 2 [u1; ul].Then there are no spatially non-homogenous equilibrium solutions of (1).In the other cases we can �nd equilibrium solutions with a boundary layer for" su�ciently small.Theorem 1.2 Let ui be one of the zeroes of g such that there exists ~ui withf(~ui) = f(ui) and g(~ui)(ui � ~ui) < 0: (3)Then there is a "0, such that for all 0 < " � "0 the parabolic equation (1) hasan equilibrium solution u" with the properties:(i) If f 0(ui) > 0 then u" ! ui uniformly on every interval [0; 1 � �] with� > 0 and u"(1)! ~ui.(ii) If f 0(ui) < 0 then u" ! ui uniformly on every interval [�; 1] with � > 0and u"(0)! ~ui.We are also interested in the stability of the equilibrium solutions with respectto the parabolic equation (1). To this end, consider the eigenvalue problemassociated with the linearization of (1) at an equilibrium v:wxx � f 0(v(x))wx � f 00(v(x))vx(x)w + g0(v(x))wx = �wwx(0) = wx(1) = 0 � (4)De�nition 1.3 An equilibrium v is called hyperbolic if 0 is not an eigenvalueof the linearization at v, i.e. if (4) has no nontrivial solution for � = 0.De�nition 1.4 The Morse index i(v) of a hyperbolic equilibrium v is thenumber of positive eigenvalues of the linearization at v.For the number of equilibria found and their Morse indices the following holds:Theorem 1.5 Let m be the number of zeroes ui of g for which (3) holds. Thenfor " su�ciently small there are exactly l+m equilibria, all of them hyperbolicand� l+12 equilibria have Morse index 0,� l�1+m2 equilibria have Morse index 1 and� m2 equilibria have Morse index 2.2



2 Equilibrium solutionsSince, by de�nition, equilibrium solutions do not depend on time t, we will writefor these solutions simply u(x) instead of u(x; t). They solve the boundary valueproblem "uxx � (f(u))x + g(u) = 0ux(0) = ux(1) = 0: � (5)This singularly perturbed boundary value problem can be written as a �rstorder system of Li�enard type "u0 = v + f(u)v0 = �g(u) � (6)with the boundary conditions u0(0) = u0(1) = 0:Here the prime stands for the derivative with respect to a new variable swhich corresponds to the space variable x in the original balance law. How-ever, since we treat this variable like some \time", we �nd it less confusing towrite (u(s); v(s)) for solutions of (6). The boundary condition becomes thenv(s) + f(u(s)) = 0 at s = 0 and s = 1:Setting " = 0 in equation (6) we get the \slow system" that describes partlythe behaviour of the system as " tends to 0:0 = v + f(u)v0 = �g(u):The �rst equation de�nes a curve in (u; v)-space to which the 
ow is con�ned.This motivates the followingDe�nition 2.1 The curve C given by the equation v + f(u) = 0 in the (u; v)-plane is called the singular curve.Multiplying the second equation in (6) by a factor " and rescaling the variables according to s = "�, we arrive at the fast system_u = v + f(u)_v = �"g(u): (7)with the dot denoting the derivative with respect to the fast variable �. Thissystem will be used in the proof of theorem 1.2 for a normal form analysis.Since we are interested mainly in solutions of a Neumann BVP, the fol-lowing notion is useful: 3



De�nition 2.2 An admissible trajectory of system (6) is a trajectory thatcorresponds to a solution of the boundary value problem, i.e. it is a �nite pieceof a trajectory (u(s); v(s)) that satis�es v(0) + f(u(0)) = v(1) + f(u(1)) = 0.In [5] the following lemma was proved:Lemma 2.3(i) For any admissible trajectory (u(s); v(s)) of (6)u1 � u(s) � ul 8s 2 [0; 1]:(ii) If f 0(ui) < f 0(ui+1) < 0, then there is a positively invariant region be-tween the curve C and the curve v + f(u) + (�1)ik"g(u) = 0 for somek chosen su�ciently large and all " small. In this case the two equilibria(ui;�f(ui)) and (ui+1;�f(ui+1)) on the singular curve are connected bya heteroclinic orbit.(iii) If 0 < f 0(ui) < f 0(ui+1), there is a negatively invariant region between Cand a curve v+ f(u) + (�1)i+1k"g(u) = 0 and the two equilibria are alsoconnected by a heteroclinic orbit.Remark: The heteroclinic orbits are part of the slow manifold, an invariantmanifold that exists for small " > 0 near the singular curve C except in aneighborhood of the extrema, cf. [1].Proof of Theorem 1.1: Without restriction we assume that f 0(u) < 0 forall u 2 [u1; ul], the case f 0 > 0 can be treated similarly (by reversing timeand the use of negatively invariant regions instead of positively invariant ones).We proceed indirectly and suppose that there is a spatially nonhomogenousequilibrium solution of the viscous balance law. Then this solution correspondsto a non-constant admissible trajectory of (6). From lemma 2.3(i) we know thatu(0) 2 (u1; ul) and because of the boundary condition (u(0); v(0)) 2 C. Againby lemma 2.3 there are positively invariant regions R1; R2; : : : ; Rl�1 enclosedbetween C and the heteroclinic orbit connecting the two equilibria (ui;�f(ui))and (ui+1;�f(ui+1)). Hence, (u(0); v(0)) lies on the boundary of one of thepositive invariant regions Ri and the trajectory enters Ri immediately . Sinceit has to stay inside that region, the right boundary condition (u(1); v(1)) 2 Ccannot be satis�ed and the trajectory cannot be admissible. This contradictioncompletes the proof. 2Now we turn to the case that f 0 changes its sign on [u1; ul]. Let therefore �u bethe minimum of f , i.e. f 0(�u) = 0. By (H3) we can �nd J 2 f1; 2; : : :; lg suchthat uJ < �u < uJ+1We start with a lemma which tells us that admissible trajectories do not crossthe curve C. 4



Lemma 2.4 Let (u(s); v(s)) be an admissible solution. Then:(i) v(s) + f(u(s)) < 0 for all 0 < s < 1.(ii) f 0(u(0)) > 0 and f 0(u(1)) < 0.Proof:(i) Assume the contrary, hence v(s0)+f(u(s0)) � 0 for some 0 < s0 < 1. Twocases have to be distinguished depending on the sign of g on the interval(uJ ; uJ+1). Consider �rst the case g < 0. We show that the trajectorycannot hit the singular curve C for s > s0. Lets1 := inffs > s0; (u(s); v(s)) 2 CgThen it is clear that u(s1) > uJ+1, since u grows until the trajectory hitsC. Hence, there is some k > J such thatuk < u(s1) < uk+1:Consider now the curve v+f(u) = "kjg(u)j between uk and uk+1. As wasshown in [5] by a simple calculation, for k large enough and all su�cientlysmall ", the vector�eld of (6) along this curve points away from the curveC. On the other hand, our trajectory has to cross this curve at some timebetween s0 and s1 in the opposite direction. By this contradiction we havethus shown that it is impossible for an admissible trajectory to cross C attime s0 2 (0; 1). The case of g > 0 is completely analogous. One considersbackward trajectories and shows that it is impossible to �nd s1 < s0 suchthat (u(s1); v(s1)) 2 C.(ii) Essentially the same arguments as in the proof of theorem 1.1 apply. Iff 0(u(0)) is positive and moreover u(0) < uJ , the trajectory immediatelyenters one of the positively invariant regions and can therefore not beadmissible. Analogously u(1) > uJ+1 is impossible. The only cases wehave to rule out are uJ < u(0) � �u and �u � u(1) < uJ+1. Again, wecan restrict ourselves to the �rst case and prove the second one by timereversal. Assume hence that uJ < u(0) � �u. Two things may happen: If gis positive on [uJ ; uJ+1] then for " small the trajectories will approach theequilibrium (uJ ;�f(uJ )) without intersecting C. If however g is negativeon [uJ ; uJ+1] then the trajectory will escape to in�nity. In both cases thetrajectory cannot be admissible. 2Now it is rather clear how solutions of the BVP (6) look like: They have to starton C with u(0) > �u and and end up with u(1) < �u. Since the trajectory has tostay below the curve C, the pro�le u(s) is monotonically decreasing. Moreover,5



outside a �-neighborhood of C the velocity u0 is of order O("�1) such that ittakes only a time of order O(") until the orbit reenters a neighborhood of C.To �nd a solution of the BVP we have to �nd some way such that solutionsspend a time of order 1 either before they leave a neighborhood of C or betweenreentering a neighborhood of C and hitting C at s = 1. Therefore, in a nextstep, we investigate how long it takes a trajectory to leave a �-neighborhoodof C. It will turn out that the trajectory has to start exponentially close to anequilibriumon C to take time of order 1 before the orbit leaves a �-neighborhoodof C. Analogously, it could also �nish exponentially close to an equilibrium. Toprove this we have to go through a normal form analysis which is performed inthe next section.3 The Takens normal formFor " = 0 the singular curve C and the curve corresponding to the (left orright) boundary condition coincide. To get some estimates on the time it takesa trajectory to leave a neighborhood of the singular curve we have to �nd outhow these two curves separate for " 6= 0. To that end we will put the fast vector�eld _u = v + f(u)_v = �"g(u)in a nicer form. There are two di�erent cases to be considered:Case A: The normal form is computed near a point of the singular curve Cwhere g is nonzero.Case B: The normal form is computed near a point on C where g has a zero.Without restriction we assume f(0) = 0 and compute the normal formnear u = v = 0.Lemma 3.1 If f; g 2 C3 with f 0(0) 6= 0, then there is a local C2-change ofvariables (~u; ~v; ~") = T (u; v; ")such that ~" = " and the transformed vector �eld is_~u = A(~v; ") ~u_~v = R(~v; "): � (8)Here A and R are smooth functions of their arguments with A(0; 0) = f 0(0)and R(~v; 0) = 0. In case B also R(0; ") = 0.The proof is based on a normal form for vector �elds near a nonhyperbolicequilibrium given by Takens [7]. 6



Proposition 3.2 (Takens 1971) Let 0 be a singular point of a C1-vector�eld X. If the eigenvalues of dX at 0 satisfy a nonresonance condition ('Stern-berg �(dX(0); k)-condition'), then there is a Ck-change of coordinates such thatthe vector �eld in the new coordinates is locally in the standard formX = cXi=1Xi(x1; :::; xc) @@xi+ sXi;j=1Aij(x1; :::; xc)yj @@yi + uXi;j=1Bij(x1; :::; xc)zj @@ziwhere(1) all c eigenvalues of @Xi@xj (in x1 = ::: = xc = 0) have real part zero,(2) all s eigenvalues of Aij(0; :::; 0) have real part < 0 and(3) all u eigenvalues of Bij(0; :::; 0) have real part > 0.So, in the standard form the center manifold W c(0) is the linear space fy1 =: : := ys = z1 = : : : = zu = 0g.Proof of lemma 3.1:We will use the Takens standard form near singularpoints of the augmented fast system_u = v + f(u)_v = �"g(u)_" = 0: 9=; (9)This system was not assumed to be of class C1, but a look at Takens proofreveals that aCk-version holds, too. If no resonances occur between eigenvalues,a Ck+1-vector �eld can be brought to the normal form by a Ck-change ofcoordinates. This is the reason why we assumed f and g to be of class C3.Then the normal form is of class C2 which is su�cient for us as all argumentsbelow will not involve higher than second derivatives.For the normal form analysis, we can assume that u = v = " = 0 is anequilibrium point of (9). The Jacobian of the fast system at this point isJ = 0@ f 0(0) 1 00 0 �g(0)0 0 0 1A :If f 0(0) 6= 0, J has a double zero eigenvalue and one nonzero eigenvalue f 0(0).So there is only one eigenvalue with nonzero real part and all nonresonanceconditions used in Takens proof will be automatically satis�ed. By Takens'theorem a C2-change of variables(~u; ~v; ~") = T (u; v; ")transforms the equation to the form_~u = A(~v; ~") ~u_~v = R(~v; ~")_~" = S(~v; ~"): 9=; (10)7



Now we want to exploit two special features of our system:1) There is a curve of equilibria that exists for " = 0 (namely on C) and2) there is a smooth invariant foliation by planes f" = const:g.Moreover, in case B there is a stationary point u = v = 0 that exists forall ". We perform a transformation involving only the coordinates ~v and ~" onthe center manifold such that the following two properties are satis�ed:(1) The curve of equilibria at " = 0 is mapped onto the new ~v-axis. Thisyields R(~v; 0) = 0.(2) The leaves of the foliation f" = const:g are straightened each leaf isasigned its original " such that we have S � 0.In case B we can do more. In each �ber f" = const:g there is one equilib-rium point. Together these stationary points form a smooth curve. By a �ber-preserving di�eomorphism we can move this equilibrium to ~v = 0 such thatR(0; ") � 0. All these transformations in ~v and " do not a�ect the structureof the ~u-equation, only the term A(~v; ~") is changed but not the linearity in ~u.Moreover, and this explains the last claim, the transformations do not altereigenvalues such that A(0; 0) = f 0(0). 23.1 Transition time analysis for case AWe want to compute the time a trajectory takes from the curve C until it leavesa �-neighborhood of the singular curve.Lemma 3.3 The time �0 a trajectory needs between a point (~u0; ~v0) on thesingular curve C and a section � := f~u = j�jg is a function �0(~v0; ") with�0(~v0; ") = O(j ln "j)as "! 0. In the original time s this corresponds to a transition times0 = "�0:Proof: As a �rst step we �nd out how the boundary condition looks like inthe new normal form coordinates. The points corresponding to the boundarycondition v + f(u) = 0 form a two-dimensional manifold B in (~u; ~v; ")-spacewhich contains the ~v-axis.In the original coordinates, the tangent space T(0;0;0)B to this manifoldis spanned by the vectors (�1; f 0(u0); 0)T and (0; 0; 1)T . The �rst one is theeigenvector of the Jacobian with eigenvalue 0 and therefore by the transfor-mation dT mapped to (0; 1; 0)T . The second vector (0; 0; 1)T however has a8



component in the orthogonal complement of the center manifoldW c(0):0@ 001 1A� �0@ 001 1A = � g(0)(f 0(0))2 0@ 100 1Awhere � is the orthogonal projection onto the center manifold W c. As a con-sequence, the distance between the two manifolds B and C is to �rst orderproportional to " and B can be written as the graph~u = "	(~v; ") (11)of a function 	 with 	(0; 0) = � g(0)(f 0(0))2 6= 0:The geometric situation of this case is depicted in �gure 1.Using representation (11) of B, the normal form from lemma 3.1 willyield an estimate for the time �0 from a point (~u0; ~v0) on B to the section �. Itdepends on the sign of 	(0; 0) whether f~u = �g or f~u = ��g is the right choicebut since both cases are treated in exactly the same way we restrict ourselvesto the �rst case that corresponds to g(0) < 0.From lemma 3.1 we have R(~v; 0) � 0 and thereforeR(~v; ") = "R1(~v; "):The ~v-equation from (8) then reads_~v = "R1(~v; ")and the solution with initial value ~v0 can be written as~v(�) = ~v0 + ~v1("�)with ~v1(0) = 0:Integrating the ~u-equation _~u = A(~v; ") ~ufrom � = 0 to the time �0 when the trajectory hits the section � yields thecondition " �	(~v0; ") � exp�Z �00 A(~v(�); ") d�� = �on �0, which is equivalent toZ �00 A(~v(�); ") d� = ln� �"	(~v0; ")� =: L(~v0; "; �): (12)9



In a next step we decompose A(~v(�); ") asA(~v(�); ") = A(~v0; 0) + A(~v0 + ~v1("�); ") � A(~v0; 0)= A(~v0; 0) + A1(~v0; "; "�)where A1 is de�ned via the last equation and satis�esA1(~v0; 0; 0) = 0:Using this decomposition in (12) and with the slow time s = "� as integrationvariable, one arrives at the equation�0 �A(~v0; 0) + 1" Z "�00 A1(~v0; "; s) ds = L(~v0; "; �)() �0 � A(~v0; 0)L(~v0; "; �) + 1"L(~v0; "; �) Z "�00 A1(~v0; "; s) ds = 1: (13)With the new variable � that is de�ned as1 + � := �0 � A(~v0; 0)L(~v0; "; �)and compensates the asymptotic behaviour of �0 as " tends to 0, it is possibleto de�ne a function F(�; ~v0; ") in a neighborhood of � = ~v0 = " = 0 such that(13) corresponds to F(�; ~v0; ") = 0. An application of the implicit functiontheorem will then yield a solution � = �(~v0; ") and from this solution � it willbe possible to calculate �0(~v0; ").We de�ne thus for " > 0F(�; ~v0; ") := �+ Z (1+�)=A(~v0;0)0 A1(~v0; "; "L(~v0; "; �)~s) d~s (14)with the integration variable ~s satisfying "L(~v0; "; �)~s = s. The function F isobviously continuous for " > 0. SinceA1(~v0; "; "L(~v0; "; �)~s)! A1(~v0; 0; 0) = 0as "& 0, we have lim"!0 F(�; ~v0; ") = �:Hence we can continuously extend F as an odd function in " by settingF(�; ~v0; 0) := �and F(�; ~v0; ") := 2��F(�; ~v0;�") for " < 0:10
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Figure 1: The geometry of the cases A and BNote that in particular � = " = 0 with any ~v0 is a solution of the equationF(�; ~v0; ") = 0. To apply the implicit function theorem near any such point,di�erentiability of F with respect to � has to be proved. The derivative @F@� iseasily computed for �; " 6= 0:@F@� (�; ~v0; ") = 1 + 1A(~v0; 0)A1�~v0; "; "L(~v0; "; �) 1 + �A(~v0; 0)�Again, A1(~v0; 0; 0) = 0 shows that @F@� tends to @F@� (�; ~v0; 0) = 1 as "! 0, andthe implicit function theorem applies near every point with � = " = 0 andyields a solution � = �(~v0; ") of F(�; ~v0; ") = 0. Thus, the time t0 from thecurve C to a section f~u = �g is�0(~v0; ") = 1 + �(~v0; ")A(~v0; 0) ln� �"	(~v0; ")� = O(ln j"j)and the lemma is proved. 23.2 Transition time analysis for case BUnless in case A, in case B the manifold B and the center manifold are tangentto each other, so second order terms are needed to describe the separation ofthe two manifolds as " > 0. We have to add second order terms of the Taylor11



expansion of the coordinate transformation T �1 and compare the coe�cientsof the vector �eld in old and new coordinates. To this end, the transformationT �1 is written in the form u = �(~u; ~v)v =  (~u; ~v)and the Taylor expansion up to quadratic terms are performed. From lemma3.1we know that in case B both R(~v; 0) = 0 and R(0; ") = 0 such that the Taylorexpansion of R starts with quadratic terms. Plugging everything into equation(9) one gets after a lengthy but straightforward calculation by comparison ofcoe�cients:u = ~u� 1f 0(0) ~v + f 00(0)2f 0(0) ~u2 + O �j~uj2 + (j~uj+ j~vj+ j"j)(j~vj+ j"j)�v = ~v � g0(0)f 0(0) ~u" +  020~v2 +  011~v" +  002"2 + h: o: t:With this coe�cients of T the boundary condition v + f(u) = 0 in the newcoordinates reads Fbc(~u; ~v; ") = 0whereFbc(~u; ~v; ") := f 0(0)~u+ f 00(0)2 ~u2 � f 00(0)f 0(0) ~u~v � g0(0)f 0(0)"~u� g0(0)f 0(0)2 "~v + h: o: t:and since f 0(0) 6= 0 we get by the implicit function theorem near ~u = ~v = " = 0a solution of Fbc(~u; ~v; ") = 0 which is of the form ~u = ~ubc(~v; "). We have@~ubc@" (0; 0) = @~ubc@~v (0; 0) = 0:Important is the mixed derivative@2~ubc@"@~v (0; 0) = ��@Fbc@~u (0; 0; 0)��1 @2Fbc@"@~v (0; 0; 0) = � g0(0)(f 0(0))3 :Hence, the boundary condition v + f(u) = 0 is transformed into~u = "~v	(~v; ")with 	(0; 0) = � g0(0)(f 0(0))3 :Now we can estimate the time a trajectory takes to leave a �-neighborhood ofC: 12



Lemma 3.4 Fix � small and some T > 0. Then for any " small enough thereexists a point (~u0; ~v0) on B such that the time for a trajectory starting in (~u0; ~v0)to a section � := fj~uj = �g is exactly T=".Given � > 0, denote with �� the time this trajectory needs from (~u0; ~v0)to the section �� := fj~uj = �"�g. Then j�0 � ��j = O(ln j"j):Proof: Since we have R(~v; 0) = 0 as well as R(0; ") = 0, the ~v-equation from(8) can be written as _~v = "~vR1(~v; ")with R1(~v; ") = g0(0)f 0(0) + O(j~vj+ j"j):We will assume that the domain fj~uj; j~vj � �; " � "0g, where the normal formis valid, is taken so small that12 jf 0(0)j � jA(~v; ")j � 2jf 0(0)j; (15)12 ���� g0(0)f 0(0) ���� � jR1(~v; ")j � 2 ����g0(0)f 0(0) ���� (16)and 12 ���� g0(0)f 0(0)3 ���� � j	(~v; ")j � 2 ���� g0(0)f 0(0)3 ���� : (17)From (16), we have the (crude) estimatej~v(�)j � j~v0j exp(2"jg0(0)=f 0(0)j�) (18)as long as j~v(�)j � �.We can now turn to the other equation_~u = A(~v; ") ~u:We will use the equationZ t00 A(~v(s); ") ds = ln ���� �"~v0	(~v0; ") ����to estimate ~v0 such that the time �0 a trajectory takes from C to the section� exactly T=". Using the above estimates (15), (16) and (17), we arrive at�f 0(0)32"g0(0) exp��2jf 0(0)jT" � � j~v0j � 2�f 0(0)3"g0(0) exp��jf 0(0)jT2" � (19)provided that ~v(�) does not leave the domain of validity of our estimates. Inother words, if a trajectory starts with ~v0 larger than the upper bound in (19)13



then it will certainly leave a �- neighborhood of C after a time which is strictlyless than T=" and if ~v0 is smaller than the lower bound of (19) then it willcertainly take longer than T=".We have to check only, that for such an initial ~v0 the condition ~v(T=") � �is satis�ed up to the time T=". With the estimates from (18) we have immedi-ately that for the initial condition~v0 = 2�f 0(0)3"g0(0) exp(� T2"jf 0(0)j)we obtain ~v(T" ) � 2�f 0(0)3"g0(0) exp(� T2"jf 0(0)j + 2jg0(0)jTjf 0(0)j ) (20)which clearly tends to 0 as " ! 0. Thus, for " su�ciently small, ~v remains inthe domain of the normal form long enough and we are �nished. To prove thelast claim it is su�cient to note thatZ �0�� A(~v(�); ") d� = � ln j"j:With (15) the claim follows immediately 2Proof of theorem 1.2: After the normal form calculations we return now toour original (slow) time coordinate s. We will restrict ourselves to part (i) since(ii) can be proved analogously. Fix � > 0 small. From lemma 3.4 we know that,for any su�ciently small ", there exist u"� and u"+, both exponentially close toui such that the trajectory starting in (u"�;�f(u"�)) needs time 12" to arrive at� and the trajectory starting in (u"+;�f(u"+)) needs time 2=". Moreover, dueto (20) the v-coordinate di�ers from �f(ui) only by O("). After leaving the�-neighborhood C, the u-velocity u0 is of order O("�1) and hence it takes onlya time of order O(") until the trajectory reenters a �-neighborhood of the otherbranch of C. The v-coordinate is still only O(") away from its initial value. Thisimplies that the trajectory reenters a �-neighborhood of C near ~ui, in particular,at a point where g has the same sign as in ~ui. Now two possibilities can occur.Either g is positive, then the stable manifold of the next equilibrium to the leftof ~ui prevents the trajectory from reaching C. It \blocks" the curve C and thetrajectory will follow the stable manifold and converge to the equilibrium tothe left of ~ui. Hence, the trajectory does not reach the curve C and is thereforenot admissible. 14
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trajectoryFigure 2: Trajectories for g(~ui) > 0 (left picture) and g(~ui) < 0 (right picture)The situation is di�erent when g is negative. Note that this is the casei� condition (3) is satis�ed. There is no obstacle on the way to C and bylemma 3.3, the trajectory will need a time of order O(j" ln "j) from entering a�-neighborhood of C until it hits the curve C. Altogether, the times T� from(u"�;�f(u"�) to the �rst intersection with C areT� = 12 + O(j" ln "j) and T� = 2 +O(j" ln "j):By continuity we can �nd between these trajectories a solution of the bound-ary value problem (5) and hence an equilibrium solution of our viscous balancelaw. From the trajectory in the Li�enard plane we can easily deduce that thecorresponding solution converges to ui uniformly on any interval [0; �] andu(1)! ~ui. 24 Stability of the equilibriaIn this section we are going to determine the Morse index of the equilibriumsolutions found in theorem 1.2. For symmetry reasons we can again restrictourselves to solutions that start near (ui;�f(ui)) and make a fast excursion ats � 1.Lemma 4.1 Consider a family u" of the equilibrium solutions we have foundin theorem 1.2 starting near the same stationary point (ui;�f(ui)). Then thereexists "0 > 0 such that for 0 < " � "0 these equilibria u" are all hyperbolic with15



Morse index i(u") = 1 if g0(ui) < 0i(u") = 2 if g0(ui) > 0:Proof of the lemma: We have to consider the eigenvalue problem"wxx � f 0(u")wx � f 00(u")u"xw + g0(u")w = �wwx(0) = wx(1) = 0: � (21)at the family of equilibria u" of (6). The eigenvalue equation can be written asa �rst order system "wx = z + f 0(u")wzx = �(g0(u") � �)wwx(0) = wx(1) = 0:Performing a Pr�ufer transformation"w = % cos' ; z = �% sin'leads to equations for % and '. We will only need the '-equation'x = sin2 '+ g0(u") � �" cos2 '� f 0(u")2" sin 2' (22)to determine the Morse index of u". The Neumann boundary conditions for theoriginal eigenvalue problem show up as initial resp. terminal conditiontan'(x) = f 0(u"(x))" at x = 0 and x = 1:So, if '0(x; "; �) denotes the solution of (22) with initial value'0(x = 0) = arctan f 0(u"(0))"there is an easy criterium for � to be an eigenvalue: The right boundary con-dition has to be satis�ed and thus� is an eigenvalue () tan'0(1; "; �) = f 0(u"(1))" :We will use the following relation between the Morse index i(u") and'0(1; "; � = 0):Lemma 4.2 Let '1 := arctan (f 0(u"(1))=") : Then the following holds:(i) If '0(1; "; 0)� '1 6= k�; k = 0; 1; 2; : : : ; then the equilibrium u" is hyper-bolic. 16



(ii) If '0(1; "; 0)� '1 2 ((k � 1)�; k�), then i(u") = k.Proof : Part (i) is just a simple consequence of the characterization of eigen-values. If there was a nontrivial solution of the eigenvalue problem with � = 0then the corresponding ' would satisfy tan' = tan'1.To prove part (ii) consider � as a parameter and note that '0(1; "; �)depends monotonically on � and tends to ��2 as � ! �1 and to +1 as�! +1. For the eigenvalue �k (k = 0; 1; 2; : : :) we �nd'0(1; "; �k) = '1 + (k � 1)�:To determine the Morse index of u" is hence equivalent to counting how manyof the numbers '1 + k� lie between ��2 and '0(1; "; 0). 2Hale and Sakamoto [4] have used the Pr�ufer transformation to compute Morseindices and eigenvalues for equilibria of the equation ut = "uxx + f(x; u): Al-though the details are quite di�erent, we will see that with similar methods wecan �nd the Morse index of u".The main idea is the following: Our goal is to compute '0(1; "; 0) � '1 accu-rately enough to decide to which of the intervals ((k�1)�; k�) it belongs. Thiswill be achieved by �nding invariant strips in the (x; ')-plane. These stripsallow to trace solutions for a time of order 1. Outside these invariant strips wewill use a comparison with the solutions of (22) to di�erent initial values. Notethat u"x solves the linearized equation (21) with Dirichlet boundary conditionsand that Dirichlet boundary conditions translate into'(x) � �2 (mod �) at x = 0; 1:Hence, we already know two solutions of (22): The solution '� with initial value'�(0; "; 0) = ��2 satis�es '�(1; "; 0) = �2 . Due to �-periodicity of equation (22)there is another solution '+ with initial value '+(0; "; 0) = �2 and '+(1; "; 0) =3�2 . The solution '0 with '0(0; "; 0) = arctan(f 0(u"(0))=") is con�ned between'� and '+. As we will prove, '0 will after some time follow one of thesesolutions and end up very close to either �2 or 3�2 .The only property of u" that we need is, that it is almost constant overmost of the interval [0; 1] and about the sign of f 0. The latter fact shows up inthe relation f 0(u"(1)) < 0 < f 0(u"(0)):By our estimates for the time the trajectory has to spend near the stationarypoint, we can choose �x 2 [0; 1] (depending on ") with1� �x = O(j" ln "j) (23)17



such that u"x � C"2 8x 2 [0; �x]: (24)and f 0(u") > 
 8x 2 [0; �x]for some constant 
 > 0 not depending on " 2 (0; "0].We will �rst establish the existence of invariant strips. To this end de�ne��(x) and �+(x) as the two angles in (��2 ; �2 ) where 'x = 0, or in other words," sin2�� � f 0(u") sin�� cos�� + g0(u") cos2�� = 0 (25)leading to tan��(x) = f 0(u"(x)) �pf 0(u"(x))2 � 4"g0(u"(x))2" :As both f 0(u) and g0(u) are bounded for u 2 [umin; umax] using (23) and theasymptotic behavior of arctan near �2 we get for x 2 [0; �x] where f 0(u"(x)) > 0:tan��(x) = g0(u"(x))f 0(u"(x)) +O(");tan�+(x) = f 0(u"(x))" + O(1)such that �+(x) = �2 � f 0(u"(x))�1" +O("2):We show now the existence of a narrow negatively invariant strip around�+.Lemma 4.3 Consider (22) for � = 0, a given equilibrium u" and x 2 [0; �x].Then:There is a negatively invariant strip of width O("3) around �+.Proof: We have to compare d�+dx with 'x at ' = �+ � k"3 for some k.Let's start withd�+dx = 2"4"2 + �f 0 +pf 02 � 4"g0�2 � f 00 + f 0f 00 � 2"g00pf 02 � 4"g0! � u"x(x):Here we have written f 0 as an abbreviation for f 0(u"(x)), etc.Expanding the square root one �nds easily that the �rst term is of orderO(") while the second is of order O(1). Together with (24) we get����d�+dx ���� � C"2 for x 2 [0; �x]:18



On the other hand, applying elementary addition formulas for sines and cosines,d'dx (�+ + k"3) = sin2(�+ + k"3) + g0" cos2(�+ + k"3)� f 02" sin(2�+ + 2k"3)= cos 2k"3�sin2�+ + g0" cos2�+ � f 02" sin 2�+�+sin2 k"3�1 + g0" ��12 sin 2k"3�g0" sin 2�+ + f 0" cos 2�+ � sin 2�+� :The �rst term vanishes due to (25) and sinceg0(u") sin 2�+ + f 0(u") cos 2�+ = f 0(u")� 2" sin2�+ tan�+ = �f 0(u") +O(")(26)the last term dominates and yieldsd'dx (�+ + k"3) � 12k
 � "2d'dx (�+ � k"3) � �12k
 � "2for " small enough and x 2 [0; �x]. Choosing k large enough gives negative in-variance for the strip around �+. 2The next lemma provides us with some larger invariant strips with theadditional property that j'xj is large outside these strips.Lemma 4.4 Consider (22) for � = 0, a family u" of equilibria and x 2 [0; �x].Then there exists some "0 > 0 and constants �;C1; C2; C3 > 0 such that for0 < " � "0(i) the strip [�+��;�++�] is negatively invariant and for solutions '1; '2inside this stripj'1(x2)� '2(x2)j � eC1" (x2�x1)j'1(x1)� '2(x1)j for 0 � x1 � x2 � �x:Analogously, the strip [�� � �;�� + �] is positively invariant and forsolutions '1; '2 inside this stripj'1(x2)� '2(x2)j � e�C2" (x2�x1)j'1(x1)� '2(x1)j for 0 � x1 � x2 � �x:(ii) Outside these strips j'xj � C3" :19



Proof: (i) The existence of the invariant strips is proved in a similar fashionas in the preceding lemma, so we omit the proof here.To prove the contraction and expansion properties we denote with H('; ")the right hand side of (22) with � = 0, i.e.H('; ") = sin2' + g0(u")" cos2 '� f 0(u")2" sin 2':By (26) @H@' (�+; x) = f 0(u"(x))" + O(1)such that @H@' ('; x) > C1"for " small enough and ' 2 [�+ � �;�+ + �].Similarly, @H@' (��; x) = �f 0(u"(x))" +O(1)and @H@' ('; x) < �C2"for " small enough and ' 2 [�� � �;�� + �].(ii) De�neC3 := 12 inf jg0(u"(x)) cos2' � f 0(u"(x)) sin' cos'j > 0where the in�mum is taken over the compact region that is obtained from therectangle [0; �x]� [��2 ; �2 ] by removing stripsf(x; '); 0 � x � �x; �� � � < ' < �� + �g:Then for " < "0 := C3, obviously"jH('; ")j � C3and the proof is complete. 2The important observation is now that the initial value f 0(u"(0))=" ofthe solution '0 we are mainly interested in lies above or below this negativelyinvariant O("3)-strip around �+ depending on the sign of g0(u"(0)) which isthe same as the sign of g0(uE). This follows simply from the expansiontan�+(0) = f 0(u"(0))�pf 0(u"(0))2 � 4"g0(u"(0))2"= f 0(u"(0))" � g0(u"(0))f 0(u"(0)) + O("):20



Using the Laurent series of arctan at �=2 one gets�+(0) = �2 � 1f 0(u"(0))"� g0(u"(0))f 0(u"(0))"2 + O("3): (27)In particular, for " small enough and g0(uE) < 0 the initial value of '0 liesbelow the negatively invariant strip. Thus '0 has to stay below �� at leastup to x = �x. Similarly, for g0(uE) < 0 the initial value of '0 lies above thenegatively invariant strip and '0 stays above this strip.Having established the existence of invariant strips, we want to take asolution of (22) that stays inside the negatively invariant strip as a reference.Let 'N be a solution on [0; �x] inside the negatively invariant strip. Clearly 'Ncan, for instance, be obtained by solving (22) backward starting with 'N (�x) =�+(�x).Using lemma 4.4, we are now able to describe the behavior of '0(�; "; 0).1) g0(ui) < 0 : In this case we compare �rst '0 and 'N . Since 'N lies inthe O("3)-strip around �+ and from (27) we have that'N (0)� '0(0; "; 0) � C4"2:Thus we can �nd some ~x1 of order O(j" ln "j) such that '0 leaves the negativelyinvariant strip around �+ at x = ~x1. Outside the strip, 'x is large, so there is~x2 with ~x2 � ~x1 = O(")such that '0 enters the positively invariant strip around �� at x = ~x2. Thesituation is depicted in �gure 3.
21
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we can conclude that for " su�ciently small'0(1; "; 0) � '1 + � = �2 � 1f 0(u"(1))"+ O(")since f 0(u"(1)) < 0.Hence, '0(1; "; 0)� '1 2 (0; �)and by lemma 4.2 the solution u" is for all small " a hyperbolic equilibriumsolution with Morse index i(u") = 1.2) g0(ui) > 0 : Again we compare �rst '0 and 'N . The di�erence consistsof the fact that '0 lies above the O("3)-strip that is negatively invariant andleaves the strip [�+��;�++�] at the top. Therefore, '0 enters the positivelyinvariant strip [����+�;��+�+�] at some ~x2 which is of order O(j" ln "j).The solution '+ enters this strip as well and as above one shows that'0(1; "; 0)� '+(1; "; 0) = O("�C exp(�C2=")):Since '+(1; "; 0) = 3�2this yields '0(1; "; 0)� '1 2 (�; 2�)and by lemma 4.2 the equilibrium u" of the viscous balance law is hyperbolicwith Morse index i(u") = 2. 2Lemma 4.5 For any ui that satis�es (3) and " su�ciently small there is ex-actly one equilibrium solution u" of the type found in theorem 1.2.Proof: Suppose there were two equilibrium solutions u" and ~u" both startingnear the same stationary point. Consider now the interval [u"(0); ~u"(0)]. Itcontains only �nitely many points that correspond to solutions of the boundaryvalue problem. Otherwise there would be a non-hyperbolic equilibrium solutionin contrast to the preceding lemma. So, without restriction, we may supposethat there is no other solution û" with û"(0) 2 [u"(0); ~u"(0)]. Consider now thecurveS = f((u(1); v(1)) j (u; v) solves(6)with u(0) 2 [u"(0); ~u"(0)] and v(0) = 0gwhich is a part of the shooting curve used by Fiedler and Rocha [2]. Its end-points lie on the u-axis fv = 0g and there are no other intersections with the23



u-axis as they would correspond to other equilibrium solutions. We concen-trate on the angle between S and the u-axis at the two endpoints. Rocha [6]has shown that this angle is exactly the value '0(1; "; 0) we have calculated inthe proof of lemma 4.1. So denote with '0 this angle calculated for the equi-librium u" and with ~'0 the corresponding angle for ~u". Since S lies on one sideof the u-axis not both of the angles '0 and ~'0 can lie in the same interval(k� 1)�; k�) and hence not both equilibria are of the same Morse index. Thiscontradiction shows that there can be only one equilibrium u". 25 Proof of theorem 1.3We have to show that there are no other equilibrium solutions as the spatiallyhomogenous ones and those found in theorem 1.2. By the previous lemma 4.5each of those is unique for " su�ciently small. The �rst part is rather easy.From lemma 2.4 we know that any admissible solution must be a monotonetrajectory from the arc of C where f 0 > 0 to the left arc of C where f 0 < 0. Sincethis has to take time 1 the trajectory either has to stay near an equilibriumat the beginning or at the end. In lemma 3.4 we have seen that this meansstarting or ending up exponentially close to an equilibrium point. Note thatnot both can happen sine no two equilibrium points have the same v-coordinateby (H5). Hence the possible solutions are exactly the ones we have found intheorem 1.2.In lemma 3.2 of [5] it was shown that the spatially homogenous equilibriau � ui are hyperbolic provided that (H4) holds and that the Morse index is 0for g0(ui) < 0 and the Morse index is 1 for g0(ui) > 0. Hence we have (l+ 1)=2spatially homogenous equilibria with Morse index 0 and (l � 1)=2 with Morseindex 1.We also know the number of non-homogenous equilibria. By the results ofthe previous section this is simply the numberm of g-zeroes for which (3) holds.It remains only to determine how many of those m equilibria have Morse index2. We will prove that the number of non-homogenous equilibria with Morseindex 2 is equal to the number of non-homogenous equilibria with Morse index1 by grouping them into pairs where one has index 1 while the other hasindex 2. To this end, consider a permutation fv1; v2; : : : ; vlg of the homogenousequilibria fu1; u2; : : : ; ulg such thatf(v1) < f(v2) < : : : < f(vl):It is a simple observation that g0(v2i�1) and g0(v2i) have di�erent sign. To seethis, note that it is obviously true for i = 1. Then induction applies: Eitherf 0(v2i�1) and f 0(v2i) are of the same sign and the claim is true or they are ofdi�erent sign and the claim follows by an induction step. Moreover, condition24



(3) either holds for both v2i�1 and v2i or for neither of them. Again, if f 0(v2i�1)and f 0(v2i) are of the same sign this claim is trivial, and in the other case it is asimple matter of checking several possibilities for the sign of g on the intervals[v2i; ~v2i�1] and [v2i�1; ~v2i]. If (3) holds for both v2i�1 and v2i then theorem1.2 gives us two non-homogenous equilibria corresponding to v2i�1 and v2i. Bylemma 4.1 one of them has Morse index 1 while the other has Morse index 2.This argument is valid for v1; v2; : : : ; vl�1. To �nish the proof we notethat it is a consequence of the dissipativeness condition (H1) that for the lasthomogenous equilibrium vl condition (3) never holds. 2References[1] N. Fenichel. Geometric singular perturbation theory for ordinary di�erentialequations. J.Di�.Eq., 31:53{98, 1979.[2] B. Fiedler and C. Rocha. Heteroclinic orbits of semilinear parabolic equa-tions. J. Di�. Eq., 125:239{281, 1996.[3] B. Fiedler and C. Rocha. Orbit equivalence of global attractors of semilinearparabolic di�erential equations. Preprint, 1996.[4] J. K. Hale and K. Sakamoto. Existence and stability of transition layers.Japan J. Appl. Math., 5:367{405, 1988.[5] J. H�arterich. Attractors of viscous balance laws: Uniform estimates for thedimension. Preprint, Freie Universit�at Berlin, to appear in J. Di�. Equ.,1997.[6] Carlos Rocha. Properties of the attractor of a scalar parabolic pde.J. Dyn. Di�. Equ., 4:575{591, 1991.[7] F. Takens. Partially hyperbolic �xed points. Topology, 10:133{147, 1971.
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