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Abstract: A rigorous approach to Statistical Physics issues often produces inter-
esting mathematical questions. This Ph.D. thesis is composed of two different parts.
One does not intersect the other, but both research topics lie at the interface between
Probability Theory and Statistical Mechanics.

* In the first part we deal with reconstruction of a tree-indexed Markov chain on
Galton-Watson trees, improving previous bound by Mossel and Peres, both for
symmetric and strongly asymmetric chains. Moreover, we give some numeri-
cal estimates to compare our bound with those of other authors. We provide a
sufficient condition of the form Q(d)c(M) < 1 for the
non-reconstructability of tree-indexed g-state Markov chains obtained by broad-
casting a signal from the root with a given transition matrix M. Here c(M) is a
constant depending on the transition matrix M and Q(d) is the expected num-
ber of offspring on the Galton-Watson tree. This result is equivalent to proving
the extremality of the free boundary condition Gibbs measure within the cor-
responding Gibbs-simplex. When considering the Potts model case we take
this point of view too. Our theorem holds for possibly non-reversible M. In
the case of the symmetric Ising model the method produces the correct recon-
struction threshold, in the case of the (strongly) asymmetric Ising model where
the Kesten-Stigum bound is known to be not sharp the method provides im-
proved numerical bounds.

* In the second part of the thesis we give sharp estimates for time uniform prop-
agation of chaos in some specials mean field spin-flip models exhibiting phase
transition. The first model is the dynamical Curie-Weiss model, that can be
considered as the most basic mean field model. The second example is a
model proposed recently in the context of credit risk in Finance; it describes
the time evolution of finantial indicators for a network of interacting firms. Al-
though we have chosen to deal with two specific models, the method we use
appear to be rather general, and should work for other classes of models. A
substantial limitation of our results is that they are limited to the subcritical
case or, in Statistical Mechanical terms, to the high temperature regime.



Sommario: Un approccio rigoroso a questioni di Fisica Statistica spesso produce
interessanti problemi matematici. Questa tesi di dottorato € composta da due parti.
La prima non interseca la seconda, ma entrambe stanno sul confine tra Teoria della

Probabilita e Meccanica Statistica.

e La prima parte tratta il problema della ricostruzione per catene di Markov su
alberi di tipo Galton-Watson. Miglioriamo i risultati precedentemente ottenuti
da Mossel e Peres, sia per catene simmetriche che fortemente asimmetriche.
Dimostriamo una condizione sufficiente della forma Q(d)c(M) < 1 per la non
ricostruzione di catene di Markov a g-stati sull’albero. Qui c¢(M) & una costante
che dipende dalla matrice di transizione M e Q(d) € la media del numero di
figli per vertice nell’albero di Galton-Watson. Questo risultato & equivalente
alla purezza della misura libera di Gibbs. Quando consideriamo il caso del
modello di Potts assumiamo anche questo punto di vista. Il teorema e valido
anche per catene non reversibili. Nel caso del modello di Ising il nostro risul-
tato produce la correta soglia di ricostruzione, nel caso di catene (fortemente)
asimmetriche dove si sa che il bound di Kesten-Stigum non € esatto il metodo

usato da risultati numerici migliori.

* Nella seconda parte diamo delle stime uniformi nel tempo per la propagazione
del caos in alcuni modelli di spin con interazione a campo medio che presen-
tano transizione di fase. Il primo € il modello dinamico di Curie-Weiss, che puo
essere considerato come il piu semplice esempio di sistema con interazione a
campo medio. Il secondo € un modello recentemente impiegato per spiegare
i meccanismi del rischio di credito; esso descrive I'’evoluzione temporale di
indicatori finaziari per un gruppo di aziende interagenti quotate sul mercato.
Anche se abbiamo trattato modelli specifici, crediamo che il metodo funzioni
piuttosto in generale e che sia applicabile anche ad altre classi di modelli. Una
limitazione sostanziale dei nostri risultati & che valgono solo nel caso sotto-
critico, che corrisponde, nel linguaggio della Meccanica Statistica, al regime di

alta temperatura.
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Part 1

On the Purity of the free boundary
condition Potts measure on

Galton-Watson trees
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Introduction to Part I

This first part of the thesis focuses on the purity transition for the Potts model on

random and deterministic trees.

Interacting stochastic processes on trees and lattices often differ in a fundamen-
tal way: where a lattice model has a single transition point (a critical value for a
parameter of the model) the corresponding model on a tree might possess multi-
ple transition points. Such phenomena happen more generally for non-amenable
graphs (where surface terms are no smaller than volume terms), trees being major
examples [9]. A main example of an interacting model is the usual ferromagnetic
Ising model [I]. Here the interesting property which gives rise to a new transition
is the purity (sometimes called extremality) of the free boundary condition Gibbs

measure.

On a tree the open boundary state will still be extremal in a temperature interval
strictly below the ferromagnetic transition temperature. It ceases to be extremal at

even lower temperatures.

Ferromagnetic order on a tree is characterized by the fact that a plus-boundary
condition at the leaves of a finite tree of depth N persists to have influence to the ori-
gin when N tends to infinity. For the tree it now happens in a range of temperatures,
that even though an all plus-boundary condition will be felt at the origin, a typical
boundary condition chosen from the free boundary condition measure itself will not
be felt at the origin for a range of temperatures below the ferromagnetic transition.

The latter implies the extremality of the free boundary condition state.

In the following we write 8 = tanh § where (3 is the inverse temperature of the

13



Introduction to Part I

Ising (or Potts) model and denote by d the number of children on a regular rooted
tree. Then the ferromagnetic transition temperature is given by df = 1, and the tran-
sition temperature where the free boundary condition state ceases to be extremal is
given by d6? = 1.

A proof of the latter fact is contained in [5]. A beautiful alternate proof of the ex-
tremality for d6? < 1 for regular trees was given by Ioffe [6]. The method used therin
was elegant but very much dependent on the two-valuedness of the Ising spin vari-
able. This was exploited for the control of conditional probabilities in terms of pro-
jections to products of spins. Some care is necessesary to treat the marginal case
where equality holds in the condition. Indeed, one needs to control quadratic terms
in a recursion; this is difficult for a general tree where the degrees are not fixed. A
second paper [7] proves an analogue of the condition for general trees with arbitrary
degrees leaves this case open. Finally, for a general tree which does not possess any
symmetries, [14] give a sharp criterion for extremality in terms of capacities. It re-
mains an open problem to determine the extremal measures and the weights in the
extreme decomposition of the open boundary condition state for d6? > 1.

Let us remark that the problem of extremality of the open boundary condition
state is equivalent to the so-called Reconstruction Problem: an issue about noisy
information flow on trees.

Reconstruction is a topic where people coming from Probability, Statistical Me-
chanics, Biology and Computer Science can give contributions: recently it have been
of interest in spin glasses [15] and computational biology [13]. The Reconstruction
Problem can be stated as follow: we send a signal (a plus or a minus) from the ori-
gin to the boundary, making a prescribed error (that is related to the temperature of
the Ising model) at every edge of the tree. In this way one obtains a Markov chain
indexed by the tree. The reconstruction problem on a tree is called to be solvable, if
the measure, obtained on the boundary at distance N by sending an initial +, keeps
a finite variational distance to the measure obtained by sending a —, as n tends to
infinity.

Nonsolvability of reconstruction is equivalent to the extremality of the open bound-
ary condition state [12,[10]. This is to say that there can be no transport of informa-
tion along the tree between root and boundary, for typical signals. This equivalence
makes clear what purity transition is about.

14



Introduction to Part I

In the present part we aim at an explicit sufficient condition ensuring the ex-
tremality of the free b.c. state for the Potts model, generalizing the Ising condition
d0? < 1. We consider the free boundary condition Gibbs measure of the Potts model
on a random tree. We provide an explicit temperature interval below the ferromag-
netic transition temperature for which this measure is extremal, improving older

bounds of Mossel and Peres [11].

Consider an infinite random tree, without leaves, rooted at 0. Call d; the number
of children at each vertex i and let be @ their distribution. The same and indepen-
dent at each vertex. The symbol Q stands also for the mean.

In this situation our main result, formulated for arandom tree, is the following. Write
q

P={(pdi=1,..qPi =Z0Vi, ) pi=1} 1
i=1

for the simplex of Potts probability vectors.

Theorem 0.0.1 The free boundary condition Gibbs measure P is extremal, for Q-a.e.
tree T when the condition @(do)#e_mé(ﬁ, q) <1 is satisfied. Here,

9 ;—1)log(1+ (e*f — 1) p;
é(ﬁ,q)::supzlzl(qpl )log(1+(e*f —1)py)

7 . (2)
peP Y, (gpi—1Dloggp;

Let us comment briefly. It is known that on a regular tree of degree d, there is

2
reconstruction beyond the Kesten-Stigum bound (d( ) > 1) proven to be

20
sharp, for every degree d, only when g = 2 and for d sufficiently large and g = 3
[21]. Our bound for non-reconstruction improves the one which has been previ-
ously given in [11] and it holds for every number of offspring. We recover the bound
in [11] from our when we use the estimate ¢(f, q) < 0. This estimate we see indeed
numerically. Moreover, numerically ¢(8, q) seems to decrease monotonically in g at
fixed B.

In literature, there are other thresholds and important works: in particular those
of Sly [21] and Montanari-Mezard [15] along with the conjecture for deterministic
trees therein. The conjecture states that the Kesten-Stigum bound is sharp only
when g < 4. The paper by Sly partially proves this conjecture; he proves that the

Kesten-Stigum bound is sharp also when g = 3 with the degree d large enough and

15



Introduction to Part I

that it can not be sharp for g > 5. Thus, when d is small the problem of finding a rig-
orous sharp bound is still open for every g = 3. In this case (d small) our bounds
seem to the best rigorous thresholds as of today as pointed out also in [22]. We
don’t think they can be sharp, however, they differ only few percent form the Kesten-
Stigum bound when g < 4, and from the numerically determined thresholds of Mon-
tanari and Mezard for g > 5. We are going to describe these aspects in more details
in the conclusions.

This thesis, where we present two different proof of Theorem 0.0.1} is organized
as follows.

The first chapter is introductory to the the problem. We review the Ising Model
on a regular deterministic tree (i.e. the degree of a vertex is fixed) and its ferro-
magnetic phase transition; then we pass to define purity transition describing also
its equivalence to the solvability/non-solvability transition for the Reconstruction
Problem, for a +/— signal sent from the root to the boundary of the tree. This prob-
lem is equivalent to the extremality of the free boundary Gibbs measure for the Ising
model. Here we give also a proof for the threshold of purity transition in the Ising
model case; this is a simplification of that due to Peres and Pemantle[14].

In the second chapter we switch to the purity transition for the Potts model where
the possible signal sent from the origin can assume ¢q values (i.e. 1,2,..., g) instead
of only two (+ or —) as in the former case. We give the first proof of our main result
(i.e. Theorem [0.0.1) stated for Galton-Watson trees. A second alternative proof is
given in the third chapter. This second proof is more general and it can be applied
beyond the Potts model and, as an application, we treat the case of an asymmetric
binary channels. For strongly asymmetric channels the bound we derive, improves
the known threshold for this model [11]. When the asymmetry is small there exists a
tight bound [8] that, until the present, we are not able to recover with our method.

The last chapter is for comments and comparison with thresholds for purity tran-
sition obtained by others authors. We propose also some conjectures.

The results of this part of the thesis are in:

- M. Formentin, C. Kiilske, On the Purity of the free boundary condition Potts
measure on random trees, to be published in Stochastic Processes and their
Applications (2009), available at arXiv:0810.0677, (2008);
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Introduction to Part I

- M. Formentin, C. Kiilske, A symmetric entropy bound on the non-reconstruction
regime of Markov chains on Galton-Watson trees, preprint, available at arXiv:0903.2962,
(2009).
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Chapter 1

Ising model on trees: purity and

reconstruction

1.1 Introduction

This is an introductory chapter. We review the purity/non-purity phase transition
and its equivalence with the non-solvability/solvability transition in the Reconstruc-
tion Problem on regular trees [9,11]. We describe this equivalence to make intuitive
the meaning of purity transition: to say that the Free Gibbs Measure is pure is to say
that there is no transport of information along the tree, form the boundary to the
root.

In this chapter we deal mainly with the Ising model on regular trees for which we
prove a bound for the purity transition. The proof is a simplification of [14]. The

same method provides a proof of the ferromagnetic transition too.

1.2 Purity for the Ising model and reconstruction for bi-

nary channels

In the next, the situation is as follows: we have a tree T, where we have chosen a spe-
cial point, the root, that we denote by 0 (see Figure(1.1). Recall that a graph is a set
of the vertices called V, connected with edges, G, and that a tree is a graph without
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1.2. Purity for the Ising model and reconstruction for binary channels

Figure 1.1: A tree rooted at 0.

loop. Thus, on a tree there is a unique chain of edges y from one vertex v to another
vertex w. This induces a natural notion of distance as the number of edges in y. We
write w > v if w has a greater distance than v from the root. The set of vertices at
distance N from the root is the level N of the tree. We indicates with TV the sub-tree
with just N levels and with T the level N: i.e. the boundary of the sub-tree. More-
over, T,ﬂV is the sub-tree of TV rooted at v.

The Ising model is obtained by putting at every vertex v of TV a random variable
n(v) € {+1,—1} (also called spin), and assigning to every configurationn € {+1, — 1V

the probability:

pl=l ] epremw (1.1)

ﬁ V—=0,0>V

where Z is a normalization factor.

The product runs over all the vertices; v — w, w > v means all the couples (v,w)
where v is at distance one from w and w is a child of v meaning that it has a greater
distance to the origin. We can look at the parameter f as the strength of the inter-
actions between vertices at distance one. Coming the Ising model from Physics, f is
often interpreted as the inverse of the temperature.

In no boundary condition is specified, thus this is called the free Gibbs measure.

20



Chapter 1. Ising model on trees: purity and reconstruction

N,
p
+ means that we set to +1 all the spins in dT". More precisely, we are interested in

the limit:

When dealing with the ferromagnetic transition we are interested in P, where

I%iir;op’g'* (n(0) = +1). (1.2)

We want to know if |i is greater than % for a certain range of the parameter .
Or, in other words, if for some values of § the plus-boundary condition persists to
have influence at the root even when its distance from the root grows and N tends
to infinity. In this chapter we deal with regular tree of degree d. To us, the degree
of a vertex is the number of its children and a tree will be said to be regular if all the
vertices have the same degree.

For a regular tree where the degree d is the same for every vertex one has the follow-
ing:
Theorem 1.2.1 The inequality
1
. N,+ _ -
1\1rl—r»%opﬁ (n0) =+1) > > (1.3)
holds only if d@ > 1, where 8 = tanh 3.

For a proof see [1}[14] or later in this chapter.

So, ferromagnetic order on a tree is characterized by the fact that a plus-boundary
condition at the leaves of a finite tree of depth N persists to have influence to the ori-
gin when N tends to infinity. From an heuristics point of view we can say that, if §
is sufficiently large, there is a transport of information from the boundary of the tree
to the origin even when N goes to infinity. Actually, there is a way to make precise
this information theoretic interpretation of the Ising model: i.e. to show that non-
solvabilty of the reconstruction problem is equivalent to the extremality of the free
Gibbs measure.

The Reconstruction Problem on symmetric binary channels can be stated as fol-
lows. We send a signal from the root to the boundary, making a prescribed error at
every edge of the tree. In this way one obtains a Markov chain indexed by the tree.
That is, on the tree T we construct the following Markov process [11, [12]: to each
edge e we associate a random variable X (e) with

21



1.2. Purity for the Ising model and reconstruction for binary channels

P(X(e)=1)=e=1-P(X(e) =-1). (1.4)

All the variables X(e) are independent. The value of the spin n(v) at the vertex v will
be:

n(w) =n0) [ X(e), (1.5)

ecy

where v is the unique path going from the root 0 to the vertex v. While the initial
value of 7(0) is chosen at random uniformly.

Suppose you know the values of the spins at distance N from the origin of the tree.
What can you say about the spin at the root of the tree? Which is the probability
of guessing the original value of the spin at 0 knowing that the configuration at the
boundary dT" is ¢, when N goes to infinity? These questions define the Reconstruc-
tion Problem. More formally

Definition 1.2.2 The Reconstruction Problem is said to be solvable when

lim Y PM@ETN =¢n) = 1) -PM@TN = ¢n(0) = -1)| > 0. (1.6)

N=eo 2 een v
To us, the quantity of interest if]
AN(Te) =E(|PM () =110TN =& - PM(n0) = -110T" = &)]). (1.7)
Lemma 1.2.3 The Reconstruction Problem is solvable only if

Al]im An(T,e) > 0. (1.8)

Proof: Because of the symmetry of the model PM(n(0) = 1) = PM(n(0) = -1) = %
and moreover, the Bayes’ formula gives:

PMno0) =1|0TN =¢)

PMOTN =&n0) =1) = PM@oTN =¢). (1.9)
i PM(n(0) = 1) ¢
Substituting in the result follows. O

'Here M stands for Markov. This is the probability coming from the Markov process constructed
before. For N finite this is different from the Gibbs measure on the tree (see few lines below). In the
sequel we often drop the index M.
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Chapter 1. Ising model on trees: purity and reconstruction

An(T,€), intuitively, can be regarded as the difference between the probabilities
of a correct and incorrect reconstruction knowing the configuration at the boundary
of the tree. One wants to investigate if there exists a critical value €, such that:

lim An(T,e) =0ife=e¢,. (1.10)
N—oo

For € = €. the problem is non-solvable and solvable otherwise.

Now, it happens that if you choose
& exp(-26). (1.11)
l1-¢
on an infinite tree, the law of the Markov process defined before is the limit of the
Gibbs measure
Lo eprome, (1.12)

Z V—=w,0>V

P ) =

as the size of the tree grows to infinity. Then, limy_., An(T,€) = 0 means that

lim E|PR(0(0) = 107" =) ~PR (n(0) = ~110T" = &)| = 0. (1.13)

Equation is equivalent to the definition of purity for the limiting Gibbs
measure. In this way one states that non-solvability of reconstruction is equivalent
to the purity of the free Gibbs measure [10, [12], which is to say that there can be no
transport of information along the tree between root and boundary, for typical sig-

nals.

In the sequel we write Pg"r(-) for Pg(n(O) =.0TN = &) and IP];’S(-) when we are
considering the sub-tree of TV rooted at v. Some times we drop the dependence

from  and N when it is clear.

Remark: Notice that here Pg’f(-) is a random variable with respect to the free
Gibbs measure on the boundary condition 0TV = ¢.

Let us say here that (1.13) is equivalent to

1 . N!f ; _l —
]\lll_rgol]]’(f.‘l]mﬁ (1) > >€)—0, (1.14)
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1.3. Proof of Theorem|1.2.4

for i = +,—, and all € > 0. We will use often this characterization later. The proof of

the equivalence is immediate using that IIF’];’f(H — Pg”’r(—)l is always positive but in
N,§ _mNS, y_1

IPﬁ (+)—|Pﬁ (=) =35.

For a regular tree of degree d, it holds the following theorem [1, 5} 6, [14].

Theorem 1.2.4 The limiting Gibbs measure on a regular tree of degree d is pure, i.e.

lim E Py 00 =+) —Pg'f(n(m =9)|=0 (1.15)
ifd0? <1 and 0 = tanh(p).

The Theorem is true with equality too: that is the Kesten-Stigum bound is sharp
for g = 2. Here we give this version to have a proof with all the main ideas, but sim-
pler. A proof of the latter fact is contained in [5]. A beautiful alternative proof of
the extremality for d0? < 1 for regular trees was given by Ioffe [6]. The method used
there in was elegant, but very much dependent on the nature of the Ising model’s
spin variable: i.e. on the fact that it can assume only two values. The proof we give
could be generalized to the Potts model [17] to obtain the same bound of [11]. This
is a simplified version of [14].

1.3 Proof of Theorem|1.2.4

The method of the proof is by controlling the recursions from the outside to the in-
side of a tree of the log-likelihood ratios:

PN =+
xN:=1o0 (%) (1.16)
Py () =-)
We have to prove that:
lim E(x'h =0, (1.17)

because this condition is equivalent to (1.15). Following [14] we prove (1.17) with the
help of another quantity. We define:

) =fX£VdQ’,,V'+(€) (1.18)
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Chapter 1. Ising model on trees: purity and reconstruction

where Q)" is the shorthand for the probability for the boundary configuration ¢ of
TN knowing that n(v) = +1:

0 ) =Py (n:naTlgvzfln(v) = +1). (1.19)
In the same way one defines:

Q) =Py (n:naTlgvzfln(v) = —1). (1.20)

We need the following Lemmas [11]:

Lemma 1.3.1 For XY one has the iteration:

xV="Y g&xi), (1.21)

wV—w

with

cosh (%) +6sinh(5)
g(x) =log - (1.22)

cosh (%) —0sinh(5)

Proof: To derive write:
Ptm)=2" I  exp(ninw) (1.23)
vV—w,0>U
OTN =¢

for the probability of the state n,, with boundary condition fixed equal to ¢ and 1,
is the restriction of i to the sub-tree T¥. Writing d,, for te degree of the vertex v, we
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1.3. Proof of Theorem|1.2.4

PV =+)=2" Y expnw) [] exp(fnynw)

ny:n(v)=+ w—y,y>w

=z, > (eXp(ﬁn(wl)) I exp(ﬁn(y)n(wl)))x,,,

ny:nw)=+ W= )Y>0;

X (exp(ﬂn(wdu)) I1 exp (ﬁn(y)n(wdy)))

Wgq,—)y>wq,

=7z,' ) (eXp(ﬂn(wl)) I exp(ﬁn(y)n(wl)))x,,,

w1—),Yy>w1

X (exp(ﬂn(wdu)) I1 exp (ﬁn(y)ﬂ(wdu)))

W4q,—)y>wq,

d,
=251H(ZeXp(ﬁn(wi)) [T exp(Bnnwy)

i=1\Na, w;i=),y>0;

dy
=Z,'T1 (Z exp(B1(@)) Zu,; exp (Bn(@)) Py (1w;)

i=1 Nw;

dy
- Z'] z( Y ZuexpBHPY* (1)

i=1j=+,~ \No; Mwi)=]j

dy
=7, T Zoy Y. exp(BjPy"* (nwi=j). (1.24)

i=1 j=+-
In the same way:
N dy N,&
PNV () ==)=Z, [[ Zw Y exp(—BHBNS (nwp=j).  (1.25)
i=1 j=+-
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Chapter 1. Ising model on trees: purity and reconstruction

Take the ratio

Y =+) & T _exp(BPy* (nw)) = j)

‘) =-) imi Ly - exp(- Py (nwi) = )

P
|]],N

XN xN

T |
X0,

2

-1 )
exp(—pf)exp (X0') +exp(f) =1 exp(— ﬁ)exp(XN)+exp(ﬁ)eXP(— i)

(1.26)

-1

and remember that exp(x) = cosh(x) + sinh(x) and exp(—x) = cosh(x) — sinh(x) to

write:

4) cosh( )(eﬁ+e ﬁ)+smh(

e - )
er—e)

Py (n(v) =
Plzy'f (T[(U) = _) cosh(

(1.27)

o2 vl
N| g><2 N| g;

)(eﬁ+e ﬁ)—smh(

Notice that < eﬁ g ﬁ = tanh(f) and take the log in both sides of (1.27) to get the conclu-
sion. O

Lemma 1.3.2 The projection of Qf,v " (&) onto the boundary condition of TY is

1+0 M++1—6 N—

—Q, —Qy (1.28)
Proof: To prove the lemma we have to show that

Ny 140 o, 1-0 5.

v = H 2 w T 2 Q|- (1.29)

i=1
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1.3. Proof of Theorem|1.2.4

PY (TN =& nw) =+)
Py (n(v) =+)

PNOTN =&lnw) = +) =

ZMI Zuy X jer - exp(BHPY (OTY = & niw)) = +)
Zo Y, Zay X jes, - exp(BHPY (n(wi) = +)

ld_[ exp(BPN (TN =&, n(w;) = +) N exp(-B)PY (0TY =&, n(w;) = -)
i=1\ (exp(=B) +exp(+B))PY (n(wi) =+)  (exp(—=P) +exp(B)) Py (n(wi) = -)
dy (146 N, 1-0 .
H — Q5 ) (1.30)
where 0 = tanh(f). O
Lemma 1.3.3 For every function f odd,
ff N+ () = ff (1xN) tanh(l |)dPﬁ @TN¢). (1.31)
Moreover, for the symmetry of the model with respect to the change of +1 with —1, one
has :
[ rxyact@=- [ £oe)ad-®. (132
Proof: To prove (1.32) notice that
Q)+ + Q) =B (o1 =4 1.39)
and because of symmetry
ff(XiV(f))P]yV (0T, =¢) =0. (1.34)

For (1.31) we have to compute the Radon-Nykodin derivative

dQ) " Py =¢nw)=+)
dPY (0TY =¢) PY(nw)=+)PY (TN =¢)

Py =+) Py (n() = +) . 10 Iy

PY(nw=+)  “PY(nw)=+)+PY¢ (ny=-) 1+exp(X)
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Chapter 1. Ising model on trees: purity and reconstruction

Moreover,

exp(x) exp(x/2)
l1+exp(x) exp(—x/2)+exp(x/2)

1 sinh(x/2) + cosh(x/2)

1 (1 +tanh(x/2)) (1.36)

T2 cosh(x/2)
and we conclude: N N
' X
49y ") __ 1+tanh(—”). (1.37)
aPy (7Y =¢) 2
Thus
XN
ff (X)) dQl* &) = ff xN@) tanh( ) ary(ar) =¢). (1.38)
The integrand is even and we can take the absolute value of X2 (¢). a

Notice that for Lemma to prove (1.17) one could prove that

: N, Ny _
Jim Q (X)) =0 (1.39)

as we do in following, using the Banach-Cacciopoli’s fixed point lemma. We use first

Lemma and Lemma to compute:

o= © o)

w.V—w
1+0 1-0 n_
- 3 [BRe s o)

=0 Y QN*gxlh. (1.40)

wr—w

Suppose you are on a regular tree of degree d. In this case, because of the symmetry,

we can say that Qa]Y " g, (X)) are all equal even if rooted on different w. So
NrxNy=doQh*g(xN). (1.41)
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1.4. Proof of Theorem|1.2.1

Now we take the Taylor expansion of g(x). The function g(x) is odd and concave for
x > 0 thus, this for the Lemma implies

Nt (g(xN)) < QN OXD) (1.42)

and so
N+ (xNy < ae*Ql+(xh). (1.43)

Thus, if d6? < 1 the Banach-Cacciopoli’s fixed point lemma can be applied and
the iteration of (1.43) goes to zero when N — 0. This concludes the proof.

1.4 Proofof Theorem/|1.2.1

At this point, the proof of the theorem is quite simple. Consider

Py (n0) = +))

(1.44)
Py (00 =-)

XN+ ::log(

We have to show that X(])V " goes to zero only if dO < 1.

The boundary condition is fixed, thus is no more a random variable and to
control iteration of numbers is much more simpler.

Lemmal(l.3.1]holds also in this case,

XY= Y g(x)) (1.45)

wWV—w

and the addendums of the sum on the right hand side are all equal due to symmetry
of the tree. We have:

XNt =ag(x)). (1.46)

The function g is concave with g(0) = 0 and the supremum of the first derivative
is g’'(0) = 0. This implies that (38:35) has a unique fixed point only when d6 < 1.
Moreover when df < 1, (3.35) is a contraction (see fig. and|[1.3). This proves the

theorem.
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Chapter 1. Ising model on trees: purity and reconstruction

P 4

Figure 1.2: For d0 < 1 there is a unique attractive stable point.

Figure 1.3: There are three fixed points when d6 > 1.
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Chapter 2

Purity transition on Galton-Watson trees (I):
the Potts model

2.1 Introduction

In this chapter we give the first version of the proof of Theorem We consider
the free boundary condition Gibbs measure of the Potts model on a random tree.
We provide an explicit temperature interval below the ferromagnetic transition tem-
perature for which this measure is extremal, improving older bounds of Mossel and
Peres. In information theoretic language extremality of the Gibbs measure corre-
sponds to non-reconstructability for symmetric g-ary channels. We assume this
point of view in the next chapter. The bounds for the corresponding threshold value
of the inverse temperature are optimal for the Ising model and appear to be close to
the Kesten-Stigum bounds on d-ary trees up to a factor of 0.0150 in the case g = 3
and 0.0365 for g = 4, independently of d. See the discussion in the last chapter for
details.

Our proof uses an iteration of random boundary entropies from the outside of
the tree to the inside, along with a symmetrization argument.
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2.2. The Potts model on trees

2.2 The Potts model on trees

We denote by TV a finite tree rooted at 0 of depth N. Then the free b.c. Potts mea-
sure on TV is the probability distribution PV that assigns to a configuration 1~ =
M) ,ern €11,2,..., q}TN the probability weights

umﬁN - % Ul:[w e2P8 ) | 2.1)
Here §. ) is the Kronecker’s delta. The sum is over all edges (v, w) of the tree T and
Z is the partition function that makes the r.h.s. a probability measure.

The free b.c. Potts measure on an infinite tree T is by definition the weak limit
P = limyje Py when TV is an exhaustion of T. P is identical to what is called the
symmetric chain on q-symbols in the context of the reconstruction problems in [12].
This chain has one parameter, namely the probability to change the symbol that is

transmitted to any of the g — 1 others, which is given by ﬁqr Actually,the ex-
tremality for this model

(i.e. limN_,oo[ElﬂDﬁ,(n(O) =1i)- IPfi,(n(O) =j)|=0Vij=1,...,q) is equivalent to the
solvability of the Reconstruction Problem with a g-ary symmetric channel where,

the probability of changing the signal passing from v to w is

Mnw =inw =i)=1-(g-1)1, 2.2)
Mmnw) =inw)=j =1 2.3)

N
with [ = per Ty

2.3 Acriterion for extremality on random trees

Consider a random tree T with vertices i and number of children at the site i given
by d;. We choose d; to be independent random variables with the same distribution
Q. We use the symbol @ also to describe the expected value. As is well known these
appear as local approximations of random graphs which has newly emphasized their
interest [16]. Our results however are already interesting in the case of regular trees
where every vertex i has precisely d children.
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Chapter 2. Purity transition on Galton-Watson trees (I): the Potts model

Our main result, formulated for a random tree, is the following. Write

q
P={(p)i=1,..qPi =0Vi, ) pi=1}
i=1

for the simplex of Potts probability vectors.

Theorem 2.3.1 The free boundary condition Gibbs measure P is extremal, for Q-a.e.
tree T when the condition @(do)#e_zwé(ﬁ, q) <1 is satisfied. Here,

i Z?zl(qp,- —1)log(1 + (e?f - 1)p;)
c(B,q) :=sup

- , 2.4)
peP Y.._,(gpi-Dlogqgpi

Remark: It appears that the supremum over P is achieved at the symmetric point
%(1, 1,...,1) onlyin the Ising model g = 2. This implies the sharpness of the bound

in the Ising case, see also the discussion at the end of the thesis.

Recall that Mossel and Peres proved for d-ary trees the bound

Theorem 2.3.2 Consider a tree T with degree d. For

262

da—— <1, 2.5
7—(q-20 (2:5)

with 6 = tanh B, the free boundary condition Gibbs measure is extremal.
The same type of result holds for random trees:

Theorem 2.3.3 For Q(dy) #fz)e < 1, the free boundary condition Gibbs measure Pt

is extremal, for Q-a.e. tree T.

We recover it from our bounds when we use the estimate ¢(f, q) < 6. This estimate
we see indeed numerically. Moreover, numerically ¢(8, g) seems to decrease mono-
tonically in g at fixed B.

Note also the bounds of Martinelli et al. [20] (see Theorem 9.3., Theorem 9.3.
Theorem 9.3”) who give a nice criterion for non-reconstruction involving a Dobrushin
constant of the corresponding Markov specification which however give worse esti-
mates in the Potts model.
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2.3. A criterion for extremality on random trees

Let us put this result in perspective. For the purpose of the discussion we spe-
cialize to the case of the regular tree with d children. Denote by PV'* the measures
on TV obtained by putting the boundary condition k to all Potts-spins at the outer
boundary, and denote by P¥ the corresponding limiting measures on T.

Absence of ferromagnetic order (uniqueness of the Gibbs measure) can be de-
tected by the fact that the distribution of the spin 7 at the origin under the infinite
volume measure P* is the equidistribution, independently of the boundary condi-
tion k. This condition is easy to obtain by considering a simple one-dimensional
recursion of numbers (instead of measures). For more details see Section[3.13] Ab-
sence of ferromagnetic order in particular implies purity of the free b.c. state. In the
language of the reconstruction problem this means non-solvability and as such the
condition is mentioned as Proposition 4 in [12].

Let us compare with opposite results: It is known as the so-called Kesten-Stigum
bound [3] that dA,(6, q)2 > 1 implies reconstructability (i.e. non-extremality of the
free boundary condition measure). Here 1,(8, q) is the second eigenvalue of the
transition matrix that produces the free b.c. Potts model by broadcasting from the
origin to the boundary; it is decreasing in g at fixed 0, and increasing in 0 at fixed
q. This is intuitively clear: the bigger the number of states g and the smaller the in-
verse temperature, the easier it is to forget about the information put at the bound-
ary. Moreover it is proved as Theorem 2 in [12] that when one fixes d and a value of
dA,(0,q) = A > 1, for g large enough the reconstruction problem is solvable for the
corresponding value of 6.

Now, our method of proof is based on controlling recursions for the probability
distributions at roots of subtrees from the outside to the inside of a tree. These are
recursions on log-likelihood ratios of Potts probability vectors for the root of sub-
trees, and these ratios are random w.r.t. the boundary condition (which is chosen
according to the free b.c. condition measure).

Understanding recursions for probability distributions (needed to investigate the
purity of the free b.c. state) is much less straightforward than controlling recursions
for real numbers (needed for investigating the existence of ferromagnetic order). We
prove convergence to a Dirac-distribution by controlling the boundary relative en-
tropy, generalizing from the approach of [14] for the Ising model. Novelties appear
for the Potts model, a key point being proper symmetrization to bring out the con-
stant (4.4), beginning with Lemma|2.4.2
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Chapter 2. Purity transition on Galton-Watson trees (I): the Potts model

2.4 Proof of Theorem|2.3.1

To show the triviality of a measure y on the tail sigma-algebra it suffices to show that,

for any fixed cylinder event A we have
lim p |(AlTw) — p(A)| =0, (2.6)

where T is the sigma-algebra created by the spins that have at least distance N to
the origin (see [4] Proposition 7.9).

We denote by TV the tree rooted at 0 of depth N. The notation T indicates
the sub-tree of TV rooted at v obtained from “looking to the outside" on the tree
TVN. We denote by IPJIY"( the correponding Potts-Gibbs measure on T2 with boundary
condition on aTY given by ¢ = (&) iear- We denote by P) the correponding Potts-
Gibbs measure on T2 with free boundary conditions, as in (6.33).

We are going to show that the distribution of the probabilities to see a value s at
the origin, obtained by putting a boundary condition ¢ at distance N that is chosen
according to the free measure P itself, converges to the equidistribution in probabil-
ity. This reads

]1\;&10[@(5: ‘IPN"f(n(O) :s)—é‘ ze) ~0. 2.7)

This then implies (2.6).

Sometimes we write

7l = (P @) = ) 2.8)

s=1,..,q

To achieve (3.48) it is more convenient to look at the probability distribution for
the spin at the root v obtained with the boundary condition ¢ in terms of the “log-
likelihood ratios" defined by

PN ) = j)

X (v;6) :=log—— ,
g PN () = k)

(2.9)

where 1 < j # k < g. Ultimately we are interested to show the convergence of these
quantities at v = 0 to zero, for all pairs j, k, in P-probability, as the depth N of the
tree tends to infinity.
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2.4. Proof of Theorem|2.3.1,

We denote the measure at the boundary at distance N from the root on the tree
emerging from v, which is obtained by conditioning the spin in the site v to take the
value to be j, by

Q@)= Py 0y = EIn() = j). (2.10)

Definition 2.4.1 Denote the relative entropy of the boundary measures between the
states obtained by conditioning the spin at v to be 1 respectively 2, by

QY#(&)
N,1 -

i = @10 = [ @i (detog 5 211

v

Here and in the sequel denote by w the children of v, indicated by the symbol

vV— Ww.

Lemma 2.4.2 The boundary relative entropy can be written as an expected value w.r.t.

the open boundary condition Gibbs measureP in the form

N2 ANy - L . Ng —
S@*1Q) = - [ Pde) Lo (aP i =), 2.12)

i=1

with p(x) = (x—1)logx.
Proof: In the first step we express the relative entropy as an expected value
SQYIQY = q [ PegEY mw =2.P) e =1), 213
with
g(p2,p1) = pzlog%. (2.14)
1

To see this, we use that
aQ,”
dpy

©) = gPY* ) = 2), (2.15)

by the definition of the conditional probability and the fact that the marginal of P at
any site is the equidistribution.
In the next step we use the invariance of P under permutation of the Potts-indices

to write
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Chapter 2. Purity transition on Galton-Watson trees (I): the Potts model

S@Y*1Q) = g [ manrRe) (PN ) = 1.8Y () =2),... BV () = ),
(2.16)

where R is the symmetrization operator acting on functions f(py,..., p4) of Potts-

probability vectors by

1
(RAOPpL P, pg) = 7 > f(Pry, Pr@y-- Pr@y)s (2.17)
/4

where 7 runs over the permutations of {1,..., g}.
One verifies that

(RQ)(P1,P1,--»Pg) = Z(qp, -1logqgpi, (2.18)

q(q—1) i

which proves the lemma. O

2.4.1 Recursions for the boundary entropy for subtrees

Proposition 2.4.3 The boundary relative entropy m(N ) at the site v obeys the follow-
ing linear recursive inequalities in terms of the values at the children w, given by

26
mMN<———¢@8,q m. 2.19
! q—@(q—Z) IB T w:vz—wu v ( )

Remark: Noting that 8}(, ki‘z = X, J (v;¢) we may write

mM = f QN2(d&) X2 (1; 6). (2.20)

Remark: Suppose that we are considering a spherically symmetric tree. This
means that the number of offspring depends only on the generation, e.g. d, = dj
where |v| is the distance of v to the origin (that is the length of the unique path from

the origin to v). Then m!™ = ml(]\ll ) and so

20 _
m;CN) =< mC(ﬁ, q)dkmg)l (2.21)

So limpyeo m =0 is implied byZ log(cdk) =—ocowithc= = G(q ) c(B, q).
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2.4. Proof of Theorem|2.3.1,

Proof of Theorem 1.1 Taking expectation w.r.t. the random graph we note that

[Em(N) [Em(N) Now, using Wald’s inequality we have
20
Em™ < ———— (B, 9)Edo E(m™)). 2.22
my. q_mq_mcwtﬂ oE(m; 1) (2.22)

) (N)

From this follows thatlim o [Em(()N 0 using the uniform boundedness in N, Em ", <
CE(dp). This can be seen from Lemma2.4.4]a few lines below. O

To prove Proposition2.4.3|at first a recursion for the log-likelihood ratios X ]i(v; é)
has to be derived, for fixed finite tree of depth NV from the outside to the inside. This
iteration is standard, but we include its derivation for the convenience of the reader.

The proof is quite similar to that for the Ising model. In the following we omit the
dependence on the fixed boundary condition ¢ in the notation.
Lemma 2.4.4 Forallindices1 < j, k < q we have

Yizk,j exp[X’ (w)]+1+exp(2P) expl X](w)]

Xlw= Y log (2.23)
wimw Y explXi(w)] +exp(2p) +expl X] (w)] |

Proof: Note that the Potts-measure [P’,, “ s proportional to the weight

wm= [[ expl2Byunml, (2.24)

X—= X2V
where the product is taken over the neighboring vertices coming after v looking from
the root of the tree. The normalization factor will be Z;!.
We want to rewrite X Ii (v) as a function of X ,ﬁ(w) where w are the children of v. The

key observation is that

Wm) = [] Wow expl2B8nw) g, (2.25)

w.v—w

where we have written 7, for the restriction of 77 to the sub-tree T2'. Now,

PY mw =)=2" T[] Y Ww expl2B6 ;]

w:v—wny

T ZWZZ expl266;il Y. W0w)

w:v—w i=1 Nwn(w)=1i

gl ZwZeXp[Zﬁc% PN (n(w) = 1), (2.26)

wv—w
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The same computation can be done for [P’],,V"E (n(v) = k) to obtain:

q
PY =k =20 T] Zuw)Y. expl2B6i PN (n(w) = i). (2.27)
i=1

wv—-w

Now consider the ratio and then divide everything by P%’f(n(w) =k):

P mw)=j) o T epl2ps Pyt mw) = i)
PIIY’E("](U) = k) w:v—w Z?:lexp[zﬁak,i]P]LX’E(ﬂ(W) — i)

P (n(w)=i) PYS ((w)=J)
g MWED 4 exp(28) 2w =)
wosw y B0 oo gy Byimeo=p T
#kJ pNE o w)=k) PN ((w)=k)
which proves the result. U

2.4.2 Controlling the recursion relation for the boundary entropy

Lemma 2.4.5
x/w) = )y [u(nﬂ,,v’f(n(v) - j)) - u(nﬂ;”f(n(u) = i))], (2.29)

where
u(p1) =log(1 + p1(e?f - 1)). (2.30)

Proof: Remember the recursion given in Lemma Now re-express the X’s
by the p-variables and use the fact that they form a probability vector. a

Using this we may derive the following equality on the iteration of the boundary
entropy.

Lemma 2.4.6

N2x2() = — 20 ) Q(’,,V'Z[u(ﬂﬂ’g'i(n(w):2))—u(PiY"f(n(w):1))]. 2.31)

q- (q —2)0 w:v—w

Proof: As the second piece of information next to Lemma|2.4.5|which is needed

to understand the iteration for the boundary relative entropy m{¥) we must see how
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2.4. Proof of Theorem|2.3.1,

the boundary measure Qf,v'j (d¢), obtained by conditioning at v, relates to the bound-

ary measures obtained by conditioning at the children, denoted by w.
For the Potts model we have

Nj _ exp(2f) N.j
Y ,,Hw (g-1D+exppP) =  (q- 1)+exp(2/3)l§}Q
1+9 N] Nl
oy . (232
yl:[a, q-(q-2)0 a-(q —2)9,¢sz (2.32)
Let us make this computation explicit.
. _ P(n:nmw:f,n(v):j)
Q@)= (nrmaTUN=€In(v)=J)= N
[FDU
_ Zv_l [o:v—o Zw Z?Zlexp(2,351',j)|]])12/]'é (77(0)) = i)
Z;l Ho:v—w Zow Z?zl exp(2ﬁ5i,j)Pa]Y (ﬂ(w) = i)
T Z?Zlexp(Zﬁéi,j)PéY’f(n(w):i)
wiv=0 (@ —DPY (n(@) = i) +exp2P)PL (n(w) = i)
9. exp(20ij) n( .
=LY e (n:mpry = @) =1
exp(2f) N,j 1 N,i
) Nig |, (233
“ AL |G nree@m @ O G epep % @) @9
Thus, from (3.43), to control the iteration we must look at the terms
1+6 N2 1-6 N1 N,i
— Q)+t ————— '+
[q—(q—zw ¢ q-(qg-20"" (q 2)9,>23Q (2.34)

[u(ﬂviﬁ”f(n(w) - 2)) - u(u»g'f(n(w) - 1))].

We first note that, by symmetry under the measure fo ' for i = 3,. ..,q, the corre-
sponding terms in the sum vanish. Now we use the permutation symmetry of the
Potts indices to see the proof. O
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Chapter 2. Purity transition on Galton-Watson trees (I): the Potts model

Next we use the following representation.

Lemma 2.4.7

NS HOE Y | P@an(Elmw =2,P m@ =1), @35

(q q-(q-20 v
with
h(p2, p1) = gp2(u(p2) — u(py)). (2.36)

Proof: This follows as in the Proof of Lemma by plugging in the Radon-
Nikodym derivative of Q{X’z w.r.t. the open b.c. measure.
O

With these preparations we can now finish the proof of the main proposition.

Proof of Proposition Recalling the definition of the symmetrization oper-
ator (2.17) we obtain

N2 y2 N,g — Ny§ —
QX (w) = (q Z)HW,;W PE) (RI)(Pl* (w) = 1),... L (1(w) = @),
(2.37)
where
1 4
(RR)(P1,-.., pg) = P Y (gpi—Du(py). (2.38)
i=1

From here follows that

QN2 x2() = ( —2)9 Z P(df)H(Pa]Y’f(n(w) =1),....PY* ((w) = q)), (2.39)
where
1 q
Hp1,...,pg) =——= Y _(gpi—Di(p)), (2.40)
q-1i3
with 26
a(p) = 1OgM (2.41)

1,286 1"
1+q(e 1)
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2.5. The ferromagnetic ordering

From (2.39) we have the linear recursion relation

m" () = Q)* X} (v)

<———Bq) P(d&)Rg(Py* (w) =1),...,Py* () = q)
e NP O L GO Gl v m@ =)
260 N
s——¢(B,q) m” (w) (2.42)
q_(q_z)e '6 T w:vz—:>w
and from here the result of the proposition follows. O

2.5 The ferromagnetic ordering

Let us discuss the threshold value for the ferromagnetic ordering (where the infinite
volume states with uniform boundary conditions cease to be different).

Observe that for a boundary condition ¢ that is all g we have that X ,ﬂ (v) =0forall
1<1i,j < q-1, and further that Xl.q(v) = qu(v) foralli=1,...,g—1. So the iteration
runs on the one-dimensional quantity qu (v) and reads

q-1+exp(2p) exp[qu(w)]

X/wy= Y log

w:v—w q-2+exp(2p)+ eXp[X{](w)] (2.43)
= Y wX(w).

For a regular tree with d children we have

X (k) = dy(X] (k+1)). (2.44)

We have to distinguish now the cases of g = 2 and g = 3. For q = 2 we see by
computation of the second derivative that the function v is concave. This means
that the critical value  for which a positive solution X ceases to exist is given by
1=dy’(0).

The derivative at X = 0 (which we state now for general g) reads

e?P —1 20

= . 2.45
e?P+g-1 q-(q-2)0 ( )

0
&W(X”X:o:
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Hence, the critical value in the Ising case is given by dtanh 8 = 1, for a regular tree
where every vertex has d children.

We note that this quantity equals A,, the second eigenvalue of the transition ma-
trix associated to the model.

Let us now turn to the Potts model with g = 3. A computation shows that ¢" (0) >
0 for >0 and g = 3, and hence the function v is not concave. This reflects the fact
that the transition at the critical point where a positive solution ceases is a first order
transition, where the nonzero solution is bounded away from zero.

For a regular tree with d children we can derive the transition value f(q,d) as

follows: We must have 1 = dy’'(X*), meaning that the function ¥ touches the line

X with the same slope. This equation translates into é = q_‘ff — = q—zf — in the

variables a = 2P, x = exp[X*]. The fixed point equation itself reads xé = % .
From these two equations the critical values can be derived numerically for any
d, g. We note moreover that, for the special case of a binary tree d = 2, the fixed point
equation is cubic in the variable y := x2. The fixed point equation is equivalent to
y(G-2+a+y*) - ((g—-1)+ay?) =0. We already know one root, itis y = 1, so we
can produce a quadratic equation by polynomial division. Writing y = 1 + u we get
the solutions u = %(—3+a—\/5—2a+ a’—4q)and u = %(—3+a+ V5 —-2a+ a®—4q).
The solution ceases to exist when the argument of the squareroot becomes negative
which results in a critical value a =1+2,/g—1, or f(d = 2,q) = %log(l +2,/q-1).
We note the numerical values (d =2,q =3) =0.671227, f(d = 2,q =4) = 0.748034.

The same type of reasoning can be used for d = 3 where the fixed point equation

. . o 1 :
requires the solution of a fourth order equation in z = x3, which can be reduced to a
third order equation dividing out the root z = 1.
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Chapter 3

Purity transition on Galton-Watson trees (II):

entropy is Lyapunov

3.1 Introduction

In this chapter we give an alternative proof for the purity threshold for the Potts
model. Actually, here, the set up is more general, the proof turn out to be simpler
and the result of the previous chapter is obtained as a special case. The method pre-
sented here permits to treat asymmetric channels too, with very good bounds for
strongly asymmetric chains.

We look to the problem from the point of view of Markov chains indexed by the tree.
We give a criterion of the form Q(dp)c(M) < 1 for the non-reconstructability of tree-
indexed g-state Markov chains obtained by broadcasting a signal from the root with
a given transition matrix M. Here c(M) is an explicit constant defined in terms of
a g — 1-dimensional variational problem over symmetric entropies, and Q(d) is the

expected number of offspring on the Galton-Watson tree.

Our theorem holds for possibly non-reversible M and its proof is based on a gen-
eral “Recursion Formula” for expectations of a symmetrized relative entropy func-
tion, which invites their use as a Lyapunov function. In the case of the Potts model,
the present theorem reproduces earlier results, with a simplified proof.
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3.2. Purity transition for g-state Markov chain on trees

3.2 Purity transition for g-state Markov chain on trees

As usual, we consider an infinite rooted tree T having no leaves. For v,w € T we write
v — o, if w is the child of v, and we denote by | v| the distance of a vertex v to the root.
We write TV for the subtree of all vertices with distance < N to the root.

To each vertex v there is associated a (spin-) variable n(v) taking values in a finite
space which, without loss of generality, will be denoted by {1,2,...,q}. Our model
will be defined in terms of the stochastic matrix with non-zero entries

M= (M(V,w))lsv,wsq- 3.1

By the Perron-Frobenius theorem there is a unique single-site measure a = (a(j)) j=1,...,
which is invariant under the application of the transition matrix M, meaning that
YT aM, j) = a()).

The object our study is the corresponding tree-indexed Markov chain in equilib-
rium. This is the probability distribution P on {1,..., q}T whose restrictions Py~ to

the state spaces of finite trees {1, ..., q}TN are given by

Prvmry) = a((0)) ]_w[ M(n),n(w)). (3.2)
The notion equilibrium refers to the fact that all single-site marginals are given by
the invariant measure a.

Now, our present aim is to provide a general criterion, depending on the model
only in a local (finite-dimensional) way, which implies the extremality of P, and
which works also in regimes of non-uniqueness.

To formulate our result we need the following notation.

We write for the simplex of length-g probability vectors

q
P={(p)i=1,..q p() 20 Vi, Y pli) =1} 3.3)
i=1
and we denote the relative entropy between probability vectors p, @ € P by S(p|a) =
Zl.qzl p(i) log%. We introduce the symmetrized entropy between p and a and write
dp
L(p) = S(pla) + S(alp) = (p—a)log%. (3.4)

While the symmetrized entropy is not a metric (since the triangle inequality fails) it

serves us as a “distance” to the invariant measure a.
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Chapter 3. Purity transition on Galton-Watson trees (II): entropy is Lyapunov

Let us define the constant, depending solely on the transition matrix M, in terms

of the following supremum over probability vectors

c(M) =sup L(p—Mrev) (3.5)
pepP L(P) ’ )

where M™V (i, j) = % is the transition matrix of the reversed chain. Note that
numerator and denominator vanish when we take for p the invariant distribution
a. Consider a Galton-Watson tree with i.i.d. offspring distribution concentrated on
{1,2,...} and denote the corresponding expected number of offspring by Q(dp).

Here is our main result.

Theorem 3.2.1 IfQ(dy)c(M) < 1 then the tree-indexed Markov chainP on the Galton-
Watson tree T is extremal for Q-almost every tree T. Equivalently, in information
theoretic language, there is no reconstruction.

Remark : The computation of the constant c(M) for a given transition matrix M
is a simple numerical task. Note that fast mixing of the Markov chain corresponds to
small c(M). See the next chapter for numerical estimates of ¢(M) in the Potts model

case.

3.3 Applications: two special models

Here we give two applications of the general Theorem[3.2.1} computing the constant
c¢(M) for two special models; namely the Potts model and asymmetric binary chan-
nels. For the Potts case we recover the threshold of the previous chapter, while for
asymmetric binary channels we see that the entropy method permits to improve the

bound appearing in [11].

3.3.1 Potts model

The Potts model with g states at inverse temperature f is defined by the transition

matrix
e 11 1
My = 1 1 e 1 1 3.6
ePrg-111 1 €& 1
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3.3. Applications: two special models

This Markov chain is reversible for the equidistribution. In the case g = 2, the Ising
model, one computes c¢(Mg) = (tanh B)? which yields the correct reconstruction thresh-
old.

Theorem is a generalization of the main result given in our paper [18] for
the specific case of the Potts model. To see this connection we rewrite

e?f -1
Mg) = ——¢(B, 3.7
Mp) = 5 1B 3.7)

and note that the main theorem of the previous chapter was formulated in terms of
the quantity
Yi (@pi-Dlogl+ (e - 1)p; )

c(B,q) =sup (3.8)
peP Y7 (gpi-1logqp;

In fact, since for the Potts model

M™V(i, j) = Mp(j, 1) = Mg(i, j) (3.9
and ( y )
eP-1)pi)+1
M™V(i) = 3.10
pM (1) Prq—1 (3.10)
we have

q
L(p MreV):Z( MreV(i)—a(i))logqure"(i)
i=1

@ -Dpi)+1 1) @ -Dpi)+1

q
= -
l;( e?P+q-1 q 084 e2P+q-1

eb_1 4
Z(p(l)—g)log(l+(e ~Dp@@). 3B.11)

e215+q 1

Now, dividing by the entropy L(p) we recover the constant ¢(8, q).

3.3.2 Asymmetric binary channels

Consider the following transition matrix for a Markov chain on a tree:
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Chapter 3. Purity transition on Galton-Watson trees (II): entropy is Lyapunov

1-6; &
M= VTN with dy, 82 € (0,1). (3.12)
1-6, 6>
The chain is not symmetric when 1 - 6; # .
We write
Al =gl = (PN’E(n(v) = S))s:l . (3.13)

Call (a(+), a(-)) the invariant distribution then to prove non reconstruction one has
to show that:

1 . Nrf — —
]l\}gloﬂj’(cf. ‘n (s) a(s)‘ > 6) 0, (3.14)
for s = +, —, for all € > 0. This is the same of
lim E (‘a(+)nN’f(—) — a9V () D 0, (3.15)

that is equivalent to non solvability. Infact

Lemma 3.3.1
lim - Y |POTN =¢mm0) =1)-POTN =¢n0)=-1)| =0 (3.16)
N—oo fenaTN
if and only if
lim E (‘a(+)nN"((—) —a@) N+ D - 0. (3.17)

Proof: Notice that
N, )

POTN =¢n0) =) = — 2P edT™), (3.18)

and substitute in the formula for the total variation distance to obtain:

1
5> Y [POTY =m0 = 1) -POTY = () = -1

EEnBTN

1

_ m[E()aH)nN’E(—) - a(—)nN’E(+)D. 3.19)

|

Let us focus on regular trees. Mossel and Peres in [11] prove the following:
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3.3. Applications: two special models

Theorem 3.3.2 On a regular tree of degree d the Reconstruction Problem defined by
the matrix M (6.33) is unsolvable when

(62— 61)? -
min{61 +52,2—61 —52} B

1. (3.20)

It is known that there is reconstruction when d(5, — §;)% > 1, that, being 1, =
02 — 01 is the Kesten-Stigum bound . When §; + d» = 1, the matrix M is symmetric
and the Kesten-Stigum bound is sharp. Recently, Borgs, Chayes, Mossel and Roch in
(8], have shown with an elegant proof that the Kesten-Stigum threshold is tight for
roughly symmetric binary channels; i.e. when |1 — (6, +62)| < 9, for some 6 small.
Even if the threshold we give is very near to Kesten-Stigum bound when the chain
has a small asymmetry, by now, we are not able to recover this sharp estimate with
our method. However, the entropy method of Theorem [3.2.1/improve for the
values of 6, and 6, giving a strongly asymmetric chain.

A computation gives:

a)=—1%2 -0 (3.21)
1-(62-61) 1-(62-61) '
and
1—52 12 51 )
L = - |1 _— , 3.22
¥) (p 1—(62—61)) Og(l—pl—62 (3.22)
1-65 (1-082)+p62.—061) 61
L(pM™")=(6,-6 )( — )10 ( ) (3.23)
P 2TOULP 1-(62-61) 02—p62-061) 1-62
Thus:
(1-0672)+p62-61) o6
(52—51)103( 523,9(55)2—251)1 1—2‘2) (3.24)

c(M) =sup
p

p 4
log (ﬁ 1—32 )
It is quite simple to compute numerically the constant c(M); the numerical outputs
and the comparisons with (3.20) and the Kesten-Stigum bound are in tables and
For the couples of values of (§,.62) we checked the Kesten-Stigum upper bound

on the non-reconstruction thresholds for asymmetric chains are very near to ours.
More than those coming from [11] when they are not equal.
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01=0.3 KS FK MP
Kesten-Stigum | Formentin-Kiilske | Mossel-Peres

02=0.1 0.04 0.0579 0.1

02=0.2 0.01 0.0125 0.02
0,=04 0.01 0.0107 0.143
02=0.5 0.04 0.0413 0.05
02,=0.6 0.09 0.0907 0.1

02=0.7 0.16 0.16 0.16
02,=0.8 0.25 0.2525 0.28
02=0.9 0.36 0.3787 0.45

Table 3.1: For 6; = 0.3, the Kesten-Stigum upper bound on the non-reconstruction
thresholds for asymmetric chains are very near to ours. More than those coming

from [11] when they are not equal.

3.4 Proof of Theorem 3.2.1: entropy is Lyapunov

We denote by TV the tree rooted at 0 of depth N. The notation T\ indicates the
sub-tree of TV rooted at v obtained from “looking to the outside" on the tree TV.
We denote by P)Y the measure on T with free boundary conditions, or, equivalently
the Markov chain obtained from broadcasting on the subtree with the root v with the
same transition kernel, starting in a. We denote by IPI,Y “ the correponding measure
on T with boundary condition on 8T} given by ¢ = (¢ i)ieary- Obviously it is ob-
tained by conditioning the free boundary condition measure [P’],Y"( to take the value ¢
on the boundary.

To control a recursion for these quantities along the tree we find it useful to make

explicit the following notion.

Definition 3.4.1 We call a real-valued function £ on P a linear stochastic Lyapunov

function with center p* if there is a constant c such that
e L(p)=0Vpe P with equality ifand only if p = p*;
e EL(Y) < cY 0 EL@D).
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61=0.7 KS FK MP
Kesten-Stigum | Formentin-Kiilske | Mossel-Peres
62=0.1 0.36 0.3787 0.45
62=0.2 0.25 0.2525 0.28
62,=0.3 0.16 0.16 0.16
6,=04 0.09 0.0907 0.1
62,=0.5 0.04 0.0413 0.05
62=0.6 0.01 0.0107 0.0143
0,=0.8 0.01 0.0125 0.02
0,=0.9 0.04 0.0579 0.1

Table 3.2: For 6; = 0.7, the Kesten-Stigum upper bound on the non-reconstruction

thresholds for asymmetric chains together with ours and those coming from [11].

Proposition 3.4.2 Consider a tree-indexed Markov chain P, with transition kernel
M(i, j) and invariant measure a/(i).
Then the function

d
L(p) = S(pla) + S(alp) = (p—a)logd—z (3.25)

is a linear stochastic Lyapunov function with center a w.r.t. the measure P for the

constant (3.5)).

Proposition immediately follows from the following invariance property of
the recursion which is the main result of our paper.

Proposition 3.4.3 Recursion Formula for expected symmetrized entropy.

f PAOLIY )= Y | PAOLEY M™). (3.26)

wWV—w

Warning: Pointwise, that is for fixed boundary condition, things fail and one has

LaYH# Y L@l M (3.27)

w:V—w
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in general. In this sense the proposition should be seen as an invariance property

which limits the possible behavior of the recursion.

Proof of Proposition We need the measure on boundary configurations at
distance N from the root on the tree emerging from v which is obtained by condi-
tioning the spin in the site v to take the value to be j, namely

Q@ =P Wy = ElnW) = j). (3.28)
Then the double expected value w.r.t. to the a priori measure a between bound-
ary relative entropies can be written as an expected value w.r.t. P over boundary

conditions w.r.t. to the open b.c. measure of the symmetrized entropy between the
distributions at v and « in the following form.

Lemma 3.4.4

f P L) = f a(dx) f a(dx) S(Qy™1Q)™). (3.29)
N——r N ! .
symmetric entropy at v boundary entropy

Proof of Lemma In the first step we express the relative entropy as an
expected value

/A

dmy
d

Nyxa; ANy _ dnl) dnl)
S(Qy1Qy 1)—fllﬂ>(cls‘) (xz)(logﬁ(xg)—logﬁ(xl)). (3.30)

o

Here we have used that, with obvious notations,

e P, () =x2,8)  dnl)
. =— 20 =Tl (xy). (3.31)
Y T —or,©  da

Further we have used that

dQy™ drl) drl)
log dg;jv'xl =log d;’ (x2) —logd—;(xl), (3.32)
14
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3.4. Proof of Theorem|3.2.1} entropy is Lyapunov

for x1,x2 € {1,..., q}. This gives

f a(dx) f a(dx)SQY Q)

d N
f P(dE) f a(dxz)—(xz)logdi(xz)

dnV
—fﬂﬂ’(df)fa(dxl)fa(de)d—;(xz)Jlog d; (x1)

-

1

f[P(dcf)S(zr,, f|a)+fﬂﬂ>(d5)8(a|n§”) (3.33)

and finishes the proof of Lemma|3.4.4 O

Let us continue with the proof of the Recursion Formula. We need two more
ingredients formulated in the next two lemmas. The first gives the recursion of the
probability vectors 71' in terms of the values TL’ of their children w, which is valid

for any fixed choice of the boundary condition ¢.

Lemma 3.4.5 Deterministic recursion.

N/ a(j)Hw:v—»wZz A/(Ix((Jl)l) N(l)
my (J) = MED ) (3.34)
Zka(k) Hw:v—»w Zi a(i’) Ty (l)
or, equivalently: for all pairs of values j, k we have

dnly dn®y ¥ B N )
log = il Y lo % (3.35)

da W= Zl () o (@)

Proof: We have:

PY(nw)=j,0T) =&)= Y a() [] M@Hwnw), (3.36)

nv;n(y):j XZV:x—y

where it is understood that n(v) =¢(v) if v e OTYN. Thus, with the same notation:

Py (i =i)=2"al) Y. [T M@Owaw), (337
Nyn(v)=jxX2vix—y
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with

q
Z, =Y a(k)P (nw) =k,0TY = ¢). (3.38)
k=1

We want to rewrite Y as a function of 7)Y where w are the children of v. The key

observation is that:

PN (n(w) = j,0TY = &) =a(j) [] Z U ” N =1,0TN=¢).  (3.39)

wV—wi=

Once you have this the proof is simple. In fact:

N () =z 'PY (n(w) = j,0TY =¢)

=z %a(p) ] sz (]’” 2Bl (1) = .07} = ¢), (340

wWV—w

=T, (l)

and

M(k l) (i (3.41)

Z ak) ] sz

w:Vv—w
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To derive (3.39) write:

PY(nw)=j,0TN=&)= Y a() [] M@Hwnw)

nv;n(y):]’ XZv:x—y

=a(j) Y. JI M(Unw) [ MHnHwnw)

ny;n(y):]’wil}—%u XZw:x—Yy

=f(Nw)

J

=a(j) Y, [f@o)*...x f(a,,)

Nwy s Wq,

=a(j) (Z f(nwl)) X ... % ( > f(nwdu))

lel ﬂwdv

=a(j) [] (Zf(nw)):a(ﬁ [ i Y, f@w

W:V—=w \ TNy w:V—wi=1 nw;n((y):i

q M -,-
—a(y ] MDDy T M@eoam). 642
w

vowisp ali) Nom(w)=i X2W:X—y

J/

-

=P (n(@)=1,0T}'=¢)

O

We also need to take into account the forward propagation of the distribution

of boundary conditions from the parents to the children, formulated in the next
lemma.

Lemma 3.4.6 Propagation of the boundary measure.

Y= 11 MG, nQl (3.43)

wV—w |
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Proof: This statement follows from the previous lemma. By definition:

o) - PN (n(v) = j,0T)N =¢)
! PY (n(w) = j)

_ Moo X1, "t Po (10) =1,0T) =¢)

a(j)

q .
[T Y MG, Q). 3.49)

w:V—wi=1

Now we are ready to head for the Recursion Formula.

We use (3.32) and the second form of the statement of the deterministic recursion
Lemma|3.4.5/to write the boundary entropy in the form

. . y; MUD LNy
N,j, AN,k N,j L oai) "w
SQ, 710, =Q,7 ) log———r+——. (3.45)
Y wr—w Y N‘;((ki')l)ﬂlu\i(l')

Next, substituting the Propagation-of-the-boundary-measure-Lemma and
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3.4. Proof of Theorem|3.2.1} entropy is Lyapunov

(3.31) we write

M3,i) _Ng:
: | — T, (1)

J1 ANk N,j Z X ai) "w
S(QU |Qv )_ v lOg M(k,i) Ny
w:V—w Ziwﬂw(l)

> ML N (i)
= Y Y MG, DY Mog =222~
w0’ ¥ Ml (i)

2N LD N
N e a(,) o (1)
= > dIP(f)ZM( nZ log M D -

- a(l) .
W:V—w aN(i
; ORI
nuj\)ll\;;‘v(k)
a(k)
N pqrev »
N Tev, » M
7T, M(J) @)
Y [ar@te Liog 20 (3.46)
WV—w a(j) Ty M™ (k)

a(k)
using in the last step the definition of the reversed Markov chain. Finally applying
the sum }_; ; a(j)a(k)--- to both sides of we get the Recursion Formula. To
see this, note that the L.h.s. of together with this sum becomes the r.h.s. of the
equation in Lemmal[3.4.4] For the r.h.s. of we note that

nﬂ]\)ereV(j)
S a(pat MW o0 " T N ey (3.47)
% pa a(]) 8 HLJLYMrev(k) w : .
b (k)
This finishes the proof of the Recursion Formula Proposition O

Finally, Theorem follows from Proposition with the aid of the Wald
equality with respect to the expectation over Galton-Watson trees since the contrac-
tion of the recursion and the Lyapunov function properties yield

E&P(éz ‘nN’f(s)—a(S)’ 26) -0, (3.48)

for all s, for all € > 0, and this implies the extremality of the measure P. This ends the
proof of Theorem|3.2.1 O
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Chapter 4

Conclusions

4.1 Introduction

In this last chapter we comment on the result. We give some numerical estimates for
our bound along with some conjectures. A comparison with other rigorous bound
(11, 21], but also with thresholds coming from algorithms [15} 22] is made for differ-
ent values of g. For example, for g = 3 and d small this comparison shows our bound
is very good: the best as of today [22].

4.2 Conjectures and comparisons

In this part of the thesis we have proven that the Free Gibbs Measure on a Galtson-
Watson tree is pure when

26

e U (4.1)

where
] 7 (gpi-Dlog+(e* - 1)p))
¢(B, q) :=sup .

per XL (qpi-Dlogqp;
Let us comment on the constant appearing, and provide the following conjec-

4.2)

ture. Define

H(pi,...,pg)
e, q):=  sup PL.Pq

. 4.3
peRPZZ"':pq Rg(pl;---,pq) ( )
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4.2. Conjectures and comparisons

Conjecture 4.2.1 We believe that ¢(8, q) = ¢(B, q).

&(B.q) for 9=2, q=3, g=4
1 T T T T

———— T

0.9 [ T

08 | //" _

07 | s .

05 | /S b

01 |14 4

Figure 4.1: Numerical outputs of ¢ for different values of q.

We checked this numerically for small values of g. If the previous conjecture is
true, the two properties of ¢(f, ), namely, monotonicity in g and the bound 0 (see

figure[4.1) carry over. These two properties are seen as follows.

Lemma 4.2.2
¢(B,q) = sup ¢(q,1y) (x), (4.4)
x€Dgy
with the function
| 1+lgx
_ Og(l—lq(q—nx)
P(q,15)(x) = (4.5)

1+gx ’
08 1-g(qg-1)x
e?h-1

with parameter Ay = —tr—3—
1+3(e2ﬁ—1)

1 _ 1 i
on therange D4 = [—5, m] with Dg-1) > Dy.

. !
Remark: Notice that E" = As.
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Chapter 4. Conclusions

Proof: Change to new coordinates on the simplex of probability vectors (py, ..., pg)

given by
1 .
xi=p;——fori=1,...,q-1, (4.6)
q
take x = x; fori =1,...,q—1 and use Conjecture4.2.1 O

Lemma 4.2.3 For all q = 3 we have that

l
e q)<eBg-1) < 52 =0. (4.7)
Proof: We use that (a1
994l _ 0, 4.8)
aq
for x € D. This gives
P(q, 1) () <P(g-1,15-1)(X) < P2, 1) (x), x€Dy. (4.9)

O

Remark: Conjecture (if true) makes it very simple to compute ¢(, g) nu-

merically, for every q. The problem of finding the sup would remain one dimen-
sional even when g grows.

Next, what about the sharpness of the constant? Could it be possible that The-

orem [2.3.1|in fact holds with the sharp value % replacing the constant ¢(, q)?

In our approach such a conjecture would be based on looking at the Hessian of the
function

O Plgyq (X1re - Xg-1)| g yp= 42 lizj + 242112 (4.10)

Indeed, heuristically it should suffice to look at the quadratic approximation around
lg _ -1 _
q " g-1+e?P ~
A2 which we recognize as the Kesten-Stigum bound. For the Ising model we have

the equidistribution. This results in the rigorous lower bound ¢(g, q) =

equality, which is not true for g = 3.

Let us compare with the recent literature. In their paper [15] Montanari and
Mezard make the conjecture that the Kesten-Stigum bound is sharp for g < 4, or
more precisely:
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4.2. Conjectures and comparisons

Conjecture 4.2.4 (Mézard and Montanari 2006) Consider the Potts model with q sym-

bolson ad-ary tree and let A, = egf;l = q—(ég—z)e’ with0 = tanh(p), then if g <4 and

d < dpay, there is reconstruction if and only ifd/lg > 1.

This conjecture is based on extensive numerical simulations of the random recur-
sion. Moreover, the restriction on d comes from the limitation on the values of d
they can treat numerically and they actually think that d 4 = +oc0.

Let us compare our bound with this conjecture. First, how close are the Kesten-
Stigum bounds and our constants? We obtain numerically ¢(8, q) = % (1+e(q)
with £(3) =0.0150 and £(4) = 0.0365. If we specialize to a binary tree, and take advan-
tage of the possible temperature dependence of € we obtain . := sup{p, 2% c(p,3) <

1} =1.0434 for g =3 and . := sup{ﬁ,Z%é(ﬁA) <1} =1.1555in the case q = 4.

After completion of the first draft of our work [18] Sly’s preprint [21] appeared

where he proves the following.

Theorem 4.2.5 (Sly 2008) When q < 3, and d > d,;,, then Kesten-Stigum bound is
sharp, while the Kesten-Stigum bound. is never sharp when q = 5.

His method uses large degrees to justify quadratic expansions by means of Cen-
tral Limit Theorem (CLT) approximation and makes no statements for small degrees
where our estimates apply. So, he proves conjecture partially; the case g =4 is
critical along his line of reasoning and the condition d > d,,;, is needed to prove a

concentration result via CLT.

Just the line of the Sly’s proof. He considers the iteration of the following quantity
. 1
xN:=E|X"(N)—— (4.11)
q
where in our notation
X*(N):=P(n0)=110TY =n' (V). (4.12)

This is a random variable with respect to the boundary configuration conditioned
at the origin of the tree: the notation n' (N) means a random configuration on 07"
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chosen among the configuration on the tree with n(0) = 1.
Then, he proves that xy = 0 and that the condition

lim xy=0, (4.13)

N—+o00

is equivalent to non-reconstruction.

For x; small he has the following recursion (formula (1.1) on pag.6 of [21]):

xn+1 = kASxy + (1+0(1)) Ay x5, (4.14)

k(k—-1) q(q—4)
2 qg-1

From this equation one can see why g = 4 is a critical case. When g < 3, the sec-
ond term in is negative and if, moreover, xy is sufficiently small when dA? < 1,
then limy_., xny = 0. The CLT is necessary to show that this concentration holds; the
limitation on the number of children (d > d,,;,;) he can treat comes by this reason
(see the explanation subsequent to formula (1.1) on pag.6 of [21]).

So, his proof has two steps: first he shows that the expected distance form the uncon-
ditional distribution is below some small constant, and then, that below this small
constant that distance goes to zero when N grows. The first step makes the analysis

possible only the case of large degree trees.

Thus, for g < 4 and d small, the problem of finding a sharp bound is still open.

Moreover no sharp bound is known when g = 5.

In view of these considerations and results it is natural for us to conjecture that
the Kesten-Stigum bound holds Q-a.s. for small g, or more precisely:

Conjecture 4.2.6 For q <4 thereis Q a.s. reconstruction if and only if

Q(do) (4.15)

2
(—) >1
q—(q-2)0

Let us compare our threshold with others bounds in literature for ¢ = 3 and d
small. The Kesten-Stigmun bound says that for a tree of degree d, when d?tg > 1
reconstruction holds. In table 4.1} we report some of them to compare. As usual, d
represent the number of children at each vertex of a regular tree, and Q(d) its mean
when we are considering a random tree.

In the following pictures we illustrate the situation arising from table[4.1}
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q=3 KS MP FK BM
Kesten-Stigum | Mossel-Peres | Formentin-Kiilske | Bhatnagar-Maneva
d=2 | 0.7071.. | $=0.6 | 0.7018... 0.69
d=3 | 05773.. | 05302.. | 0.5731... 0.555
Q(d) = 0.6324... | 0.5873... | 0.6278... 0.61

Table 4.1: The Kesten-Stigum upper bound on the non-reconstruction threshold and
the values of 1, up to which non-reconstruction has be shown for g = 3 in the ferro-

magnetic regime. The table is taken from [22].

AMP ABM AgK /12
non-rec. non-rec. non-rec.
| = | T | | rec.
c (o Cc Cc
M B ﬁFK ﬁKS
non-rec. non-rec. non-rec.
— | — | — | | rec

What can we say about large values of g = 5? Montanari and Mezard [15] find
in all the finitely many test-cases of g = 5 and d which they treat by simulations
that the Kesten-Stigum bound is not sharp. Let us therefore conclude by making a
comparison of our and their values in Tables|4.2|and |4.3|in the case q = 5, showing

closeness of our bounds with the simulation values also here.

g=5 €r B, =-0. 510g(m) Ar=1- %er
d=2 | 0.2348 1.2838 0.7065
d=3 | 0.33881 1.0285 0.5765
d=4 | 0.4008 0.8942 0.499
d=7 | 0.4986 0.6955 0.37675
d= 0.5955 0.4998 0.255625

Table 4.2: Simulation results for the reconstruction thresholds by Mezard and Mon-

tanari [15]
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g=5 Be Ac
d=2 1.2425 0.6875
d=3 | 098535 | 0.5526
d=4 | 0.8520 | 0.473457
d=7 | 0.65465 | 0.35095
d=15| 0.4640 0.2342

Table 4.3: Numerical thresholds coming from our bound of Theorem[2.3.]]

Finally, as an application of our second method (entropy is Lyapunov) we de-
rive a threshold for non reconstruction in asymmetric channels, that even not tight
when the asymmetry is small [8] improves the known bounds for strongly asymmet-
ric channels [11], see tables below. In every case we checked they very near to the

Kesten-Stigum bound, that is the threshold for reconstruction.

01=0.3 KS FK MP
Kesten-Stigum | Formentin-Kiilske | Mossel-Peres
02=0.1 0.04 0.0579 0.1
02=0.2 0.01 0.0125 0.02
0,=04 0.01 0.0107 0.0143
02=0.5 0.04 0.0413 0.05
0,=0.6 0.09 0.0907 0.1
02=0.7 0.16 0.16 0.16
02,=0.8 0.25 0.2525 0.28
0,=0.9 0.36 0.3787 0.45

Table 4.4: For 6; = 0.3, the Kesten-Stigum upper bound on the non-reconstruction
thresholds for asymmetric chains are very near to ours. More than those coming
from [11] when they are not equal.

67



4.2. Conjectures and comparisons

01=0.7 KS FK MP
Kesten-Stigum | Formentin-Kiilske | Mossel-Peres
62=0.1 0.36 0.3787 0.45
0,=0.2 0.25 0.2525 0.28
02,=0.3 0.16 0.16 0.16
0,=0.4 0.09 0.0907 0.1
02,=0.5 0.04 0.0413 0.05
02,=0.6 0.01 0.0107 0.0143
0,=0.8 0.01 0.0125 0.02
62,=09 0.04 0.0579 0.1

Table 4.5: For 6, = 0.7, the Kesten-Stigum upper bound on the non-reconstruction

thresholds for asymmetric chains together with ours and those coming from [11].
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Part 11

Uniform propagation of chaos and
fluctuation theorems in some spin-flip
models
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Introduction to Part I1

In this part we deal with uniform propagation of chaos in some spin-flip models.

Propagation of chaos is a very well known phenomenon in stochastic processes
with mean field interaction. The aim of this part of the thesis is to provide sharp
estimate on propagation of chaos for some special models. No attempt of reaching
some generality will be made, although we believe our methods should apply well
beyond the cases considered here.

Somewhat in contrast with our aim of dealing with special models, here we set
up a general language to give an overview of the results proved in later sections. By
mean field stochastic process we mean a family x™¥) = (x™)(£)) ;»¢ with the following
features:

o xXM(p) = (xiN)(t),xéN)(t),...,x](\],V)(t)) is a Markov process with N real-valued

components;

* Consider the empirical measure

1 N
HNi=—) 0 , 4.16
pn (1) ngl Nte (4.16)

which is arandom probability on R. Then (p (1)) ;>0 is a measure-valued Markov
process.

Although this is by no means a standard definition of mean field model, it captures
the basic features of the specific models we will consider.

Suppose we are given a model as above, and assume that the law of x™¥)(0) is a
product measure with marginal A, where A is a fixed probability on R. We say that
propagation of chaos holds, if
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e for every t > 0, pn(f) converges in probability, as N 1 oo, to a deterministic
measure p(1);

e letiy,iy,..., iy be fixed indices, and T > 0; then the stochastic process

(N) (N) (V)
(Vo @ o) 4.17)

converges in law, as N 1 oo, to a process (1(£),...,¢m (1)) e, With indepen-
dent and identically distributed components; moreover &1 (t) has law p().

We then say that a fluctuation theorem holds if, for every h : R — R continuous and
bounded and T > 0, the fluctuation process

fhd,ON(t)—fhdp(t)D (4.18)
te(0,T]

converges weakly to a Gaussian process.

(m

Mean field models, that are often given as dependent on various parameters, may
exhibit several types of phase transitions. In this thesis we only consider phase tran-
sitions that can be described in terms of the large time behavior of the limiting dis-
tribution p(#), that we have introduced above in defining propagation of chaos. We
will say that the mean field model is subcritical if p(t) converges, as t — +oo, to a
probability p(co) that does not depend on the choice of the initial distribution A.
Otherwise, we say the process is supercritical. The examples treated in this thesis
are subcritical for certain values of the parameters, and supercritical for others, and
therefore we say they exhibit phase transition.

The main object of this part of the thesis is the analysis of the time uniformity in

propagation of chaos and fluctuation theorems. More precisely:

* is the convergence (in law) of (xgv)(t),xgv)(t),...,xl(mm(t)) to (E1(8),...,Em (D)

uniform in #?

« Isthe convergence of the fluctuations (VN [ [ hdpn(t) - [ hdp(1)]) toward their

Gaussian limit uniform in #?

Although it is reasonable to expect that such uniformity holds for subcritical models,
only few results in this direction can be found in the literature, concerning interact-
ing diffusions [23, 26].
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In this thesis we study time uniformity for two specific models, which exhibit
phase transition. The first model is the dynamical Curie-Weiss model, than can be
considered as the most basic mean field model. The second example is a model,
proposed recently in [24], in the context of credit risk in finance; it describes the time
evolution of finantial indicators for a network of interacting firms. The ferromagnetic-
type interaction is used to describe the effects of business relationships between
firms; it should be noted that, in applications to social sciences, the mean field as-
sumptions may be reasonable in many circumstances. From the more mathematical
point of view the model is not reversible, and an explicit expression for its invariant
measure is not known. The following considerations further motivate the study of

time uniformity in limit theorems.

* Many key financial quantities are based on normal approximations of empiri-
cal means (see e.g. [25}24]), that are obtained as a combination of law of large
numbers and central limit theorems. In real financial applications N is given,
and it is of the order of few hundreds. Uniform limit theorems rule out the pos-
sibility that normal approximations deteriorate in time, becoming unreliable

for large times.

* Uniform propagation of chaos and fluctuation theorem provide the law of large
numbers and the central limit theorem for the empirical means with respect to
the invariant measure of the system, which is not known. Thus, results about

the statics of the system can be derived by the dynamics.

Although we have chosen to deal with two specific models, the method we use
appear to be rather general, and should be usable for other classes of models. A
substantial limitation of our results is that they are limited to the subcritical case or,
in statistical mechanical terms, to the high temperature regime. In the supercriti-
cal case, when the limiting flow p(#) has multiple limit points as ¢ — +oo, the dy-
namics for large but finite N may have a metastable behavior. This means that the
empirical measure py(#) may fluctuate between different limit points, on a large,
N-dependent, time scale. Thus, a uniform propagation of chaos as in the definition
given above is not possible. Nevertheless, we believe uniform limit theorem could
be state also in the supercritical case, concerning for instance the distance between
pn and the set of attractors for the evolution of p(t). This interesting problem is not
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treated in this thesis.

The plan of this part is as follows. In the first chapter we introduce the Curie-
Weiss model and prove that in the subcritical regime uniform propagation of chaos
holds. In the proof are introduced the basic techniques we use also in the sequel.

The method used for the Curie-Weiss model works also for the non-reversible
model proposed in [24] to model credit risk in finance. The second chapter is ded-
icated to this spin-flip system. After having reviewed quickly the model and its fi-
nancial meaning we show that uniform propagation of chaos property holds also in
this case. In Chapters 3 we prove uniform fluctuation theorem for the Curie-Weiss
model.
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Chapter 5

Propagation of chaos for the Curie-Weiss mean
field model

5.1 Introduction

The Curie-Weiss model can be considered as the simplest mean-field model ex-
hibiting a phase transition. In this chapter we prove that the uniform propagation
of chaos property holds when the McKean-Vlasov equation for the system has an
unique stable equilibrium. Remember that the Mckean-Vlasov equation describes
the time evolution of the weak limit of the empirical average 7 (see below) of the
spins when N grows to infinity.

The key point in the proof is that, in the subcritical regime, the L? distance between
the empirical average and its weak limit remains uniformly small in time. The latter

fact implies uniform propagation of chaos.
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5.2. The Curie-Weiss model and uniform propagation of chaos

5.2 The Curie-Weiss model and uniform propagation

of chaos

Letn = (n1,...,nn) be the N-spin system defined to be the Markov chain with gener-
ator acting on functions f: {—1,1}"¥ — R, given by:

N
Lyfm =Y ¢’ (i,m)V]f@) (5.1)
i=1
where
1 N
¢ (i,m) = exp (- Bni(( + w)) with f):NZm (5.2)
i=1
and
VIifm=rm"-fm. (5.3)

Here ni =My, Ni--onN) ifn=m1,...,05,...,MN): ni is the state obtained fron n
by flipping the i-th spin n;.

This N-spin system is known as the Curie-Weiss model with external magnetic
field h = fw.

Let us introduce here some notations we use in the sequel. Sometimes we write
n; () when we want to make explicit the time dependence of the spin values. More-

over, we indicate with E’(-) and P!(-) the probabilities and means computed at time .

Consider the process 7 = %Zfi 1 Mi. It is markovian with a deterministic weak
limit, that we call m;,.

Proposition 5.2.1 Assume thatn;(0) fori =1,...,N is an i.i.d. sequence of random
variables with E°(n);) = m(0). The process m, € [—1,1] satisfying the ordinary differen-
tial equation:

%mt:2sinh(,6(mt+w))—2mtcosh(/3(mt+w)) : (5.4)

is the weak limit of ).
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Chapter 5. Propagation of chaos for the Curie-Weiss mean field model

From now on we refer to (5.4) as the McKean-Vlasov equation.

Proof of Proposition We use the following theorem [32]:

Theorem 5.2.2 Let Yn(t) a sequence of Markov processes with values in %y and in-
finitesimal generator Ly, defined on D(Ly). Moreover, let L on D(L) be the infinitesi-
mal generator of another Markov process Y (t) with values in %% 2 %y. Call € a core
for L and suppose that every function in € is an element of D(Ly) when restricted to
Wy.

If the condition
lim sup |Lyf(a)-Lf(a)|=0 (5.5)

N—oo aey
holds for every f € € and Yn(0) converges in distribution to Y (0), then the sequence
Yn(t) converges to Y (t) in distribution.

The Weak Law of Large Numbers assure that m(0) is the weak limit of ) once
E°(n;) = m(0).
Then, to find the limit generator L, write

LNf(n) Z e ﬁ’?z(ﬂ+w)v77f(n) Z e =B (f+w) (f( ) f( ))

i=1 i=1

2

= Z [sinh(B(7) + )) — n; cosh(B(7] + w))] ( (1'7— —) f@ ))

N 2
= 5(1 +1) [sinh(B(7) + w)) — cosh(B () + w)) ] (f (1’7 - —) - f(ﬁ))
N
+ 3(1 — 1) [sinh(B(#) + w)) + cosh(B () + w)) | ( (17 + —) f(n)) (5.6)

This implies that the process m¥ = 7(t) is Markovian with generator Hy given by
N . 2
Hyf(m)= 5(1 +m) [sinh(B(m + w)) — cosh(B(m + w))] ( (m - —) f(m))

+ g(l — m) [sinh(B(m + w)) + cosh(B(m + w))] (f(m + N) - f(m)) (5.7)
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5.2. The Curie-Weiss model and uniform propagation of chaos

Now, for f € € = €'-functions with compact support,

1
HNf(m):Hf(m)+O(N),

where P
Hf(m) = (2sinh (B(m + w)) —2mcosh (B(m + w))) af(m)

and O (%) goes to zero uniformly in m. Moreover H is the generator of a process with
the deterministic evolution (5.4). Thus, by Theorem|5.2.2} the conclusion follows.
O

The number and the stability of the equilibrium points of depend on the

values of f and w.
- When f8 < 1 it has only one linearly stable equilibrium for every values of w.

- If f > 1 there esists a curve

w(P) =4/ % - % arctan( %) (5.8)

such that if |w| < w(B) there are three fixed points: two stable and one instable.
For |w| = w(B) two of these points coincide; while, for |w| > w(f), there is an
unique linearly stable equilibrium. Remember that in dimension 1 uniqueness

together with linear stability means global attractivity.

From now on we restrict ourselves to the region of parameters where (5.4) has
only one stable solution. In view of the Proposition itis natural to compare the
Curie-Weiss model with the N-spin system o = (071, ...,0 ) with generator:

N
Gnflo)=)_ a®(i, 0V f(o), (5.9)
i=1
where,
a® (i, 1) = exp (—foi(m; + w)). (5.10)

Remark: If 0;(0), i = 1,..., N, are independent random variables, they remains
independent for every ¢ > 0.
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Chapter 5. Propagation of chaos for the Curie-Weiss mean field model

Remark: If E%(0) = (my), then E*(0) = m;. Actually, E’ (1) obeys to the follow-
ing homogeneous linear differential equation:

a t t w
E[E [01] =E' [Gn(o1)] =E' [-201a (1, 1)]

=E'[2sinh (B(m; + w)) — 201 cosh (B(m; + w))]

= 2sinh ((m; + w)) - 2E*(01) cosh (B(m; + w)). (5.11)

Thus,

%[E’(Ul) = 2sinh (B(m; + w)) — 2E*(01) cosh (B(m; + w)). (5.12)

If m; is a solution of (5.4) is a solution of (5.12), too. Uniqueness implies E? (o) = m;
when E%(0) = my.

Now we are ready for the statement of the main theorem of this chapter. Let us

introduce the following notation. For any quantity g(N) € R*, we write:

g(N) < o(%), (5.13)

with a > 0, if there exists a constant C > 0 such that g(N) < %

Theorem 5.2.3 In the region of the parameters (3, w) where the McKean-Vlasov equa-
tion has an unique stable fixed point there exists a probability space where both the
processes with generators (5.1) and (5.9) can be realized. Moreover, if

1 1
PO(ni#£0i)<0 ‘/N)’ E[@-mp?] <0 ‘/N) (5.14)
then
¢ 1
sup P'(n;#0i)<0|y/—=]|- (5.15)
1€[0,00) N

In order words, we show that in the region of the parameters (8, w) where (5.4) has
an unique linearly stable equilibrium it is possible to obtain for P*(n; # o) a time
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5.2. The Curie-Weiss model and uniform propagation of chaos

uniform upper bound: i.e. the bound depends on N, but not on . It means that the
systems are close for every t. When it happens we say that there is uniform propaga-
tion of chaos.

Remark: Clearly condition is satisfied if {;(0) : i = 1,... N} are i.i.d., and
we set, fori=1,...,N, g;(0) =n;(0).

In order to prove the theorem, we put the two processes defined before in the
same probability space via Basic Coupling (see few lines below) and then we try to
estimate the quantity P’(n; # o ;) using the Gronwall’s Lemma that we state here for

completeness.

Lemma 5.2.4 Let F(t) be a differentiable function in [0, +o0), such that:

%F(l‘) <a(t)+b(t)F(1), (5.16)
then
t t r
F(t) <exp (f b(r)dr) f a(r) exp(—f b(u)du dr+F(0)] . (5.17)
0 0 0
Remark: If a(t) = a and b(t) = b, formula reads
F(1) < gebf—%JrF(O)ebf. (5.18)

Actually, we will use this simplified form of the Gronwall’s lemma.

Proof of Lemma|5.2.4; Equation (5.16) is equivalent to

t t
(%F(I) — b(t)F(t)) exp (—f b(r)dr) < a(t)exp (—j b(r)dr) (5.19)
0 0
that’s the same of
t t
— | F(t) exp (—f b(r)dr) < a(t) exp (—f b(r)dr). (5.20)
dt 0 0
Integrating, the conclusion follows. O
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Chapter 5. Propagation of chaos for the Curie-Weiss mean field model

As we said, the other technique we use is “coupling”. Coupling is a powerful
method to compare two stochastic processes by realizing them in the same prob-
ability space without changing their marginals. In this section we use a kind of cou-
pling for spin systems called Basic Coupling as described in [27]. This coupling for
1 and o has the aim of making them flip together with the largest possible rate, but
each process has to flip at the correct rate to maintain its marginal unchanged. In
[27] the Basic Coupling is unformally described in the following way:

- if n;(#) # o;(t) the processes flip the spin at i independently with their own

rates;

- while, when 1;(#) = o;(¢) they flip together with the largest possible rate ac-
cording with the requirement of keeping the rate of each single process un-
changed.

The best way to write the generator of the coupled process is probably the fol-
lowing, because in this way it is clear which is the rate of each possible transition:

N N
Qfmo)= Y a’G,0Vifmo+ Y. (in)VIfmo+
i=l,ni7ﬁ0',‘ i:l,T],‘#O’i

+ Y min{a” G0, (i)} (£ (o' ) - £ (o))

i:oi=n;

+ Y (a”G,)-min{a®” @, 0, (i,n)}) VI fn,0)

1:0i=n;

+ Y (¢’(i,m)—-min{a® @, 0),c¢” (i,n)}) V] f(n,0)

i:0i="n;

N
a” (i, )V] fm,0)+ Y ¢ (i,n)V] fn,0)
i=1 i=1

M=

+ ) min{a'”(i,t),cw(i,n)}(f(ai,ni)—f(ai,n)—f(a,ni)+f[a,n)). (5.21)

i:0i=1;
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5.3 Proofof Theorem|5.2.3

The first step is to compute the derivative %[F"t(n j # ;). Notice that

1
P #0)) = ZE [(nj - 01)2] , (5.22)
so [27]
d e, AN T PR | G P . )2
%P (ﬂﬂ“ﬁ)‘%{f [(771_01) ]}—Z[E [9(771_01) ] (5.23)

Now, with f = (n; - ij)z, we have:
V?f: V?f:40'i17i5ij (5.24)

and
f (oi,ni) —f(ai,n) —f(tf,ni) +f(o,n) =8n;0:8;; (5.25)
where §;; is the Kronecker’s delta.

Replacing in the expression of the generator, (2, of the coupling we get:

%Pt (nj#0j)= ;L[Et [4 (c”(j,m)+a” (j, ) ojn;—8min{c” (j,n),a” (j, t)}x(‘ffﬂf)] -
=E' |~ (¢ () + @ (7, 0) X(o 2+
+ (e () + @° (o 1) X (o= —2min{e (m) @ (7, 0} (o ny) | =
=~ [ (¢ (m) + @ (7, ) X0, |+ E*[16 () = @° () X0, |- 5:26)

The quantity (¢“ (j,n) + a® (j, t)) is bounded from below by a costant M > 0 and we
can write:

d
EPI(T]]' #0;)<—MP'(nj#0;)+E [lexp(—Po;(m;+w)) —exp (-Po{+w))l].
(5.27)
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At this point, we observe that
|exp (—fo j(m; +w)) —exp (—Pfo ([ +w))| < DI (7] — m;) | (5.28)
with D > 0; in fact
lexp (—Bo j(m; +w)) —exp(—Po;([H+w))| = (5.29)

exp (—fo j(m;+w)) |1 —exp(—Po j([H— my)| < DIij — my| (5.30)

because |1 —exp(—px)| < Blx|, for some B finite and positive, on every compact sub-

set of R. Moreover, | (—0 j({) — my))| < 2.

Finally, we have:

d
—P'(nj#0;)<-MP'(n; #0;)+DE"[|j—m,l] <

dt
<-MP"(n; #0,)+D\[E | (7-m)?]. (53D

Now we need to find an upper bound for E’ [(1’7 - mt)z]. If Ef [(1‘7 - mt)z] < O(37)
V t € [0,00) with @ > 0 we can obtain a time uniform bound for P* (n; # o). Infact,
using we would have:

+P'(nj#0j)exp(-Mp).  (5.32)

P'(nj#0j)< Lexp(—Mt)+

_MNaIZ MNoc/Z

Actually, we have a = 1.

Lemma 5.3.1 In the region of parameters (,w), where (5.4) has an unique stable
fixed point, the inequality

_ 1
B |- mo)’? | < o(ﬁ) (5.33)
implies,
sup [E’ [(ﬁ— mt)z] < O(i) (5.34)
t€[0,+00) N

83



5.3. Proof of Theorem|5.2.3

Proof: We try again with the Gronwall’s Lemma.

d _, N 2
E[E [(17 m) ] E’ [LN(n m) ]+[E at(n—mt) } (5.35)
With f = (7 — m,)?, we get:
— 4 4
Vif=@ _W_mt) -(M- m;)? —ﬁm(n—thﬁ (5.36)

and

i=1 i=1

S [0 =53 £ mla-m)+ £ ) o}

—Z(im )[Ef(f;—m) (5.37)
dl’ t r)- .

Now, we notice that ¢ (i,n) = —n; sinh (7] + w)) + cosh (8(7] + w)). Remember also
that £ m, = 2sinh (B(m; + w)) — 2m,cosh (B(m; + »)) and substituting it in the last
equation for the derivative of the mean, it yields:

%[Et [(17 my) ] = [—4sinh (B(m; + w)) + 4m;cosh (B(m; + w))| E* (7 — m;) +
N 4 N 4
+Et{2——[ nisinh (7 + w)) + cosh (BT + w))| n; (7 — m) Z }s
i=1 iz

<E'{4[sinh (B(7) + w)) — fcosh ({7 + w)) —

1
—sinh (B(m; + w)) + m;cosh (B(m; + w))] (7 — m;)} +4exp (B) N (5.38)
If we set ¢g (x) = 4sinh (B(x+w)) —4xcosh (B(x +w)) we can write:
S - m)?| <€ { [ () - pg o (- m)f +aexp (). 539
2 E (- m) | <E s (0 @ (my) | (7 —my exp(f) - :
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Chapter 5. Propagation of chaos for the Curie-Weiss mean field model

5.3.1 Casew=0

The simplest case is when w = 0. In fact, if § < 1 the derivative of (p% (x) with respect

to x is always negative and because of this, the following inequality holds:

0 (= 0
— @ (my)
(pﬁ (77) (Pﬁ t -

; = -k, (5.40)
n—my
aqo%
where —K = maXxye|-1,1) 55 (*) <0.
It implies that,
; E'| (71— mo)*] = ~KE' | (71— m0)*| +4exp (6) (5.41)
dt - N

Now we can apply the Gronwall’s Lemma to obtain:

E' [(ﬁ—mt)z] < —Llel)i_—lj\gﬂ)exp(—l(t)+w+£0 [(ﬁ—mo)z] (5.42)

In this way, we have obtained an uniform upper bound for E’ [(1‘7 -m [)2] :

sup E’ [(1’/— mt)z] < O(%) (5.43)

t€[0,00)

5.3.2 Casew #0

If w # 0 the derivative of (p‘g (x) fails to be negative at some points x € [-1,1]. How-

ever, if |w| > w(p), the McKean-Vlasov equation

%mt = 2sinh (B(m; + w)) —2m;cosh (B(m; + w)) = %(p‘/‘j’ (my) (5.44)

has an unique, globally attractive, linearly stable fixed point that we call m. (w). The
equilibrium point is the unique solution of the equation

@ (M (@) =0 (5.45)

which is equivalent to

my (w) = tanh[f(m. (w) + w)]. (5.46)
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5.3. Proof of Theorem|5.2.3

To fix the idea we can think of w > 0; in this case 0 < m. (w) < 1.

We compute:

%(p‘g (x) = (B—1)cosh(B(x +w)) — Bxsinh(B(x + w)) =

=cosh(f(x+w))[f—1-Pxtanh(Bx+ h)] (5.47)

SO,

0
a(p‘g(m* (@)) = cosh(B(m. () + w))[B— 1 — f(m.(w))?] <0, (5.48)

and it remains strictly negative in a neighbourhood V of m.(w) of the form V =
[m.(w) —¢&,1], £ > 0, because of the continuity of the derivative of (p‘/;’ (x) and be-
cause Pxtanh(fx + h) is an increasing function of x in [m.(w),1]. We recall that
to be globally attractive, since we are in 1-dimension, means that (p‘g(x) < 0 when
x € (my(w),1] and (p‘g(x) > 0 for x € [-1, m«(w)). So, one can choose ¢ such that
maxyey <p‘l§’(x) < inf[_l,l]\v(p‘g (x) and that %(p‘lg’(m* (w) — &) is still negative.

With this choice of ¢, if m; € V, we have:

AR AUN
n—my

@5 (1)@ m)
—my

<-KifmseV. (5.49)
HeI‘e _K = SupmtEV,T-]E[—l,l]

In fact, if 7 and m; belong both to V the inequality holds because here the derivative
is strictly negative, while if ) ¢ V' the difference ¢ (7)- ¢ (my) is positive and ) — m,
is negative.

The equilibrium m. (w) is globally attractive, so m; belongs to V for ¢t = T for some
T finite and we can estimate E’ [(1‘7 - mt)z] fot t = T. The same computation used to
derive (5.43), now gives, for t =T +s, s =0,

it—_ 2_is+T
th[m "”)]_dsE

(7_7 - ms+T)2] =

4exp(P)
N

< -KE**T (5.50)

(7_7 - ms+T)2] +
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Chapter 5. Propagation of chaos for the Curie-Weiss mean field model

And, by the Gronwall’s Lemma:

_ 2 1 _ 2
[Et[(n—mt) ] SO(N)HET[(n—mT) ] (5.51)
With the same technique one can see thatfor0<¢t<T

L[ me)?) = CE [ (- m?] + 2EE, (5.5

where C = maxye[-1,1] %(p%’ (x) > 0. Hence, we have:

4
B[ (- mi)’] < eé%ﬁ) lexp(C) —1]+E° [ (- mo)?], (5.53)

that, with the right initial conditions (see (5.43)) implies

E” [(7-mr)?| <0 (%) (5.54)

So, using again the Gronwall’s Lemma, we obtain:

1
sup E!'|(h—m 2 < O(—). (5.55)
tE[O,Eo) [(TI 2 ] N

also when w > 0.

The same steps bring to the same results also when w < 0. We conclude that a
time uniform upper bound for E’ [(1‘] — mt)z] holds for every o when |w| > w(f) (see

(5.43) and (5.55)).
d

Turning back to the proof of the main theorem, in (5.39) we were left with:

d
P! (nj #0,) = -MP'(n; #0,)+ Dy [E! (71— m0)?] (5.56)

Now, we know that E* [(1’/ - m,;)z] <0 (%) whatever w is if 8 < 1, and under the con-

dition (??) if B = 1. Here we have uniform propagation of chaos. In fact

\/I (5.57)
NI .

d
P (mj#0))<-MP'(n;#0;)+0
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5.3. Proof of Theorem|5.2.3

Using again the Gronwall’s Lemma we have:

\/%), Vie[0,00). (5.58)

Notice that the inequality holds with the right initial conditions. The quantity 7,

Pi(nj#0;)<0

o, my have to be near at the beginning in order to have E° [(1‘7 - mo)z] <O(+) and

PP(nj#0;)<O (\/%) This concludes the proof of Theorem|5.2.3
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Chapter 6

Propagation of chaos in a model for large
portfolio losses

6.1 Introduction

In this chapter we consider uniform propagation of chaos for a mean-field interact-
ing particle system modeling the propagation of financial distress among a network
of firms linked by financial relationships [24]. The model depends on two real pos-
itive parameters and it exhibits a phase transition. We show that in the uniqueness
regime (i.e. the associated McKean-Vlasov equations have an unique stable solu-
tion) uniform propagation of chaos holds. The argument used for the Curie-Weiss
model can be adapted to this case, even though the model is non reversible and a

one dimensional parameter is not sufficient anymore.

6.2 Description of the model

We briefly describe the model appearing in [24]. Consider N sites that we look at
as a network of firms linked by some financial relationship; for instance, they could
belong to the same sector of the market. The model in [24] is applied to describe
the propagation of financial distress (or default) in a network of firms, and the re-
lated credit risk of a financial institution that, for example, lent money to the firms.
Because of the relationships between the firms of the portfolio, default may be con-
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6.2. Description of the model

tagious and there might be clustering of default.

The financial state of each firm is represented by a couple of spin variables (o}, w;) €
{~1,+1}2. The first one, g;, could be interpreted as a rating indicator, and a negative
value means that there is a higher probability of not being able to pay back obliga-
tions. The second spin variable, w;, amplifies or reduces the effect of changes at the
level of the o; indicators; it represents how a firm is able to face a crises and a positive
value could be interpreted as a positive reaction to financial distress. The variable w;
is a more fundamental indicator than o; and in [24] it is supposed to be not directly
observable from the market; one could think of w; as a liquidity indicator. The suc-
cess in reacting to a crisis depends also on the global situation of the market that in
[24] is represented by the empirical avarage ¢ = % Zf\i 10

The dynamics of the contagion can be schematized as follows:

wi I (0] nd (o) — Wi

health of the firm rating indicator situation of the market health of the firm

The system flips with rates:

w; — -—w; atrate exp(—yw;o)

o; — —o0; atrate exp(—fo;w;)

Thus, the system evolves in time according to the following infinitesimal gener-

ator:

N N
Lyflo,w) =) exp(—foiw)V] flo,w)+ ) exp(—yw;5)V? f(0,w). (6.1)

i=1 i=1
Notice that the rate of the transition w; — —w; depends on the empirical average
o= % Zi.\i 0 meaning that the situation of the network influences the variable w;,
so, the financial distress somewhere in the network may increase the default proba-
bility of the partners. In the same way the flip o; — —o; depends on the value of w;.

Let us switch to the Mckean-Vlasov equations for the system just described. On
the compact interval [0, T] when N goes to infinity the time evolution of ¢ becomes

deterministic [24]. More precisely define the quantities:

O=—) wj, 6=—) 0;, and cw=— ) 0O;W;. (6.2)
N iS5 N i3 N i3



Chapter 6. Propagation of chaos in a model for large portfolio losses

The evolution of this triplet is markovian and their weak limit when N goes to infin-
ity has a deterministic dynamics. Let’s call m{’, m$ and ¢ this limit, the following

differential equations are satisfied (McKean-Vlasov equations):

%m? = 2sinh(f)m{ —2cosh(f)m?;

L m® = 2sinh (ym?) — 2cosh (Bm?) m?; (6.3)
L m®? = 2sinh(B) +2m? sinh(ym?) — 2 (cosh(p) — cosh(ym?)).

To prove this, like in the previous chapter, we use Theorem Along but straight-
forward computation yields (see [24] for details)

N
Lyf(6,@0,00)=— Y [j@+kd+ jkoo +1]
4 J kef{=1,1}

x {e‘ﬁf’“ f(é—%j,a),—o—%jk))—fw,w,m]
5 2 2
—yok o A 4  pa A
+e f(a,a) Nk, o N]k)) f(o,6,00) } (6.4)

This implies that the process (6 (¢), @ (%), wo (1)) is markovian with generator

N
KNf(é,n,B):Z Y [jE+kn+jk0+1]
J ke{-1,1}

Aok (2 _E-)_ ]
{e j [f(f 2 jim6-2 k)~ fEn0

2 2
+e 1k f({,n—ﬁk,e—ﬁjk)) —f(«f,nﬁ)] } 6.5)

Since, for functions f of class €' with compact support,
1
Knfn0)=Kf(n0) + O(N)
uniformly in (¢, 7n,0), with

0 0
Kf(&,n,0) = 2(sinh(yé) —ncosh(y¢)) af(st, 1,0)+2 (nsinh(p) — & cosh(f)) af(é, n,0)
+2 (sinh(p) — 0 cosh(p) + & sinh(y¢) — 6 cosh(y¢)) %f((f, n,0) (6.6)

as in Proposition we conclude that the process (G(t),0(t),wo(t)) converges
weakly to a solution of (6.3)
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6.3. Uniform propagation of chaos

The numbers and the stability properties of solutions of depends on the pa-
rameters y and . Note that m?“ does not appears in the first and in the second
equation, so system is essentially two-dimensional. Moreover, the equilibria
mJ“ are completely determined by those of m{. So we reduce to the study of equi-
libria and relative stability for the first two equations. The situation is the following
(24]:

- Ify < then (6.3) has (0,0) as unique equilibrium solution, which is glob-

= tanh(ﬁ)’
ally asymptotically stable, i.e. for every initial condition (mg, m{), we have:
lim (m?,m¢) =(0,0). (6.7)
When y < m, the equilibrium is also linearly stable.

- Fory> m, the point (0, 0) is still an equilibrium but it is unstable. Two new
equilibria (m¢, m¢) and (-m¢,-mY¢) arise. They are lineraly stable with open
basin of attraction I'* and I'". Moreover, [t UT™ = [-1,1]?\T, where I is an
invariant curve for containing (0,0).

.. 1
From now on, we limit our study to the case y < @nh (P

6.3 Uniform propagation of chaos

As in the previous chapter, looking for a uniform propagation of chaos property;, it’s
natural to compare the system with generator Ly with the following one where the
dynamics of each spin is independent and m{ appears in place of & in the transition
rates.

The spin variables are (x;, y;) € {—1,+1}? and the infinitesimal generator is given by:

Gnf(x,7) = Zexp( Bxiyi) Vi f(x, y)+2exp( yyim{)Vy f(x,y). (6.8)

i=1

We prove the following

Theorem 6.3.1 When y < tanh( )

tems with infinitesimal generators (6.1) and can be realized. Moreover, if

”\/%V) and P° (w; # y;) <O
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1
—), (6.9)

P’ (o; #x) <O Nic
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and
., 1 W 1
B [(6 - mf)?] so(ﬁ), E[(@- m)’| so(ﬁ), (6.10)
then
P! (o; # xi) + P! (w; # yi) < o(i). (6.11)
VN

Remark: Clearly conditions and (6.10) ares satisfied if {(o;(0),w;(0) : i =
1,...N} arei.i.d., and we set, for i = 1,..., N, 0;(0) = x;(0), w; (0) = y;(0).

The strategy of the proof is the same as in the the Curie-Weiss model’s case. We
use a coupling to realize the two systems in the same probability space, then we
use twice the Gronwall’s Lemma to bound the distance between the systems with a

decreasing function of N, independent of ¢.

6.4 Proofof Theorem|6.3.1

The first step is to construct a suitable coupling to make the systems living in the
same probability space. We use Basic Coupling. Infinitesimal generators and
are composed by two pieces corresponding to gradients with respect to differ-
ent variables. We couple the dynamics of the spin o; with x; and that of w; with y;.

The coupling and the infinitesimal generator will be
Qf(aywyx)y) = Qlf(U,(U,ny’) +sz((7,w,x;J/) (6-12)

where

N N
Qi flo,w,x,y) =) exp(—foiw)V] flo,0,x,y)+ ) exp(—fx;y)V} f(o,w,x,y)
i=1 i=1

N . . .
+Y_min{exp (- fo;w;),exp (- Bx;y)} (f(a’,w,x’,y) - flo',w,x,y)
i=1

~flo,0,x, )+ fo,0,%,y), 6.13)
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6.4. Proof of Theorem|6.3.1,

and

N N
Qaf(0,0,%,y) = Y exp(—yw;60)V{ f(o,0,x,y)+ Y exp(—=yyim{)V} f(0,0,x,)
i=1 i=1

N . . .
+Y min{exp(-yw;d),exp(-yy;m?)} (f(a,w’,x,yl) - flo,0",x,7)
i=1

—f(o,w,yi,x)+f(a,w,y,x)). (6.14)
We want to give an uniform bound for the probability

P! (x; # 01) + P! (w; # yi) .- (6.15)

To do this, following the method used for the Curie-Weiss model, we consider func-
tions analogous to (5.22) counting sites where spins are different. In the present case,
to make computations simpler, we write them in the form :

1 N
filo,x) = N i:Zl(l ~0iX;) (6.16)
and
1 N
fy)=55 i:ZI(l —w;iy)). (6.17)

Notice that P! (x; # 0;) =E' [ fi(0, x)] and that P! (w; # y;) =E' [ f2(w, y)]. Thus, to
prove Theoremit is sufficient to show a uniform bound for E? [ filo,x)+ A fr(w, y)] ,
where the constant A is positive and has to be suitably chosen.

The second step is to use the Gronwall’s Lemma. So we have to compute:

%[Et [f(o,0,%,y)] =E*[Qf (0,0, %,¥)], (6.18)

with f (o,w,x,y) = fi (0,x) + A f2 (w, y). We have:

Qf (0,0,x,y) =Q1f1 (0,X) + A fo (w,y). (6.19)

We split this computation in two pieces. For Q fi (o, x) we have

1 Y 1
VI filo,x) = ﬁZv‘;(l—ajxj) = i (6.20)
i
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1
Vifilo,x)= N (6.21)

. . . 2
fite', x") - file",x) - filo,x") + filo,x) = — ik (6.22)

We obtain:

N
Qi filo,x) = Zexp(—ﬁaiw,—) oixi+ Zexp( Bxiy:) a i X

i=1 i=

-2 Z min {exp (—fo;w;),exp (- ﬁx,y,} ~Oi%i

i=1,0;=x;

N -1
= Y (exp(—Boiw;)+exp(-Px;y;)) (W)
izl,o,-;éx,-

1 N
i > (eXp(—,Bini) +exp(—fx;yi)) - 2min{exp (- fo;w;),exp (- fx;yi)}
i=l,0;=

> >
=—— cosh(f) + — sinh(f)|w; — y;l
Nizl,o,-;éxl- Nl l,0;=x; l l

—2cosh(f) fi(o,x) +2sinh(pf) fo(w,y). (6.23)

In the same way, for Q; f>(w, y) we obtain
1
QLfhwy=— Y —(exp(—yw;d)+exp(-yy;m)))
i=Lw;#yi N

1
+— ) lexp(—yw;d) —exp(—yyim{)|
Nizlywi:J’i

—2exp(-Y) ow, ) +K ).

i=Lw;=y;

z| -

K N
—-2exp(—y) folw, y) + ~ Y 16 —mJl. (6.24)
i=1
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Taking the mean it reads:

E[Et (filo,0) + A fa(w,0) =E' [Q(fil0,x) + Afa(w, )]

=E' [ (fi(0, ) + A2 (£ (@,1)]

smh(ﬁ)

=E’ |-2cosh(B) fi(o, x) — 21 |exp(—y) — folw ,y)+—Z|a m?|| (6.25)

l 1

Notice that for A large enough, there exists a positive constant C such that
2cosh(f) >C (6.26)

and

2|exp(—y) -

sinh(p )) >C, 6.27)

A
thus, the following inequality holds:

KN

Z ) (6.28)

=2

dt

—E' (filo,0) +Afa(w,y) < —CE' (fi(0,x) + Afa(w,y)) +E (

Looking at (6.28) we see that to prove uniform propagation of chaos we have to
estimate E’ ((0 mt) ) if £ ((a m?) ) < O(%), Y1 € [0,00) we can conclude using

(518). It turns out to be simpler to find a bound for E’ ((6 —m9)* + (- m‘;’)z)

Lemma 6.4.1 In the region of parameters (y, ) wherey < m the conditions
_ 1
B [(0- m)*| < o(ﬁ), (6.29)
B [(@-m}) ]so(l), (6.30)
0 N
imply
_ 1
E'|(6-m?)*+ (@-me)’| < O(N). (6.31)
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Proof: To use the Gronwall’s Lemma we compute the derivative:

d _, d _, 2
—E |(6-m) ]+d—[E |(@-m2)?]. (6.32)
The first summand in the left hand side of (6.32) is
tlr= o _ct _ 02 t| Y= 0)2
e [(0’ m7) ]_[E [LN(O' m7) ]+[E P (6-m7?) }
t N o 2 0\2 d o|rt o
=E Zexp(—ﬁa,w,)(a— o m[) —(a mt)) _(Emt E’ (0 —mY)
i=1
N
=F! l;exp(—ﬁa,wl)(;z—%ai(c’r—m‘;))] (;tmt)[Et(U m?)

= O(%) +E' [(4@sinh(B) — 46 cosh(B)) (o — m7)] - (%m‘t’) E' (0—-m?). (6.33)

The same computation for the second piece gives:

= O(%) +E' [(4sinh(yd) — 4@ cosh(ya)) (@ — m?)] - (%m‘;’) E' (w—m¢). (6.34)

Now putting (6.33) and (6.34) together and using (6.3) we obtain:

%[Et[(a m?) ]+i[Et[(w mt)z]

dt
=0 (%) +E"[(4sinh(B) (@ — m¥) — 4cosh(f) (6 — m?)) (6 — m?)
+ (4sinh(yd) — 4@ cosh(yd) — 4sinh(ym{) + 4m¢ cosh(ym?)) (0 — m¥)]. (6.35)
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At this point we use the same line of reasoning of the previous chapter when we
was dealing with the Curie-Weiss model in a magnetic field. Since (0,0) is a glob-
ally attractive equilibrium when y < m, for t large, let's say t > T, (m?,m¢) € V,
where V is a neighborhood of (0,0). Thus, it is sufficient to prove that holds
true for (m{, m{) € V. Moreover, holds when t < T; the computations are the
same as in the proof of Theorem|5.2.3|to obtain and we skip the details here.
To begin with, we consider the case with m{ = m? = 0. In this limit case the right
hand side of becomes:

(4sinh(B)@ — 4 cosh(B)G) 7 + (4sinh(yd) — 4@ cosh(yd)) @

< 4sinh(B)@d — 4 cosh(B)G* + 4sinh(yd)@ — 40>, (6.36)

In the region of the parameters where y < the McKean-Vlasov equations

1
tanh(p)
for the system have an unique, globally, asymptotically stable solution that is also
linearly stable (see [24]). The last expression in (6.36) is the driving term for

o ((m?)2 + (mj?)z) and the results for the McKean-Vlasov equations imply that (6.36)
is always negative but in (0,0). Moreover, (®,5) € [—1,1]? and the Taylor’s expansion
of (6.36) in (0,0) is a negative quadratic form. Thus, there exist a positive constant,

let’s say A, such that
4sinh(B)@d — 4 cosh(B)G* + 4sinh(yd)@ — 4d° < — A (62 + @?). (6.37)

Because of continuity this holds also for when (m?, m?) is in a neighborhood
of (0,0) and it happens when ¢ is large enough. This is the same as the Curie-Weiss
model in presence of a magnetic field, thus the same line of reasoning leads to the
desired result. O

\/I (6.38)
N/’ '

and the Gronwall’s Lemma can be applied, concluding the proof of Theorem|6.3.1

In view of this last Lemma, (6.28) becomes:

d
E[Ef (filo, %)+ Afa(w,y)) < —CE' (fi(0,x) + A falw,y)) + O
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Chapter 7

Uniform fluctuation theorem for the
Curie-Weiss Model

7.1 Uniform fluctuation theorem

In this chapter we deal with uniformity in time of the fluctuation theorem for the
Curie-Weiss model in the subcritical regime: i.e. § < 1.
We resume the Curie-Weiss model. Recall that, if n = (1,...,1x) is a configura-

tion of the N spins, the Curie-Weiss model is the spin-flip system with generator:

N
Ly fm) =} exp(=pniV; fm). (7.1)

i=1

Throughout this chapter we assume thatn;(0), 1 =1,..., N arei.i.d. random variables
with E° (71(0)) = 0. The object of interest is

1 N
XN = i > 1i=VNi, (7.2)
i=1

that sometimes we refer to as the empirical fluctuation processﬂ The dynamics of

1Usually the fluctuation has the form
XN =VN@G-my).

Our assumption on the initial condition (n;(0), i = 1,..., N i.i.d. with E° (171(0)) = 0) implies m; =0,
vVt = 0. In this way, the fluctuation process has the form (7.2). Actually, the arguments we use depend
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7.1. Uniform fluctuation theorem

XN(t) are markovian with infinitesimal generator given by:

Lnf(x) =clx, H)VT f(xX)+clx,—)V f(x), (7.3)
where:
crn=N (1 _ i) PR (7.4)
2 VN
e =14 i) P (7.5)
2 VN
and )
VT f(x) = +—)— , (7.6)
fx)=f|x Vi f(x)
V fx)=f x—%v)—f(x). (7.7)

Moreover, the empirical fluctuations have a weak limit that is an Ornstein-Ulembeck
type diffusion equation. See few lines below for a proof. Here, we call x(¢) the limit
process of X N(#); the diffusion equation is:

dx(t) = =2(1-pP)xdt+dW(1) (7.8)
x(0) ~ N(,1)

where W (¢) is a standard Brownian motion.

We are ready to state the main result of this chapter:

Theorem 7.1.1 In the subcritical regime, i.e. § < 1, if h is a continuous bounded func-
tion, then, when |E® [h(X™)] —E° [h(x)]| < O (5 ), withy >0,

lim sup |E'[R(X™)]-E'[h(x)]]=0. (7.9)

N—+00 te[0,+00)

Before starting with the proof we try to explain its strategy.

Step 1: We consider the process YN with YV (0) = XV(0) and infinitesimal gen-

erator £y obtained from £y by linearizing the transition rates:

Enfy) =dy, DV ) +d(y, -V F), (7.10)

on this hypothesis only on one point. See Remark after Proposition We believe the proof can be

generalized to E° (n1(0)) = mo, mg € [-1,1].
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Chapter 7. Uniform fluctuation theorem for the Curie-Weiss Model

where

N y
and

N y

are the linearization of c(x, +) and c(x, —) around x = 0. We prove the following:
Proposition 7.1.2 In the same hypothesis of Theorem

lim sup |E'[A(Y™)]-E [h(0)]|=0. (7.13)

N—00te10,+00)

This first step is the difficult one.

Step 2: In the second part of the proof we prove:
Proposition 7.1.3 In the same hypothesis of Theorem|[7.1.1,

lim sup |E'[R(Y™)]-E'[R(X™]|=0. (7.14)
N—00 te[0,+00)
The second step follows showing that the L' distance between X"V and Y is

uniformly small in time.

It is clear that (7.13) plus (7.14) implies (7.9).

7.2 Proof of Theorem|7.1.1: stepl

7.2.1 Ornstein-Ulembeck equation for the empirical fluctuations

We derive an Ornstein-Ulembeck type equation for the empirical fluctuations of the
Curie-Weiss model: i.e. XV () = \/Lﬁ Y ¥ m:. The resulting diffusion equation will be

our limit process.

Proposition 7.2.1 The process x(t) is the weak limit of XN (t), and it obeys to the dif-

fusion equation:
dx(t)=-21-p)x()dt+dW(1). (7.15)
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7.2. Proof of Theorem|7.1.1f stepl

Proof: Consider the infinitesimal generator of the process X'V:

Lufr) = g(l—%v)eﬁ%ﬁvrf(x) + g(n\%\[)e‘ﬁ«_%v#(x) (7.16)

Here we make a Taylor expansion of the generator to find its limit as N grows
to infinity. The limit is the generator of a diffusion. The process described by the
diffusion equations is the weak limit of X N Actually, we are using Theorem 132].
For the Taylor expansion we have, for f € € = €?-functions with compact support:

0 1 6°
/ / (x))

X 1
anfo=N(1-Zoa-p) (w5

+N|1+ i(1 - ,3)) (—La—f(x) + laz—f(x)) +o0(1)
VN V/N 0x N 0x?
=-2(1- ﬁ)xa—f(x) +202—f(x) +o(1), (7.17)
B 0x 0x? S
where the terms “o(1)” converge to zero uniformly in x. We obtain the following
limit: 2
o _ of o°f
Lf(x):= J\I/I_I,I;OLNf(x)_ 2(1 ﬁ)xax(x)+26x2 (x). (7.18)

Because of Theorem this is sufficient to prove that the weak limit of X¥ is the
process x(t) obeying the following linear diffusion equation:

dx=-2(1-pB)x()dt+2dW (1), (7.19)

where W (1), is a standard Brownian motion. The fact that X~ (0) converges in dis-
tribution to a N(0,1) comes from our assumptions on the initial condition and the
standard Cenrtal Limit Theorem. O

In the sequel we need the ordinary differential equation for the characteristic
function ¢(u, t) = E (e'“*t) for x;.
Corollary 7.2.2 Set ¢(u, t) = E! (e'“t) then

i (u t)——2(1—,6)i (u, ) — u?p(u, t) = Ap(u, t) (7.20)
dt(p ’ - au(p ) (P ] —_ (p ) . .
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Chapter 7. Uniform fluctuation theorem for the Curie-Weiss Model

Proof: Now, %(p(u, t) = %[E(ei”xt) = [E(% eluxr), Using the Ito’s formula one gets:
d(e'") = jue'™ (=21 - B))x,dt — v e dt+d.u, (7.21)

with .4 martingale. We take the mean, and divide formally for d¢. Moreover, notice
that E(i ue'*“¥ x;) is equal to %(p(u, t). Thus:

Lo ) =—20- B, 0 - o ) = Ap(u, (7.22)
ar "= ou”W ol 1) =Aglu, 1. :

a

7.2.2 Uniform distance for distribution functions

In this section we do the first step toward the completion of the proof of the uni-
form fluctuation theorem. Before we continue, we need the definition of distribution
function.

Definition 7.2.3 Consider the process YN defined in . The function
Fyn(0) =P (Y < x) (7.23)

is called the distribution function for the process Y. In the same way, Fy,(x) is the
distribution function for the diffusion x(t).

The aim of this section is to prove that:

Theorem 7.2.4 The following uniform bound holds:

Fyn() = Fy, ()] <O ( (7.24)

1
N1/12 '

sup sup
te[0,+o00) X

Set p(u, 1) =E'(e'"*) and gy (u, 1) =E' (ei”YtN), then the key point is to prove the
following

Proposition 7.2.5 Define:

+00 _ 2
DN(t)::[ (‘p(“’ D u"’N(u’t)) du. (7.25)

Then

sup Dy(f) = O( (7.26)

te[0,+00)

1
N1/4 :
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7.2. Proof of Theorem|7.1.1f stepl

Once we get this result, we use the Essen’s Inequality [31], that we recall here.

Theorem 7.2.6 Let F(x) e G(x) be distribution functions with characteristic functions
f(u) and g(u). Moreover, let G(x) have a finite derivative G'(x) for every x. Then for
everyR>0

fw—-gw

du+2—4sup|G’(x)| (7.27)
u TR ' ’

sup|F(x) - G(x)| =< f
T Jo

xeR

This, together with Proposition[7.2.5 allows us to conclude. Indeed, in our case,
[7.27) gives:

o, 1) —enu, 1)

du +—4$up| ()]

2
sup | Fyn —Fxt(x)‘ < ;f

xeR 0 u
VR 1 24 VR 1 24
< — (Dn(1)2+— sup|Fy, (x)| < —o( Y)+—sup| ).
-~ 2z AR — NY) 7R
Holder’s Inequality Proposition[7.2.5

(7.28)

Moreover, our assumption on the initial condition (i.e. n;(0), i = 1,..., N i.i.d. with
E(n1(0)) = 0) implies

FlL (1) = ————¢ ®u. (7.29)
27kl (x2(1))
From (7.15), using Ito’s formula one can derive the following ordinary differential
equation
%[Et(xz(t)) =—4(1- BE' (P (1) +4, (7.30)

with initial condition
E%(x?(0)) = 1. (7.31)

The differential equation (7.30) has the solution:

1+(0-0) _4q- 1
E'(x?(1) = ———¢ 4P _—_ 7.32
(x° (1) -5 e -5 (7.32)
This finally prove that
sup sup |F),c, (x)| < 400. (7.33)

te[0,+oc0) X
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Chapter 7. Uniform fluctuation theorem for the Curie-Weiss Model

Now, choosing R = N 112 with a < Y, we prove Theorem ‘ since the r.h.s. of
equation (7.28) does not depend on ¢.

To prove Proposition we need to show the probability for YIN to stay at the
boundary is exponentially small in N uniformly in time when N grows. More pre-
cisely we prove:

Proposition 7.2.7 Ifn;(0), i = 1,...,N are i.i.d. random variables with E0 (171(0)),
then
sup P (|vN|=VN)<a¥ (7.34)

£€(0,+00]
witha<1.

Proof: We need some lemmas. Set S¥ = v NYN. We consider S¥ to make simpler

the computations involved in the proof of the lemmas, but it should be clear that the
conclusion holds for Y, too.

We have SV € {—N, ..., N} and the possible jumps are

N N N oSN
S — S"V'+2 atrate E(l_T)X{SN¢N}

N N N oSN
S - S -2 at rate ?(1+T)X{8N¢—N}

with p =1- € (0,1). We call L, the infinitesimal generator of this process.

The lemmas we need are the following.

Lemma 7.2.8 The reversible measure ,ufv, for the process SV, is

1 1
0
phy(m) = — , (7.35)
Z N N
NF(E—%+1)F(5+%+1)
whereT is the Euler’s function and Zy is a normalization factor.

Proof: The measure ,ufv(m) satisfies the detailed balance condition:

(1-r5) :
N F(%—%+1)F(%+%+l)
:(1+ m+2) ! (7.36)
N p(f - mz ) r( L+ 252 41)
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7.2. Proof of Theorem|7.1.1f stepl

To see this, it suffices to use the identity I'(z + 1) = zI'(z). O

Lemma 7.2.9 By Stirling’s formula, when N is large:

ph(N) < Ca™ (7.37)

1/
5 )
1-p2 1+p
Proof: For N large, use the Stirling’s approximation for the Gamma function
I'(2) = (V2znZ), with R(2) > 0:

with )
2

a= (7.38)

1 1
F(%—ﬁv+l)r(%+ﬁ+l)
1 1 1 exp(%% exp(%l%
_g Nl-p [N1l+p Nl N 1+p
PR (177 (5
11 | p? eXp(%) P2\ (o VP p\?
" AN\ 1-p2 ()5 (1—p2) (l—p) 1+p)
5 — .
z(l,_p)g
+p
1e9(3) (g2 (B pyd
= _ — ( 2) ( ) . (7.39)
T[(ﬂ);"’l 1—p 1+
2
N
Since, limpy_ iﬁl =0, for N large,
(3)°
1 1 2 \o(1 :
0 _
N N N, N =C (1f 2) 1+p) ’ (7.40)
F($—3+1)F(5+3+1) | P P .
=a(p)N
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where
1/2

a(p) =

) [
1-p%2) \1+p

It remains to show that a(p) < 1 for p € (0, 1). By direct computations we get

1
ploga(p) =logp — E[(l —p)log(1—-p) + (1 + p)log(1+ p)l.
By strict convexity of the function x — xlogx, we have
1
5[(1 —p)log(1-p)+ 1+ p)log(1+p)]>0;

thus ploga(p) < 1 which implies a(p) < 1. O

Lemma 7.2.10 (Stochastic Domination) Let SﬁV i = 1,2 be the processes with infinites-
imal generators:

N i
Lo f©= 5 0= sV 9

N pis _
— 1+ —)xis2-mV , (7.41
+2(+N)X{¢N} f(s), (7.41)

with V* f(s) = f(s+2) — f(s). Assume that py < p; then, there exists a coupling such
that ,if 1Sy (0)| < |SN(0)1, then |SY ()| < 1SN (9]

Proof: We show that it is possible to construct a coupling in such a way that
the inequality |SY (0)| < |SN(0)| is preserved by the dynamics (i.e. [SY(0)| < SN (9],
Vi>0).

We do the following coupling:

Qf(s1,52) = (Q11(51,52)) X 51550V s =5, =0y + (2 F (51, 52)) X 157 5,<0y + (23 F (51, $2)) X 15,20, 5, 20} -

(7.42)
Let us explain the terms appearing in (7.42). We have:
Qsf=Lp f+Lp,f, (7.43)

where L,, is meant to act only on the variable s;.
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7.2. Proof of Theorem|7.1.1f stepl

Q11 (s1,82) = c1(s1, )V fs1,82) + C2(82, H)V>7 (51, 82)
+min (¢ (s1,+), c2(s2, ) (V207 f(s1,8) = VT fs1,82) — V27 f(s1,5))
+c1(s1, V)V fs1,82) + c2(s2, 1)V (51, 82)

+min (1 (s1,-), €252, ) (V277 f(s1,82) = VU7 f(s1,8) = V27 f(s1,82), (7.44)

Qo f(s1,82) = c1(s1, V)V f(s1,82) + C2(82, =)V f(s1, 82)
+min (c1(s1,+), €252, =) (V27 f(s1,52) = VT f(s1,8) — V27 f(s1,52)
+ (51, —) VT f(s1, 82) + C2(s2, V2T f(s1,82)

+min (1 (s1,-), c2(82, ) (V277 f(s1,82) = V7 f(s1,82) = VT f(s1,52)), (7.45)

where
N
ci(s, ) = E(l FPiS)Xis£+N}

and
vsl’sz’i’if(Sb 82) = f(Sl i2, S2 iZ) - f(Sl) 82)'

The important thing to notice is that when |SY| = |S)| a jump of the process SY
toward a greater modulo, obligates S{V to do the same. Thus, |811V (t)| > |S§V (t)| for
every t > 0, provided that we start from |S]1V (O)| = |S£V (0) | O

P2

£ < phy, where the pseudo-order < means:

This implies that y

f FUsDEL(ds) < f FUsDER (ds)

for any f increasing. Note that the initial condition corresponding to the symmetric

spins is ,u]lv. Thus, for every ¢ = 0, we have ,u}vetLP < ,uﬁ,. This implies that

p (| YN = \/N) = f Yus=n phette(ds) < f Xusi=n kS (ds) = pb (sl = NY),

and so it decays exponentially in NV, uniformly in ¢. a

Remark: Our hypothesis on the initial condition for n;(0) i = 1,..., N is funda-
mental for the proof of Proposition but this is the only point in our line of
reasoning. We believe that this assumption can be relaxed to a non-symmetric one:
ni(0)i=1,...,Niid. with E°(n;(0)) #0.
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7.2.3 Proof of Proposition|7.2.5

First, we have to know the differential equation for ¢y (1, t) = E (e

iyl ) Remember
that d%(.DN(u, =L (Lpei”YtN). We compute:

. N YN
L elthN =—11- -t
P 2| TPUN

. 2iu
Kopevme™™ ("m - 1)
+3(”"m Ko™ [ 1)

N

:Eei”YfN(e%+e7%—2 +pe'tts (e%—e_jl%u)
N YL‘N iuyN [ A%
‘E(l‘pﬁ)e I(M‘I)X{YNW}
N .
N p X e (3 g (7.46)
5 p\/ﬁ e e X{Y[N:_\/N}. .

Thus we have:

(u,t) = N (eiﬁ + e_ij_luv —2)
o PN =5

on(u,t)
N j2e  _j2uy 0 _
—pz—\/i_(el\/ﬁ +e lm)au(pN(u, 1)+ R(u)

= N(cos (%) - 1) on(u, 1)
- p\/ﬁsin(z—u) 0

Vi £¢N(u, N+ Rw) =: Ayon(u, 1) + R(u), (7.48)
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where R(u) = E[R(w)].
We try to bound the following distance between ¢(u, ) and ¢y (u, t). Define

+00 _ 2
DN(t)::f ("’(”’” u"’N(”’ ”) du (7.49)

We divide this in two pieces:

N1/4 _ 2 _ 2
DN(t)=f (cp(u,t) (pN(u,t)) du+f ((p(u,t) (pN(u,t)) du  (7.50)
_N1/4 u {|u|>N1/4} u

Since |¢(u, t)| < 1 the second term in (7.50) is easy to control and it is O (i) For
N

|

the first one, we use again the Gronwall’s Lemma. We set

N1/4 _ 2
Dy (1) ;:f ("’(”’ D-en 0\, (7.51)
_NU/4 u

We have

d ) N1/4
d_DNm :f (Alp(u, ) —pn(u, 1))
t _N1/4

(pu, ) —pn(u, 1)
) ;

+(Ay — A)(u, ) + R(u) 2du

(7.52)

(p(u, ) —pn(u, 1)

e 2du

d
1 ((@(u, £) — pn(u, 1) ~2p——((u, D = P (u,1))

N1/4
\/;N1/4

N1/4
+f . [(N(cos(zu/\/ﬁ) D+ P t)
-N

(p(u, ) —pn(u, 1)
uZ
N1/4
+f _ (o, -pn(u,D)

R(u) 5
N1/4 u

2du

—(p\/ﬁsin(Zu/\/N) - 2pu)%(p(u, t)

2du. (7.53)
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We integrate the first term by parts. We obtain:

d . N4 _op NV
—DN(t)z—zf (@, ) —onu, D) du+ (<p(u,t)—<pN(u,r))27p

dt _N1/4 _N1/4

N1/4 _ 2 N1/4
_pr ((p(u, ) ‘PN(”’”) du+f | (N(cos2u/vN) = 1) + 1) p(u, 1
_N1/4 u —-N/4

(p(u, ) —pn(u, 1)

. 0
—(p\/ﬁsm(Zu/\/N)—2pu)£<p(u,t) 2 2du
N1/4 ~ ,t _ ,t
+f R 2D on Doau. @54
—_N1/4 u

The first two terms coming from integration by parts are negative, while the third

oneis —2pDy (1), so

d - _
—Dpn(t) < -2pDpn(t
a1 N(t) =-2pDn(1)

N1/4
+f / ‘(N(cos(Zu/\/ﬁ)—l)+u2)(p(u, )
_Nl 4

' lp(u, 1) — Ny, t)|2du

—(pVNsinQu/vVN)-2p u)i(p(u, )
ou u?

N1/4 , t _ ,t
+f O ;pN(u )|2du. (7.55)

|R(w)|
N1/4

Now in oder to apply the Gronwall’s Lemma we have to show that:

N1/4
f / (N(cosQu/VN)—1) + u*)p(u, t)
_N14

‘ lo(u, ) —pn(u, t)|2dusO(

d 1
—(pVNsinRu/vV'N) ~2p1) 2 (1, 1 N1/4)’ (7.56)

12
and ” | |
N
— (P(u; t)_(pN(u) t) 1

f—NlM |R(u)| ” 2du < O(N1/4)' (7.57)

To control these terms, note that, for some B, C >0,

N u \? u \*
cosCu/vN)—-1+ (—) <B (—) (7.58)
VN VN
sinQu/vVN) - —— < C(M)S (7.59)
vN \VN '
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u4

NZ +2p\/ﬁ

NN au ’

1/4
N
K -
_N1/4 u2
1

Itis easy to see that the last expression is O (—1) One has only to notice that E (‘ %(p(u, 1) D <
NiZ

2NB du. (7.60)

E [(x?)z] < M when <1 (see (5.12)).

The next problem is to control (7.57). Since we have observed that P(Y,Y = +v/N)
is exponentially small in N uniformly in ¢, it follows from the definition of R(u) that
% is exponentially small in N, uniformly in u and ¢. Moreover

lp(u, t) —pn(u, 1|

™ <E(lx, - YN)) < CVN.

Putting all together we have that (7.57) is exponentially small in N uniformly in t.
This completes the proof of Theorem[7.2.5]

7.2.4 Proof of Proposition|7.1.2

The proof of the Proposition follows from the next Proposition:

Proposition 7.2.11 If, for somey >0,

1
sup (FYZN(x) —F,, (x)’ <0 (W) (7.61)

then
lim supE' (| h(YN (%) — h(x(x))]) =0 (7.62)

Proof: Let be r and s such that P(X; ¢ (r,s]) = 1 — Fy,(s) + Fy,(r) < €. We can as-
sume that r and s do not depend on ¢ because X; is an Ornstein-Ulembeck process.
Notice that:

P € (1,8]) = 1= Fyn(s) + Fyn (1)

= 1= (Fyn(s) = F,(8)) + (Fyn (1) = Fy, (1) = Fy, () + Fy, (N < O (%) +e. (7.63)
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The r.h.s. does not depend on ¢, thus

1
Sl;pl]:D(xt ¢ (r,s]) < O(m) +e€. (7.64)

Now, since [r, s] is compact h is uniformly continuous on [r, s] and there exists a
partition r = ry,..., 1 = s, such that [h(x) — h(rj)| <€ when x € [rj_;, r;]. We let k
grow as N%, with a <y, to make € small.

Moreover, define

k
glx) = Z h(rdx iyl (7.65)
i=1

and write:

[E7 (R(Y)) - hixp)| < |E! (R(YN) - (YY) | +
E* (g(¥,Y) - g(x)| +|E (g(x) — h(xp)|. (7.66)

For the first term:

[E () - g(v)] = [E (M) = g (V™) e

+[E (™) - 80F) ey
1
Se+2||h||ooP‘(YtN¢(r,s])Se(1+2||h||oo)+0( ) (7.67)

NY
Since the r.h.s. does not depend on ¢ we conclude:
1
sup|E* (R(Y") - g(¥"))| = e +2]|hlleo) + O (W) : (7.68)
t

The same line of reasoning for the third term produce:
sup |E* (g(x) — h(xy)| <€ +2] hlloo) - (7.69)
t

For the second term of (7.66) we compute:

sup|E* (g(Y) - g(xp)]
t

k 1
=sup Y h(r) [(Fyn (i) = Fy, (1)) = (Fyn (ri-1) = Fx, (ri-1))] < 2N“||h||m0(m).

=1 ~ ~
so[ﬁ) so(ﬁ)
(7.70)
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So, for N sufficiently large we have:

supE’ (|h(Y (%)) — h(x,(x))]) < ||h||ooO( )+e(1 + 1 hlloo), (7.71)
t

Ny-@

and, since € is arbitrary, this completes the proof. O

7.3 Proof of Theorem|7.1.1; step 2

7.3.1 The linearization of the Curie-Weiss model

The next step is to show that the Curie-Weiss system remains uniformly close in time

to its linearization. More precisely, we compare the former one with the spin-flip

system where we linearize the transition rates. For our aims the quantity of interest

is the empirical fluctuations so we investigate the time evolution of XV = \/LN Yi=1Mi

under the Curie-Weiss dynamics and its “linearization” Y. We recall that X" and

YN are markovian, with generators respectively £ and £ defined in and (7.10).
We prove the following

Proposition 7.3.1 When 3 < 1 there is a probability space where both the processes
XN and YN can be realized and

sup E'(1IXV-YN))< O(\/LN)' (7.72)

te[0,+00)

Proof: The technique is always the same: first, we use coupling to realize the two
processes in the same probability space and next, the Gronwall’s Lemma helps us to
bound E? (| XN - Y7).

The infinitesimal generator of the coupling is

Qf x5, =Q" flx, N +Q f(x,y) (7.73)
with
Q f(x,y) = clx, )V f(x,y) +d(y, VYT f(x,y)
+minfc(x, +),d(y, 1)} (V' fx, ) =V fle, ) - VY f(x,y) (7.74)
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Q fx, ) =cx,=)V* fx, ) +d(y,-)VV" f(x,y)

+min{c(x,-),d(y, )} (V"7 fx, ) = V¥ fx, ) =VV" f(x, ). (7.75)

with
VOYEEf(x ) = flat —, xy+
\/_ \/_
Remember that LE'(| XV -YV|) = E/(Q|XN - YN)). Take f(x,y) = |x—y| then, we
observe that:

- f(x, .

L VAT f(x,y) = V7 f(x, y) = Zosign(x = Y)Y iezy + T Xie=y)
2. VT flxy) = VI f(xy) = = 5 Sign(x = Y)Xien + TR Xiv=ni

and, so one obtains:

isign(XN —YMexN, ) -dYN,+)]

(Q|XN_ YNl)X{XN¢YN} = { VN

2
—\/Tvsign(XN ~YMexN, ) —aw?, —)]}X{XNﬂN} (7.76)

The transition rate d(Y?Y,-) is the linearization of c¢(X”",-). This implies:

c(XN,+)=d(YN,+) = d (xN,+) + o[ (x")]| ~d (", +)

= g(l—ﬁ) (-x"+yY)+0 [(XN)Z] , (7.77)

and that, in the same way,
c(xN,-)-d(YN,-)= g\](l -B(xXN-vM)+0 [(XN)Z] . (7.78)

For (Qf (XN, YM) x,xv4yn, the previous computations gives:

o|(xN)?
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7.3. Proof of Theorem|7.1.1f step 2

A similar computation for (Qf (XY, Y™)) y (xN=yN, gives:
o) [(XN)Z]
VN

For § <1 we know that E’ [(XN)Z] is O (1), so we conclude that

(Qf(XN, YN))X{XNzyN} = X{XN:YN}' (7.80)

%EfUXN—YNUs—2(1—ﬁ)Ef(|XN—YN|)+o (7.81)

1
)
We are in the good situation to apply the Gronwall’s Lemma. This completes the
proof of the theorem. O

7.3.2 Proof of Proposition|7.1.3

Proposition directly follows from the proposition below.

Proposition 7.3.2 [f, for somey >0,

1
SL;p[E(| yN-x')<o0 (ﬁ) (7.82)
then
lim supE (|[h(Y") - h(x])|) =0. (7.83)

Proof: From (7.63) of Proposition [7.2.11| we know that there exist r and s such
that, sup,P*(Yy ¢ (1, s]) <€ for N sufficiently large. Choose § such that |h(x)—h(y)| <
e when |[x—y| <6, Vx,ye(r,s], then

E' (|h(Y) - (X)) =€ (|h(Y ) = k(X)) : | YN - X | <8, YN ¢ (1, 51)
+E (| = R Y - Xe| <6, VY el 5])
+E' (|h(YN) = (X)) : | YN - X¢| > 6)

E(]v," - X))

<e+2¢|hlloo+ zllh”oof

sup, E(|v," - X))
0

This completes the proof of the Proposition|7.1.3|and of the Theorem|7.1.1 O

se€+2¢|hlloo + 20 hlloo

(7.84)
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